Theory and Applications of Categories, Vol. 25, No. 3, 2011, pp. 51–63.

REMARKS ON PUNCTUAL LOCAL CONNECTEDNESS

PETER JOHNSTONE

Abstract. We study the condition, on a connected and locally connected geometric morphism p: E → S, that the canonical natural transformation p_∗ → p_! should be (pointwise) epimorphic — a condition which F.W. Lawvere [11] called the ‘Nullstellensatz’, but which we prefer to call ‘punctual local connectedness’. We show that this condition implies that p_! preserves finite products, and that, for bounded morphisms between toposes with natural number objects, it is equivalent to being both local and hyperconnected.

Introduction

In his search for an axiomatic theory of cohesion [11], Bill Lawvere has emphasized the importance of two conditions that may be satisfied by a locally connected geometric morphism p: E → S between toposes: (a) that the left adjoint p_! of the inverse image functor p^∗ should preserve finite products (including the empty product 1; thus a geometric morphism satisfying this condition is connected as well as locally connected), and (b) that the canonical natural transformation p_∗ → p_!, which exists when p is connected as well as locally connected, should be pointwise epimorphic. Lawvere calls this second condition the ‘Nullstellensatz’; we have chosen to name it ‘punctual local connectedness’, since (as we shall see) it is the expression in the internal logic of the base topos S of the idea that ‘every connected object of E has a point’. The present paper is a contribution to clarifying the status of these two conditions: we show that the second implies the first, and that (at least for bounded morphisms between toposes with natural number objects) the second is equivalent to the conjunction of two more familiar conditions, namely that p should be hyperconnected and local.

In the paper, we provide site characterizations of the Grothendieck toposes E which satisfy (a) or (b) (that is, such that the unique morphism p: E → Set satisfies (a) or (b)), which make it clear why Grothendieck toposes satisfying (b) are local and hyperconnected, and also satisfy (a). However, we also provide ‘site-free’ proofs of the results stated above, most of which require no more than elementary facts about multiple adjunctions. The layout of the paper is as follows: section 1 contains the site characterization of stable and punctual local connectedness, section 2 contains the elementary results on multiple adjunctions, and section 3 applies these to give the site-free proofs of our results. All

Received by the editors 2010-07-19 and, in revised form, 2011-02-01. Transmitted by Ieke Moerdijk. Published on 2011-02-10.

2000 Mathematics Subject Classification: Primary 18B25, secondary 18A40. Key words and phrases: axiomatic cohesion, locally conected topos. © Peter Johnstone, 2011. Permission to copy for private use granted. 51 topos-theoretic terminology and notation used in the paper, other than that specifically introduced here, is taken from the author’s book [8].

Before concluding this introduction, I should record my indebtedness to two of my Ph.D. students. The train of thought that led to this paper was started by reading a first draft of Nick Duncan’s thesis [6], and the development of my thoughts was aided by stimulating e-mail exchanges with Olivia Caramello.

1. Site Characterizations of SLC and PLC Morphisms

We recall that a geometric morphism p: E → S is said to be connected if the inverse image functor p^∗ is full and faithful (equivalently, the unit 1_S → p_∗p^∗ is an isomorphism), and locally connected if p^∗ has an S-indexed left adjoint (commonly denoted p_!). Locally connected morphisms were first studied in [2]. If p is locally connected, then p^∗ preserves S-indexed products; in particular it is a cartesian closed functor (i.e., preserves exponentials), cf. [8], C3.3.1. A locally connected morphism is connected iff p_! preserves the terminal object ([8], C3.3.3). If the codomain topos is Set, local connectedness amounts to saying that each object A of E can be decomposed as a coproduct of connected objects, i.e. objects with no nontrivial coproduct decompositions; moreover, p_!A is simply the set of ‘connected components’ of A, i.e. the set indexing this coproduct decomposition. (The same interpretation is valid over an arbitrary base S, provided we interpret ‘connected’ in a suitable constructive sense.) Similarly, p_∗A may be interpreted as the set of points of A (i.e. morphisms 1 → A). If p is connected as well as locally connected, then we have a natural transformation θ : p_∗ → p_!, which may be obtained by applying fullness and faithfulness of p^∗ to the composite p^∗p_∗ → 1_E → p^∗p_! of the counit of (p^∗ ⊣ p_∗) and the unit of (p_! ⊣ p^∗); interpreted in the internal logic of S, it may be interpreted as the mapping which sends a point of A, considered as a connected subobject of A, to the connected component which contains it. Thus the assertion that θ_A is surjective says that ‘every connected component of A contains a point’. For this reason, we shall call an arbitrary geometric morphism p punctually locally connected (or PLC, for short) if it is connected and locally connected, and θ : p_∗ → p_! is (pointwise) epic.

We shall also consider the condition that the left adjoint p_! preserves finite products (including the empty product 1); we shall say that a locally connected morphism p is stably locally connected (or SLC) if this condition holds. A special case of stable local connectedness is total connectedness, studied by M.C. Bunge and J. Funk [5] (and also in [8], section C3.6): p is said to be totally connected if it is locally connected and p_! preserves all finite limits (so that it is the inverse image of a geometric morphism, right adjoint to p in the 2-category of toposes and geometric morphisms). For localic morphisms, there is no difference between stable local connectedness and total connectedness: we shall prove this only when the base topos is Set, but the argument is constructive, and so can be generalized to an arbitrary base.

1.1. Lemma. Let X be a locale. Then the topos Sh(X) is stably locally connected iff it is totally connected.

Proof. One direction is trivial. For the converse, note that stable local connectedness says that the product of any two connected objects is connected. But if U and V are two connected open sublocales of X, considered as subterminal objects of Sh(X), then their product is their intersection; so this implies that the intersection of any two connected opens of X is connected. Hence the opens which contain a connected open (equivalently, since X is locally connected, the inhabited opens of X) form a filter, which is easily seen to be completely prime; and the corresponding point of X is clearly dense. So by [8], C3.6.17(a), Sh(X) is totally connected.

We recall the site characterization of locally connected Grothendieck toposes. We say that a site (C, J) is locally connected if each J-covering sieve (on an object U of C, say) is connected when regarded as a full subcategory of C/U; if in addition C has a terminal object, then we say (C, J) is connected and locally connected. Then we have

1.2. Proposition. Let p: E → Set be a bounded geometric morphism. Then p is (connected and) locally connected iff E has a site of definition which is (connected and) locally connected.

Proof. See [8], C3.3.10.

The construction of the site is straightforward: we take C to be a generating full subcategory of E consisting of connected objects (and containing the terminal object if E itself is connected), and equip it with the coverage J induced by the canonical coverage on E. Clearly, if p is stably locally connected, we may choose C to be closed under finite products in E; so we arrive at the following characterization of stably locally connected Grothendieck toposes. (Once again, we shall prove it only when the base topos is Set, but by interpreting the proof in the internal logic of S it can be shown to hold for an arbitrary bounded morphism E → S, at least provided S has a natural number object.) We recall that a category C is said to be sifted [1] (a translation of the French tamisante [10]) if it is nonempty and the diagonal functor Δ: C → C × C is final. This is equivalent to saying that the colimit functor [C, Set] → Set preserves finite products.

1.3. Proposition. For a bounded geometric morphism p: E → Set, the following are equivalent:

(i) p is stably locally connected.

(ii) E has a locally connected site of definition (C, J) such that C has finite products.

(iii) E has a locally connected site of definition (C, J) such that C^{op} is sifted.

Proof. (i) ⇒ (ii) follows from the discussion above. (ii) ⇒ (iii) because a category with finite products is cosifted: for each pair of objects (U, V ), the category (Δ ↓ (U, V )) is connected because it has a terminal object. Finally, if (iii) holds, then the colimit functor [C^{op}, Set] → Set preserves finite products; but local connectedness of the site implies that constant presheaves on C are J-sheaves, and hence that the left adjoint p_! of p^∗ is simply the restriction of the colimit functor to Sh(C, J). So it too preserves finite products.

We may similarly obtain a site characterization of punctual local connectedness. Clearly, if p is punctually locally connected, and C is a generating full subcategory of connected objects of E, then C will have the property that every object U has a point (i.e. a morphism 1 → U).

1.4. Proposition. A bounded geometric morphism p: E → Set is punctually locally connected iff E has a connected and locally connected site of definition Sh(C, J) such that every object of C has a point.

Proof. One direction follows from the remarks above. For the converse, we have to show that if (C, J) satisfies the given conditions, then every connected object of the topos Sh(C, J) has a point. But in fact every nonzero object has a point, since if F (U) is nonempty for any U, then F (1) must be nonempty.

Examples of sites satisfying the conditions of 1.4 are not hard to find:

1.5. Example. Consider the ‘topological gros topos’ E = Sh(C, J), where C is a small full subcategory of topological spaces, closed under passage to open subspaces, and a sieve is J-covering iff it contains a jointly surjective family of open inclusions. As noted in [8], C3.3.7, if we allow C to contain spaces which are not locally connected, then E is not a locally connected topos. However, if we restrict C to contain only locally connected spaces, then the full subcategory D ⊆ C whose objects are the connected spaces is easily seen to satisfy the hypotheses of the Comparison Lemma ([8], C2.2.3), and the induced coverage J^′ on D has all covers connected. Moreover, since connected spaces are by definition nonempty, every object of D has a point. So we deduce that in this case Sh(C, J) ≃ Sh(D, J^′) is punctually locally connected.

Similar examples can be given on replacing C by the category of smooth manifolds (note that manifolds are automatically locally connected), or by the category of affine schemes of finite type over an algebraically closed field K (that is, the dual of the category of finitely-presented K-algebras), equipped with the Zariski topology. (Algebraic closedness is needed to ensure that every connected object has a point.) On the other hand, we cannot replace spaces by locales in this example: there are examples of connected and locally connected locales with no points, and if we allow such locales to be objects of C our topos will be (connected and) locally connected, but not punctually so.

From the site characterization of 1.4, we may immediately deduce some further properties of punctually locally connected Grothendieck toposes.

1.6. Proposition. Let p: E → Set be a bounded, punctually locally connected Set-topos. Then

(i) p is local.

(ii) p is hyperconnected.

(iii) p is stably locally connected.

Proof. (i) We recall the site characterization of local Grothendieck toposes in [9], 1.7: E is local iff it can be generated by a site (C, J) such that C has a terminal object which is J-irreducible (that is, the only J-covering sieve on 1 is the maximal one). It is easy to see that if (C, J) is a site satisfying the conditions of 1.4, then the terminal object of C is J-irreducible: for every J-covering sieve is (connected, and hence) inhabited, and every morphism with codomain 1 is split epic, and so generates the maximal sieve.

(ii) Similarly, the underlying category of a site as in 1.4 is strongly connected (i.e., given any two objects, there are morphisms between them in both directions), from which it follows easily that its topos of sheaves is hyperconnected (cf. [8], A4.6.9).

(iii) After 1.3 and 1.4, it suffices to show that if C has a terminal object and every object of C has a point, then C^{op} is sifted. But, for any pair of objects (U, V ), the category (Δ ↓ (U, V )) is nonempty because both U and V have points; and, if (f : W → U, g : W → V ) and (h: X → U, k : X → V ) are any two objects of this category, we may connect them by choosing points w, x of W, X and forming the diagram

(f, g) � w (fw, gw) fw� (1_U , y) � hx (hx, gw) gw� (z, 1_B ) � kx (hx, kx) x � (h, k)

where y and z are respectively the constant morphism U → 1^{gw}→ V , and the constant morphism V → 1^{hx}→ U.

It is at first sight rather surprising that the seemingly innocuous assumption ‘θ : p_∗ → p_! is epic’ should have such varied consequences. The genesis of the present paper was the author’s attempt to find ‘site-independent’ reasons why these implications should hold.

2. Generalities on multiple adjunctions

When we study a geometric morphism p: E → S which is both local and locally connected, we are dealing with a chain of four adjoint functors (p_! ⊣ p^∗ ⊣ p_∗ ⊣ p^#). There is a certain amount of ‘folklore’ concerning chains of adjoint functors which does not seem to be written down anywhere in the literature; we devote this section to studying some of it.

We recall that an adjunction (F ⊣ G) with unit η and counit ϵ, is said to be idempotent if the natural transformations F η : F → F GF and ϵ_F : F GF → F are two-sided inverses to each other (rather than merely one-sided inverses, as asserted by one of the ‘triangular identities’). The apparent asymmetry of this condition is only apparent; it is equivalent to the assertion that η_G and Gϵ are two-sided inverses. Clearly, an adjunction which is either a reflection or a coreflection (i.e., such that either ϵ or η is an isomorphism) is idempotent. Also, given a chain of three adjoint functors (L ⊣ F ⊣ R), the adjunction (L ⊣ F ) is idempotent iff (F ⊣ R) is; we do not need this result, but we mention it in connection with the following lemma.

2.1. Lemma. Suppose given functors L, R : D ⇒ C and F : C → D such that (L ⊣ F ⊣ R); let α and β denote the unit and counit of (L ⊣ F ), and η and ϵ those of (F ⊣ R). Suppose further that the two adjunctions are idempotent. Then the composite natural transformations Rα.β_R : LF R → R → RF L and η_L.Lϵ: LF R → L → RF L are equal.

Proof. Consider the diagram

LF R β_R � R Rα �

RF L

LF RF L β_{RF L} �

LF Rα �

L

Lϵ

� Lα � LF L

Lϵ_{F L} � LF η_L �

β_L � L η_L

�

in which the three quadrilateral cells commute by naturality, the two vertical morphisms in the middle are inverse to each other by idempotency of (F ⊣ R), and the bottom composite is the identity by one of the triangular identities for (L ⊣ F ).

2.2. Corollary. Suppose given a chain of three adjoint functors (L ⊣ F ⊣ R).

(i) If F is full and faithful, then there is a canonical natural transformation R → L, which may be defined either as the composite Lϵ.(β_R)^{−1} : R → LF R → L or as (η_L)^{−1}.Rα : R → RF L → L.

(ii) If L and R are full and faithful, then there is a canonical natural transformation L → R, which may be defined either as β_R.(Lϵ)^{−1} or as (Rα)^{−1}.η_L.

Proof. (i) If F is full and faithful, then the adjunctions are idempotent and η and β are natural isomorphisms, so this follows immediately from 2.1.

(ii) Similarly, if L and R are full and faithful then the adjunctions are idempotent and α and ϵ are natural isomorphisms.

Now suppose we have a chain of four adjoint functors (L ⊣ F ⊣ G ⊣ R). If we suppose that F (and hence also R) is full and faithful, then by the above we have canonical natural transformations θ : G → L and ϕ: F → R.

2.3. Lemma. Given functors (L ⊣ F ⊣ G ⊣ R) as above, the following conditions are equivalent:

(i) θ is pointwise epic.

(ii) G is faithful on morphisms whose codomain is in the image of F .

(iii) ϕ is pointwise monic.

Proof. From the definition of θ as (η_L)^{−1}.Gα, it is easy to see that the effect of composing with θ_A on morphisms LA → B may be described as follows: first transpose across the adjunction (L ⊣ F ), then apply G, then compose with the isomorphism (η_B )^{−1} : GF B ∼= B. The first and third steps are bijective, so the composite is injective iff the second step is; i.e., iff (ii) holds. Similarly, the effect of composing with ϕ_B on morphisms A → F B is given by first applying G, then composing with GF B ∼= B, and then transposing across (G ⊣ R), so it is injective iff (ii) holds.

The equivalence of (i) and (iii) in 2.3 is stated, but not proved, in [11]; the proof above is due to the present author. Next, we consider these two conditions in isolation.

2.4. Lemma.

(i) Given functors (F ⊣ G ⊣ R) with F and R full and faithful, the condition that ϕ: F → R is monic is equivalent to saying that the counit of (F ⊣ G) is monic.

(ii) Given functors (L ⊣ F ⊣ G) with F full and faithful, the condition that θ : G → L is epic implies that the unit of (L ⊣ F ) is epic; and the converse holds if G preserves epimorphisms.

Proof. (i) Clearly, if ϵ is monic, so is ϵ_R; but ϕ is the composite ϵ_R.(F δ)^{−1} :F ∼= F GR → R, where δ is the counit of (G ⊣ R), so it too is monic. Conversely, if ϕ is monic, so is ϕ_G; but ϕ_G is the composite ϵ_{RG}(F δ_G)^{−1}, which is equal to ϵ_{RG}(GF γ) where γ is the unit of (G ⊣ R), and hence to γϵ by naturality of ϵ. So this implies that ϵ is monic.

(ii) The arguments involving θ are essentially dual to those involving ϕ, the only difference being that we have to apply functors to the left rather than the right of natural transformations. Since F , being a left adjoint, preserves epimorphisms, the assumption that θ is epic implies that F θ is epic, from which we may deduce exactly as in (i) that the unit α of (L ⊣ F ) is epic; but for the converse we need to know that Gα is epic. (Of course, if the additional right adjoint R exists, then G will preserve epimorphisms.)

It is well known (see [3], 3.6.2) that if the unit of a reflection (L ⊣ F ) is epic, then the reflective subcategory which is the repletion of the image of F is closed under strong subobjects; and the converse holds if every morphism of the ambient category factors as an epimorphism followed by a strong monomorphism. Similarly, the conditions in 2.4(i) are equivalent to saying that the repletion of the image of F is closed under strong quotients, provided every morphism factors as a strong epi followed by a mono.

Up to this point, we have not needed to make any assumptions about the categories which appear as the domain and codomain of our functors. For the next result, we do need such an assumption — but it is one which holds in any topos.

2.5. Corollary. Suppose given functors (L ⊣ F ⊣ G) with F full and faithful, and suppose further that the domain (D, say) of G has pullbacks and that epimorphisms are stable under pullback in D. Then the natural transformation θ : G → L is epic iff the unit of (L ⊣ F ) is epic and G preserves epis.

Proof. After 2.4(ii), it remains to prove that if θ is epic then G preserves epis. So let e: A ↠ B be an epimorphism in D, and form the pullback C f � A .

F GB g � ϵ_B � B e � Now Lg is epic (since L is a left adjoint), and hence so is the composite GC θ_C � LC Lg� LF GB β_{GB} � GB since the counit β of (L ⊣ F ) is an isomorphism. But we have

β_{GB} .Lg.θ_C = β_{GB} .θ_{F GB} .Gg = β_{GB} .Lϵ_{F GB} .(β_{GF GB})^{−1}.Gg = β_{GB} .LF Gϵ_B .(β_{GF GB})^{−1}.Gg = Gϵ_B .Gg = Ge.Gf

where we have used the fact that Lϵ_{F GB} = LF Gϵ_B since both morphisms are two-sided inverses for LF η_{GB}. So Ge is epic.

For the final result in this section, we need to assume that the categories with which we are dealing are cartesian closed. We recall two standard results about adjunctions between cartesian closed categories:

2.6. Lemma. Let C and D be cartesian closed categories, and F : C → D a functor having a left adjoint L. Then

(i) F is cartesian closed (that is, the canonical morphism F (B^A) → F B^{F A} is an isomorphism for all A and B) iff F and L satisfy the ‘Frobenius reciprocity’ condition that L(C × F A)

(Lπ_1, β_ALπ_2)� LC × A is an isomorphism for all A and C. (Here β denotes the counit of (L ⊣ F ).)

(ii) If F is full and faithful, then L preserves binary products iff the repletion of the image of F is an exponential ideal in D; more specifically, iff the canonical morphism F (A^{LC} ) → F A^C (corresponding to the composite

L(F (A^{LC} × C)

(Lπ_1, Lπ_2)� LF (A^{LC} ) × LC β_ALC × 1� A^{LC} × LC ev � A ) is an isomorphism for all A and C.

Proof. See [8], A1.5.8 and A4.3.1.

If F is cartesian closed and has a right adjoint G as well as a left adjoint L, then Lemma 2.6(i) combined with the counit map F GD → D yields a natural morphism ψ_{C,D} : LC × GD ∼= L(C × F GD) → L(C × D) for arbitrary objects C, D of D. (Note that if L preserves 1, then ψ_{1,D} is just the morphism θ_D defined earlier.) Using this, we may obtain a natural morphism F A^D → F (A^{GD}) by transposing the composite

L(F A^D) × GD ψ_{F A}D_{,D}� L(F A^D × D)

L(ev)� LF A β_A � A . If we also assume that F is full and faithful, and that G has a further right adjoint R, then it is straightforward to verify that this morphism makes the diagram

F A^D � F (A^{GD})

RA^D

(ϕ_A)^D � � R(A^{GD}) ϕ_AGD � commute, where ϕ is the natural transformation of 2.2(ii) and the bottom edge of the square is the isomorphism arising as in 2.6(ii) from the fact that G preserves binary products. We may thus conclude:

2.7. Proposition. Let C and D be cartesian closed categories, and suppose we have a string of four adjoint functors (L ⊣ F ⊣ G ⊣ R) between C and D satisfying the equivalent conditions of 2.3. Suppose further that F is a cartesian closed functor, and that all monomorphisms in D are strong. Then L preserves binary products.

Proof. Since ϕ_A is monic, it follows from the commutative diagram above that F A^D → F (A^{GD}) is monic, and hence strong monic, for any A and D. But since the unit of (L ⊣ F ) is epic by 2.4(ii), the repletion of the image of F is closed under strong subobjects, and hence F A^D belongs to it. So the image of F is an exponential ideal in D, and we can apply 2.6(ii).

3. Why PLC morphisms are local and SLC

Our first result in this section is an immediate translation of 2.4 and 2.5 into topostheoretic terms:

3.1. Lemma.

(i) If p: E → S is a local geometric morphism, then it is hyperconnected iff the canonical natural transformation ϕ: p^∗ → p^# is monic. (Here p^# denotes the right adjoint of p_∗.)

(ii) If p: E → S is connected and locally connected, then it is punctually locally connected iff it is hyperconnected and p_∗ preserves epimorphisms.

Proof. We recall that a connected geometric morphism p is hyperconnected iff (the repletion of) the image of p^∗ is closed under subobjects, iff it is closed under quotients ([8], A4.6.6). Since all monos and epis in a topos are strong, and all morphisms factor as an epi followed by a mono, the first of these conditions is equivalent to saying that the unit of (p_! ⊣ p^∗) is epic (provided p_! exists), and the second is equivalent to saying that the counit of (p^∗ ⊣ p_∗) is monic. So these are direct translations of the statements of 2.4(i) and of 2.5.

We note in passing that if we modify the site of Example 1.5 by allowing a (connected and locally connected) pointless locale X to be an object of C, then the resulting topos is not hyperconnected over Set (though it remains connected, locally connected and local). For the support of the sheaf C (−, X) is a subterminal object of this topos which is neither 0 nor 1.

The extra hypothesis in 3.1(ii) that p_∗ preserves epimorphisms will of course be satisfied if p is local (though, in that case, the conclusion that p is punctually locally connected could also be deduced from 3.1(i) and 2.3). To obtain a converse result, we need to do a little more work. The key to it is the following result, which appears as C3.4.14 in [8]:

3.2. Proposition. A geometric morphism p: E → S is connected iff p_∗ preserves Sindexed coproducts.

By considering coproducts indexed by a finite copower of 1 in S, we deduce that if p is connected then p_∗ preserves finite coproducts. Also, if S has a natural number object then p_∗ preserves the natural number object, since p^∗ does and the unit of (p^∗ ⊣ p_∗) is an isomorphism. We thus obtain a result which should have appeared in section C3.6 of [8], but did not:

3.3. Corollary. Let p: E → S be a connected geometric morphism, and consider the following conditions:

(i) p_∗ preserves epimorphisms.

(ii) p_∗ preserves coequalizers of equivalence relations.

(iii) p_∗ preserves all coequalizers.

(iv) p_∗ preserves all S-indexed colimits.

(v) p_∗ has a right adjoint, i.e. p is local.

Then we have (v) ⇒ (iv) ⇔ (iii) ⇒ (ii) ⇔ (i). Moreover, (ii) ⇒ (iii) holds if S has a natural number object, and (iv) ⇒ (v) holds if p is bounded.

Proof. The ‘upward’ implications are all trivial (for (v) ⇒ (iv) we need the fact that the adjunction (p_∗ ⊣ p^#), if it exists, is necessarily S-indexed). (i) ⇒ (ii) holds because p_∗ preserves kernel-pairs, and a morphism in a topos is epic iff it is the coequalizer of its kernel-pair. For (ii) ⇒ (iii), we use the fact that since p_∗ preserves the natural number object (as noted above) and also finite limits and images, it preserves the construction of the equivalence relation generated by an arbitrary parallel pair (cf. [8], A2.5.7). (iii) ⇒ (iv) follows from 3.2 and the remarks following it, since by definition a functor preserves S-indexed colimits iff it preserves finite colimits (in each fibre) and S-indexed coproducts. Finally, (iv)⇒(v) follows from the S-indexed version of the Adjoint Functor Theorem (as was already noted in [8], C3.6.2).

Combining 3.1(ii) and 3.3, we have

3.4. Theorem. Let p: E → S be a bounded geometric morphism, and suppose S has a natural number object. Then p is punctually locally connected iff it is locally connected, hyperconnected and local.

The requirement, in 3.4, that S should have a natural number object could probably be dispensed with. Whether the boundedness assumption could also be dispensed with seems more problematic.

No two of the three conditions of 3.4 imply the third. As we have already remarked, the locale-based version of the gros topos is locally connected and local, but not hyperconnected. On the other hand, if we build the gros topos based on a category of spaces which includes non-locally-connected spaces, then we obtain a topos which is hyperconnected and local, but not locally connected. Finally, if C is any small category which is strongly connected but whose idempotent-completion does not have a terminal object (for example, if C is a nontrivial group), then the functor category [C^{op}, Set] is locally connected and hyperconnected, but not local (cf. [8], C3.6.3(b)).

To complete the story, we need a ‘site-free’ substitute for part (iii) of 1.6. Fortunately, Proposition 2.7 provides this:

3.5. Proposition. Let p: E → S be a geometric morphism which is locally connected, hyperconnected and local. Then p is stably locally connected.

Proof. We have a string of four adjoint functors (p_! ⊣ p^∗ ⊣ p_∗ ⊣ p^#) between E and S, and (by either part of 3.1) they satisfy the conditions of 2.3. Moreover, p^∗ is a cartesian closed functor because p is locally connected, and all monomorphisms in E are strong. So the hypotheses of 2.7 are satisfied, and hence p_! preserves binary products; but it also preserves the terminal object since p is connected.

3.6. Remark. For completeness, we note that an alternative proof of the implication ‘PLC ⇒ SLC’ may also be given by translating the construction in the proof of 1.6(iii) from the site to the ambient topos. That is, we may prove in the internal logic of S that if every connected object of E has a point, then the product of two connected objects is connected, as follows.

Let A and B be two connected objects. To show that A × B is connected, it suffices to show that the equivalence relation, on the set of connected subobjects of A × B, which is the transitive closure of the relation of having inhabited intersection, is the total relation (i.e. that any two connected subobjects may be linked by a finite chain of connected subobjects in which adjacent members have inhabited intersection), since by definition the connected components of A × B are the unions of the equivalence classes of this relation (cf. [8], C1.5.8). So let C and C^′ be two such subobjects; by assumption each contains a point, so suppose (a, b): 1 → A × B factors through C ↣ A × B, and (a^′, b^′) factors through C^′. Then the subobject {a} × B is connected, since it is isomorphic to B, and meets C in the point (a, b), and similarly A × {b^′} is connected and has inhabited intersection with C^′. But these two subobjects meet in the point (a, b^′), so the result is proved.

It is worth noting that the essence of the above argument may be found in some textbooks on general topology (for example, [4]) as a proof that the product of two connected spaces is connected — though most such books give non-constructive proofs of this result. In a similar vein to 3.6, we note that the natural morphism ψ_{A,B} : p_!A × p_∗B → p_!(A × B), which we constructed for an arbitrary locally connected morphism p in the course of proving 2.7, may be described in the internal logic of the base topos as the map which sends a pair consisting of a connected component A^′ ↣ A and a point b: 1 → B to the component of A × B containing the connected subobject A^′ × {b}.

Also for completeness, we record

3.7. Proposition. Suppose p: E → S is punctually locally connected. Then the following are equivalent:

(i) p is totally connected.

(ii) θ : p_∗ → p_! is an isomorphism.

Proof. Clearly (ii) implies (i) since p_∗ preserves finite limits. But if (i) holds, then for any connected object A of E the equalizer of any two morphisms 1 ⇒ A must be connected, and hence equal to 1: that is, any connected object of E has a unique point. Interpreting this argument in the internal logic of S, we see that θ is an isomorphism.

Geometric morphisms satisfying the condition in 3.7(ii) were studied in [7], under the name ‘quintessential localizations’. In particular, we showed there that such morphisms with domain E correspond bijectively to idempotent natural endomorphisms of the identity functor on E. (In [11], Lawvere refers to quintessential localizations of E as ‘abstract qualities’.)

References

[1] J. Adámek and J. Rosický, On sifted colimits and generalized varieties, Theory Appl.

Categ. 8 (2001), 33–53.

[2] M. Barr and R. Paré, Molecular toposes, J. Pure Appl. Algebra 17 (1980), 127–152. [3] F. Borceux, Handbook of Categorical Algebra, vol. 1, Encyclopedia of Mathematics and its Applications 50 (Cambridge University Press, 1994).

[4] R. Brown, Topology, Ellis Horwood Ltd., 1988.

[5] M.C. Bunge and J. Funk, Spreads and the symmetric topos, J. Pure Appl. Algebra 113 (1996), 1–38.

[6] N.J.W. Duncan, Gros and Petit Toposes in Geometry, Ph.D. thesis, University of Cambridge (in preparation).

[7] P.T. Johnstone, Remarks on quintessential and persistent localizations, Theory Appl.

Categ. 2 (1996), 90–99.

[8] P.T. Johnstone, Sketches of an Elephant: a Topos Theory Compendium, vols. 1–2, Oxford Logic Guides 44–45 (Oxford University Press, 2002).

[9] P.T. Johnstone and I. Moerdijk, Local maps of toposes, Proc. London Math. Soc. (3) 58 (1989), 281–305.

[10] C. Lair, Sur le genre d’esquissabilité des catégories modelables (accessibles) possédant les produits de deux, Diagrammes 35 (1996), 53–90.

[11] F.W. Lawvere, Axiomatic cohesion, Theory Appl. Categ. 19 (2007), 41–49.

Department of Pure Mathematics, University of Cambridge, England Email: P.T.Johnstone@dpmms.cam.ac.uk This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at

ftp://ftp.tac.mta.ca/pub/tac/html/volumes/25/3/25-03.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at

http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:

gavin seal@fastmail.fm

Transmitting editors

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it Valeria de Paiva: valeria.depaiva@gmail.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, Macquarie University: steve.lack@mq.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Tom Leinster, University of Glasgow, Tom.Leinster@glasgow.ac.uk Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca