Theory and Applications of Categories, Vol. 26, No. 16, 2012, pp. 403–411.

A PRESHEAF INTERPRETATION OF THE GENERALIZED FREYD CONJECTURE

ANNA MARIE BOHMANN AND J. P. MAY

Abstract. We give a generalized version of the Freyd conjecture and a way to think about a possible proof. The essential point is to describe an elementary formal reduction of the question that holds in any triangulated category. There are no new results, but at least one known example drops out very easily.

In algebraic topology, the generating hypothesis, or Freyd conjecture, is a long-standing conjecture about the structure of the stable homotopy category. It was initially formulated in 1965 [Freyd, 1966] and remains open to this day. Because the original conjecture has proved difficult to analyze, recent work has turned to studying similar conjectures in categories that share many properties with the stable homotopy category in hopes of further understanding the types of categories in which such a conclusion holds. In this note, we state a version of the generating hypothesis for an arbitrary triangulated category and analyze conditions under which this hypothesis holds. We emphasize that we impose no additional conditions on our triangulated categories, so that our results show which formal properties of a category imply the Freyd conjecture. Therefore our results give conceptual insight into the kind of category in which the generating hypothesis can be expected to hold.

1. The generalized Freyd conjecture

Let T be a triangulated category and write [X, Y ] for the abelian group of maps X → Y in T . Let B be a (small) full subcategory of T closed under its translation (or shift) functor Σ and let C be the thick full subcategory of T that is generated by B; write ι: B → C for the inclusion. For emphasis, we often write B(X, Y ) = [X, Y ] when X, Y ∈ B and C (X, Y ) = [X, Y ] when X, Y ∈ C . The category B is pre-additive (enriched over Ab), and C is additive (has biproducts). Let PB and PC denote the categories of abelian presheaves defined on B and C . They consist of the additive functors from B^{op} or C^{op} to Ab and the additive natural transformations between them.

1.1. Definition. Define the Freyd functor F: T → PB by sending an object X to the functor FX specified on objects and morphisms of B by FX(−) = [−, X] and sending a

We thank Grigory Garkusha for the observation following Corollary 3.3, and we thank an anonymous referee for offering simplifications of the formal arguments leading up to Proposition 2.1.

Received by the editors 2011-10-19 and, in revised form, 2012-08-30. Transmitted by Ross Street. Published on 2012-09-06. 2010 Mathematics Subject Classification: 18E30, 55P42.

Key words and phrases: Freyd conjecture, generating hypothesis, stable homotopy category. © Anna Marie Bohmann and J. P. May, 2012. Permission to copy for private use granted. 403 map f : X → Y to the natural transformation f_∗ = [−, f]. Define Y: T → PC similarly. We are only interested in the restrictions of F and Y to C , and then Y: C → PC is the standard Yoneda embedding.

1.2. Conjecture. [The generalized Freyd conjecture] The functor F: C → PB is faithful. Equivalently, Ff = 0 if and only if f = 0. We then say that the Freyd conjecture holds for the pair (C , B).

The conjecture is also called the “generating hypothesis” since it is equivalent to the assertion that the set of objects of B forms a generator for the category C . This means that if there are distinct maps f, g : X → Y in C , then there is a map e: W → X in C such that W ∈ B and f ∘ e ≠ g ∘ e.

We hasten to add that the conjecture is false in this generality. Additional hypotheses are needed, but none will be relevant to our formal analysis. For example, we might as well assume that a map f : X → Y in C is an isomorphism if and only f_∗ : FX → FY is an isomorphism, as holds in the stable homotopy category. This condition is necessary but not sufficient for the Freyd conjecture to hold. Indeed, if Z is the third term in an exact triangle with one map f, then f is an isomorphism if and only if Z = 0 and Ff is an isomorphism if and only if FZ = 0. If FZ = 0 and the Freyd conjecture is true, then Z = 0 since its identity map is the zero map.

1.3. Example. Take T = HoS to be the stable homotopy category. Let B consist of the sphere spectra S^n for integers n. Then C is the homotopy category of finite CW spectra. Freyd [Freyd, 1966] conjectured that a map f in C is zero if and only if it induces the zero homomorphism f_∗ : π_∗(X) → π_∗(Y ). By the following observation, this is a special case of our Conjecture 1.2.

1.4. Lemma. In Example 1.3, the category PB is isomorphic to the category M of right modules over the ring π_∗ of stable homotopy groups of spheres. Under this isomorphism, the Freyd functor F coincides with the stable homotopy group functor π_∗ : HoS → M .

Proof. We have B(S^m, S^n) = π_m(S^n) ∼= π_{m−n}. For T ∈ PB, let T_n = T (S^n). The additive contravariant functor T gives homomorphisms

T : π_{m−n} ∼= B(S^m, S^n) → Ab(T_n, T_m).

By adjunction, these give homomorphisms T_n ⊗ π_{m−n} → T_m. The functoriality gives the formula (tx)y = t(xy). No signs appear since we are taking right modules, as is dictated categorically by contravariance. Conversely, given a right π_∗-module M, define T (S^n) = M_n and, for t ∈ M_n and x ∈ π_{m−n} ∼= B(S^m, S^n) define T (x)(t) = tx ∈ M_m. The module axioms ensure that T is a functor. This specifies the isomorphism of categories, and the consistency of F and π_∗ is clear.

The following example originally prompted us to take a presheaf perspective on the Freyd conjecture.

1.5. Example. Let G be a compact Lie group and take T = HoGS to be the equivariant stable homotopy category. Let GB consist of the orbit G-spectra

S^n[G/H] ≡ Σ^nΣ^∞(G/H)_+

for integers n and closed subgroups H of G. The thick subcategory GC generated by GB is the category of retracts of finite G-CW spectra. The equivariant version of the Freyd conjecture asserts that a map f in GC is zero if and only if it induces the zero homomorphism f_∗ : π^H_∗ (X) → π^H_∗ (Y ) for all H, where

π^H_n (X) ≡ π_n(X^H ) ∼= [S^n[G/H], X]_G.

Again, this is a special case of our Conjecture 1.2. This example is the focus of [Bohmann, 2010].

1.6. Remark. The full subcategory B_0 of B whose objects are the S[G/H] ≡ S^0[G/H] is called the Burnside category. A Mackey functor (or G-Mackey functor) M is by definition an object of PGB_0. When G is finite, this agrees with the more usual algebraic definition ([Lewis et al, 1986, V§9] or [May, 1996, IX§4, XIX§3]). A map of Mackey functors is a natural transformation, that is, a map of presheaves.

1.7. Definition. The graded Burnside category Gπ_∗ has objects the S[G/H]. Its abelian group of maps of degree n from S[G/H] to S[G/J] is

π^H_n (S[G/J]) = [S^n[G/H], S[G/J]]_G.

Composition is induced by suspension and composition in GB in the evident fashion. Define a right Gπ_∗-module M to be a graded presheaf, that is, a contravariant functor Gπ_∗ → Ab_∗, where Ab_∗ is the category of graded abelian groups.

1.8. Lemma. In Example 1.5, the category PGB is isomorphic to the category GM of right Gπ_∗-modules. Under this isomorphism, the Freyd functor F coincides with the equivariant stable homotopy group functor π^{(−)}_∗ : HoGS → GM .

The proof is the same as that of Example 1.3. In this case, the presheaf formulation of the Freyd conjecture appears more natural to us than the equivalent homotopy group reformulation.

1.9. Example. In the rational equivariant stable homotopy category, the Freyd conjecture is true if G is finite [Greenlees and May, 1995] and is false if G = S^1 [Bohmann, 2010].

Here is another example where the presheaf formulation, and the use of many objects and their shifts rather than a single object and its shifts in B, may be more natural than the formulation of the Freyd conjecture studied so far.

1.10. Example. In several recent papers, Benson, Carlson, Chebolu, Christensen and Mináč [Benson et al, 2007, Carlson et al, 2009, Chebolu et al, 2007] study the Freyd conjecture in the stable module category of a finite group G over a field k whose characteristic divides the order of G. This is a triangulated category StMod_{kG} obtained from the category of kG–modules by modding out by maps that factor through a projective module. They restrict to the thick subcategory generated by the trivial representation k and ask whether the Tate cohomology functor is faithful on this subcategory. Since the Tate cohomology of a module M is given by maps out of k in the stable module category,

Ĥ^i(G, M) = Stmod_{kG}(Ω^ik, M),

their formulation is equivalent to our Conjecture 1.2 with B = {Ω^ik}. In this context, they prove that the Freyd conjecture holds in the stable module category of kG–modules if and only if the p–Sylow subgroup of G is either C_2 or C_3, where p is the characteristic of k [Carlson et al, 2009]. Their proof in fact shows that this variant of the Freyd conjecture holds if and only if the thick subcategory generated by k consists of finite direct sums of suspensions of k.

For p-groups, the trivial module is the only irreducible module over kG, and the thick subcategory generated by k is the subcategory of compact objects in the stable module category. For non-p-groups, other irreducible modules exist. It is thus natural to generalize the Freyd conjecture to our presheaf context by letting B be the category whose objects are the suspensions of the irreducible kG–modules. The thick subcategory C generated by this B is then the subcategory of compact objects in the stable module category and one can ask when Conjecture 1.2 holds. This presheaf version of the generating hypothesis in StMod_{kG} takes into account all the generating objects in the stable module category.

2. A general line of argument

The presheaf perspective suggests a method of attack on the generalized Freyd conjecture. We have the forgetful functor

U = ι^∗ : PC → PB

given by restricting presheaves defined on C^{op} to the full subcategory B^{op}. The functor U has a left adjoint prolongation functor

P = ι_! : PB → PC .

For T ∈ PB and K ∈ C , PT (K) is the categorical tensor product

PT (K) = T ⊗_B C (K, −).

This is an example of a left Kan extension, and it is one used extensively in recent work on spectra (e.g. [Mandell and May, 2002, Mandell et al, 2001]). Since B is a full subcategory of C , the unit η : Id → UP of the adjunction is a natural isomorphism [Mandell et al, 2001, I.3.2].

We focus attention on the counit ε: PU → Id of the adjunction. By its definition, we see that the Freyd functor F: C → PB coincides with the composite UY. We therefore have the map ε: (PFX)(K) = (PUYX)(K) → (YX)(K) = [K, X] (1)

for K, X ∈ C . Note in particular that if K ∈ B, then this map is an isomorphism. Indeed, we then have (PFX)(K) = (UPFX)(K) and ε = Uε. By one of the triangle identities, Uε: UPU → U is an isomorphism since η : Id → UP is an isomorphism.

Consider a map f : X → Y in C . Since F ∼= UPF, Ff = 0 if and only if PFf = 0. If the map (1) is an epimorphism for all K, X ∈ C , then PFf = 0 implies Yf = 0. By the Yoneda lemma, Yf = 0 if and only if f = 0. Therefore this epimorphism condition gives a sufficient condition for the Freyd conjecture for (C , B) to hold. Moreover, for any map g : K → X in C , we have the commutative diagram

PFX(X)

g^∗ � ε � YX(X) = [X, X]

g^∗ � PFX(K)_ε � YX(K) = [K, X].

Since g^∗ on the right takes the identity map of X to g, ε is an epimorphism in general if the identity map of X is in the image of ε. These elementary formal considerations already give the following conclusion.

2.1. Proposition. The Freyd conjecture holds for (C , B) if for all X ∈ C the identity map of X is in the image of ε: (PFX)(X) → [X, X].

To see what is involved in verifying the hypothesis, consider an exact triangle

K �L �M �ΣK (2)

in T , where K, L, and M are in C . We have the commutative diagram

· · · � PFX(ΣK) � ε � PFX(M) � ε � PFX(L) � ε � PFX(K) � ε � · · ·

· · · � YX(ΣK) � YX(M) � YX(L) � YX(K) � · · · .

(3)

Since YX(K) = [K, X], the lower row is exact. By definition, C is the smallest subcategory of T that contains B, is closed under retracts, and has the property that if two terms of an exact triangle are in C then so is the third. By an easy retract argument and the five lemma, this gives the following conclusion.

2.2. Proposition. If the top row of Diagram (3) is exact for every exact triangle (2) and every X ∈ C , then ε: PFX → YX is an isomorphism for every X ∈ C and the Freyd conjecture holds for (C , B).

There is a reinterpretation of the exactness hypothesis that makes it reminiscent of the standard result that the adjoint (if it exists) of an exact functor between triangulated categories is exact. For K and X in C , the abelian group PFX(K) is the coequalizer in Ab displayed in the diagram ∑ I,J∈B C (J, X) ⊗ B(I, J) ⊗ C (K, I) � ∑ J∈B C (J, X) ⊗ C (K, J) � C (−, X) ⊗_B C (K, −),

(4)

where the parallel arrows are given by composition in C .

Let us write P_dB and P_dC for the categories of covariant additive functors on B and C , and similarly write U_d, P_d, F_d, and Y_d for the corresponding functors. (The d stands for dual.) We are just interchanging B and C with their opposite categories. Visibly, we again have U_dY_d = F_d and again have an adjunction (P_d, U_d) with U_dP_d ∼= Id. By symmetry, we have PFX(K) = P_dF_dK(X). (5)

But in this dual reformulation, the exactness hypothesis on K for fixed X is now a levelwise exactness statement about the composite functor P_dF_d : C^{op} → P_dC . Since F_dK(J) = C (K, J) for J ∈ B, F_d clearly takes exact triangles in the variable K to exact sequences for each fixed J. Thus a more general question to ask is whether or not P_d : P_dB → P_dC preserves levelwise exactness. That is, is it true that if T^′ → T → T^{′′} is a sequence of diagrams B → Ab such that the sequence T^′(J) → T (J) → T^{′′}(J) is exact for each J ∈ B, then the sequence PT^′(X) → PT (X) → PT^{′′}(X) is exact for all X ∈ C ?

Observe that we have not yet used any hypothesis on B, other than that it generates the thick subcategory C of the triangulated category T . Thus all that we have done is to give a purely formal reduction of the general problem.

3. The derived category of ring

Our framework for understanding the Freyd conjecture leads to a transparent proof of the result of Lockridge [Lockridge, 2007, 3.9] that the generalized Freyd conjecture holds in the derived category of a von Neumann regular ring. We simply observe that the hypotheses of Proposition 2.2 hold in this case by one of the equivalent definitions of a von Neumann regular ring. However, our methods do not prove the converse, which is proved in [Hovey et al, 2007, Lockridge, 2007].

Using right R-modules for definiteness, let D(R) be the derived category of a ring R and let B be the full subcategory of D(R) whose objects are the shifts Σ^iR of the chain complex that is R concentrated in degree 0. Then C is the category of perfect chain complexes, namely those isomorphic in D(R) to bounded chain complexes of finitely generated projective R-modules. The Freyd functor assigns the homology groups B(Σ^iR, X) = H_iX to a chain complex X, and Conjecture 1.2 is the assertion that a map between perfect chain complexes is 0 in D(R) if it induces the zero map on homology. Defining H^i(K) = C (K, Σ^iR), as usual, we have the following observation in this case.

3.1. Lemma. For perfect chain complexes K and X, PFX(K) is isomorphic to the abelian group ∑ i H_i(X) ⊗_R H^i(K).

Proof. By definition, PFX(K) is the coequalizer displayed in the diagram ∑ i,j∈Z C (Σ

j R, X) ⊗ B(Σ^iR, Σ^j R) ⊗ C (K, Σ^iR) � ∑ i∈Z C (Σ^iR, X) ⊗ C (K, Σ^iR) � C (−, X) ⊗_B C (K, −).

There are no maps Σ^iR → Σ^jR unless i = j, when B(Σ^iR, Σ^iR) ∼= R. The composition maps C (Σ^iR, X) ⊗ B(Σ^iR, Σ^iR) → C (Σ^iR, X)

specify the right action of R on H_i(X). Therefore our coequalizer diagram can be rewritten as ∑ i∈Z H_i(X) ⊗ R ⊗ H^i(K) � ∑ i∈Z H_i(X) ⊗ H^i(K) � ∑ i∈Z H_i(X) ⊗_R H^i(K).

The conclusion follows.

3.2. Proposition. If the homology R-modules H_i(X) of any perfect chain complex X are R-flat, then the Freyd conjecture holds for the pair (C , B) in D(R).

Proof. Let K → L → M → ΣK be an exact triangle in D(R). Since the functor C (−, Σ^iR) takes exact triangles to exact sequences, the sequence

H^{i−1}(K) → H^i(M) → H^i(L) → H^i(K)

is exact. By our flatness hypothesis, this sequence remains exact on tensoring with each H_i(X). By Lemma 3.1, when we take the direct sum over i of these sequences, we obtain the exact sequence

· · · → PFX(ΣK) → PFX(M) → PFX(L) → PFX(K) → · · ·

The conclusion follows from Proposition 2.2.

By one definition, the ring R is von Neumann regular if every R-module is flat.

3.3. Corollary. The Freyd conjecture holds for the derived category D(R) of a von Neumann regular ring R.

By another characterization, R is von Neumann regular if every finitely generated ideal is generated by an idempotent [Stenström, 1975, 12.1]. As Grigory Garkusha [Garkusha, 2011] pointed out to us, this holds if all finitely generated ideals I of R are F P -injective, meaning that Ext^1_R(F, I) = 0 for all finitely presented R-modules F . Indeed, R/I is finitely presented, and from the short exact sequence 0 → I → R → R/I → 0 we obtain the short exact sequence

0 → Hom_R(R/I, I) → Hom_R(R/I, R) → Hom_R(R/I, R/I) → Ext^1_R(R/I, R/I) = 0.

Let π : R → R/I be the quotient map and choose ι: R/I → R such that πι = id. Then R is the internal direct sum I ⊕ ι(R/I), e = ιπ(1) is an idempotent, and 1 − e is an idempotent that generates I. Therefore the elementary result of Corollary 3.3 comes reasonably close to one direction of the best possible result about D(R), namely [Hovey et al, 2007, Theorem 2.1], which states that the Freyd conjecture holds for D(R) if and only if all submodules of flat R-modules are flat and all finitely presented R-modules are FP-injective.

References

D. J. Benson, S. K. Chebolu, J. D. Christensen, and J. Mináč. The generating hypothesis for the stable module category of a p-group. Journal of Algebra 310 (2007), 428-433.

A. M. Bohmann. The equivariant generating hypothesis. Algebraic & Geometric Topology 10(2010), 1003-1016.

J. F. Carlson, S. K. Chebolu, and J. Mináč. Freyd’s generating hypothesis with almost split sequences. Proceedings of the American Mathematical Society 137 (2009) no.8, 25752580.

S. K. Chebolu, J. D. Christensen, and J. Mináč. Freyd’s generating hypothesis for groups with periodic cohomology. To appear in the Canadian Mathematical Bulletin.

P. Freyd. Stable homotopy. 1966 Proc. Conf. Categorical Algebra (La Jolla, Calif., 1965), pp. 121–172. Springer, New York.

G. Garkusha. Email dated Nov. 30, 2011.

J.P.C. Greenlees and J.P. May. Generalized Tate Cohomology. Memoirs of the Amer.

Math. Soc, No. 543. 1995.

M. Hovey, K. Lockridge, and G. Puninski. The generating hypothesis in the derived category of a ring. Mathematische Zeitschrift 256 (2007), 789-800.

T. Y. Lam. Lectures on Modules and Rings. Springer-Verlag, 1999. L. G. Lewis, J.P. May, and M. Steinberger (and with contributions by J. E. Mc- Clure). Equivariant stable homotopy theory. Lecture Notes in Mathematics Vol. 1213. Springer-Verlag, 1986.

K. Lockridge. The generating hypothesis in the derived category of R-modules. Journal of Pure and Applied Algebra 208 (2007), 485-495.

M. A. Mandell, J.P. May, S. Schwede, and B. Shipley. Model categories of diagram spectra.

Proc. London Math. Soc. (3) 82(2001), 441–512.

M. A. Mandell and J.P. May. Equivariant orthogonal spectra and S-modules. Memoirs Amer. Math. Soc. Vol 159. 2002.

J.P. May. Equivariant homotopy and cohomology theory. NSF-CBMS Regional Conference Series in Mathematics No. 91. Amer. Math. Soc. 1996.

B. Stenström. Rings of quotients. Springer-Verlag. 1975.

Department of Mathematics, Northwestern University 2033 Sheridan Road, Evanston IL 60208 Department of Mathematics, University of Chicago 5734 S. University Avenue, Chicago IL 60637

Email: bohmann@math.northwestern.edu

may@math.uchicago.edu

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at

ftp://ftp.tac.mta.ca/pub/tac/html/volumes/26/16/26-16.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at

http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:

gavin seal@fastmail.fm

Transmitting editors

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com Valeria de Paiva: valeria.depaiva@gmail.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne : kathryn.hess@epfl.ch Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, Macquarie University: steve.lack@mq.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Tom Leinster, University of Glasgow, Tom.Leinster@glasgow.ac.uk Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Giuseppe Rosolini, Università di Genova: rosolini@disi.unige.it Alex Simpson, University of Edinburgh: Alex.Simpson@ed.ac.uk James Stasheff, University of North Carolina: jds@math.upenn.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca