Theory and Applications of Categories, Vol. 26, No. 13, 2012, pp. 0–10.

INJECTIVE HULLS OF PARTIALLY ORDERED MONOIDS

J. LAMBEK MICHAEL BARR, JOHN F. KENNISON, R. RAPHAEL

Abstract. We find the injective hulls of partially ordered monoids in the category whose objects are po-monoids and submultiplicative order-preserving functions. These injective hulls are with respect to a special class of monics called “embeddings”. We show as well that the injective objects with respect to these embeddings are precisely the quantales.

Introduction

The genesis of this paper is that the first author wrote a draft in 2000. Before getting it typed for publication, he discovered a technical gap that he could not fill. He finally gave it to the other three of us asking if we could fill the gap. We could, by changing a few of the definitions. The result is the paper you see before you. The historical comments and the statements of theorems are all due to Lambek.

The category of po-monoids The subject of this paper is the category of partially ordered monoids (po-monoids) and submultiplicative order-preserving maps. If A and B are po-monoids a function ϕ : A �B is submultiplcative if ϕ(1) = 1 and ϕ(a)ϕ(a^′) ≤ ϕ(aa^′) for all a, a^′ ∈ A.

Another concept that is important to this paper is that of embedding. A morphism ϕ : A � B will be called an embedding if it is injective (that is, one-one) and if, for all a_1, a_2, . . . , a_n, a ∈ A, then ϕ(a_1)ϕ(a_2) · · · ϕ(a_n) ≤ ϕ(a) implies a_1a_2 · · · a_n ≤ a. We will use the notation A � � � B to denote an embedding.

A po-monoid Q will be called injective if given any embedding ϕ : A � � � B and any

The first two authors would like to thank NSERC of Canada for its support of this research. We would all like to thank McGill and Concordia Universities for partial support of Kennison’s visits to Montreal.

Received by the editors 2012-05-12 and, in revised form, 2012-06-27. Transmitted by Walter Tholen. Published on 2012-07-06. 2000 Mathematics Subject Classification: 06F05, 06F07, 08B30. Key words and phrases: partially ordered monoids, injectives.

© J. Lambek, Michael Barr, John F. Kennison, R. Raphael, 2012. Permission to copy for private use granted.

0

INJECTIVE HULLS OF PARTIALLY ORDERED MONOIDS 1

morphism ψ : A � Q there is a morphism θ : B � Q such that the triangle A B � �^ϕ � A

Q θ � � � � � � � B

Q ψ � commutes.

We will say that an embedding A � � � B is essential if every morphism B � C for which the composite A �B �C is an embedding is itself an embedding. We will call an essential embedding A � � � B with B injective (with respect to embeddings) an injective hull (also known as the injective envelope) of A.

A po-monoid is said to be residuated if it is equipped with binary operations “/” (over) and “\” (under) such that

ab ≤ c if and only if a ≤ c/b if and only if b ≤ a\c

for all elements a, b, c.^1 By a quantale, we mean a complete residuated po-monoid. This is what some others call a unital quantale, for example, [Rosenthal (1990)].

The main results of this paper are:

1. Injectives are the same as quantales (4.1).

2. Every object can be embedded into an injective envelope (5.8).

Our construction is motivated by the 1970 paper of Bruns and Lakser who showed that the injectives in the category of meet-semilattices are exactly the locales and that every object admits an essential embedding into a locale, its injective hull. They constructed this locale without recourse to the axiom of choice. Here their ideas will be extended to the category of partially ordered monoids (and submultiplicative maps and with quantales in place of locales).^2

1. Historical background.

There is a vast literature on the subject of injective hulls, of which we mention only a few basic items that were noted in the original draft.

1Lambek had used this structure in [Lambek (1959)] in an attempt to give a mathematical description of sentence structure, having observed that the subsets of a free monoid form a complete residuated monoid.

2In the original draft Lambek claimed that his argument was intuitionistically valid and held in any topos. We have not verified this. Correspondingly, we replace the earlier draft’s use of the subobject classifier Ω by the two-element Boolean algebra, denoted 2.

2 J. LAMBEK MICHAEL BARR, JOHN F. KENNISON, R. RAPHAEL

The injective hull, though not under that name,^3 was first obtained in [R. Baer (1940)] using transfinite induction.

The best-known early discussion of injective hulls is in [Eckmann and Schopf (1953)], who introduced them as maximal essential extensions. In modern categorical language, an extension (or monomorphism) A � � B is said to be essential if any morphism B � C for which the composite A � B � C is monic, is itself monic. They embedded a given module into an injective one and then used Zorn’s lemma to pick out a maximal element of the former among the submodules of the latter.

K. Shoda^4 [1952, 1957] treated injective hulls in a wider algebraic context as a generalization of algebraic completions of fields. See also [Cohn (1965)].

A very readable account of injective hulls in various categories is given in [Daigneault (1969)]. Further categorical generalizations are found in [B. Banaschewski (1970), Tholen (1981)], among others. As far as we are aware, all the treatments of the existence of injective hulls referred to above invoke transfinite induction or Zorn’s lemma. However, the injective hull of a Boolean algebra or a commutative C^∗-algebra can be constructed without relying on any form of the axiom of choice. Lambek would not have been surprised that the construction of the injective hull of a semilattice in [Bruns and Lakser (1970)] was also truly constructive. Reading their paper^5 convinced Lambek that their ideas would carry over from meet semilattices to po-monoids, a meet semilattice being a po-monoid in which the product of two elements is their greatest lower bound.

2. Po-monoids

A word about the definition of morphism. It may seem odd to allow submultiplicativity, but assume that ϕ(1) = 1. A perhaps more natural definition would to suppose that for any finite set S, we have ∏ s∈S ϕ(a_s) ≤ ϕ( ∏ s∈S a_s). When S is empty, this leads to 1 ≤ ϕ(1). This is possible, but there is a complication in the proof of Theorem 4.1. This complication can be dealt with but it appears to outweigh the added generality.

2.1. Proposition. Injective hulls are unique up to isomorphism.

3According to [Rotman (2009), page 503], R. Baer jokingly called injectives “fascist”, in contrast with projectives, which were usually called “free”. He also showed that for the category of groups (not necessarily abelian), no group with more than one element could be injective.

4Incidentally, the late uncle of the present Empress of Japan.

5We are indebted to [Coecke (2000)], who rediscovered their result in the context of quantum logic and for pointing out the crucial reference.

INJECTIVE HULLS OF PARTIALLY ORDERED MONOIDS 3

Proof. Suppose that ϕ : A � � � B and ψ : A � � � C are injective hulls. Since C is injective, there is a map σ : B � C in the diagram A B � �^ϕ � A

C ψ � � � � � � � B

C σ � such that σϕ = ψ. Since ψ is an essential embedding, the fact that ϕ is an embedding implies that σ is an essential embedding. Since B is injective, there is a map τ : C � B in the diagram B C � � σ � B

B id � � � � � � � C

B τ � such that τσ = id. Since σ is essential, τ is also an embedding. This implies that σ and τ are inverse isomorphisms.

3. Embedding po-monoids into quantales

Bruns and Lakser [1970] characterized the injectives in the category of semilattices as being complete Heyting algebras, nowadays called locales. Not surprisingly then, the injectives in the category of po-monoids turn out to be complete residuated po-monoids which are called quantales in [Mulvey & Pelletier (2001)].

3.1. It is easily seen (and no surprise to categorists) that, in a residuated monoid, multiplication must distribute over all existing sups. Conversely, completeness and complete distributivity of multiplication over sups, ensure that the operations over and under can be defined (using Freyd’s adjoint functor theorem; note that the solution set condition is automatic because a poset is a small category) by

c/b = ⋁ {x | xb ≤ c}

To see this, let y = ⋁ {x | xb ≤ c}. If a ≤ y then ab ≤ yb ≤ ⋁ {yb | yb ≤ c} ≤ c. On the other hand, if ab ≤ c, then a is one of the terms of the sup and so a ≤ y. A similar formula serves to define a\c.

Given a po-monoid A, let P (A) be the set of order ideals (= down-closed subsets) of A. We note that this is the same thing as the set of order-preserving maps A^{op} � 2. In fact, if ϕ : A^{op} � 2 is an order-preserving map, then ϕ^{−1}(1) is an up-closed subset of A^{op}, which is evidently a down-closed subset of A. The converse is equally obvious. If a ∈ A, we denote by a↓ the set {b ∈ A | b ≤ a}. This is the principal ideal generated by a.

Clearly P (A) is a complete lattice with sup being union.

4 J. LAMBEK MICHAEL BARR, JOHN F. KENNISON, R. RAPHAEL

3.2. Definition. If X ⊆ A, denote by X↓ the down-closure of X, that is {a ∈ A | a ≤ x for some x ∈ X}. If I and J are ideals, we let I·J = (IJ)↓. This works out to

I·J = {c | c ≤ ab for some a ∈ I and b ∈ J}

It is immediate that this multiplication makes P (A) into a complete po-monoid. Moreover, since the product of two down-ideals is just the down-closure of their pointwise product, it is immediate that products commute with arbitrary union, so that P (A) is a quantale. If I is an ideal and a, b ∈ A, we note that aIb ⊆ a↓Ib↓, but that (aIb)↓ = (a↓Ib↓)↓ and so we will usually denote a↓·I·b↓ by a·I·b.

We define μ : A � P (A) by μ(a) = a↓.

We will say that a morphism of po-monoids is multiplicative if it preserves the multiplication on the nose.

3.3. Proposition. μ is a multiplicative embedding.

Proof. Evidently ab ∈ a↓·b↓ so that (ab)↓ ⊆ a↓·b↓. It is equally evident that a↓b↓ ⊆ (ab)↓, whence a↓·b↓ ⊆ (ab)↓ as well.

4. Quantales and injectivity

4.1. Theorem. A po-monoid is injective (with respect to embeddings) if and only if it is a quantale.

Proof. Suppose Q is a quantale, μ : A � Q a morphism and ϕ : A � � � B an embedding.

Define ψ : B � Q by

ψ(b) = ⋁ {μ(a_1)μ(a_2) · · · μ(a_n) | a_1, . . . , a_n ∈ A such that ϕ(a_1)ϕ(a_2) · · · ϕ(a_n) ≤ b}

It is clear that ψ preserves order. If ϕ(a_1) · · · ϕ(a_n) ≤ 1 = ϕ(1), then the definition of embedding implies that a_1 · · · a_n ≤ 1, whence μ(a_1) · · · μ(a_n) ≤ μ(a_1 · · · a_n) ≤ μ(1) = 1 so that every term in the sup that defines ψ(1) is below 1, while one of the terms is μ(1) = 1. Thus ψ(1) = 1. Using the fact that Q is a quantale and therefore product distributes over arbitrary sup, we calculate

ψ(b)ψ(b^′) = ⋁ ϕ(a_1 )···ϕ(a_n)≤b

μ(a_1) · · · μ(a_n) ⋁ ϕ(a^′_1)···ϕ(a^′_{n′} )≤b^′

μ(a^′_1) · · · μ(a^′_n′ )

= ⋁ ϕ(a_1)···ϕ(a_n )≤b ϕ(a^′_1 )···ϕ(a^′_{n′} )≤b^′

μ(a_1) · · · μ(a_n)μ(a^′_1) · · · μ(a^′_n′ ) ≤ ψ(bb^′)

This holds because the inequalities ϕ(a_1) · · · ϕ(a_n) ≤ b and ϕ(a^′_1) · · · ϕ(a^′_n′ ) ≤ b^′ imply that ϕ(a_1) · · · ϕ(a_n)ϕ(a^′_1) · · · ϕ(a^′_n′ ) ≤ bb^′. When b = ϕ(a), the fact that ϕ(a_1) · · · ϕ(a_n) ≤ ϕ(a)

INJECTIVE HULLS OF PARTIALLY ORDERED MONOIDS 5

which implies that a_1a_2 · · · a_n ≤ a implies that ψϕ(a) ≤ μ(a), while the opposite inclusion follows from the fact that μ(a) is one of the terms in the sup that defines ψϕ(a).

Next suppose that A is injective. Then the embedding μ : A �

� � P (A) is split by

ϵ : P (A) � A. It is immediate that A is complete with ⋁ a_i = ϵ( ⋁ μ(a_i)). We now compute that if a = ⋁ a_i and b ∈ A,

ba = ϵ(μ(b))ϵ (⋁ μ(a_i) ) ≤ ϵ(μ(b) ⋁ μ(a_i)) = ϵ (⋁ μ(b)μ(a_i) ) = ϵ (⋁ μ(ba_i) ) = ⋁ ba_i

The reverse inclusion is obvious since ba is an upper bound for the set of all ba_i. Similarly we have right distributivity and so A is a quantale.

5. A closer embedding

Although we have embedded the po-monoid A into the quantale P (A), this embedding is not very close. In this section, we describe an embedding that is, in a sense, closer to A.

5.1. Proposition. If A is a quantale, then for any a, b, c ∈ A, we have a\(b/c) = (a\b)/c.

Proof. For any d ∈ A, we have d ≤ a\(b/c) if and only if ad ≤ b/c if and only if adc ≤ b and the same is evidently true for the other side of the equation.

We will denote both sides of the equation by a\b/c.

5.2. Definition. For I ∈ P (A), define cl(I) = ⋂ {a↓\b↓/c↓ | a·I·c ⊆ b↓} and Q (A) = {I ∈ P (A) | I = cl(I)}. The I ∈ Q (A) will be called the closed subsets.

We note that since b↓ is down-closed, the phrase a·I·c ⊆ b↓ is equivalent to aIc ⊆ b↓.

A word about the empty set. The empty set is an ideal, but might not be closed. An element a ∈ A is in cl(∅) if and only if whenever ∅ ⊆ b↓\c↓/d↓, then also a ∈ b↓\c↓/d↓. Obviously, this holds if and only if a ∈ b↓\c↓/d↓ for all b, c, d ∈ A, which will hold if and only if bad ≤ c for all b, c, d ∈ A. Taking b = d = 1, we see that a must be the bottom element of A, denoted ⊥. In order that this remain true for all b, d ∈ A, we must have that b⊥d = ⊥, that is that ⊥ be a 2-sided ideal of the monoid. In all other cases, ∅ will be closed.

What kind of closure operator is cl? From the previous comment, it is not a Kuratowski closure operator since the empty set is not necessarily closed and the operator does not appear to preserve binary joins. In particular, there is no reason for a_1↓\b_1↓/c_1↓∪ a_2↓\b_2↓/c_2↓ to be a closed set. As far as we can tell, it is not the closure operator for a Grothendieck topology either since it does not appear to preserve binary meets. It is obviously expansive, order-preserving, and easily shown to be idempotent and these are the only properties we need. We leave the easy proof of the following to the reader.

6 J. LAMBEK MICHAEL BARR, JOHN F. KENNISON, R. RAPHAEL 5.3. Proposition. Let P be a poset and c : P � P be an expansive, order-preserving, and idempotent operator on P . Then c is a retraction of P onto Fix(c), the set of elements of P fixed by c. If P is complete, so is Fix(c).

The monoid structure on Q (A). It is not entirely obvious how to define the monoid structure on Q (A). We begin with:

5.4. Proposition. If I, J ∈ P (A) then cl(I)·J ⊆ cl(I·J).

Proof. Suppose a, b, c ∈ A are such that I·J ⊆ a↓\b↓/c↓. For all x ∈ I and y ∈ J, we have that xy ∈ a↓\b↓/c↓ which implies that axyc ∈ b↓. This implies that x ∈ a↓\b↓/(yc)↓. Since this is true for all x ∈ I, we must have that I ⊆ a↓\b↓/(yc)↓ so that cl(I) ⊆ a↓\b↓/(yc)↓. This implies that cl(I)yc ⊆ a↓\b↓ or that cl(I)y ⊆ a↓\b↓/c↓. Since this is true for all y ∈ J and a↓\b↓/c↓ is down-closed, we conclude that cl(I)·J ⊆ a↓\b↓/c↓. This is true whenever I·J ⊆ a↓\b↓/c↓ and hence cl(I)·J ⊆ cl(I·J). 5.5. Corollary.

1. For any I, J ∈ P (A), I· cl(J) ⊆ cl(I·J). 2. For any I, J ∈ P (A), cl(I)· cl(J) ⊆ cl(I·J). 3. For any I, J ∈ P (A), cl(cl(I)· cl(J)) = cl(I·J).

Proof.

1. This follows by symmetry.

2. We have cl(I)· cl(J) ⊆ cl(I· cl(J)) ⊆ cl(cl(I·J)) = cl(I·J).

3. I·J ⊆ cl(I)· cl(J), implies one inclusion, while the previous claim, together with the idempotence of cl, implies the other.

We extend the multiplication on A to Q (A) by letting I^∘J = cl(I·J). It is clear that 1↓ is a unit for the multiplication. Associativity is not immediate, however. Assuming K = cl(K), we get (I^∘J)^∘K = cl(cl(I·J)· cl(K)) = cl(I·J·K) and, assuming I = cl(I), we also have I^∘(J^∘K) = cl(I·J·K). In particular, when I, J, K ∈ Q (A), we conclude that (I^∘J)^∘K = cl(I·J·K) = I^∘(J^∘K). 5.6. Proposition. The inclusion Q (A)�

� �P (A) is an embedding, while cl : P (A)^�Q (A)

is a retraction of the inclusion.

Proof. For the first claim observe that if I_1, . . . , I_n and J are in Q (A) such that I_1 · · · I_n ⊆ J, then I_1^∘ · · ·^∘I_n = cl(I_1· · · · ·I_n) ⊆ J since J is closed. The second claim is simply that cl(I·J) = I^∘J (and so the retraction is actually multiplicative). 5.7. Corollary. Q (A) is injective. Proof. A retract of an injective is injective.

INJECTIVE HULLS OF PARTIALLY ORDERED MONOIDS 7

It is clear that every a↓ is a closed ideal. We let η : A � Q (A) be given by η(a) = a↓.

5.8. Theorem. The map η : A � Q (A) is an essential embedding and thus is an embedding into an injective hull.

Proof. Suppose that ψ : Q (A) � B is a morphism such that ψη is an embedding. We must show that ψ is an embedding. Suppose ψ(I_1)ψ(I_2) · · · ψ(I_n) ≤ ψ(J). Then for all elements a_1, a_2, · · · , a_n, b, c, d of A such that a_1 ∈ I_1, a_2 ∈ I_2, · · · , a_n ∈ I_n and J ⊆ b↓\c↓/d↓, we have

ψη(b)ψη(a_1) · · ·ψη(a_n)ψη(d) = ψ(b↓)ψ(a_1↓) · · · ψ(a_n↓)ψ(d↓)

≤ ψ(b↓)ψ(I_1) · · · ψ(I_n)ψ(d↓) ≤ ψ(b↓)ψ(J)ψ(d↓)

≤ ψ(b↓·J·d↓) ≤ ψ(c↓) = ψη(c)

Since ψη is an embedding, it follows that ba_1 · · · a_nd ≤ c which implies that a_1a_2 · · · a_n ∈ b↓\c↓/d↓. Thus I_1I_2 · · · I_n ⊆ b↓\c↓/d↓. Since b↓\c↓/d↓ is both down-closed and closed, it follows that I_1^∘I_2^∘ · · ·^∘I_n is included in b↓\c↓/d↓ whenever J is, and hence that I_1^∘I_2^∘ · · · I_n ⊆ J, as required.

5.9. Theorem. Any object with more than one element is not injective with respect to all monics.

Proof. Let Q have more than one element. We first consider the case that 1 is not the bottom element of Q so that there is a q ∈ Q with 1 ≰ q. Let N denote the non-negative integers with the usual order and addition as monoid operation. Let |N| denote the same monoid but with the discrete order. Define ψ : |N| � Q by ψ(n) = q^n, with, as usual, q^0 = 1. Then there is no possible way to complete the diagram

|N| N

id � |N|

Q ψ � � � � � � � N

Q Next, we consider the case that 1 is the bottom element of Q. Now there is a q ∈ Q with q ≰ 1. Simply replace N by N^{op} in the same diagram.

6. Examples

In the original article, the candidate for the injective hull was the object R (A) which consisted of all down-closed sets that were closed under distributive sups. In order to gain some insight into the meaning of this, we tried to find examples. It is clear that every set of the form a↓ is closed not only under distributive sups, but also closed under all sups. We soon realized that all sets of the form a↓\b↓/c↓ were also closed under

8 J. LAMBEK MICHAEL BARR, JOHN F. KENNISON, R. RAPHAEL

distributive sups and the fact that those sups were distributive was necessary. This led us to try the definition of Q (A) that we have given and, mirabile dictu, it worked!

Clearly Q (A) ⊆ R (A) ⊆ P (A). In the examples below we see that either or both of these inclusions can be equality. In all the examples below, the multiplication is commutative and hence we need consider only the operation a\b.

6.1. There are no non-trivial injectives in the category of po-monoids and multiplicative order-preserving functions. Suppose Q was injective in that category. Then if B is any discrete monoid and A � � � B a submonoid, the inclusion ϕ is an embedding in our sense since ϕ(a_1)ϕ(a_2) · · · ϕ(a_n) = ϕ(a) if and only if a_1a_2 · · · a_n = a. Thus any map A � Q would have to extend to a map on B and we conclude that the discrete monoid |Q| underlying Q would be injective with respect to all inclusions in the category of monoids. We will now show that Q cannot have more than one element.

First observe from the inclusion N � � � Z that Q must in fact be a group and hence injective in the category of groups. It is known (see [Eilenberg & Moore (1965)]) that there are no non-trivial injective groups, but we will sketch an easier argument that there are no non-trivial injectives for monoids. For let A be N∪{∞} with the monoid structure in which n∞ = ∞n = ∞ for all n ∈ A. Clearly, the injection N � � � A cannot be extended across arbitrary maps N � Q.

6.2. The case of a total order. If A is totally ordered then so is P (A). For if I and J are down-closed subsets and there are elements a ∈ I − J and b ∈ J − I, neither a ≤ b nor b ≤ a is possible. Since Q (A) is also ordered by inclusion, the same is true for that object. Thus Q (A) is an injective hull for A in the category of totally ordered monoids.

6.3. It can happen that Q (A) = R (A) = P (A). Let A be the set of positive integers with the usual multiplication and usual order. As just observed, P (A) is a total order. It consists of the empty set we will denote 0↓, all the a↓, and all of A, which we will denote ∞↓. Then P (A) = {0↓ < 1↓ < 2↓ < · · · < ∞↓}. One easily sees that a↓\b↓ = ⌊b/a⌋↓, the downset of the floor of b/a. From this it is easy to see that every element of P (A) is closed. In particular, 2↓\1↓ = 0↓ so that the 0↓ is closed while cl(∞↓) is the empty inf, that is ∞↓.

6.4. We can have Q (A) be much smaller than R (A). Let A be the set of positive integers with the discrete order (no two distinct elements comparable) and the usual multiplication. Every ideal is down-closed and so P (A) is just the power set of A. For a ∈ A, the set a↓ = {a}. If a, b ∈ A, the set a↓\b↓ is empty unless a|b, in which case it is {a/b}. It follows that the only closed sets are the empty set, all singletons, and A itself. If we denote the empty set by 0 and A by ∞, then we can think of Q (A) as the set {0 < 1, 2, 3, . . . < ∞}. Here we are denoting {a} by a. We see in what sense Q (A) is “close” to A, while P (A) is not. Since there are no non-trivial sups, every ideal is closed under distributive sups so R (A) = P (A). In this example we see that R (A) is not the injective hull of A.

INJECTIVE HULLS OF PARTIALLY ORDERED MONOIDS 9

6.5. Q (A) = R (A) can be much larger than A and nearly as large as P (A). Take A to be the positive rational numbers with the usual order and multiplication. Then a down-closed set is nearly the same thing as a cut. The empty set and A itself are downclosed and we also have to distinguish between a↓ and what we will call a^< = {b | b < a}. The following facts are easy to verify:

1. a↓\b↓ = (b/a)↓.

2. cl(a^<) = a↓.

3. Irrational cuts are closed and also sup-closed.

Thus all cuts (including ∅ and A) are closed except those of the form a^<, for a ∈ A. It readily follows that Q (A) can be identified as the one-point compactification of the non-negative reals, while in P (A), the cuts a↓ ≠ a^<. In both Q (A) and P (A), the monoid structure is such that 0 times anything is 0, while ∞ times any non-zero element is ∞. Since all sups in A are distributive, R (A) contains only the sup-closed sets, that is the sets in Q (A).

6.6. R (A) can lie strictly between Q (A) and P (A). Let A = Q^+ × Z_2 where Q^+ is the positive rationals as above and Z_2 is the 2-element group with the discrete order. Then one easily sees that the elements of Q (A) and R (A) do not include any element of the form a^< × {z}, for z ∈ Z_2, so that R (A) ≠ P (A), while Q (A) does not contain any element of the form a↓ × Z_2, all of which belong to R (A) so that Q (A) ≠ R (A).

References

R. Baer (1940), Abelian groups which are direct summands of every containing group.

Bull. Amer. Math. Soc. 46, 800–806.

B. Banaschewski (1970), Injectivity and essential extensions in equational classes of algebras. Queen’s papers in pure and applied mathematics, 25, 131–147.

G. Bruns and H. Lakser (1970), Injective hulls of semilattices. Can. Math. Bull. 13, 115– 118.

B. Coecke (2000), Quantum logic in intuitionistic perspective. Preprint.

P.M. Cohn (1965), Universal algebra. Harper and Row.

A. Daigneault (1969), Injective envelopes. Amer. Math. Monthly 76, 766–774.

J. Lambek (1959), The mathematics of sentence structure. Canad. Math. Bull. 2, 85–89.

J. Lambek (1999), Logic and Grishin algebras. In E. Urlowska, ed., Logic at Work, Physica- Verlag, Heidelberg.

10 J. LAMBEK MICHAEL BARR, JOHN F. KENNISON, R. RAPHAEL

B. Eckmann and A. Schopf (1953), Über injektive Moduln. Archiv der Mathematik 4, 75–78.

S. Eilenberg and J.C. Moore (1965), Foundations of relative homological algebra. Memoirs Amer. Math. Soc. 55, Providence, RI.

C.J. Mulvey and J.W. Pelletier (1986), On the quantization of points. J. Pure Appl. Alg.

169, 231–295.

K.I. Rosenthal (1990), Quantales and their applications. Pitman Research Notes in Mathematics 234, Longman Scientific and Technical, Harlow, Essex.

J.J. Rotman (2009) An Introduction to Homological Algebra, 2nd edition. Springer- Verlag.

K. Shoda (1952), Zur Theorie der algebraischen Erweiterungen algebraischer Systeme.

Osaka Math. J. 4, 133–144.

K. Shoda (1957), Zu den Arbeiten über Erweiterungen algebraischer Systeme. Osaka Math. J. 9, 239–240.

W. Tholen (1981), Injective objects and cogenerating objects. J. Alg. 73, 139–155.

Lambek and Barr: Department of Mathematics and Statistics McGill University, Montreal, QC, H3A 0B9 Department of Mathematics and Computer Science Clark University, Worcester, MA 01610 Department of Mathematics and Statistics Concordia University, Montreal, QC, H4B 1R6 Email: lambek@math.mcgill.ca

barr@math.mcgill.ca
jkennison@clarku.edu
raphael@alcor.concordia.ca

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at

ftp://ftp.tac.mta.ca/pub/tac/html/volumes/26/13/26-13.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at

http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:

gavin seal@fastmail.fm

Transmitting editors

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com Valeria de Paiva: valeria.depaiva@gmail.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne : kathryn.hess@epfl.ch Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, Macquarie University: steve.lack@mq.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Tom Leinster, University of Glasgow, Tom.Leinster@glasgow.ac.uk Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Giuseppe Rosolini, Università di Genova: rosolini@disi.unige.it Alex Simpson, University of Edinburgh: Alex.Simpson@ed.ac.uk James Stasheff, University of North Carolina: jds@math.upenn.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca