Theory and Applications of Categories, Vol. 26, No. 20, 2012, pp. 520–537.

MODELING STABLE ONE-TYPES

NILES JOHNSON, ANGÉLICA M. OSORNO

Abstract. Classification of homotopy n-types has focused on developing algebraic categories which are equivalent to categories of n-types. We expand this theory by providing algebraic models of homotopy-theoretic constructions for stable one-types. These include a model for the Postnikov one-truncation of the sphere spectrum, and for its action on the model of a stable one-type. We show that a bicategorical cokernel introduced by Vitale models the cofiber of a map between stable one-types, and apply this to develop an algebraic model for the Postnikov data of a stable one-type.

Introduction

The homotopy category of groupoids is equivalent to the homotopy category of unstable one-types, via the classifying space and fundamental groupoid functors. This is one of the well-known results from a large body of work around the “algebraic homotopy” outlined by J.H.C. Whitehead in his 1950 address to the International Congress of Mathematicians. Crossed modules classify unstable two-types, and Conduché gives a generalization to unstable three-types [Con84].

A related body of work focuses on stable homotopy type. Stable one-types are classified by Picard groupoids, i.e., group-like symmetric monoidal groupoids. This is a well-known result for which we give a new proof in Section 1. Picard groupoids were first introduced in the thesis of Sính Hoang Xuan [Sín75], where the author gives a thorough algebraic classification theorem. Since then, various results have further established the link between Picard groupoids and stable one types. Garzón and Miranda [GM97] develop a model structure for the categories of Picard groupoids, identifying the path and cylinder constructions therein. They use this setting to model homotopy classes of maps between spaces with nontrivial homotopy groups in degrees n and n + 1 for n ≥ 1. Garzón- Miranda-del Río [GMdR02] give categorical models for the n^{th} homotopy groupoid of a space for n ≥ 2, showing that the resulting monoidal categories are braided for n = 2 and symmetric for n ≥ 3. As a generalization of Eilenberg-Mac Lane cohomology, Bullejos- Carrasco-Cegarra [BCC93] define a cohomology of simplicial sets with coefficients in a Picard groupoid. Their work uses this to give alternate categorical models for spaces with homotopy groups in degrees n and n + 1 for n ≥ 3—the stable range.

Our proof that Picard groupoids classify stable one-types is given in Theorem 1.5 using the perspective of E_∞ action on the categorical and topological objects. Our main

Received by the editors 2012-02-20 and, in revised form, 2012-09-16. Transmitted by Kathryn Hess. Published on 2012-09-24. 2010 Mathematics Subject Classification: 18B40, 18D10, 55P42, 55S45. Key words and phrases: stable homotopy one-type, Picard groupoid. © Niles Johnson, Angélica M. Osorno, 2012. Permission to copy for private use granted. 520 results go beyond the basic classification to describe the homotopical structure of stable one-types through corresponding structure of Picard groupoids.

Specifically, we study the decomposition of stable one-types by their Postnikov data. This consists of abelian groups π_0 and π_1, and a single k-invariant, which is a map of Eilenberg-Mac Lane spectra Hπ_0 → Σ^2Hπ_1. Using the isomorphism [Hπ_0, Σ^2Hπ_1] ∼= Hom(π_0/2π_0, π_1) [EM54, (2.7)], this k-invariant can be identified with the quadratic map η^∗ : π_0 → π_1, induced by precomposition with the Hopf map η : S^3 → S^2 [BM08, §8]. Our main results model the Postnikov data and sphere action on a stable one-type directly in terms of Picard groupoid data. Note, in particular, that the target of the Postnikov invariant is a stable two-type (of a special kind). Hence our algebraic models lead naturally toward models for stable two-types.

Our main results are as follows. For Picard groupoids C and D and a symmetric monoidal functor F : C → D, we describe a symmetric monoidal bicategory Coker(F ) first introduced by Vitale [Vit02]. In Section 4 we apply a long exact sequence argument to prove the following result as Theorem 4.3 and Corollaries 4.5 and 4.8.

Theorem A. Let F : C → D be a functor of Picard groupoids. Then there is a bigroupoid Coker(F ) and a natural pseudofunctor

C_F : D → Coker(F )

which models the stable cofiber in the following sense:

i. Coker(F ) is symmetric monoidal and C_F is a symmetric monoidal pseudofunctor.

ii. Taking classifying spaces yields a cofibration sequence of grouplike E_∞ spaces:

BC → BD → B Coker(F ).

iii. When D = C_0 is the discrete category of isomorphism classes of objects in C and F = α_0 is the induced monoidal functor, we have an equivalence with the Postnikov tower of BC :

BC � K(π_0, 0) � ≃ � K(π_1, 2) ≃ � BC^{Bα0} � BC_0^{BCα0} � B Coker(α_0)

Our work uses a strictification result which is somewhat stronger than one could expect for general symmetric monoidal categories, and it may be of independent interest. This is Theorem 2.2:

Theorem B. Every Picard groupoid is equivalent as a symmetric monoidal category to one which is both skeletal and permutative.

Our approach also reveals that the action of the truncated sphere spectrum on a stable one-type is present in the algebraic model. This is hinted at in the unstable literature [BCC93, GMdR02] but not described explicitly. We prove the following as Propositions 3.1, 3.3 and 3.4.

Theorem C. There is a Picard groupoid S which models the one-type of the sphere spectrum in the following sense:

i. The Picard groupoid S is the free Picard groupoid on one object.

ii. The classifying space BS is the Postnikov 1-truncation of QS^0.

iii. Let C be a Picard groupoid. There is a natural action of S on C such that the induced action of BS on BC is equivalent to the action of the truncated sphere spectrum on BC .

This work is a proving ground for a larger project joint with J.P. May which models stable two-types via symmetric monoidal bicategories. The top Postnikov invariant in that case lands in a stable 3-type, which should be modeled by a symmetric monoidal tricategory; one purpose of our program is to use this approach as leverage to understand symmetric monoidal structure on higher weak n-categories.

Acknowledgements. The authors wish to thank Peter May for helpful conversations and Nick Gurski for suggesting the proof of Proposition 3.1. They are also grateful for the suggestions of an anonymous referee.

1. Stable one-types

Let S denote any symmetric monoidal model category of spectra. We denote by S^1_0 the full subcategory of S whose objects are spectra with all homotopy groups equal to zero except at levels 0 and 1. The objects of this category are called stable one-types. A map between stable one-types is a stable equivalence if it induces isomorphisms of homotopy groups.

1.1. Definition. Let (C , ⊕, I) be a symmetric monoidal category. An object x is invertible if there exists an object y and an isomorphism

ε: y ⊕ x → I.

If such a y exists it is unique up to isomorphism. When one exists, we will sometimes use x^∗ to denote a specified inverse of x.

1.2. Definition. A Picard groupoid C is a symmetric monoidal groupoid such that every object is invertible. The isomorphism classes of objects form an abelian group denoted π_0C , and the endomorphisms of the identity object I form an abelian group denoted π_1C .

1.3. Definition. The category Pic has as objects the Picard groupoids and as morphisms strong symmetric monoidal functors. For symmetric monoidal functors into groupoids, the notions of lax and strong monoidal coincide. Throughout the paper our monoidal functors are assumed to be strong monoidal. A symmetric monoidal functor is a weak equivalence if it is an equivalence of the underlying categories.

1.4. Remark. The term Picard category is used in some literature for what we call a Picard groupoid. Although some will interpret our terminology as redundant, we hope others will find it maximally comprehensible.

The classification of stable one-types by Picard groupoids appears explicitly and implicitly in various parts of the literature. For example, Patel [Pat12, §5] shows that there is an equivalence between the homotopy categories of stable one-types and Picard groupoids, making precise a “vauge idea” of Drinfeld [Dri06, §5.5]. This is also sketched by Hopkins-Singer in [HS05, §B] and Ganter-Kapranov in [GK11, §3]. An equivalent result of Bullejos-Carrasco-Cegarra appears in [BCC93, §5], where the authors prove that the homotopy category of spaces with nontrivial homotopy groups π_n and π_{n+1}, n ≥ 3, is equivalent to the homotopy category of Picard groupoids. We give another proof of this result based on compatibility of the fundamental groupoid and classifying space functors with E_∞ actions.

1.5. Theorem. There is an equivalence between the categories Ho(S^1_0 ) and Ho(Pic) induced by the fundamental groupoid and classifying space functors.

Proof. We first recall that the homotopy category of connective spectra is equivalent to the homotopy category of group-like E_∞ spaces, and this equivalence descends to the category of stable one-types and the subcategory of group-like E_∞ spaces with no higher homotopy groups. Thus we can work in the context of E_∞ spaces.

It is a classical result that the classifying space and fundamental groupoid functors give an equivalence Π_1 : Ho(Top^1_0)^≃ � Ho(Gpd ): B � where Top^1_0 is the category of one-type spaces. Thus it suffices to show that Π_1 and B induce an equivalence between the homotopy categories of group-like E_∞ one-types and Picard groupoids.

Let O be the categorical Barrat-Eccles operad—its jth category O(j) is the translation groupoid of the action of Σ_j on itself and its algebras are permutative categories [May72]. Then BO is an E_∞ operad in Top: If C is a symmetric monoidal category, then BC is an E_∞ space and if C is a Picard groupoid, then BC is a group-like E_∞ one-type. If F : C → D is a functor between Picard groupoids, then BF : BC → BD is an E_∞ map.

The operad Π_1BO is an E_∞ operad in categories, and Π_1 preserves products. If X is an E_∞ one-type, then Π_1X is a symmetric monoidal groupoid. Moreover, π_0X ∼= π_0Π_1X, so Π_1X is a Picard category if X is group-like. If f : X → Y is a map of E_∞ spaces, then Π_1f is a symmetric monoidal functor.

Now consider the equivalence C → Π_1BC . Since this functor is part of a natural transformation of functors from Gpd to itself, we have functors O(j) × C^j → Π_1BO(j) × (Π_1BC )^j that commute with the structure maps of the algebras C and Π_1BC , thus showing that the equivalence C → Π_1BC is a symmetric monoidal functor. A similar argument shows that for a stable one-type X, the weak equivalence X → BΠ_1X is an E_∞ map.

1.6. Remark. One can actually show that the fundamental groupoid of an E_3 algebra is symmetric monoidal. Indeed, if O is an E_3 operad in Top, then Π_1O is an E_∞ operad in Cat . This is because the fundamental groupoid depends only on the homotopy onetype of a space, and thus the obstructions to lifting an E_3 structure to an E_∞ structure on a groupoid vanish. Alternatively, one can provide an explicit argument using specific points of the little 3-cubes operad C_3 to prove that if X is an algebra over C_3 then Π_1X is a symmetric monoidal category. An example of this strategy can be found in [Gur11, Theorem 15], where the author proves that the fundamental 2-groupoid of an algebra over the little 2-cubes operad is braided monoidal.

2. Strictification

In this section we prove a strictification result for skeletal Picard groupoids. The result is an algebraic reflection of the fact that the first k-invariant of a connected double loop space is trivial [BC97, Theorem 5.8].

2.1. Definition. A Picard groupoid is permutative if it is strictly associative and strictly unital.

2.2. Theorem. Every Picard groupoid is equivalent to one which is both skeletal and permutative.

The proof appears after Proposition 2.5, which classifies Picard groupoids by symmetric 3-cocycles. Analogous results for stable crossed modules appear in [BC97].

2.3. Definition. [Symmetric 3-cocycle] Let G be an abelian group and M a trivial Gmodule. A symmetric 3-cocycle for G with coefficients in M is a pair (h, c) where h is a normalized 3-cocycle: for x, y, z ∈ G

h(x, 0, z) = 0, h(x, y, z) + h(u, x + y, z) + h(u, x, y) = h(u, x, y + z) + h(u + x, y, z),

and c: G^2 → M is a function satisfying

h(y, z, x) + c(x, y + z) + h(x, y, z) = c(x, z) + h(y, x, z) + c(x, y), c(x, y) = −c(y, x).

We say two symmetric 3-cocycles (h, c) and (h^′, c^′) are cohomologous if there exists a function k : G^2 → M satisfying

k(x, 0) = k(0, y) = 0, h(x, y, z) − h^′(x, y, z) = k(y, z) − k(x + y, z) + k(x, y + z) − k(x, y), c(x, y) − c^′(x, y) = k(x, y) − k(y, x).

We denote the group of cohomology classes of symmetric 3-cocycles by H^3_{sym}(G; M).

2.4. Definition. [Sín75, Chapter 2, §2],[JS93, §3] Let G be an abelian group, M a trivial G module, and (h, c) a symmetric 3-cocycle for G with coefficients in M. We define a skeletal Picard groupoid T = T (G, M, (h, c)) whose objects are the elements of G and whose morphisms are given by

T (x, y) = � M if x = y ∅ if x ≠ y.

Composition is defined by the addition in M and the monoidal structure is addition in G. The associativity is determined by

h(x, y, z): (x + y) + z → x + (y + z)

and the symmetry isomorphism is determined by

c(x, y): x + y → y + x.

The axioms of a symmetric 3-cocycle are precisely the axioms for compatibility of the symmetry and associativity in a skeletal symmetric monoidal groupoid.

2.5. Proposition. [Sín75, Chapter II, §2.1],[JS93, §3] Every Picard groupoid C is equivalent to a skeletal one of the form T (G, M, (h, c)) where G = π_0C , M = π_1C , and (h, c) ∈ H^3_{sym}(G; M) is a symmetric 3-cocycle that represents the associativity and the symmetry.

Two skeletal Picard groupoids T (G, M, (h, c)) and T (G, M, (h^′, c^′)) are equivalent if and only if (h, c) and (h^′, c^′) are cohomologous.

Proof of Theorem 2.2. By Proposition 2.5, it suffices to consider a skeletal Picard groupoid C = T (G, M, (h, c)). Moreover, any abelian group G is a filtered colimit of finitely generated abelian groups, and any finitely generated abelian group is a direct sum of cyclic groups. Thus, by making use of the Künneth theorem and colimits over finitely generated abelian groups, it suffices to consider the case where G is cyclic. This strategy for studying Picard groupoids appears in [EM54, 26.4] and [JS93, 3.2].

Let G be a cyclic group. We now prove that there is some c^′ such that [(h, c)] = [(0, c^′)] in H^3_{sym}(G; M). This is immediate in the infinite cyclic case since H^3(Z; M) = 0. Now suppose G = Z/n. The third cohomology group is

H^3(Z/n; M) ∼= {μ ∈ M|nμ = 0}.

Following Joyal and Street [JS93, §3] we have an explicit formula for cocycle representatives corresponding to μ:

h_μ(x, y, z) = � 0 for y + z < n xμ for y + z ≥ n

where x, y, z are taken to be integers in {0, . . . , n − 1} and addition is performed over the integers to determine the values of h_μ.

A calculation shows

(h, c) ∼ (h_{nc(1,1)}, ρ_{c(1,1)}), (2.1)

where ρ_{c(1,1)} denotes the symmetry given by

(x, y) → xy · c(1, 1).

This equivalence of cocycles determines a symmetric monoidal equivalence of the corresponding symmetric monoidal categories. Since the braiding on C is a symmetry, we have c(x, y) = −c(y, x).

Now note that if (h, c) is a symmetric 3-cocycle, then nc(1, 1) = 0 by Lemma 2.6, so h_{nc(1,1)} = h_0 = 0. Therefore Eq. (2.1) shows that C is equivalent (as a Picard groupoid) to one whose representing cocycle is (0, ρ_c(1, 1)) and thus is both skeletal and permutative.

2.6. Lemma. If (h, c) is a symmetric 3-cocycle of Z/n with coefficients in M, then nc(1, 1) = 0.

Proof. Since c is symmetric, c(1, 1) = −c(1, 1), and thus 2c(1, 1) = 0. If n is even, then the result follows; if n is odd, we make use of the identity c(x, x) = x^2c(1, 1) for all x ∈ Z/n:

c(1, 1) = (−1)^2c(1, 1) = c(−1, −1) = c(n − 1, n − 1) = (n − 1)^2c(1, 1).

For n odd, n − 1 is even and thus the last term is zero.

The calculation of Eq. (2.1) shows that the symmetry c completely determines the cohomology class of the symmetric 3-cocycle (h, c) of a skeletal Picard groupoid. But [JS93, §3] shows that the symmetry determines and is determined by the quadratic map

q = c ∘ Δ: G → M.

2.7. Definition. [Quadratic map] A map q : G → M is quadratic if

q(x) = q(−x), q(x + y + z) + q(x) + q(y) + q(z) = q(y + z) + q(z + x) + q(x + y).

Eilenberg and Mac Lane [EM54], and Loday [Lod82] show that the set of quadratic maps q : G → M is isomorphic to the set of homotopy classes of maps [K(G, n), K(M, n+ 2)] for n ≥ 3, which is the set of stable homotopy classes of maps [K(G, 0), K(M, 2)]_{stable}. This is the set of possible Postnikov invariants of a stable one-type with π_0 = G and π_1 = M. Thus we have the following refinement of Theorem 1.5:

2.8. Corollary. The stable one-types with π_0 = G and π_1 = M are classified by the symmetric structures on a skeletal and permutative monoidal groupoid with objects G and each endomorphism group isomorphic to M.

2.9. Remark. The contrast between triviality of unstable k-invariants and non-triviality of stable k-invariants may be worth clarifying: When modeling connected spaces with nontrivial π_1 and π_2, it is the associativity of a monoidal groupoid (with invertible objects) which gives the first k-invariant of the corresponding space. However when modeling spectra with nontrivial π_0 and π_1 it is the symmetry of a Picard groupoid which gives the first (stable) k-invariant. A consequence of Theorem 1.5, Corollary 2.8, and [BC97, Theorem 5.8] is that the first k-invariant of a stable one-type is unstably trivial.

3. The truncated sphere spectrum

We now define a skeletal and permutative Picard groupoid S and explain how it is an algebraic model of the truncated sphere spectrum. The objects of S are the integers under addition, and the morphisms are given by

S(m, n) = � ∅ if m ≠ n Z/2 if m = n.

We let η_n denote the nontrivial element of S(n, n) for each n. The monoidal structure is symmetric, with the symmetry isomorphism given by

c_{m,n} = � 0 if mn is even η_{m+n} if mn is odd.

Note that this symmetry isomorphism gives rise to the stable quadratic map q : Z → Z/2 given by the mod 2 map.

The Picard groupoid S is closely related to the category of finite sets, as we now describe. Let E be the skeletal category whose objects are the finite sets 0 = ∅, n = {1, 2, . . . , n} and whose morphism sets are given by the symmetric groups. This is a permutative category, with sum given by sum in N and with symmetry isomorphism c^⊕_{m,n} given by the permutation that sends (1, 2, . . . , m + n) to (m + 1, m + 2, . . . , m + n, 1, 2, . . . , m). Note that E is skeletal and is equivalent to the category of finite sets.

There is a symmetric monoidal functor

ξ : E → S

given on objects by the inclusion of N into Z and on morphisms by the sign homomorphism Σ_n → Z/2. This is the functor that first abelianizes the group of endomorphisms of each object n, and then includes into S.

The next three results justify our notation for S by showing that it is the free Picard groupoid on one object, its classifying space is the Postnikov 1-truncation of QS^0, and its natural action on a Picard groupoid C is a model for the action of the truncated sphere spectrum on BC .

3.1. Proposition. The Picard groupoid S is symmetric monoidally equivalent to the free Picard groupoid on one object, F_{P ic}(∗).

Proof. The free Picard groupoid functor F_{P ic} is equal to the composite of the free symmetric monoidal groupoid functor, F_{symMon}, with the functor that freely adjoins inverses for objects, F_{inv}. The free symmetric monoidal category on one object, F_{symMon}(∗), is symmetric monoidally equivalent to the category E defined above.

We now show that S satisfies the universal property for F_{inv}(E ): Let C be a Picard category and G : E → C a symmetric monoidal functor. We construct a symmetric monoidal functor H making the diagram commute:

E^G � ξ � C . S H � � � � For every object x ∈ C fix an inverse x^∗. We define H on objects as

H(n) = � G(n) if n ≥ 0 G(|n|)^∗ if n < 0.

To define H on morphisms, note that C (x, x) is an abelian group for all x ∈ C and therefore G factors through the abelianization of E (n, n) and hence through ξ. This factorization determines H on the endomorphism group of n for n ≥ 0, and the values of H on endomorphisms of negative n are determined by translation. It is easy to see that H is a symmetric monoidal functor.

Now let H^′ be another symmetric monoidal functor making the diagram commute. Note that for n ≥ 0, we must have H(n) = G(n) = H^′(n). On the other hand we have natural isomorphisms

H(n) ⊕ H(−n)^{∼=}−→ I_C^{∼=}←− H^′(n) ⊕ H^′(−n)

and hence natural isomorphisms

H(−n)^{∼=}−→ H(n)^∗ = H^′(n)^{∗ ∼=}←− H^′(−n).

These assemble to form a monoidal natural isomorphism between H and H^′.

3.2. Remark. Although a model for one-types of ring spectra is beyond the scope of this paper, we do note that S has a second symmetric monoidal structure, so that it is a bipermutative groupoid. This second monoidal structure is given by:

(m, n) → mn ∈ Z (f : m → m, g : n → n) → nf + mg ∈ Z/2,

The symmetry isomorphism is given by

c^⊗_{m,n} = � 0 if

�_m 2 �_n 2 � is even η_{nm} if

�_m 2 �_n 2 � is odd.

By [May09], BS is an E_∞ ring space.

Furthermore, the category E described above is a bipermutative category, with second product given by multiplication in N. This models the cartesian product of finite sets. The map ξ : E → S is a bipermutative functor, and Bξ : BE → BS is therefore an E_∞ ring map.

3.3. Proposition. Let QS^0 be the zeroth space of the sphere spectrum. Then there is a map of E_∞ ring spaces Bξ : QS^0 −→ BS

which is the Postnikov 1-truncation of QS^0.

Proof. By Remark 3.2, we have a map of E_∞ ring spaces Bξ : BE → BS. Since BS is group-like, this map factors through the group completion of BE , which is equivalent to QS^0:

BE^{Bξ} � � BS.

QS^0 Bξ � � � � � The map Bξ is an isomorphism on π_0 = Z, π_1 = Z/2, and thus it is the Postnikov 1- truncation.

Let (C , ⊕, I) be any Picard groupoid. By Theorem 2.2, we can assume without loss of generality that C is both skeletal and permutative. Then each object x in C has a strict inverse, x^∗, so that x ⊕ x^∗ = I = x^∗ ⊕ x. There is a natural action of S on C

S × C^·−→ C

defined on objects as follows:

0 × x → I 1 × x → x n × x → ((n − 1) · x) ⊕ x for n > 1 n × x → |n| · x^∗ for n < 0.

Let c denote the symmetry of C . The action · on morphisms is defined by:

η_2 × 1_x → c(x, x), η_n × 1_x → c(x, x) ⊕ 1_{(n−2)·x} for n ≠ 2.

3.4. Proposition. Let X be a stable one-type modeled by a Picard groupoid C , so BC ≃ X. Then the action of the truncated sphere spectrum on X is modeled by the action of S on C .

Proof. The action of S on C passes to an action of BS on BC which is homotopic to that of the group completion QS^0: The top triangle in the diagram below commutes because BC is group complete; the bottom commutes because the group completion abelianizes π_1 and hence the action of even permutations (the alternating group) is trivial.

BE × BC � � BC

QS^0 × BC

� � � �

� BS × BC

� � � � � � � � �

3.5. Remark. An alternate argument for Proposition 3.4 notes that the action of the truncated sphere spectrum on BC determines and is determined by the unique nontrivial Postnikov invariant K(π_0BC , 0)^{k0}−→ K(π_1BC , 2)

which is given by precomposition with η. The discussion preceding Corollary 2.8 shows that this Postnikov invariant is modeled by the stable quadratic map q : π_0C → π_1C given by q(x) = c(x, x). This, in turn, determines and is determined by the action of S on C since η_2 acts by the symmetry c. In Section 4.6 we define the Postnikov invariant of a Picard groupoid and show that it models the Postnikov invariant of BC (Corollary 4.8).

4. Cokernels of Picard groupoid maps

Here we describe the cokernel of a map of Picard groupoids and the resulting exact sequence in homotopy groups.

4.1. Definition. [Bigroupoid] A bigroupoid is a bicategory G in which the 1-cells are invertible up to 2-isomorphism and the 2-cells are isomorphisms. The set π_0G is given by the equivalence classes of objects. For an object x ∈ G , the group π_1(G , x) is given by the isomorphism classes of 1-endomorphisms of x. The group π_2(G , x) is given by the 2-endomorphisms of 1_x, the identity 1-cell of x.

4.2. Definition. [Cokernel [Vit02]] Let F : C → D be a map of Picard groupoids. The cokernel of F is a bigroupoid Coker(F ) defined as follows: The objects of Coker(F ) are the objects of D. The 1-cells between objects x and y are pairs (f, n), where

x^f−→ y ⊕ F (n) is a morphism of D. The 2-cells between (f, n) and (f^′, n^′) are given by morphisms α : n → n^′ of C such that the following diagram commutes: x f � � � f^′ � � � � y ⊕ F (n)_{1⊕F (α)} � y ⊕ F (n^′)

The composite of two 1-cells (f, n): x → y and (g, m): y → z is given by the following composite morphism in D:

x^f−→ y ⊕ F (n)^{g⊕1}−−→ (z ⊕ F (m)) ⊕ F (n) → z ⊕ F (m ⊕ n).

Further details of the definition can be found in [Vit02, §2]; note that the cokernel is denoted Cok (F ) there.

There is a natural pseudofunctor C_F : D → Coker(F ) which is the identity on objects and which takes a morphism f : x → y to the 1-cell ^f = (f, I_C ) determined by the morphism x^f−→ y → y ⊕ I_D → y ⊕ F (I_C ).

4.3. Theorem. The symmetric monoidal structure on D induces a symmetric monoidal structure on the bicategory Coker(F ). The pseudofunctor C_F is symmetric monoidal.

We prove Theorem 4.3 in Section 5. In the remainder of this section we apply this cokernel to model stable cofibers and Postnikov invariants.

4.4. Theorem. A map of Picard groupoids F : C → D gives rise to a long exact sequence of homotopy groups between C , D, and Coker(F )

0 → π_2 Coker(F ) → π_1C → π_1D → π_1 Coker(F ) → π_0C → π_0D → π_0 Coker(F ) → 0. Proof. Exactness at most positions is verified by [Vit02], noting that the Ker(F ) used there has π_0 Ker(F ) ∼= π_1 Coker(F ) and π_1 Ker(F ) ∼= π_2 Coker(F ). Exactness at the remaining positions, π_1D and at π_1 Coker(F ), is straightforward from the definitions: An element in π_1C is represented by a morphism f : I_C → I_C . The image of this element in π_1D is represented by the composite

I_D^{∼=}−→ F (I_C )^{F (f)}−−→ F (I_C )^{∼=}−→ I_D .

This composite morphism maps to the trivial element in π_1 Coker(F ) because it factors through a morphism in the image of F (namely, F (f)). Likewise, if g : F (X) → I_D represents an element of π_1D whose image in π_1 Coker(F ) is trivial (factors through a morphism in the image of F ), then the trivialization provides an element of π_1C whose image in π_1D is the element represented by g. Exactness at π_1 Coker(F ) is similar, and left to the reader.

The two previous results, together with [Oso12, GO] show that the cokernel of Picard groupoids models the cofiber of stable one-types:

4.5. Corollary. Let F : C → D be a map of Picard groupoids. Then the following is a cofibration sequence of group-like E_∞ spaces: BC → BD → B Coker(F ).

Proof. Note that since Coker(F ) is a group-like symmetric monoidal bicategory, [Oso12, Theorem 2.1] and the improved results of [GO] imply that B Coker(F ) is a group-like E_∞ space. Let C be the cofiber of the map on classifying spaces. Then the dashed arrow to B Coker(F ) exists by the universal property of C, and it is an equivalence by Theorem 4.4. BC � BD � � � � � C ≃ � � � B Coker(F )

4.6. Modeling Postnikov invariants 4.7. Definition. Let C be a Picard groupoid, and let C_0 be the category of isomorphism classes of objects of C , with only identity morphisms. Let α_0 : C → C_0 be the monoidal functor which takes each object to its isomorphism class and takes morphisms to identity morphisms. Let k_0 = C_{α0} be the natural pseudofunctor from C_0 to Coker(α_0). We call the sequence

C^{α0}−→ C_0^{k0}−→ Coker(α_0) the Postnikov tower of C .

By Theorem 4.4, Coker(α_0) has only one non-trivial homotopy group, which is π_1C in degree two. We refer to k_0 as the Postnikov invariant of C . Our terminology is motivated by the following result.

4.8. Corollary. The Postnikov tower of C models the Postnikov tower of BC . Proof. This follows immediately from Corollary 4.5 and the fact that BC_0 ≃ K(π_0, 0). BC � K(π_0, 0) � ≃ � K(π_1, 2) ≃ � � � BC^{Bα0} � BC_0^{Bk0} � B Coker(α_0)

5. Proof of Theorem 4.3

5.1. Proposition. The bicategory Coker(F ) is symmetric monoidal.

To prove this proposition we will construct a double category Coker(F ) and use the results of [Shu10], which are analogous to those of [GG09, §6]. The idea behind this method is that it is usually easier to construct symmetric monoidal double categories than symmetric monoidal bicategories, and for certain double categories the symmetric monoidal structure lifts to a symmetric monoidal structure in a related bicategory.

The double category Coker(F ) is constructed as follows. The category of objects, Coker(F )_0, is D. The category of morphisms, Coker(F )_1, has as objects the quadruples (x, y, f, n), where x and y are objects of D, n is an object of C and f : x → y ⊕ F (n) is a morphism in D.

A morphism in Coker(F )_1 from (x, y, f, n) to (z, v, g, m) is given by a triple (a, b, α), where a : x → z and b : y → v are morphisms in D, and α : n → m is a morphism in C , such that the following diagram commutes

x^f � a � y ⊕ F (n)

b⊕F (α) � z_g � v ⊕ F (m)

Composition of morphisms in the category Coker(F )_1 is given by composition componentwise. We follow the notation from [Shu10, Def. 2.1] to define the rest of the structure of the double category.

The unit functor U is defined as

U : Coker(F )_0 −→ Coker(F )_1 x −→ (x, x, ^1_x, I_C )

x^a−→ z −→ (a, a, 1_{IC} ),

where ^1_x is given by the composition x → x ⊕ I_D → x ⊕ F (I_C ). The functors for source and target, S and T , are given by:

S, T : Coker(F )_1 −→ Coker(F )_0 (x, y, f, n) −→ x, y

(a, b, α) −→ a, b.

Finally, the composition functor is given by

⊙ : Coker(F )_1 ×_{Coker(F )0} Coker(F )_1 −→ Coker(F )_1 [(x, y, f, n), (y, z, g, m)] −→ (x, z, f • g, m ⊕ n) [(a, b, α), (b, c, β)] −→ (a, c, β ⊕ α), where f • g denotes the composition x^f−→ y ⊕ F (z)^{g⊕1}−−→ (z ⊕ F (m)) ⊕ F (n) → z ⊕ F (m ⊕ n).

The associativity and unit constraints come from those in the monoidal structure of C . 5.2. Proposition. The double category Coker(F ) is symmetric monoidal. Proof. The category Coker(F )_0 = D is symmetric monoidal. We now give a symmetric monoidal structure to Coker(F )_1. On objects it is given by: (x, y, f, n) ⊕ (z, v, g, m) = (x ⊕ z, y ⊕ v, f ⋆ g, n ⊕ m), where f ⋆ g is the composition x ⊕ z^{f⊕g}−−→ (y ⊕ F (n)) ⊕ (v ⊕ F (m)) → (y ⊕ v) ⊕ (F (n) ⊕ F (m)) → (y ⊕ v) ⊕ F (n ⊕ m). On morphisms it is defined by applying the sum componentwise. The associativity, unit, and symmetry constraints are inherited from those in C and D.

The globular isomorphism ((x, y, f, n) ⊕ (y, z, g, m)) ⊙ ((x^′, y^′, f^′, n^′) ⊕ (y^′, z^′, g^′, m^′)) x � ((x, y, f, n) ⊙ (x^′, y^′, f^′, n^′)) ⊕ ((y, z, g, m) ⊙ (y^′, z^′, g^′, m^′)) is given by the structural isomorphism in C (m ⊕ m^′) ⊕ (n ⊕ n^′) → (m ⊕ n) ⊕ (m^′ ⊕ n^′).

The globular morphism u : U_{x⊕y} → U_x ⊕ U_y is given by the morphism I → I ⊕ I in C .

It is clear that all the necessary diagrams commute since they all involve compositions of morphisms of the symmetric monoidal structures on C and D.

We recall that a double category is fibrant in the terminology of [Shu10] if every vertical 1-morphism has a companion and a conjoint. These are horizontal 1-morphisms that allow transport of vertical structure to horizontal structure [Shu10, §3]: 5.3. Definition. Let a : x → z be a morphism in D. A companion for a is given by (x, z, â, I_C ), where â is the composite x^a−→ z → z ⊕ I_D → z ⊕ F (I_C ).

The following diagrams commute and therefore the equations of [Shu10, 3.1] are trivially satisfied. x^â � a � z ⊕ F (I_C )

z_{^1z} � z ⊕ F (I_C ) x^{^1x} � x ⊕ F (I_C ) a � x^â � z ⊕ F (I_C )

A conjoint for a is given by (z, x, ǎ, I_C ), where ǎ is the composite

z^{a−1}−−→ x → x ⊕ I_D → x ⊕ F (I_D ).

This is the companion of a in the double category obtained from Coker(F ) by taking the same category of objects and the opposite category of morphisms.

Proof of Proposition 5.1. The horizontal bicategory H (Coker(F )) is precisely Coker(F ). Since every morphism in D has a companion and a conjoint, Coker(F ) is a fibrant double category. Therefore by [Shu10, Thm 5.1] Coker(F ) is symmetric monoidal.

5.4. Remark. Vitale [Vit02] points out that Coker(F ) is a bigroupoid. We note, moreover, that the objects are weakly invertible since they are the objects of D with the same monoidal structure. Thus Coker(F ) is what one might call a Picard bigroupoid.

5.5. Proposition. The pseudofunctor C_F : D → Coker(F ) is symmetric monoidal.

Proof. We need to specify transformations

(χ_{x,y}, χ_{f,g}) : C_F (x) ⊕ C_F (y) → C_F (x ⊕ y) and ι : I → C_F (I).

We let χ_{x,y} : x ⊕ y → x ⊕ y be the identity 1-cell in Coker(F ), that is, ^1_{x⊕y}. The 2-cell

χ_{f,g} : ^f ⊕ g ∘ ^1_{x⊕y} ⇒ ^1_x′_{⊕y}′ ∘ ( ^f ⊕ ^g)

is given by the unique structural morphism in C , I ⊕ I → I ⊕ (I ⊕ I). It is an easy verification that this is a valid 2-cell in Coker(F ), and that these data forms a transformation.

Similarly, we let ι : I → I be the identity 1-cell. The rest of the data for a symmetric monoidal pseudofunctor consists of four modifications, which are collections of 2-cells. In the four cases, the source and target of the modifications have products of copies of the unit I ∈ C as their second component, and hence the modifications are given by the unique structural morphism connecting these two products in C . The coherence of the symmetric monoidal structure on C therefore implies that these modifications satisfy all of the necessary equations.

References

[BC97] H.-J. Baues and D. Conduché, On the 2-type of an iterated loop space, Forum Math. 9 (1997), no. 6, 721–738. MR 1480553 (98k:55007)

[BM08] H.-J. Baues and F. Muro, Secondary homotopy groups, Forum Math. 20 (2008), no. 4, 631–677.

[BCC93] M. Bullejos, P. Carrasco, and A. Cegarra, Cohomology with coefficients in symmetric cat-groups. An extension of Eilenberg-MacLane’s classification theorems, Math. Proc. Camb. Phil. Soc, vol. 114, Cambridge Univ Press, 1993, pp. 163–189.

[BCC93] M. Bullejos, P. Carrasco, and A. Cegarra, Cohomology with coefficients in symmetric cat-groups. An extension of Eilenberg-MacLane’s classification theorems, Math. Proc. Camb. Phil. Soc, vol. 114, Cambridge Univ Press, 1993, pp. 163–189.

[Con84] D. Conduché, Modules croisés généralisés de longueur 2, Journal of Pure and Applied Algebra 34 (1984), no. 2-3, 155–178.

[Dri06] V. Drinfeld, Infinite-dimensional vector bundles in algebraic geometry, The Unity of Mathematics, Birkhauser, Boston, 2006.

[EM54] S. Eilenberg and S. MacLane, On the groups h(π, n), II: Methods of computation, The Annals of Mathematics 70 (1954), no. 1, 49–139.

[GG09] R. Garner and N. Gurski, The low-dimensional structures formed by tricategories, Math. Proc. Cambridge Philos. Soc. 146 (2009), no. 3, 551–589. MR 2496344 (2011a:18003)

[GK11] N. Ganter and M. Kapranov, Symmetric and exterior powers of categories, arXiv:1110.4753, 2011.

[GK11] N. Ganter and M. Kapranov, Symmetric and exterior powers of categories, arXiv:1110.4753, 2011.

[GG09] R. Garner and N. Gurski, The low-dimensional structures formed by tricategories, Math. Proc. Cambridge Philos. Soc. 146 (2009), no. 3, 551–589. MR 2496344 (2011a:18003)

[GM97] A. Garzón and J. Miranda, Homotopy theory for (braided) cat-groups, Cahiers Topologie Géométrie Différentielle Catégoriques 38 (1997), 99–139.

[GMdR02] A. Garzón, J. Miranda, and A. del Rıo, Tensor structures on homotopy groupoids of topological spaces, International Mathematics Journal 2 (2002), no. 5, 407–431.

[Gur11] N. Gurski, Loop spaces, and coherence for monoidal and braided monoidal bicategories, Adv. Math. 226 (2011), no. 5, 4225–4265.

[GO] N. Gurski and A. Osorno, Coherence for symmetric monoidal bicategories, In preparation.

[HS05] M. Hopkins and I. Singer, Quadratic functions in geometry, topology, and M-theory, Journal of Differential Geometry 70 (2005), 329–452.

[JS93] A. Joyal and R. Street, Braided tensor categories, Adv. Math. 102 (1993), no. 1, 20–78.

[Lod82] J.-L. Loday, Spaces with finitely many non-trivial homotopy groups, Journal of Pure and Applied Algebra 24 (1982), 179–202.

[May72] J. P. May, The geometry of iterated loop spaces, Springer-Verlag, Berlin, 1972, Lectures Notes in Mathematics, Vol. 271.

[May09] , The construction of E_∞ ring spaces from bipermutative categories, Geometry & Topology Monographs, vol. 16, arXiv:0903.2818, March 2009, pp. 283–330.

[Oso12] A. Osorno, Spectra associated to symmetric monoidal bicategories, Algebr.

Geom. Topol. 12 (2012), no. 1, 307–342.

[Pat12] D. Patel, De Rham E -factors, To appear in Inventiones Mathematicae (2012), DOI: 10.1007/s00222-012-0381-8.

[Shu10] M. A. Shulman, Constructing symmetric monoidal bicategories, arXiv:1004.0993, 2010.

[Sín75] H. X. Sính, Gr-catégories, Ph.D. thesis, Université Paris VII, 1975.

[Vit02] E. Vitale, A Picard–Brauer exact sequence of categorical groups, Journal of Pure and Applied Algebra 175 (2002), no. 1-3, 383–408.

Department of Mathematics, The Ohio State University, Newark Newark, OH 43055 USA

Department of Mathematics, University of Chicago Chicago, IL 60637 USA

Email: johnson.5320@osu.edu

aosorno@math.uchicago.edu

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at

ftp://ftp.tac.mta.ca/pub/tac/html/volumes/26/20/26-20.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at

http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:

gavin seal@fastmail.fm

Transmitting editors

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com Valeria de Paiva: valeria.depaiva@gmail.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne : kathryn.hess@epfl.ch Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, Macquarie University: steve.lack@mq.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Tom Leinster, University of Glasgow, Tom.Leinster@glasgow.ac.uk Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Giuseppe Rosolini, Università di Genova: rosolini@disi.unige.it Alex Simpson, University of Edinburgh: Alex.Simpson@ed.ac.uk James Stasheff, University of North Carolina: jds@math.upenn.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca