Theory and Applications of Categories, Vol. 26, No. 5, 2012, pp. 132–175.

CLOSED CATEGORIES VS. CLOSED MULTICATEGORIES

OLEKSANDR MANZYUK

Abstract. We prove that the 2-category of closed categories of Eilenberg and Kelly is equivalent to a suitable full 2-subcategory of the 2-category of closed multicategories.

1. Introduction

The notion of closed category was introduced by Eilenberg and Kelly [2]. It is an axiomatization of the notion of category with internal function spaces. More precisely, a closed category is a category C equipped with a functor C(−, −) : C^{op} × C → C, called the internal Hom-functor; an object 1 of C, called the unit object; a natural isomorphism i_X : X^∼−→ C(1, X), and natural transformations j_X : 1 → C(X, X) and L^X_{Y Z} : C(Y, Z) → C(C(X, Y ), C(X, Z)). These data are to satisfy five axioms; see Definition 2.1 for details.

A wide class of examples is provided by closed monoidal categories. We recall that a monoidal category C is called closed if for each object X of C the functor X ⊗ − admits a right adjoint C(X, −); i.e, there exists a bijection C(X ⊗ Y, Z) ∼= C(Y, C(X, Z)) that is natural in both Y and Z. Equivalently, a monoidal category C is closed if and only if for each pair of objects X and Z of C there exist an internal Hom-object C(X, Z) and an evaluation morphism ev^C_{X,Z} : X ⊗C(X, Z) → Z satisfying the following universal property: for each morphism f : X ⊗ Y → Z there exists a unique morphism g : Y → C(X, Z) such that f = ev^C_{X,Z} ∘(1_X ⊗ g). One can check that the map (X, Z) → C(X, Z) extends uniquely to a functor C(−, −) : C^{op} × C → C, which together with certain canonically chosen transformations i_X , j_X , and L^X_{Y Z} turns C into a closed category.

While closed monoidal categories are in prevalent use in mathematics, arising in category theory, algebra, topology, analysis, logic, and theoretical computer science, there are also important examples of closed categories that are not monoidal. The author’s motivation stemmed from the theory of A_∞-categories.

The notion of A_∞-category appeared at the beginning of the nineties in the work of Fukaya on Floer homology [3]. However its precursor, the notion of A_∞-algebra, was introduced in the early sixties by Stasheff [13]. It as a linearization of the notion of A_∞-space, a topological space equipped with a product operation which is associative up to homotopy, and the homotopy which makes the product associative can be chosen so that it satisfies a collection of higher coherence conditions. Loosely speaking, A_∞-categories

Received by the editors 2009-12-18 and, in revised form, 2012-02-20. Transmitted by Ross Street. Published on 2012-03-01. 2000 Mathematics Subject Classification: 18D05, 18D15, 18D20. Key words and phrases: Closed category, closed multicategory, equivalence. © Oleksandr Manzyuk, 2012. Permission to copy for private use granted. 132 are to A_∞-algebras what linear categories are to algebras. On the other hand, A_∞-categories generalize differential graded categories. Unlike in differential graded categories, in A_∞-categories composition need not be associative on the nose; it is only required to be associative up to a homotopy that satisfies a certain equation up to another homotopy, and so on.

Many properties of A_∞-categories follow from the discovery, attributed to Kontsevich, that for each pair of A_∞-categories A and B there is a natural A_∞-category A_∞(A, B) with A_∞-functors from A to B as its objects. These A_∞-categories of A_∞-functors were also investigated by many other authors, e.g. Fukaya [4], Lefèvre-Hasegawa [10], and Lyubashenko [12]; they allow us to equip the category of A_∞-categories with the structure of a closed category.

In the recent monograph by Bespalov, Lyubashenko, and the author [1] the theory of A_∞-categories is developed from a slightly different perspective. Our approach is based on the observation that although the category of A_∞-categories is not monoidal, there is a natural notion of A_∞-functor of many arguments, and thus A_∞-categories form a multicategory.

The notion of multicategory (known also as colored operad or pseudo-tensor category) was introduced by Lambek [7, 8]. It is a many-object version of the notion of operad. If morphisms in a category are considered as analogous to functions, morphisms in a multicategory are analogous to functions in several variables. An arrow in a multicategory looks like X_1, X_2, . . . , X_n → Y , with a finite sequence of objects as the domain and one object as the codomain. The most familiar example of multicategory is the multicategory of vector spaces and multilinear maps.

Multicategories generalize monoidal categories: a monoidal category C gives rise to a multicategory ^C whose objects are those of C and whose morphisms X_1, X_2, . . . , X_n → Y are morphisms X_1 ⊗ X_2 ⊗ · · · ⊗ X_n → Y of C. Multicategories arising from monoidal categories can be described by a simple axiom, which leads to the notion of representable multicategory [5]. The essence of the axiom is the existence, for each finite sequence X_1, . . . , X_n of objects, of an arrow X_1, . . . , X_n → X that enjoys a universal property resembling that of tensor product of modules. Hermida proved [5] that the 2-category of monoidal categories, strong monoidal functors, and monoidal transformations is 2- equivalent to the 2-category of representable multicategories, multifunctors that preserve universal arrows, and multinatural transformations. This result was later extended by Bespalov, Lyubashenko, and the author [1] to a 2-equivalence (in fact, a Cat-equivalence) between the 2-category of lax monoidal categories, lax monoidal functors, and monoidal transformations, and the 2-category of lax representable multicategories, multifunctors, and multinatural transformations. Together with these works, the present papers finishes the program of giving a complete multicategorical expression of Eilenberg and Kelly’s seminal work [2] by making explicit a precise relation between closed categories and closed multicategories.

Lambek defined closed multicategories in [7]. They generalize closed monoidal categories in the obvious way. Lambek’s definition of a closed multicategory is equivalent to the following one. A multicategory C is closed if for every sequence X_1, . . . , X_m, Z of objects of C there exists an internal Hom-object C(X_1, . . . , X_m; Z) together with an evaluation morphism ev^C_{X1,...,Xm;Z} : X_1, . . . , X_m, C(X_1, . . . , X_m; Z) → Z satisfying the following universal property: for each morphism f : X_1, . . . , X_m, Y_1, . . . , Y_n → Z there is a unique morphism g : Y_1, . . . , Y_n → C(X_1, . . . , X_m; Z) such that f = ev^C_{X1,...,Xm;Z} ∘(1_{X1} , . . . , 1_{Xm} , g).

Bespalov, Lyubashenko, and the author proved [1] that the multicategory of A_∞-categories is closed, thus obtaining a conceptual explanation of the origin of the A_∞-categories of A_∞-functors.

This paper arose as an attempt to understand in general the relation between closed categories and closed multicategories. It turned out that these notions are essentially equivalent in a very strong sense. Namely, on the one hand, there is a 2-category of closed categories, closed functors, and closed natural transformations. On the other hand, there is a 2-category of closed multicategories with unit objects, multifunctors, and multinatural transformations. Because a 2-category is the same thing as a category enriched in Cat, it makes sense to speak about Cat-functors between 2-categories; these can be called strict 2-functors because they preserve composition of 1-morphisms and identity 1-morphisms strictly. We construct a Cat-functor from the 2-category of closed multicategories with unit objects to the 2-category of closed categories, and prove that it is a Cat-equivalence; see Proposition 4.6 and Theorem 5.1.

Both closed categories and multicategories can bear symmetries. With some additional work it can be proven that the 2-category of symmetric closed categories is Cat-equivalent to the 2-category of symmetric closed multicategories with unit objects. We are not going to explore this subject here.

Although we have not done so in this paper, the notion of closedness can be generalized to multicategories enriched in monoidal categories or even multicategories. The usefulness of such a generalization is indicated by the paper of Hyland and Power on pseudo-closed 2-categories [6], in which the notion of closed Cat-multicategory (i.e., multicategory enriched in the category Cat of categories) is implicitly present, although not spelled out. Martin Hyland told the author that he had known about the equivalence discussed in this paper and even made it a base for his considerations in computer science.

We should mention that the definition of closed category we adopt in this paper does not quite agree with the definition appearing in [2]. Closed categories have been generalized by Street [14] to extension systems; a closed category in our sense is an extension system with precisely one object. We discuss carefully the relation between these definitions because it is crucial for our proof of Theorem 5.1; see Remark 2.3 and Proposition 2.19. Our definition of closed category also coincides with the definition appearing in Laplaza’s paper [9], to which we would like to pay special tribute because it allowed us to give an elegant construction of a closed multicategory with a given underlying closed category.

1.1. Notation We use interchangeably the notations g ∘ f and f · g for the composition of morphisms f : X → Y and g : Y → Z in a category, giving preference to the latter notation, which is more readable. Throughout the paper the set of nonnegative integers is denoted by N, the category of sets is denoted by S, and the category of categories is denoted by Cat.

1.2. Acknowledgements I would like to thank Volodymyr Lyubashenko and Yuri Bespalov for many fruitful discussions. This work was written up during my stay at York University. I would like to thank Professor Walter Tholen for inviting me to York and for carefully reading preliminary versions of this paper. I am grateful to the anonymous referee for pointing out that closed multicategories were known already to Lambek, and for making suggestions that have improved the exposition.

2. Closed categories

In this section we give preliminaries on closed categories. We begin by recalling the definition of closed category appearing in [14, Section 4] and [9].

2.1. Definition. A closed category (C, C(−, −), 1, i, j, L) consists of the following data:

• a category C;

• a functor C(−, −) : C^{op} × C → C; • an object 1 of C;

• a natural isomorphism i : Id_C^∼−→ C(1, −) : C → C; • a transformation j_X : 1 → C(X, X), dinatural in X ∈ Ob C;

• a transformation L^X_{Y Z} : C(Y, Z) → C(C(X, Y ), C(X, Z)), natural in Y, Z ∈ Ob C and dinatural in X ∈ Ob C.

These data are subject to the following axioms.

CC1. The following equation holds true: � 1^{jY}−→ C(Y, Y )^{LXY Y}−−→ C(C(X, Y ), C(X, Y )) � = j_{C(X,Y )}.

CC2. The following equation holds true: � C(X, Y )^{LXY}−−→ C(C(X, X), C(X, Y ))^{C(jX ,1)}−−−−→ C(1, C(X, Y )) � = i_{C(X,Y )}.

CC3. The following diagram commutes:

C(U, V ) C(C(Y, U), C(Y, V ))

C(C(X, U), C(X, V ))

C(C(C(X, Y ), C(X, U)), C(C(X, Y ), C(X, V ))) C(C(Y, U), C(C(X, Y ), C(X, V )))

L^Y_{UV}

L^X_{UV}

C(1,L^X_{Y V} )

L^{C(X,Y )}

C(X,U),C(X,V )

C(L^X_{Y U} ,1)

CC4. The following equation holds true: � C(Y, Z)^{L1Y Z}−−→ C(C(1, Y ), C(1, Z))^{C(iY ,1)}−−−−→ C(Y, C(1, Z)) � = C(1, i_Z ).

CC5. The map γ : C(X, Y ) → C(1, C(X, Y )) that sends a morphism f : X → Y to the composite 1^{jX}−→ C(X, X)^{C(1,f)}−−−→ C(X, Y ) is a bijection.

We shall call C(−, −) the internal Hom-functor and 1 the unit object. 2.2. Example. The category S of sets becomes a closed category if we set S(−, −) = S(−, −); take for 1 a set {∗}, chosen once and for all, consisting of a single point ∗; and define i, j, L by:

i_X (x)(∗) = x, x ∈ X;

j_X (∗) = 1_X ;

L^X_{Y Z} (g)(f) = f · g, f ∈ S(X, Y ), g ∈ S(Y, Z).

2.3. Remark. Definition 2.1 is slightly different from the original definition by Eilenberg and Kelly [2, Section 2]. They require that a closed category C be equipped with a functor C : C → S such that the following axioms are satisfied in addition to CC1–CC4.

CC0. The following diagram of functors commutes:

C^{op} × C C

S

C(−,−)

C(−,−) C

CC5’. The map

Ci_{C(X,X)} : C(X, X) = CC(X, X) → CC(1, C(X, X)) = C(1, C(X, X))

sends 1_X ∈ C(X, X) to j_X ∈ C(1, C(X, X)). [2, Lemma 2.2] implies that

γ = Ci_{C(X,Y )} : C(X, Y ) = CC(X, Y ) → CC(1, C(X, Y )) = C(1, C(X, Y )),

so that a closed category in the sense of Eilenberg and Kelly is also a closed category in our sense. Furthermore, as we shall see later, an arbitrary closed category in our sense is isomorphic to a closed category in the sense of Eilenberg and Kelly. 2.4. Proposition. [2, Proposition 2.5] i_{C(1,X)} = C(1, i_X ) : C(1, X) → C(1, C(1, X)). Proof. The proof given in [2, Proposition 2.5] translates word by word to our setting. 2.5. Proposition. [2, Proposition 2.7] j_1 = i_1 : 1 → C(1, 1).

Proof. The proof given in [2, Proposition 2.7] relies on the axiom CC5’, and thus is not applicable here; we provide an independent proof for the sake of completeness. The map γ : C(1, C(1, 1)) → C(1, C(1, C(1, 1))) is a bijection by the axiom CC5, so it suffices to prove that γ(j_1) = γ(i_1). We have:

γ(i_1) = � 1^{j1}−→ C(1, 1)^{C(1,i1)}−−−→ C(1, C(1, 1)) � = � 1^{j1}−→ C(1, 1)^{iC(1,1)}−−−→ C(1, C(1, 1)) � (Proposition 2.4) = � 1^{j1}−→ C(1, 1)^{L11}−−→ C(C(1, 1), C(1, 1))^{C(j1,1)}−−−−→ C(1, C(1, 1)) � (axiom CC2) = � 1^{jC(1,1)}

−−−→ C(C(1, 1), C(1, 1))^{C(j1,1)}−−−−→ C(1, C(1, 1)) � (axiom CC1) = � 1^{j1}−→ C(1, 1)^{C(1,j1)}−−−−→ C(1, C(1, 1)) � (dinaturality of j) = γ(j_1).

The proposition is proven.

2.6. Corollary. � C(1, X)^γ−→ C(1, C(1, X))^{C(1,i} −1 X ) −−−−→ C(1, X) � = 1_{C(1,X)}.

Proof. An element f ∈ C(1, X) is mapped by the left hand side to the composite

1^{j1}−→ C(1, 1)^{C(1,f)}−−−→ C(1, X)^i −1 X−−→ X,

which is equal to � 1^{j1}−→ C(1, 1)^{i−11}−−→ 1^f−→ X � = f by the naturality of i^{−1}_X , and because j_1 = i_1 : 1 → C(1, 1) by Proposition 2.5. The corollary is proven.

2.7. Proposition. The following diagram commutes:

C(Y, Z) C(C(X, Y ), C(X, Z))

C(1, C(Y, Z)) C(1, C(C(X, Y ), C(X, Z)))

C(X,−)

γ γ C(1,L^X_{Y Z} )

Proof. For each f ∈ C(Y, Z), we have:

γ(C(1, f)) = � 1^{jC(X,Y )}

−−−−→ C(C(X, Y ), C(X, Y ))^{C(1,C(1,f))}−−−−−−→ C(C(X, Y ), C(X, Z)) � = � 1^{jY}−→ C(Y, Y )^{LXY Y}−−→ C(C(X, Y ), C(X, Y ))^{C(1,C(1,f))}−−−−−−→ C(C(X, Y ), C(X, Z)) � = � 1^{jY}−→ C(Y, Y )^{C(1,f)}−−−→ C(Y, Z)^{LXY Z}−−→ C(C(X, Y ), C(X, Z)) � = C(1, L^X_{Y Z} )(γ(f)) where the second equality is by the axiom CC1, and the third equality is by the naturality of L^X_{Y Z} in Z.

2.8. Proposition. For each f ∈ C(X, Y ), g ∈ C(Y, Z), we have γ(f · g) = γ(f) · C(1, g) = γ(g) · C(f, 1).

Proof. Indeed, γ(f · g) = j_X · C(1, f · g) = j_X · C(1, f) · C(1, g) = γ(f) · C(1, g), proving the first equality. Let us prove the second equality. We have: γ(f) · C(1, g) = � 1^{jX}−→ C(X, X)^{C(1,f)}−−−→ C(X, Y )^{C(1,g)}−−−→ C(X, Z) � = � 1^{jY}−→ C(Y, Y )^{C(f,1)}−−−→ C(X, Y )^{C(1,g)}−−−→ C(X, Z) � (dinaturality of j) = � 1^{jY}−→ C(Y, Y )^{C(1,g)}−−−→ C(Y, Z)^{C(f,1)}−−−→ C(X, Z) � (functoriality of C(−, −)) = γ(g) · C(f, 1).

The proposition is proven.

We now recall the definitions of closed functor and closed natural transformation following [2, Section 2].

2.9. Definition. Let C and D be closed categories. A closed functor Φ = (ϕ, ϕ̂, ϕ^0) : C → D consists of the following data:

• a functor ϕ : C → D;

• a natural transformation ϕ̂ = ϕ̂_{X,Y} : ϕC(X, Y ) → D(ϕX, ϕY ); • a morphism ϕ^0 : 1 → ϕ1.

These data are subject to the following axioms.

CF1. The following equation holds true: � 1^{ϕ0}−→ ϕ1^{ϕjX}−−→ ϕC(X, X)^{ϕ̂}−→ D(ϕX, ϕX) � = j_{ϕX} .

CF2. The following equation holds true: � ϕX^{ϕiX}−−→ ϕC(1, X)^{ϕ̂}−→ D(ϕ1, ϕX)^{D(ϕ0,1)}−−−−→ D(1, ϕX) � = i_{ϕX} .

CF3. The following diagram commutes:

ϕC(Y, Z) ϕC(C(X, Y ), C(X, Z)) D(ϕC(X, Y ), ϕC(X, Z))

D(ϕY, ϕZ) D(D(ϕX, ϕY ), D(ϕX, ϕZ)) D(ϕC(X, Y ), D(ϕX, ϕZ))

ϕL^X_{Y Z} ϕ̂

ϕ̂ L^{ϕX}_{ϕY,ϕZ} D(ϕ̂,1)

D(1,ϕ̂)

2.10. Proposition. Let V be a closed category. There is a closed functor E = (e, ê, e^0) : V → S, where:

• e = V(1, −) : V → S;

• ê = � V(1, V(X, Y ))^{γ−1}−−→ V(X, Y )^{V(1,−)}−−−−→ S(V(1, X), V(1, X)) � ; • e^0 : {∗} → V(1, 1), ∗ → 1_1.

Proof. Let us check the axioms CF1–CF3. The reader is referred to Example 2.2 for a description of the structure of a closed category on S. CF1 We must prove that the composite

{∗}^{e0}−→ V(1, 1)^{V(1,jX )}−−−−→ V(1, V(X, X))^{γ−1}−−→ V(X, X)^{V(1,−)}−−−−→ S(V(1, X), V(1, X)) equals j_{V(1,X)}, which is obvious, as the image of ∗ is V(1, γ^{−1}(j_X )) = V(1, 1_X ) = 1_{V(1,X)}, which is precisely j_{V(1,X)}(∗).

CF2 We must prove the following equation: � V(1, X)^{V(1,iX )}

−−−−→ V(1, V(1, X))

γ^{−1}

−−−−→ V(1, X)

V(1,−)

−−−−→ S(V(1, 1), V(1, X))

S(e^0,1)

−−−−→ S({∗}, V(1, X)) � = i_{V(1,X)}.

By Corollary 2.6 the left hand side is equal to

V(1, X)^{V(1,−)}−−−−→ S(V(1, 1), V(1, X))^{S(e0,1)}−−−−→ S({∗}, V(1, X)), and so it maps an element f ∈ V(1, X) to the function {∗} → V(1, X), ∗ → f, which is precisely i_{V(1,X)}(f).

CF3 We must prove that the exterior of the following diagram commutes:

V(1, V(Y, Z)) V(1, V(V(X, Y ), V(X, Z)))

V(V(X, Y ), V(X, Z))

V(Y, Z)

S(V(1, V(X, Y )), V(1, V(X, Z)))

S(V(1, Y ), V(1, Z))

S(V(1, V(X, Y )), V(X, Z))

S(S(V(1, X), V(1, Y )), S(V(1, X), V(1, Z)))

S(V(X, Y ), S(V(1, X), V(1, Z))) S(V(1, V(X, Y )), S(V(1, X), V(1, Z)))

V(1,L^X_{Y Z} )

γ^{−1} γ^{−1}

V(X,−)

V(1,−) V(1,−)

L^{V(1,X)}

V(1,Y ),V(1,Z) S(1,γ

−1 )

S(V(1,−),1) S(1,V(1,−))

S(γ^{−1},1)

The upper square commutes by Proposition 2.7. Let us prove that so does the remaining region. Taking an element f ∈ V(Y, Z) and tracing it along the top-right path we obtain the function V(1, V(X, Y )) → S(V(1, X), V(1, Z)), g → � h → h · γ^{−1}(g · V(1, f)) � , whereas pushing f along the left-bottom path yields the function

V(1, V(X, Y )) → S(V(1, X), V(1, Z)), g → � h → h · γ^{−1}(g) · f � . These two functions are equal by Proposition 2.8. The proposition is proven. 2.11. Definition. Let Φ = (ϕ, ϕ̂, ϕ^0), Ψ = (ψ, ψ̂, ψ^0) : C → D be closed functors. A closed natural transformation η : Φ → Ψ : C → D is a natural transformation η : ϕ → ψ : C → D satisfying the following axioms.

CN1. The following equation holds true: � 1^{ϕ0}−→ ϕ1^{η1}−→ ψ1 � = ψ^0.

CN2. The following diagram commutes:

ϕC(X, Y ) D(ϕX, ϕY )

D(ϕX, ψY ) ψC(X, Y ) D(ψX, ψY )

ϕ̂

η_{C(X,Y )} D(1,η_Y ) D(η_X ,1) ψ̂

Closed categories, closed functors, and closed natural transformations form a 2-category [2, Theorem 4.2], which we shall denote by ClCat. The composite of closed functors Φ = (ϕ, ϕ̂, ϕ^0) : C → D and Ψ = (ψ, ψ̂, ψ^0) : D → E is defined to be X = (χ, χ̂, χ^0) : C → E, where:

• χ is the composite C^ϕ−→ D^ψ−→ E;

• χ̂ is the composite ψϕC(X, Y )^{ψϕ̂}−→ ψD(ϕX, ϕY )^{ψ̂}−→ E(ψϕX, ψϕY ); • χ^0 is the composite 1^{ψ0}−→ ψ1^{ψϕ0}−−→ ψϕ1.

Compositions of closed natural transformations are defined in the usual way.

We can enrich in closed categories. Below we recall some enriched category theory for closed categories mainly following [2, Section 5].

2.12. Definition. Let V be a closed category. A V-category A consists of the following data:

• a set Ob A of objects;

• for each X, Y ∈ Ob A, an object A(X, Y ) of V; • for each X ∈ Ob A, a morphism j_X : 1 → A(X, X) in V;

• for each X, Y, Z ∈ Ob A, a morphism L^X_{Y Z} : A(Y, Z) → V(A(X, Y ), A(X, Z)) in V. These data are to satisfy axioms [2, VC1–VC3]. If A and B are V-categories, a V-functor F : A → B consists of the following data:

• a function Ob F : Ob A → Ob B, X → F X;

• for each X, Y ∈ Ob A, a morphism F = F_{XY} : A(X, Y ) → B(F X, F Y ) in V. These data are subject to axioms [2, VF1–VF2].

2.13. Example. By [2, Theorem 5.2] a closed category V gives rise to a category V if we take the objects of V to be those of V, take V(X, Y ) to be the internal Hom-object, and take for j and L those of the closed category V. Furthermore, if A is a V-category and X is an object of A, then we get a V-functor L^X : A → V if we take L^X Y = A(X, Y ) and (L^X )_{Y Z} = L^X_{Y Z} . In particular, for each X ∈ Ob V, there is a V-functor L^X : V → V such that L^X Y = V(X, Y ) and (L^X )_{Y Z} = L^X_{Y Z} .

There is also a notion of V-natural transformation. We recall it in a particular case, namely for V-functors A → V.

2.14. Definition. Let F, G : A → V be V-functors. A V-natural transformation α : F → G : A → V is a collection of morphisms α_X : F X → GX in V, for each X ∈ Ob A, such that the diagram A(X, Y ) V(F X, F Y )

V(GX, GY ) V(F X, GY )

F_{XY}

G_{XY} V(1,α_Y )

V(α_X ,1)

commutes, for each X, Y ∈ Ob A.

2.15. Example. By [2, Proposition 8.4] if f ∈ V(X, Y ), the morphisms

V(f, 1) : V(Y, Z) → V(X, Z), Z ∈ Ob V,

are components of a V-natural transformation L^f : L^Y → L^X : V → V.

By [2, Theorem 10.2] V-categories, V-functors, and V-natural transformations form a 2-category, which we shall denote by V-Cat.

2.16. Proposition. [2, Proposition 6.1] If Φ = (ϕ, ϕ̂, ϕ^0) : V → W is a closed functor and A is a V-category, the following data define a W-category Φ_∗A:

• Ob Φ_∗A = Ob A;

• (Φ_∗A)(X, Y ) = ϕA(X, Y );

• j_X = � 1^{ϕ0}−→ ϕ1^{ϕjX}−−→ ϕA(X, X) � ; • L^X_{Y Z} = � ϕA(Y, Z)^{ϕLXY Z}−−−→ ϕV(A(X, Y ), A(X, Z))^{ϕ̂}−→ W(ϕA(X, Y ), ϕA(X, Z)) � . 2.17. Example. Let us study the effect of the closed functor E from Proposition 2.10 on V-categories. Let A be a V-category. Then the ordinary category E_∗A has the same set of objects as A and its Hom-sets are (E_∗A)(X, Y ) = V(1, A(X, Y )). The morphism j_X for the category E_∗A is given by the composite

{∗}^{e0}−→ V(1, 1)^{V(1,jX )}−−−−→ V(1, A(X, X)), i.e., 1_X ∈ (E_∗A)(X, X) identifies with j_X . The morphism L^X_{Y Z} for the category E_∗A is given by the composite

V(1, A(Y, Z))^{V(1,LX )}−−−−−→ V(1, V(A(X, Y ), A(X, Z)))

γ^{−1}

−−−−−→ V(A(X, Y ), A(X, Z))

V(1,−)

−−−−−→ S(A(1, A(X, Y )), V(1, A(X, Z))).

It follows that composition in E_∗A is given by

V(1, A(X, Y )) × V(1, A(Y, Z)) → V(1, A(X, Z)), (f, g) → f · γ^{−1}(g · L^X_{Y Z} ).

2.18. Proposition. The bijections γ : V(X, Y ) → V(1, V(X, Y )) define an isomorphism of categories γ : V → E_∗V identical on objects.

Proof. For each X ∈ Ob V, we have γ(1_X ) = j_X , so γ preserves identities. Let us check that it also preserves composition. For each f ∈ V(X, Y ), g ∈ V(Y, Z), we have γ(f) · γ(g) = γ(f) · γ^{−1}(γ(g) · L^X_{Y Z} ). By Proposition 2.7, γ(g) · L^X_{Y Z} = γ(V(1, g)), therefore γ(f) · γ(g) = γ(f) · V(1, g) = γ(f · g) by Proposition 2.8. The proposition is proven.

2.19. Theorem. Every closed category is isomorphic to a closed category in the sense of Eilenberg and Kelly.

More precisely, for every closed category V in the sense of Definition 2.1 there is a closed category W in the sense of Eilenberg and Kelly such that W, when viewed as a closed category in the sense of Definition 2.1, is isomorphic as a closed category to V.

Proof. Let V be a closed category. Take W = E_∗V. The isomorphism γ from Proposition 2.18 allows us to translate the structure of a closed category from V to W. Thus the unit object of W is that of V, the internal Hom-functor is given by the composite

W(−, −) = � W^{op} × W^{(γop×γ)−1}

−−−−−−→ V^{op} × V^{V(−,−)}−−−−→ V^γ−→ W � . In particular, W(X, Y ) = V(X, Y ) for each pair of objects X and Y . The transformations i_X , j_X , L^X_{Y Z} for W are just γ(i_X ), γ(j_X ), γ(L^X_{Y Z} ) respectively. The category W admits a functor W : W → S such that the diagram

W^{op} × W W

S

W(−,−)

W(−,−) W

commutes, namely W = � W^{γ−1}−−→ V^E−→ S � . The commutativity on objects is obvious.

Let us check that it also holds on morphisms. Let f ∈ W(X, Y ), h ∈ W(U, V ); i.e., suppose that f : 1 → V(X, Y ) and h : 1 → V(U, V ) are morphisms in V. Then the map W(f, g) : W(Y, U) → W(X, V ) is given by g → f · g · h, where the composition is taken in W. We must show that it is equal to the map

V(1, V(γ^{−1}(f), γ^{−1}(h))) : V(1, V(Y, U)) → V(1, V(X, V )), g → g · V(γ^{−1}(f), γ^{−1}(h)).

We have:

g · V(γ^{−1}(f), γ^{−1}(h)) = γ(γ^{−1}(g)) · V(γ^{−1}(f), 1) · V(1, γ^{−1}(h)) (functoriality of V(−, −)) = γ(γ^{−1}(f) · γ^{−1}(g)) · V(1, γ^{−1}(h)) (Proposition 2.8) = γ(γ^{−1}(f) · γ^{−1}(g) · γ^{−1}(h)) (Proposition 2.8) = f · g · h, (Proposition 2.18)

hence the assertion. The functor W also satisfies the axiom CC5’. Indeed, we need to show that

W i_{W(X,X)} = V(1, i_{V(X,X)}) : V(1, V(X, X)) → V(1, V(1, V(X, X)))

maps j_X ∈ V(1, V(X, X)) to γ(j_X ) ∈ V(1, V(1, V(X, X))). In other words, we need to show that the diagram 1 V(X, X)

V(1, 1) V(1, V(X, X))

j_X

j_1 i_{V(X,X)}

V(1,j_X )

commutes. However j_1 = i_1 : 1 → V(1, 1) by Proposition 2.5, so the above diagram is commutative by the naturality of i. The theorem is proven.

Finally, let us recall from [2] the representation theorem for V-functors A → V. 2.20. Proposition. [2, Corollary 8.7] Suppose that V is a closed category in the sense of Eilenberg and Kelly; i.e., it is equipped with a functor V : V → S satisfying the axioms CC0 and CC5’. Let T : A → V be a V-functor, and let W be an object of A. Then the map^1 Γ : V-Cat(A, V)(L^W , T ) → V T W, p → (V p_W )1_W , is a bijection.

2.21. Example. For each f ∈ V L^X Y = V V(X, Y ) = V(X, Y ), the V-natural transformation L^f : L^Y → L^X : V → V from Example 2.15 is uniquely determined by the condition (V (L^f )_Y )1_Y = f.

1It is denoted by Γ^′ in [2, Corollary 8.7].

3. Closed multicategories

We begin by briefly recalling the notions of multicategory, multifunctor, and multinatural transformation. The reader is referred to the excellent book by Leinster [11] or to [1, Chapter 3] for a more elaborate introduction to multicategories.

3.1. Definition. A multigraph C is a set Ob C, whose elements are called objects of C, together with a set C(X_1, . . . , X_n; Y ) for each n ∈ N and X_1, . . . , X_n, Y ∈ Ob C. Elements of C(X_1, . . . , X_n; Y ) are called morphisms and written as X_1, . . . , X_n → Y . If n = 0, elements of C(; Y ) are written as () → Y . A morphism of multigraphs F : C → D consists of a function Ob F : Ob C → Ob D, X → F X, and functions

F = F_{X1,...,Xn;Y} : C(X_1, . . . , X_n; Y ) → D(F X_1, . . . , F X_n; F Y ), f → F f, for each n ∈ N and X_1, . . . , X_n, Y ∈ Ob C.

3.2. Definition. A multicategory C consists of the following data:

• a multigraph C;

• for each n, k_1, . . . , k_n ∈ N and X_{ij}, Y_i, Z ∈ Ob C, 1 ≤ i ≤ n, 1 ≤ j ≤ k_i, a function n� i=1 C(X_{i1}, . . . , X_{iki} ; Y_i) × C(Y_1, . . . , Y_n; Z) → C(X_{11}, . . . , X_{1k1} , . . . , X_{n1}, . . . , X_{nkn} ; Z),

called composition and written (f_1, . . . , f_n, g) → (f_1, . . . , f_n) · g; • for each X ∈ Ob C, an element 1^C_X ∈ C(X; X), called the identity of X.

These data are subject to the obvious associativity and identity axioms. 3.3. Example. A strict monoidal category C gives rise to a multicategory ^C as follows:

• Ob ^C = Ob C;

• for each n ∈ N and X_1, . . . , X_n, Y ∈ Ob C, ^C(X_1, . . . , X_n; Y ) = C(X_1 ⊗ · · ·⊗ X_n, Y );

in particular ^C(; Y ) = C(1, Y ), where 1 is the unit object of C;

• for each n, k_1, . . . , k_n ∈ N and X_{ij} , Y_i, Z ∈ Ob C, 1 ≤ i ≤ n, 1 ≤ j ≤ k_i, the composition map n� i=1 C(X_{i1} ⊗ · · · ⊗ X_{iki} , Y_i) × C(Y_1 ⊗ · · · ⊗ Y_n, Z) → C(X_{11} ⊗ · · · ⊗ X_{1k1} ⊗ · · · ⊗ X_{n1} ⊗ · · · ⊗ X_{nkn} , Z) is given by (f_1, . . . , f_n, g) → (f_1 ⊗ · · · ⊗ f_n) · g;

• for each X ∈ Ob C, 1^{^C}_X = 1^C_X ∈ ^C(X; X) = C(X, X).

3.4. Definition. Let C and D be multicategories. A multifunctor F : C → D is a morphism of the underlying multigraphs that preserves composition and identities.

3.5. Definition. Suppose that F, G : C → D are multifunctors. A multinatural transformation r : F → G : C → D is a family of morphisms r_X ∈ D(F X; GX), X ∈ Ob C, such that F f · r_Y = (r_{X1} , . . . , r_{Xn} ) · Gf, for each f ∈ C(X_1, . . . , X_n; Y ).

Multicategories, multifunctors, and multinatural transformations form a 2-category, which we shall denote by Multicat.

3.6. Definition. [1, Definition 4.7] A multicategory C is called closed if for each m ∈ N and X_1, . . . , X_m, Z ∈ Ob C there exist an object C(X_1, . . . , X_m; Z), called internal Hom-ob-ject, and an evaluation morphism

ev^C = ev^C_{X1,...,Xm;Z} : X_1, . . . , X_m, C(X_1, . . . , X_m; Z) → Z

such that, for each Y_1, . . . , Y_n ∈ Ob C, the function

φ^C = φ^C_{X1,...,Xm;Y1,...,Yn;Z} : C(Y_1, . . . , Y_n; C(X_1, . . . , X_m; Z)) → C(X_1, . . . , X_m, Y_1, . . . , Y_n; Z)

that sends a morphism f : Y_1, . . . , Y_n → C(X_1, . . . , X_m; Z) to the composite

X_1, . . . , X_m, Y_1, . . . , Y_n^1 C X1 ,...,1^C_{Xm} ,f

−−−−−−−→ X_1, . . . , X_m, C(X_1, . . . , X_m; Z)^{ev} C X1,...,Xm;Z

−−−−−−−→ Z

is bijective. Let ClMulticat denote the full 2-subcategory of Multicat whose objects are closed multicategories.

3.7. Remark. Notice that for m = 0 an object C(; Z) and a morphism ev^C_{;Z} with the required property always exist. Namely, we may (and we shall) always take C(; Z) = Z and ev^C_{;Z} = 1^C_Z : Z → Z. With these choices φ^C_{;Y1,...,Yn;Z} : C(Y_1, . . . , Y_n; Z) → C(Y_1, . . . , Y_n; Z) is the identity map.

3.8. Example. Let C be a strict monoidal category, and let ^C be the associated multicategory, see Example 3.3. It is easy to see that the multicategory ^C is closed if and only if C is closed as a monoidal category.

3.9. Proposition. Suppose that for each pair of objects X, Z ∈ Ob C there exist an object C(X; Z) and a morphism ev^C_{X;Z} : X, C(X; Z) → Z of C such that the function φ^C_{X;Y1,...,Yn;Z} is a bijection, for each finite sequence Y_1, . . . , Y_n of objects of C. Then C is a closed multicategory.

Proof. Define internal Hom-objects C(X_1, . . . , X_m; Z) and evaluations

ev^C_{X1,...,Xm;Z} : X_1, . . . , X_m, C(X_1, . . . , X_m; Z) → Z

by induction on m. For m = 0 choose C(; Z) = Z and ev^C_{;Z} = 1^C_Z : Z → Z as explained above. For m = 1 we are already given C(X; Z) and ev^C_{X;Z} . Assume that we have defined C(X_1, . . . , X_k; Z) and ev^C_{X1,...,Xk;Z} for each k < m, and that the function

φ^C_{X1,...,Xk;Y1,...,Yn;Z} : C(Y_1, . . . , Y_n; C(X_1, . . . , X_k; Z)) → C(X_1, . . . , X_k, Y_1, . . . , Y_n; Z) is a bijection, for each k < m and for each finite sequence Y_1, . . . , Y_n of objects of C. For X_1, . . . , X_m, Z ∈ Ob C define

C(X_1, . . . , X_m; Z)^{def}= C(X_m; C(X_1, . . . , X_{m−1}; Z)).

The evaluation morphism ev^C_{X1,...,Xm;Z} is given by the composite

X_1, . . . , X_m, C(X_m; C(X_1, . . . , X_{m−1}; Z))

X_1, . . . , X_{m−1}, C(X_1, . . . , X_{m−1}; Z)

Z.

1^C_{X1} ,...,1^C_{Xm−1} ,ev^C_{Xm;C(X1,...,Xm−1;Z)}

ev^C_{X1,...,Xm−1;Z}

It is easy to see that with these choices the function φ^C_{X1,...,Xm;Y1,...,Yn;Z} decomposes as

C(Y_1, . . . , Y_n; C(X_1, . . . , X_m; Z))

C(X_m, Y_1, . . . , Y_n; C(X_1, . . . , X_{m−1}; Z))

C(X_1, . . . , X_m, Y_1, . . . , Y_n; Z),

φ^C_{Xm;Y1,...,Yn;C(X1,...,Xm−1;Z)} ≀

φ^C_{X1,...,Xm−1;Xm,Y1,...,Yn;Z} ≀

hence it is a bijection, and the induction goes through.

3.10. Remark. Lambek defined [7, p. 106] a (left) closed multicategory as one having, for each pair of objects X and Z, an internal Hom-object X\Z together with a morphism ℓ : X, X\Z → Z such that the induced mappings

[Y_1, . . . , Y_n; X\Z] → [X, Y_1, . . . , Y_n; Z]

are bijective; here [−; −] denotes the Hom-set in the multicategory. Up to the obvious notational changes, this is precisely the condition of Proposition 3.9. Therefore, Lambek’s definition of closedness is equivalent to ours.

3.11. Notation. For each morphism f : X_1, . . . , X_n → Y with n ≥ 1, denote by ⟨f⟩ the morphism (φ_{X1;X2,...,Xn;Z} )^{−1}(f) : X_2, . . . , X_n → C(X_1; Y ). In other words, ⟨f⟩ is uniquely determined by the equation � X_1, X_2, . . . , X_n^1 C X1 ,⟨f⟩

−−−−→ X_1, C(X_1; Y )^{ev} C X1;Y

−−−−→ Y � = f.

Clearly we can enrich in multicategories. We leave it as an easy exercise for the reader to spell out the definitions of categories and functors enriched in a multicategory V.

3.12. Proposition. A closed multicategory C gives rise to a C-category C as follows. The objects of C are those of C. For each pair X, Y ∈ Ob C, the Hom-object C(X; Y ) is the internal Hom-object of C. For each X, Y, Z ∈ Ob C, the composition morphism μ_C : C(X; Y ), C(Y ; Z) → C(X; Z) is uniquely determined by requiring the commutativity in the diagram

X, C(X; Y ), C(Y ; Z) X, C(X; Z)

Y, C(Y ; Z) Z

1^C_X ,μ_C

ev^C_{X;Y} ,1^C_{(Y ;Z)} ev^C_{X;Z}

ev^C_{Y ;Z}

The identity of an object X ∈ Ob C is 1^C_X = ⟨1^C_X ⟩ : () → C(X; X). Proof. The proof is similar to that for a closed monoidal category.

3.13. Notation. For each morphism f : X_1, . . . , X_n → Y and object Z of a closed multicategory C, there exists a unique morphism C(f; Z) : C(Y ; Z) → C(X_1, . . . , X_n; Z) such that the diagram

X_1, . . . , X_n, C(Y ; Z) X_1, . . . , X_n, C(X_1, . . . , X_n; Z)

Y, C(Y ; Z) Z

1^C_{X1} ,...,1^C_{Xn} ,C(f;Z)

f,1^C_{(Y ;Z)} ev^C_{X1,...,Xn;Z}

ev^C_{Y ;Z}

in C is commutative. In particular, if n = 0, then C(f; Z) = (f, 1^C_{(Y ;Z)}) · ev^C_{Y ;Z} . If n = 1, then C(f; Z) = ⟨(f, 1^C_{(Y ;Z)}) · ev^C_{Y ;Z} ⟩. For each sequence of morphisms f_1 : X_1 → Y_1, . . . , f_n : X_n → Y_n in C there is a unique morphism C(f_1, . . . , f_n; Z) : C(Y_1, . . . , Y_n; Z) → C(X_1, . . . , X_n; Z) such that the diagram

X_1, . . . , X_n, C(Y_1, . . . , Y_n; Z) X_1, . . . , X_n, C(X_1, . . . , X_n; Z)

Y_1, . . . , Y_n, C(Y_1, . . . , Y_n; Z) Z

1^C_{X1} ,...,1^C_{Xn} ,C(f_1,...,f_n;Z)

f_1,...,f_n,1^C_{(Y1,...,Yn;Z)} ev^C_{X1,...,Xn;Z}

ev^C_{Y1,...,Yn;Z}

in C is commutative. Similarly, for each morphism g : Y → Z in C, there exists a unique morphism C(X_1, . . . , X_n; g) : C(X_1, . . . , X_n; Y ) → C(X_1, . . . , X_n; Z) such that the diagram

X_1, . . . , X_n, C(X_1, . . . , X_n; Y ) X_1, . . . , X_n, C(X_1, . . . , X_n; Z)

Y Z

1^C_{X1} ,...,1^C_{Xn} ,C(X_1,...,X_n;g)

ev^C_{X1,...,Xn;Y} ev^C_{X1,...,Xn;Z} g

in C is commutative. In particular, if n = 0, then our conventions force C(; g) = g. If n = 1, then C(X; g) = ⟨ev^C_{X;Y} ·g⟩.

3.14. Lemma. Suppose that f_1 : X^1_1 , . . . , X^{k1}_1 → Y_1, . . . , f_n : X^1_n, . . . , X^{kn}_n → Y_n, and g : Y_1, . . . , Y_n → Z are morphisms in a closed multicategory C.

(a) If k_1 = 0, i.e., f_1 is a morphism () → Y_1, then (f_1, . . . , f_n)·g is equal to the composite

X^1_2 , . . . , X^{k2}_2 , . . . , X^1_n, . . . , X^{kn}_n^{f2,...,fn}−−−−→ Y_2, . . . , Y_n^{⟨g⟩}−→ C(Y_1; Z)^{C(f1;Z)}−−−−→ C(; Z) = Z.

(b) If k_1 = 1, i.e., f_1 is a morphism X^1_1 → Y_1, then ⟨(f_1, . . . , f_n) · g⟩ is equal to the composite

X^1_2 , . . . , X^{k2}_2 , . . . , X^1_n, . . . , X^{kn}_n^{f2,...,fn}−−−−→ Y_2, . . . , Y_n^{⟨g⟩}−→ C(Y_1; Z)^{C(f1;Z)}−−−−→ C(X^1_1 ; Z).

(c) If k_1 ≥ 1, then ⟨(f_1, . . . , f_n) · g⟩ is equal to the composite

X^2_1 , . . . , X^{k1}_1 , X^1_2 , . . . , X^{k2}_2 , . . . , X^1_n, . . . , X^{kn}_n^{⟨f1⟩,f2,...,fn}−−−−−−−→ C(X^1_1 ; Y_1), Y_2, . . . , Y_n

1,⟨g⟩

−−−−−−−→ C(X^1_1 ; Y_1), C(Y_1; Z)

μ_C

−−−−−−−→ C(X^1_1 ; Z).

(d) if n = 1, then ⟨f_1 · g⟩ = � X^2_1 , . . . , X^{k1}_1^{⟨f1⟩}−−→ C(X^1_1 ; Y_1)^{C(X11 ;g)}−−−−→ C(X^1_1 ; Z) � . Proof. The proofs are easy and consist of checking the definitions. For example, in order to prove (a) note that

C(f_1; Z) = � C(Y_1; Z)^{f1,1} C C(Y1;Z)

−−−−−−→ Y_1, C(Y_1; Z)^{ev} C Y1;Z

−−−→ Z � , therefore the composite in (a) is equal to � X^1_2 , . . . , X^{k2}_2 , . . . , X^1_n, . . . , X^{kn}_n^{f2,...,fn}−−−−→ Y_2, . . . , Y_n ⟨g⟩ −→ C(Y_1; Z)^{f1,1} C C(Y1;Z)

−−−−−−→ Y_1, C(Y_1; Z)^{ev} C Y1;Z

−−−→ Z � = � X^1_2 , . . . , X^{k2}_2 , . . . , X^1_n, . . . , X^{kn}_n^{f1,f2,...,fn}−−−−−−→ Y_1, Y_2, . . . , Y_n^1 C Y1 ,⟨g⟩

−−−−→ Y_1, C(Y_1; Z)^{ev} C Y1;Z

−−−→ Z � . The last two arrows compose to φ^C_{Y1;Y2,...,Yn;Z} (⟨g⟩) = g : Y_1, . . . , Y_n → Z, hence the whole composite is equal to (f_1, . . . , f_n) · g.

3.15. Lemma. Let f : X → Y and g : Y → Z be morphisms in a closed multicategory C. Then for each W ∈ Ob C holds C(W ; f · g) = C(W ; f) · C(W ; g).

Proof. The composite C(W ; f) · C(W ; g) can be written as

C(W ; X)^{⟨ev} C W ;X ·f⟩

−−−−−−→ C(W ; Y )^{C(W ;g)}−−−−→ C(W ; Z),

which is equal to ⟨ev^C_{W ;X} ·f · g⟩ = C(W ; f · g) by Proposition 3.14, (d).

3.16. Lemma. Let f : W → X and g : X → Y be morphisms in a closed multicategory C. Then for each Z ∈ Ob C holds C(f · g; Z) = C(g; Z) · C(f; Z).

Proof. The composite C(g; Z) · C(f; Z) can be written as

C(Y ; Z)^{⟨(g,1} C C(Y ;Z))·ev C Y ;Z ⟩

−−−−−−−−−−−→ C(X; Z)^{C(f;Z)}−−−−→ C(W ; Z),

which is equal to ⟨(f, 1^C_{(Y ;Z)}) · ((g, 1^C_{(Y ;Z)}) · ev^C_{Y ;Z} )⟩ = ⟨(f · g, 1^C_{(Y ;Z)}) · ev^C_{Y ;Z} ⟩ = C(f · g; Z) by Proposition 3.14, (b).

3.17. Lemma. Let f : W → X and g : Y → Z be morphisms in a closed multicategory C. Then C(f; Y ) · C(W ; g) = C(X; g) · C(f; Z).

Proof. Both sides of the equation are equal to ⟨(f, 1^C_{(X;Y )}) · ev^C_{X;Y} ·g⟩ by Proposition 3.14, (b),(d).

It follows from Lemmas 3.15–3.17 that there exists a functor C(−, −) : C^{op} × C → C, (X, Y ) → C(X; Y ), defined by the formula C(f; g) = C(f; Y ) · C(W ; g) = C(X; g) · C(f; Z) for each pair of morphisms f : W → X and g : Y → Z in C.

For each X, Y, Z ∈ Ob C there is a morphism L^X_{Y Z} : C(Y ; Z) → C(C(X; Y ); C(X; Z)) uniquely determined by the equation � C(X; Y ), C(Y ; Z)^{1,LXY Z}−−−→ C(X; Y ), C(C(X; Y ); C(X; Z))^{evC}−−→ C(X; Z) � = μ_C. (3.1)

3.18. Proposition. There is a C-functor L^X : C → C, Y → C(X; Y ), with the action on Hom-objects given by L^X_{Y Z} : C(Y ; Z) → C(C(X; Y ); C(X; Z)).

Proof. That so defined L^X preserves identities is a consequence of the identity axiom. The compatibility with composition is established as follows. Consider the diagram

C(X; Y ), C(Y ; Z), C(Z; W )

C(X; Y ), C(C(X; Y ); C(X; Z)), C(C(X; Z); C(X; W ))

C(X; Z), C(C(X; Z); C(X; W ))

C(X; Y ), C(Y ; W )

C(X; Y ), C(C(X; Y ); C(X; W ))

C(X; W )

1,L^X_{Y Z} ,L^X_{ZW} ev^C,1

1,μ_C 1,μ_C evC

1,L^X_{Y W} evC

By the definition of L^X the exterior expresses the associativity of μ_C. The right square is the definition of μ_C. By the closedness of C the square

C(Y ; Z), C(Z; W ) C(C(X; Y ); C(X; Z)), C(C(X; Z); C(X; W ))

C(Y ; W ) C(C(X; Y ); C(X; W ))

L^X_{Y Z} ,L^X_{ZW}

μ_C μ_C

L^X_{Y W}

is commutative, hence the assertion.

3.19. Definition. [1, Section 4.18] Let C, D be multicategories. Let F : C → D be a multifunctor. For each X_1, . . . , X_m, Z ∈ Ob C, define a morphism in D

F_{X1,...,Xm;Z} : F C(X_1, . . . , X_m; Z) → D(F X_1, . . . , F X_m; F Z)

as the only morphism that makes the diagram

F X_1, . . . , F X_m, F C(X_1, . . . , X_m; Z)

F X_1 . . . , F X_m, D(F X_1, . . . , F X_m; F Z)

F Z

1^D_{F X1} ,...,1^D_{F Xm} ,F_{X1,...,Xm;Z}

F ev^C_{X1,...,Xm;Z} ev^D_{F X1,...,F Xm;F Z}

commute. It is called the closing transformation of the multifunctor F .

The following properties of closing transformations can be found in [1, Section 4.18]. To keep the exposition self-contained we include their proofs here.

3.20. Proposition. [1, Lemma 4.19] The diagram C � Y_1, . . . , Y_n; C(X_1, . . . , X_m; Z) � D � F Y_1, . . . , F Y_n; F C(X_1, . . . , X_m; Z) �

D � F Y_1, . . . , F Y_n; D(F X_1, . . . , F X_m; F Z) �

C � X_1, . . . , X_m, Y_1, . . . , Y_n; Z � D � F X_1, . . . , F X_m, F Y_1, . . . , F Y_n; F Z �

F

D(1;F_{X1,...,Xm;Z} )

φ^D_{F X1,...,F Xm;F Y1,...,F Yn;F Z} φ^C_{X1,...,Xm;Y1,...,Yn;Z}

F (3.2) commutes, for each m, n ∈ N and objects X_i, Y_j, Z ∈ Ob C, 1 ≤ i ≤ m, 1 ≤ j ≤ n.

Proof. Pushing an arbitrary morphism g : Y_1, . . . , Y_n → C(X_1, . . . , X_m; Z) along the top-right path produces the composite

F X_1, . . . , F X_m, F Y_1, . . . , F Y_n^1 D F X1 ,...,1 D F Xm ,F g

−−−−−−−−−−−−−→ F X_1, . . . , F X_m, F C(X_1, . . . , X_m; Z)

1^D_{F X1} ,...,1^D_{F Xm} ,F_{(Xi);Z}

−−−−−−−−−−−−−→ F X_1, . . . , F X_m, D(F X_1, . . . , F X_m; F Z)

ev^D_{F X1,...,F Xm;F Z}

−−−−−−−−−−−−−→ F Z.

The composition of the last two arrows is equal to F ev^C_{X1,...,Xm;Z} by the definition of F_{X1,...,Xm;Z} . Since F preserves composition and identities, the above composite equals F � (1^C_{X1} , . . . , 1^C_{Xm} , g) · ev^C_{X1,...,Xm;Z} � = F � φ_{X1,...,Xm;Y1,...,Yn;Z} (g) � , hence the assertion.

Let F : V → W be a multifunctor, and let C be a V-category. We obtain a W-category F_∗C with the same set of objects if we define its Hom-objects by (F_∗C)(X, Y ) = F C(X, Y ), and identities and composition by respectively 1^{F∗C}_X = F (1^C_X ) : () → F C(X, X) and μ_{F∗C} = F (μ_C) : F C(X, Y ), F C(Y, Z) → F C(X, Z).

3.21. Proposition. [cf. [1, Proposition 4.21]] Let F : C → D be a multifunctor between closed multicategories. There is D-functor F : F_∗C → D, X → F X, such that

F_{X;Y} : (F_∗C)(X; Y ) = F C(X; Y ) → D(F X; F Y )

is the closing transformation, for each X, Y ∈ Ob C.

Proof. First, let us check that F preserves identities. In other words, we must prove the equation � ()^{F 1} C X−−→ F C(X; X)^{F X,X}−−−→ D(F X; F X) � = 1^D_{F X} .

Let us check that the left hand side solves the equation that determines the right hand side. We have: � F X^{1CF X ,F 1} C X −−−−−→ F X, F C(X; X)^1 C F X ,F_{X,X}

−−−−−−→ F X, D(F X; F X)^{evD}−−→ F X � = � F X^{1CF X ,F 1} C X −−−−−→ F X, F C(X; X)^{F evC}−−−→ F X � = F [(1^C_{F X} , 1^C_X ) · ev^C] = F 1^C_X = 1^D_{F X} .

To show that F preserves composition, we must show that the diagram

F C(X; X), F C(Y ; Z) F C(X; Z)

D(F X; F Y ), D(F Y ; F Z) D(F X; F Z)

F μ_C

μ_D

F_{X,Y} ,F_{Y,Z} F_{X,Z} (3.3)

F X, F C(X; Y ), F C(Y ; Z)

F Y, F C(Y ; Z) F X, F C(X; Z)

F X, D(F X; F Y ), D(F Y ; F Z)

F Y, D(F Y ; F Z) F X, D(F X; F Z)

F Z

F ev^C_{X;Y} ,1 F μ_C

1,F_{X;Y} ,F_{Y ;Z}

1,F_{Y ;Z}

ev^D_{F X;F Y} ,1 1,μD

1,F_{X,Z}

ev^D_{F Y ;F Z} ev^D_{F X;F Z}

F ev^C_{Y ;Z} F ev^C_{X;Z}

Figure 3.1

commutes. This follows from the diagram displayed on Figure 3.1. The lower diamond is the definition of μ_D. The exterior commutes by the definition of μ_C and because F preserves composition. The left upper diamond and both triangles commute by the definition of the closing transformation.

3.22. Lemma. [1, Lemma 4.25] Let C, D, E be closed multicategories and C^F−→ D^G−→ E multifunctors. Then

G ∘ F_{X1,...,Xm;Y} = � GF C(X_1, . . . , X_m; Y )^{GF X1,...,Xm;Y}

−−−−−−−−−−→ GD(F X_1, . . . , F X_m; F Y )

G_{F X1,...,F Xm;F Y}

−−−−−−−−−−→ E(GF X_1, . . . , GF X_m; GF Y ) � .

Proof. This follows from the commutative diagram

GF X_1, . . . , GF X_m, GD(F X_1, . . . , F X_m; F Y )

GF X_1, . . . , GF X_m, E(GF X_1, . . . , GF X_m; GF Y )

GF X_1, . . . , GF X_m, GF C(X_1, . . . , X_m; Y )

GF Y

1^E_{GF X1} ,...,1^E_{GF Xm} ,GF_{X1,...,Xm;Y}

1^E_{GF X1} ,...,1^E_{GF Xm} ,G_{F X1,...,F Xm;F Y} ev^E_{GF X1,...,GF Xm;GF Y}

GF ev^C_{X1,...,Xm;Y}

G ev^D_{F X1,...,F Xm;F Y}

The upper triangle is the definition of G_{F X1,...,F Xm;F Y} , the lower triangle commutes by the definition of F_{X1,...,Xm;Y} and because G preserves composition.

3.23. Proposition. [1, Lemma 4.24] Let ν : F → G : C → D be a multinatural transformation of multifunctors between closed multicategories. Then the diagram

F C(X_1, . . . , X_m; Y ) D(F X_1, . . . , F X_m; F Y )

GC(X_1, . . . , X_m; Y )

D(GX_1, . . . , GX_m; GY ) D(F X_1, . . . , F X_m; GY )

F_{X1,...,Xm;Y}

ν_{C(X1,...,Xm;Y )}

D(F X_1,...,F X_m;ν_Y )

G_{X1,...,Xm;Y}

D(ν_{X1} ,...,ν_{Xm} ;GY )

(3.4)

is commutative.

Proof. The claim follows from the diagram displayed on Figure 3.2. Its exterior commutes by the multinaturality of ν. The quadrilateral in the middle is the definition of D(ν_{X1} , . . . , ν_{Xm} ; GY ). The trapezoid on the right is the definition of D(F X_1, . . . , F X_m; ν_Y ). The triangles commute by the definition of closing transformation.

4. From closed multicategories to closed categories

A closed category comes equipped with a distinguished object 1. We want to produce a closed category out of a closed multicategory, so we need a notion of a closed multicategory

F X_1, . . . , F X_m, F C(X_1, . . . , X_m; Y )

F X_1, . . . , F X_m, GC(X_1, . . . , X_m; Y )

F X_1, . . . , F X_m, D(F X_1, . . . , F X_m; F Y )

F X_1, . . . , F X_m, D(GX_1, . . . , GX_m; GY )

F X_1, . . . , F X_m, D(F X_1, . . . , F X_m; GY )

GX_1, . . . , GX_m, GC(X_1, . . . , X_m; Y )

F Y

GX_1, . . . , GX_m, D(GX_1, . . . , GX_m; GY )

GY

1^D_{F X1} ,...,1^D_{F Xm} ,ν_{C(X1,...,Xm;Y )}

1^D_{F X1} ,...,1^D_{F Xm} ,F

1^D_{F X1} ,...,1^D_{F Xm} ,G

1^D_{F X1} ,...,1^D_{F Xm} ,D(ν_{X1} ,...,ν_{Xm} ;GY )

1^D_{F X1} ,...,1^D_{F Xm} ,D(F X_1,...,F X_m;ν_Y )

ν_{X1} ,...,ν_{Xm} ,1^D_{GC(X1,...,Xm;Y )} ev^D

1^D_{GX1} ,...,1^D_{GXm} ,G ν_Y

ν_{X1} ,...,ν_{Xm} ,1^D_{(GX1,...,GXm;GY )}

ev^D

ev^D

F ev^C

G ev^C

Figure 3.2 with a unit object. We introduce it in somewhat ad hoc fashion, which is sufficient for our purposes though. Similarly to closedness, possession of a unit object is a property of a closed multicategory rather than additional data.

4.1. Definition. Let C be a closed multicategory. A unit object of C is an object 1 ∈ Ob C together with a morphism u : () → 1 such that, for each X ∈ Ob C, the morphism

C(u; 1) : C(1; X) → C(; X) = X

is an isomorphism.

4.2. Remark. Suppose that 1 is a unit object of a closed multicategory C. Then C(u; X) : C(1; X) → C(; X) is a bijection, as follows from the equation � C(; C(1; X))^{φC}−→_∼ C(1; X)^{C(u;X)}−−−−→ C(; X) � = C(; C(u; X)),

which is an immediate consequence of the definitions. The bijectivity of C(u; X) can be stated as the following universal property: for each morphism f : () → X, there exists a unique morphism f : 1 → X such that u · f = f. In particular, a unit object, if it exists, is unique up to isomorphism.

4.3. Proposition. A closed multicategory C with a unit object gives rise to a closed category (C, C(−, −), 1, i, j, L), where:

• C is the underlying category of the multicategory C;

• C(X, Y ) = C(X; Y ), for each X, Y ∈ Ob C;

• 1 is the unit object of C;

• i_X = � C(u; X)

�_{−1} : X = C(; X) → C(1; X);

• j_X = 1^C_X : 1 → C(X; X) is a unique morphism such that � ()^u−→ 1^{jX}−→ C(X; X) � = 1^C_X ;

• L^X_{Y Z} : C(Y ; Z) → C(C(X; Y ); C(X; Z)) is determined uniquely by equation (3.1).

We shall call C the underlying closed category of C. Usually we do not distinguish notationally between a closed multicategory and its underlying closed category; this should lead to minimal confusion.

Proof. We leave it as an easy exercise for the reader to show the naturality of i_X , j_X , and L^X_{Y Z} , and proceed directly to checking the axioms.

CC1. By Remark 4.2 the equation � 1^{jY}−→ C(Y ; Y )^{LXY Y}−−→ C(C(X; Y ); C(X; Y )) � = j_{C(X;Y )}

is equivalent to the equation � ()^{u·jY}−−→_{1C} Y C(Y, Y )^{LXY Y}−−→ C(C(X; Y ); C(X; Y )) � = u · j_{C(X;Y )} = 1^C_{(X;Y )},

which expresses the fact that the C-functor L^X preserves identities.

CC2. The equation in question � C(X; Y )^{LXY}−−→ C(C(X; X); C(X; Y ))^{C(jX ;1)}−−−−→ C(1; C(X; Y )) � = i_{C(X;Y )} = (C(u; 1))^{−1}

is equivalent to � C(X; Y )^{LXY}−−→ C(C(X; X); C(X; Y ))^{C(u·jX ;1)}−−−−−→_{C(1C}

X ;1)

C(; C(X; Y )) = C(X; Y ) � = 1^C_{(X;Y )}.

The left hand side is equal to � C(X; Y )^{LXY Z}−−→ C(C(X; X); C(X; Y ))^1 C X ,1

−−→ C(X; X), C(C(X; X); C(X; Y ))^{evC}−−→ C(X; Y ) � = � C(X; Y )^1 C X ,1

−−→ C(X; X), C(X; Y )^{1,LXY Z}−−−→ C(X; X), C(C(X; X); C(X; Y ))^{evC}−−→ C(X; Y ) � = � C(X; Y )^1 C X ,1

−−→ C(X; X), C(X; Y )^{μC}−→ C(X; Y ) � = 1^C_{(X;Y )}

by the identity axiom in the C-category C.

CC3. The commutativity of the diagram

C(U; V ) C(C(Y ; U); C(Y ; V ))

C(C(X; U); C(X; V ))

C(C(Y ; U); C(C(X; Y ); C(X; V )))

C(C(C(X; Y ); C(X; U)); C(C(X; Y ); C(X; V )))

L^Y_{UV}

L^X_{UV}

C(1;L^X_{Y V} )

L^{C(X;Y )}

C(X;U),C(X;V )

C(L^X_{Y U} ;1)

is equivalent by closedness to the commutativity of the exterior of the diagram displayed on Figure 4.1, which just expresses the fact that the C-functor L^X : C → C preserves composition and which is part of the assertion of Proposition 3.18.

C(Y ; U), C(U; V ) C(Y ; V )

C(Y ; U), C(C(Y ; U); C(Y ; V ))

C(Y ; U), C(C(X; U); C(X; V )) C(Y ; U), C(C(Y ; U); C(C(X; Y ); C(X; V )))

C(Y ; U), C(C(C(X; Y ); C(X; U)); C(C(X; Y ); C(X; V )))

C(C(X; Y ); C(X; U)), C(C(C(X; Y ); C(X; U)); C(C(X; Y ); C(X; V )))

C(C(X; Y ); C(X; U)), C(C(X; U); C(X; V )) C(C(X; Y ); C(X; V ))

μ_C

1,L^Y_{UV}

1,L^X_{UV}

L^X_{Y U} ,L^X_{UV} L^X_{Y V} ev^C

1,C(1;L^X_{Y V} )

1,L^{C(X;Y )}

C(X;U),C(X;V )

L^X_{Y U} ,1 ev^C

1,C(L^X_{Y U} ;1)

L^X_{Y U} ,1

ev^C

1,L^{C(X;Y )}

C(X;U),C(X;V )

μ_C

Figure 4.1

CC4. The equation in question � C(Y ; Z)^{L1}−→ C(C(1; Y ); C(1; Z))^{C(iY ;1)}−−−−→ C(Y ; C(1; Z)) � = C(1; i_Z ) is equivalent to the equation � C(Y ; Z)^{L1}−→ C(C(1; Y ); C(1; Z))^{C(1;C(u;1))}−−−−−−→ C(C(1; Y ); Z) � = C(C(u; 1); 1).

The latter follows by closedness from the commutative diagram

C(1; Y ), C(Y ; Z) C(1; Y ), C(C(1; Y ), C(1; Z))

C(1; Z) C(1; Y ), C(C(1; Y ); Z)

1, C(1; Y ), C(Y ; Z) 1, C(1; Z)

Y, C(Y ; Z) Z

1,L^1

μ_C ev^C 1,C(1;C(u;1))

u,1,1

C(u;1),1 1,μ_C C(u;1) ev^C

ev^C u,1

ev^C,1 ev^C

in which the bottom quadrilateral is the definition of μ_C, the right hand side quadrilateral is the definition of the morphism C(1; C(u; 1)), the top triangle is the definition of L^1, and the remaining triangles commute by the definition of C(u; 1). CC5. A straightforward computation shows that the composite

C(X; Y )^γ−→ C(1; C(X; Y ))^{C(u;1)}−−−→_∼ C(; C(X; Y ))^{φC}−→_∼ C(X; Y )

is the identity map, which readily implies that γ is a bijection.

The proposition is proven.

4.4. Proposition. Let C and D be closed multicategories with unit objects. Let C and D denote the corresponding underlying closed categories. A multifunctor F : C → D gives rise to a closed functor Φ = (ϕ, ϕ̂, ϕ^0) : C → D, where:

• ϕ : C → D is the underlying functor of the multifunctor F ; • ϕ̂ = ϕ̂_{X,Y} = F_{X,Y} : F C(X; Y ) → D(F X; F Y ) is the closing transformation;

• ϕ^0 = F u : 1 → F 1 is a unique morphism such that � ()^u−→ 1^{ϕ0}−→ F 1 � = F u.

Proof. Let us check the axioms.

CF1. By Remark 4.2 the equation � 1^{ϕ0}−→ F 1^{F jX}−−→ F C(X; X)^F−→ D(F X; F X) � = j_{F X}

is equivalent to the equation � ()^u−→ 1^{ϕ0}−→ F 1^{F jX}−−→ F C(X; X)^F−→ D(F X; F X) � = u · j_{F X} = 1^D_{F X} .

Since u · ϕ^0 · F j_X = F u · F j_X = F (u · j_X ) = F 1^C_X , the above equation simply expresses the fact that the D-functor F : F_∗C → D preserves identities, which is part of Proposition 3.21.

CF2. The equation in question � F X^{F iX}

−−−−−−→

F C(u;1)^{−1}

F C(1; X)^F−→ D(F 1; F X)^{D(ϕ0;1)}−−−−→ D(1; F X) � = i_{F X} = D(u; 1)^{−1}

is equivalent to � F C(1; X)^F−→ D(F 1; F X)^{D(ϕ0;1)}−−−−→ D(1; F X)^{D(u;1)}−−−→ D(; F X) = F X � = F C(u; 1). (4.1)

The composition of the last two arrows is equal to D(F u; 1). Hence the left hand side of the above equation is equal to � F C(1; X)^F−→ D(F 1; F X)^{D(F u;1)}−−−−→ D(; F X) = F X � = � F C(1; X)^F−→ D(F 1; F X)^{F u,1}−−→ F 1, D(F 1; F X)^{evD}−−→ F X � = � F C(1; X)^{F u,1}−−→ F 1, F C(1; X)^{1,F}−−→ F 1, D(F 1; F X)^{evD}−−→ F X � = � F C(1; X)^{F u,1}−−→ F 1, F C(1; X)^{F evC}−−−→ F X � = F ((u, 1) · ev^C) = F C(u; 1).

CF3. We must prove that the diagram

F C(Y ; Z) F C(C(X; Y ); C(X; Z)) D(F C(X; Y ); F C(X; Z))

D(F Y ; F Z) D(D(F X; F Y ); D(F X; F Z)) D(F C(X; Y ); D(F X; F Z))

F L^X F

F D(1;F )

L^{F X} D(F ;1)

commutes. By closedness, this is equivalent to the commutativity of the exterior of the diagram displayed on Figure 4.2, which expresses the fact that the D-functor F : F_∗C → D preserves composition and which is part of Proposition 3.21.

The proposition is proven.

F C(X; Y ), F C(Y ; Z) D(F X; F Y ), D(F Y ; F Z)

F C(X; Y ), D(F Y ; F Z)

F C(X; Y ), F C(C(X; Y ); C(X; Z))

F C(X; Y ), D(D(F X; F Y ); D(F X; F Z))

F C(X; Y ), D(F C(X; Y ); F C(X; Z))

F C(X; Y ), D(F C(X; Y ); D(F X; F Z))

D(F X; F Y ), D(D(F X; F Y ); D(F X; F Z))

F C(X; Z) D(F X; F Z)

F ,F 1,F

1,F L^X

F μ_C

1,L^{F X}

μ_D

F ,1

1,L^{F X}

1,F

F ev^C 1,D(F ;1)

F ,1

1,D(1;F ) ev^D

ev^D ev^D

F

Figure 4.2

4.5. Proposition. A multinatural transformation t : F → G : C → D of multifunctors between closed multicategories with unit objects gives rise to a closed natural transformation given by the same components.

Proof. Let Φ = (ϕ, ϕ̂, ϕ^0), Ψ = (ψ, ψ̂, ψ^0) : C → D be closed functors induced by the multifunctors F and G respectively. The axiom CN1 reads � 1^{ϕ0}−→ F 1^{t1}−→ G1 � = ψ^0.

It is equivalent to the equation � ()^u−→ 1^{ϕ0}−→ F 1^{t1}−→ G1 � = u · ψ^0,

i.e., to the equation F u · t_1 = Gu, which is a consequence of the multinaturality of t. The axiom CN2 is a particular case of Proposition 3.23.

Let ClMulticat^u denote the full 2-subcategory of ClMulticat whose objects are closed multicategories with a unit object. Note that a 2-category is the same thing as a Cat-category. Thus we can speak about Cat-functors between 2-categories. These are sometimes called strict 2-functors; they preserve composition of 1-morphisms and identity 1-morphisms on the nose.

4.6. Proposition. Propositions 4.3, 4.4, and 4.5 define a Cat-functor

U : ClMulticat^u → ClCat.

Proof. It is obvious that composition of 2-morphisms and identity 2-morphisms are preserved. It is also clear that the identity multifunctor induces the closed identity functor. Finally, composition of 1-morphisms is preserved by Lemma 3.22.

5. From closed categories to closed multicategories

In this section we prove our main result.

5.1. Theorem. The Cat-functor U : ClMulticat^u → ClCat is a Cat-equivalence.

We have to prove that U is bijective on 1-morphisms and 2-morphisms, and that it is essentially surjective; the latter means that for each closed category V there is a closed multicategory with a unit object such that its underlying closed category is isomorphic (as a closed category) to V.

5.2. The surjectivity of U on 1-morphisms Let C and D be closed multicategories with unit objects. Denote their underlying closed categories by the same symbols. Let Φ = (ϕ, ϕ̂, ϕ^0) : C → D be a closed functor. We are going to define a multifunctor

F : C → D whose underlying closed functor is Φ. Define F X = ϕX, for each X ∈ Ob C. For each Y ∈ Ob C, the map F_{;Y} : C(; Y ) → D(; ϕY ) is defined via the diagram C(; Y ) D(; ϕY )

C(1; Y ) D(ϕ1; ϕY ) D(1; ϕY )

F_{;Y}

C(u;1) ≀ D(u;1) ≀ ϕ D(ϕ^0;1)

Recall that for a morphism f : () → Y we denote by f : 1 → Y a unique morphism such that u · f = f. Then the commutativity in the above diagram means that F f = � ()^u−→ 1^{ϕ0}−→ ϕ1^{ϕ(f )}−−→ ϕY � , (5.1) for each f : () → Y . For n ≥ 1 and X_1, . . . , X_n, Y ∈ Ob C, the map F_{X1,...,Xn;Y} : C(X_1, . . . , X_n; Y ) → D(ϕX_1, . . . , ϕX_n; ϕY ) is defined inductively by requesting the commutativity in the diagram

C(X_2, . . . , X_n; C(X_1; Y )) D(ϕX_2, . . . , ϕX_n; ϕC(X_1; Y ))

D(ϕX_2, . . . , ϕX_n; D(ϕX_1; ϕY ))

C(X_1, . . . , X_n; Y ) D(ϕX_1, . . . , ϕX_n; ϕY )

F_{X2,...,Xn;C(X1;Y )}

φ^C ≀

D(1;ϕ̂)

φ^D ≀ F_{X1,...,Xn;Y}

(5.2)

5.3. Lemma. The following diagram commutes C(; C(X; Y )) D(; ϕC(X; Y )) D(; D(ϕX; ϕY ))

C(X; Y ) D(ϕX; ϕY )

F_{;C(X;Y )} D(;ϕ̂)

φ^C ≀ φ^D≀ ϕ In particular, F_{X;Y} = ϕ_{X,Y} : C(X; Y ) → D(ϕX; ϕY ).

Proof. Equivalently, the exterior of the diagram

C(; C(X; Y )) D(; ϕC(X; Y )) D(; D(ϕX; ϕY ))

C(1; C(X; Y )) D(ϕ1; ϕC(X; Y )) D(1; ϕC(X; Y )) D(1; D(ϕX; ϕY ))

C(X; Y ) D(ϕX; ϕY )

F_{;C(X;Y )} D(;ϕ̂)

C(u;1)

≀ D(u;1) ≀ D(u;1) ≀ ϕ D(ϕ^0;1) D(1;ϕ̂)

γ γ ϕ

(φ^C)^{−1} (φ^D)^{−1}

commutes. The upper pentagon is the definition of F_{;C(X;Y )}. The bottom hexagon commutes. Indeed, taking f ∈ C(X; Y ) and tracing it along the left-top path yields ϕ^0 · ϕ(j_X ) · ϕC(1; f) · ϕ̂ = ϕ^0 · ϕ(j_X ) · ϕ̂ · D(1; ϕ(f)) (naturality of ϕ̂) = j_{ϕX} · D(1; ϕ(f)), (axiom CF1) which is precisely the image of f along the bottom-right path. 5.4. Lemma. For each f : () → Y and Z ∈ Ob C, the diagram

ϕC(Y ; Z) ϕC(; Z) ϕZ

D(ϕY ; ϕZ) D(; ϕZ) ϕZ

ϕC(f;1)

ϕ̂ D(F f;1)

commutes.

Proof. By definition, F f = � ()^u−→ 1^{ϕ0}−→ ϕ1^{ϕ(f )}−−→ ϕY � . The diagram

ϕC(Y ; Z) ϕC(1; Z) ϕC(; Z) ϕZ

D(ϕY ; ϕZ) D(ϕ1; ϕZ) D(; ϕZ) ϕZ

ϕC(f;1) ϕC(u;1)

ϕ̂ ϕ̂ D(ϕ(f );1) D(u·ϕ^0;1) ϕC(f;1)

D(F f;1)

commutes. Indeed, the left square commutes by the naturality of ϕ̂, while the commutativity of the right square is a consequence of the axiom CF2, see (4.1).

With the notation of Lemma 3.14, we can rewrite the commutativity condition in diagram (5.2) as a recursive formula for the multigraph morphism F : F f = φ^D(F ((φ^C)^{−1}(f)) · ϕ̂) = φ^D(F ⟨f⟩ · ϕ̂), for each f : X_1, . . . , X_n → Y with n ≥ 1, or equivalently ⟨F f⟩ = � ϕX_2, . . . , ϕX_n^{F ⟨f⟩}−−→ ϕC(X_1; Y )^{ϕ̂}−→ D(ϕX_1; ϕY ) � . (5.3) 5.5. Lemma. For each X, Y, Z ∈ Ob C, the diagram ϕC(X; Y ), ϕC(Y ; Z) ϕC(X; Z)

D(ϕX; ϕY ), D(ϕY ; ϕZ) D(ϕX; ϕZ)

F μ_C

ϕ̂,ϕ̂ ϕ̂ μ_D

commutes.

Proof. It suffices to prove the equation ⟨F μ_C · ϕ̂⟩ = ⟨(ϕ̂, ϕ̂) · μ_D⟩.

By Lemma 3.14,(c), the left hand side is equal to

ϕC(Y ; Z)^{⟨F μC⟩}−−−→ D(ϕC(X; Y ); ϕC(X; Z))^{D(1;ϕ̂)}−−−→ D(ϕC(X; Y ); D(ϕX; ϕZ)), while the right hand side is equal to ϕC(Y ; Z)^{ϕ̂}−→ D(ϕY ; ϕZ)^{⟨μD⟩}−−→ D(D(ϕX; ϕY ); D(ϕY ; ϕZ))^{D(ϕ̂;1)}−−−→ D(ϕC(X; Y ); D(ϕX; ϕZ)) by Lemma 3.14,(b). Note that ⟨μ_D⟩ = (φ^D)^{−1}(μ_D) = L^{ϕX} . Furthermore, by (5.3), ⟨F μ_C⟩ = � ϕC(Y ; Z)^{ϕ⟨μC⟩}−−−→ ϕC(C(X; Y ); C(X; Z))^{ϕ̂}−→ D(ϕC(X; Y ); ϕC(X; Z)) � = � ϕC(Y ; Z)^{ϕLX}−−→ ϕC(C(X; Y ); C(X; Z))^{ϕ̂}−→ D(ϕC(X; Y ); ϕC(X; Z)) � , therefore the equation in question is simply the axiom CF3.

5.6. Proposition. The multigraph morphism F : C → D is a multifunctor, and its underlying closed functor is Φ.

Proof. Trivially, F preserves identities since so does ϕ. Let us prove that F preserves composition. The proof is in three steps.

5.7. Lemma. F preserves composition of the form X_1, . . . , X_k^f−→ Y^g−→ Z.

Proof. The proof is by induction on k. There is nothing to prove in the case k = 1. Suppose that k = 0 and we are given composable morphisms

()^f−→ X^g−→ Y.

Then since u · fg = f · g = (u · f) · g = u · (f · g), it follows that f · g = f · g. By formula (5.1),

F (f · g) = u · ϕ^0 · ϕ(f · g) = u · ϕ^0 · ϕ(f · g) = u · ϕ^0 · ϕ(f) · ϕ(g) = F f · F g. Suppose that k > 1. Then ⟨F (f · g)⟩ = F ⟨f · g⟩ · ϕ̂ (formula (5.3)) = F (⟨f⟩ · C(1; g)) · ϕ̂ (Lemma 3.14,(c)) = F ⟨f⟩ · ϕC(1; g) · ϕ̂ (induction hypothesis) = F ⟨f⟩ · ϕ̂ · D(1; ϕ(g)) (naturality of ϕ̂) = ⟨F f⟩ · D(1; F g) (formula (5.3)) = ⟨F f · F g⟩, (Lemma 3.14,(c)) and induction goes through.

5.8. Lemma. F preserves composition of the form

X^1_1 , . . . , X^{k1}_1 , X^1_2 , . . . , X^{k2}_2^{f1,f2}−−−→ Y_1, Y_2^g−→ Z . Proof. The proof is by induction on k_1. If k_1 = 0, then by Lemma 3.14,(a),

(f_1, f_2) · g = � X^1_2 , . . . , X^{k2}_2^{f2}−→ Y_2^{⟨g⟩}−→ C(Y_1; Z)^{C(f1;1)}−−−−→ C(; Z) = Z � , therefore F ((f_1, f_2) · g) = F f_2 · ϕ⟨g⟩ · ϕC(f_1; 1) (Lemma 5.7) = F f_2 · ϕ⟨g⟩ · ϕ̂ · D(ϕ(f_1); 1) (Lemma 5.4) = F f_2 · ⟨F g⟩ · D(F f_1; 1) (formula (5.3)) = (F f_1, F f_2) · F g. (Lemma 3.14,(a)) If k_1 = 1, then by Lemma 3.14,(b),

⟨(f_1, f_2) · g⟩ = � X^1_2 , . . . , X^{k2}_2^{f2}−→ Y_2^{⟨g⟩}−→ C(Y_1; Z)^{C(f1;1)}−−−−→ C(X^1_1 ; Z) � , therefore ⟨F ((f_1, f_2) · g)⟩ = F ⟨(f_1, f_2) · g⟩ · ϕ̂ (formula (5.3)) = F f_2 · ϕ⟨g⟩ · ϕC(f_1; 1) · ϕ̂ (Lemma 5.7) = F f_2 · ϕ⟨g⟩ · ϕ̂ · D(ϕ(f_1); 1) (naturality of ϕ̂) = F f_2 · ⟨F g⟩ · D(F f_1; 1) (formula (5.3)) = ⟨(F f_1, F f_2) · F g⟩, (Lemma 3.14,(b)) and hence F ((f_1, f_2)·g) = (F f_1, F f_2)·F g. Suppose that k_1 > 1. Then by Lemma 3.14,(c) ⟨(f_1, f_2) · g⟩ is equal to the composite

X^2_1 , . . . , X^{k1}_1 , X^1_2 , . . . , X^{k2}_2^{⟨f1⟩,f2}−−−−→ C(X^1_1 ; Y_1), Y_2^{1,⟨g⟩}−−→ C(X^1_1 ; Y_1), C(Y_1; Z)^{μC}−→ C(X^1_1 ; Z), therefore

⟨F ((f_1, f_2) · g)⟩ = F ⟨(f_1, f_2) · g⟩ · ϕ̂ (formula (5.3)) = (F ⟨f_1⟩, F f_2) · F ((1, ⟨g⟩)μ_C) · ϕ̂ (induction hypothesis) = (F ⟨f_1⟩, F f_2) · (1, F ⟨g⟩) · F μ_C · ϕ̂ (case k_1 = 1) = (F ⟨f_1⟩, F f_2) · (1, F ⟨g⟩) · (ϕ̂, ϕ̂) · μ_D (Lemma 5.5) = (F ⟨f_1⟩ · ϕ̂, F f_2) · (1, F ⟨g⟩ · ϕ̂) · μ_D = (⟨F f_1⟩, F f_2) · (1, ⟨F g⟩) · μ_D (formula (5.3)) = ⟨(F f_1, F f_2) · F g⟩, (Lemma 3.14,(c)) hence F ((f_1, f_2) · g) = (F f_1, F f_2) · F g, and the lemma is proven. 5.9. Lemma. F preserves composition of the form

X^1_1 , . . . , X^{k1}_1 , . . . , X^1_n, . . . , X^{kn}_n^{f1,...,fn}−−−−→ Y_1, . . . , Y_n^g−→ Z. (5.4) Proof. The proof is by induction on n, and for a fixed n by induction on k_1. We have worked out the cases n = 1 and n = 2 explicitly in Lemmas 5.7 and 5.8. Assume that F preserves an arbitrary composition of the form

U^1_1 , . . . , U^{l1}_1 , . . . , U^1_{n−1}, . . . , U^{ln−1}_{n−1}^{p1,...,pn−1}−−−−−−→ V_1, . . . , V_{n−1}^q−→ W, and suppose we are given composite (5.4). We do induction on k_1. If k_1 = 0, then by Lemma 3.14,(a) (f_1, . . . , f_n) · g is equal to the composite

X^1_2 , . . . , X^{k2}_2 , . . . , X^1_n, . . . , X^{kn}_n^{f2,...,fn}−−−−→ Y_2, . . . , Y_n^{⟨g⟩}−→ C(Y_1; Z)^{C(f1;1)}−−−−→ C(; Z) = Z, therefore

F ((f_1, . . . , f_n) · g) = (F f_2, . . . , F f_n) · F (⟨g⟩ · C(f_1; 1)) (induction hypothesis) = (F f_2, . . . , F f_n) · (F ⟨g⟩ · ϕC(f_1; 1)) (Lemma 5.7) = (F f_2, . . . , F f_n) · (F ⟨g⟩ · ϕ̂ · D(ϕ(f_1); 1)) (Lemma 5.4) = (F f_2, . . . , F f_n) · (⟨F g⟩ · D(F f_1; 1)) (formula (5.3)) = (F f_1, . . . , F f_n) · F g. (Lemma 3.14,(a)) Suppose that k_1 = 1. Then by Lemma 3.14,(b) ⟨(f_1, . . . , f_n) · g⟩ is equal to the composite

X^1_2 , . . . , X^{k2}_2 , . . . , X^1_n, . . . , X^{kn}_n^{f2,...,fn}−−−−→ Y_2, . . . , Y_n^{⟨g⟩}−→ C(Y_1; Z)^{C(f1;1)}−−−−→ C(X^1_1 ; Z), therefore

⟨F ((f_1, . . . , f_n) · g)⟩ = F ⟨(f_1, . . . , f_n) · g⟩ · ϕ̂ (formula (5.3)) = (F f_2, . . . , F f_n) · F (⟨g⟩ · C(f_1; 1)) · ϕ̂ (induction hypothesis) = (F f_2, . . . , F f_n) · F ⟨g⟩ · ϕC(f_1; 1) · ϕ̂ (Lemma 5.7) = (F f_2, . . . , F f_n) · F ⟨g⟩ · ϕ̂ · D(ϕ(f_1); 1) (naturality of ϕ̂) = (F f_2, . . . , F f_n) · ⟨F g⟩ · D(F f_1; 1) (formula (5.3)) = ⟨(F f_1, . . . , F f_n) · F g⟩, (Lemma 3.14,(b)) and hence F ((f_1, . . . , f_n) · g) = (F f_1, . . . , F f_n) · F g. Suppose that k_1 > 1, then by Lemma 3.14,(c) ⟨(f_1, . . . , f_n) · g⟩ is equal to the composite

X^2_1 , . . . , X^{k1}_1 , X^1_2 , . . . , X^{k2}_2 , . . . , X^1_n, . . . , X^{kn}_n^{⟨f1⟩,f2,...,fn}−−−−−−−→ C(X^1_1 ; Y_1), Y_2, . . . , Y_n

1,⟨g⟩

−−−−−−−→ C(X^1_1 ; Y_1), C(Y_1; Z)

μ_C

−−−−−−−→ C(X^1_1 ; Z),

therefore ⟨F ((f_1, . . . , f_n) · g)⟩ = F ⟨(f_1, . . . , f_n) · g⟩ · ϕ̂ (formula (5.3)) = (F ⟨f_1⟩, F f_2, . . . , F f_n) · F ((1, ⟨g⟩)μ_C) · ϕ̂ (induction hypothesis) = (F ⟨f_1⟩, F f_2, . . . , F f_n) · (1, F [g]) · F μ_C · ϕ̂ (Lemma 5.8) = (F ⟨f_1⟩, F f_2, . . . , F f_n) · (1, F ⟨g⟩) · (ϕ̂, ϕ̂) · μ_D (Lemma 5.5) = (F ⟨f_1⟩ · ϕ̂, F f_2, . . . , F f_n) · (1, F ⟨g⟩ · ϕ̂) · μ_D = (⟨F f_1⟩, F f_2, . . . , F f_n) · (1, ⟨F g⟩) · μ_D (formula (5.3)) = ⟨(F f_1, . . . , F f_n) · F g⟩, (Lemma 3.14,(c)) hence F ((f_1, . . . , f_n) · g) = (F f_1, . . . , F f_n) · F g, and induction goes through.

Thus we have proven that F : C → D is a multifunctor. By construction, its underlying functor is ϕ. Furthermore, the closing transformation F_{X;Y} coincides with ϕ̂_{X,Y} : ϕC(X; Y ) → D(ϕX; ϕY ). Indeed, we first observe that F_{X,Y} = ⟨F evC⟩, where ev^C : X, C(X; Y ) → Y is the evaluation morphism. Further, by formula (5.3),

F_{X,Y} = ⟨F ev^C⟩ = ϕ⟨ev^C⟩ · ϕ̂_{X,Y} = ϕ̂_{X,Y} ,

since ⟨ev^C⟩ = 1 : C(X; Y ) → C(X; Y ). Finally,

F u = � ()^u−→ 1^{ϕ0}−→ ϕ1 � . Indeed, by formula (5.1),

F u = � ()^u−→ 1^{ϕ0}−→ ϕ1^{ϕ(u)}−−→ ϕ1 � = � ()^u−→ 1^{ϕ0}−→ ϕ1 � , since u = 1 : 1 → 1. Thus we conclude that F : C → D is a multifunctor whose underlying closed functor is Φ. The proposition is proven.

5.10. The injectivity of U on 1-morphisms The following proposition shows that the Cat-functor U is injective on 1-morphisms.

5.11. Proposition. Let F, G : C → D be multifunctors between closed multicategories with unit objects. Suppose that F and G induce the same closed functor Φ = (ϕ, ϕ̂, ϕ^0) between the underlying closed categories. Then F = G.

Proof. By assumption, the underlying functors of the multifunctors F and G are the same and are equal to the functor ϕ. Let us prove that F f = Gf, for each f : X_1, . . . , X_n → Y . The proof is by induction on n. There is nothing to prove if n = 1. Suppose that n = 0, i.e., f is a morphism () → Y . Then since F and G are multifunctors,

F f = F (u · f) = F u · F f, Gf = G(u · f) = Gu · Gf.

Since F and G coincide on morphisms with one source object, it follows that F f = Gf. Furthermore, F u = � ()^u−→ 1^{ϕ0}−→ F 1 = G1 � = Gu, hence F f = Gf. The induction step follows from the commutative diagram

C(X_2, . . . , X_n; C(X_1; Y )) D(ϕX_2, . . . , ϕX_n; ϕC(X_1; Y ))

D(ϕX_2, . . . , ϕX_n; D(ϕX_1; ϕY ))

C(X_1, . . . , X_n; Y ) D(ϕX_1, . . . , ϕX_n; ϕY )

F

φ^C ≀

D(1;ϕ̂)

φ^D ≀ F and a similar diagram for G, which are particular cases of Proposition 3.20.

5.12. The bijectivity of U on 2-morphisms The following proposition implies that U is bijective on 2-morphisms.

5.13. Proposition. Let F, G : C → D be multifunctors between closed multicategories with unit objects. Denote by Φ = (ϕ, ϕ̂, ϕ^0) and Ψ = (ψ, ψ̂, ψ^0) the corresponding closed functors. Let r : Φ → Ψ be a closed natural transformation. Then r is also a multinatural transformation F → G : C → D.

Proof. We must prove that, for each f : X_1, . . . , X_n → Y , the equation

F f · r_Y = (r_{X1} , . . . , r_{Xn} ) · Gf

holds true. The proof is by induction on n. Suppose that n = 0, and that f is a morphism () → Y . The axiom CN1 � 1^{ϕ0}−→ F 1^{r1}−→ G1 � = ψ^0

implies � ()^{F u}−→ F 1^{r1}−→ G1 � = Gu.

It follows that

F f · r_Y = F u · F f · r_Y = F u · r_1 · Gf = Gu · Gf = Gf,

where the second equality is due to the naturality of r. There is nothing to prove in the case n = 1. Suppose that n > 1. It suffices to prove that

⟨F f · r_Y ⟩ = ⟨(r_{X1} , . . . , r_{Xn} ) · Gf⟩ : F X_2, . . . , F X_n → D(F X_1; GY ).

By Lemma 3.14,(c), the left hand side expands out as ⟨F f⟩ · D(1; r_Y ), which by formula (5.3) is equal to F ⟨f⟩ · ϕ̂ · D(1; r_Y ). By Lemma 3.14,(b), the right hand side of the equation in question is equal to (r_{X2} , . . . , r_{Xn} ) · ⟨Gf⟩ · D(r_{X1} ; 1), which by formula (5.3) is equal to (r_{X2} , . . . , r_{Xn} ) · G⟨f⟩ · ψ̂ · D(r_{X1} ; 1). By the induction hypothesis, the latter is equal to F ⟨f⟩ · r_{C(X1;Y )} · ψ̂ · D(r_{X1} ; 1). The required equation follows then from the axiom CN2.

5.14. The essential surjectivity of U Let us prove that for each closed category V there is a closed multicategory V with a unit object whose underlying closed category is isomorphic to V. First of all, notice that by Theorem 2.19 we may (and we shall) assume in what follows that V is a closed category in the sense of Eilenberg and Kelly; i.e., that V is equipped with a functor V : V → S such that V V(−, −) = V(−, −) : V^{op} × V → S and the axiom CC5’ is satisfied. In particular, we can use the whole theory of closed categories developed in [2] without any modifications. We are now going to construct a closed multicategory V with a unit object whose underlying closed category is isomorphic to V. The construction is based on ideas of Laplaza’s paper [9].

We begin by recalling that for each object X of the category V one can assign a V-functor L^X : V → V, and for each f ∈ V V(X, Y ) = V(X, Y ) there is a unique V-natural transformation L^f : L^Y → L^X : V → V such that (V (L^f )_Y )1_Y = f, see Examples 2.13, 2.15, 2.21, or [2, Section 9]. Moreover, by [2, Proposition 9.2] the assignments X → L^X and f → L^f determine a fully faithful functor from the category V^{op} to the category V-Cat(V, V) of V-functors V → V and their V-natural transformations. For us it is more convenient to write it as functor from V to V-Cat(V, V)^{op}. Note that the latter category is strict monoidal with the tensor product given by composition of V-functors. More precisely, the tensor product of F and G in the given order is F G = F · G = G ∘ F . Consider the multicategory associated with V-Cat(V, V)^{op} (see Example 3.3) and consider its full submulticategory whose objects are V-functors L^X , X ∈ Ob V. That is, in essence, our V. More precisely, Ob V = Ob V and

V(X_1, . . . , X_n; Y ) = V-Cat(V, V)^{op}(L^{X1} · . . . · L^{Xn} , L^Y ) = V-Cat(V, V)(L^Y , L^{Xn} ∘ · · · ∘ L^{X1} ).

Identities and composition coincide with those of the multicategory associated with the strict monoidal category V-Cat(V, V)^{op}. Note that by Proposition 2.20 there is a bijection

Γ : V(X_1, . . . , X_n; Y ) → (V ∘ L^{Xn} ∘ · · · ∘ L^{X1} )Y, f → (V f_Y )1_Y .

5.15. Theorem. The multicategory V is closed and has a unit object. The underlying closed category of V is isomorphic to V.

Proof. First, let us check that the multicategory V is closed. By Proposition 3.9, it suffices to prove that for each pair of objects X and Z there exist an internal Hom-object V(X; Z) and an evaluation morphism ev^V_{X;Z} : X, V(X; Z) → Z such that the map

φ : V(Y_1, . . . , Y_n; V(X; Z)) → V(X, Y_1, . . . , Y_n; Z), f → (1_X , f) · ev^V_{X;Z} ,

is bijective, for each sequence of objects Y_1, . . . , Y_n. We set V(X; Z) = V(X, Z). The evaluation map ev^V_{X;Z} : X, V(X; Z) → Z is by definition a V-natural transformation L^Z → L^{V(X,Z)} ∘ L^X . We define it by requesting (V (ev^V_{X;Z} )_Z )1_Z = 1_{V(X,Z)} (we extensively use the representation theorem for V-functors in the form of Proposition 2.20). Let us check that the map φ is bijective. Note that the codomain of φ identifies via the map Γ with the set (V ∘ L^{Yn} ∘ · · · ∘ L^{Y1} ∘ L^X )Z, and that the domain of φ identifies via Γ with the set (V ∘ L^{Yn} ∘ · · · ∘ L^{Y1} )V(X, Z) = (V ∘ L^{Yn} ∘ · · · ∘ L^{Y1} ∘ L^X )Z.

The bijectivity of φ follows readily from the diagram

V(Y_1, . . . , Y_n; V(X; Z)) V(X, Y_1, . . . , Y_n; Z)

(V ∘ L^{Yn} ∘ · · · ∘ L^{Y1} ∘ L^X )Z

φ

Γ Γ

whose commutativity we are going to establish. Take an f ∈ V(Y_1, . . . , Y_n; V(X; Z)), i.e., a V-natural transformation f : L^{V(X,Z)} → L^{Yn} ∘ · · · ∘ L^{Y1} . Then φ(f) is given by the composite

L^{Z ev} V X;Z −−−→ L^{V(X,Z)} ∘ L^{X fLX}−−→ L^{Yn} ∘ · · · ∘ L^{Y1} ∘ L^X .

Therefore, Γφ(f) is equal to � V ((fL^X ) ∘ ev^V_{X;Z} )_Z � 1_Z = � V (fL^X )_Z � V ev^V_{X;Z} � 1_Z = (V f_{V(X,Z)})1_{V(X,Z)} = Γ(f).

Thus we conclude that V is a closed multicategory.

Let us check that 1 ∈ Ob V is a unit object of V. By definition, a morphism u : () → 1 is a V-natural transformation L^1 → Id. We let it be equal to i^{−1}, which is a V-natural transformation by [2, Proposition 8.5]. Then for each object X of V holds

V(u; 1) = (u, 1) · ev^V_{1;X} : V(1; X) → X,

i.e., V(u; 1) is the V-natural transformation

L^{X ev} V 1;X −−−→ L^{V(1;X)} ∘ L^{1 LV(1,X)u}−−−−−→ L^{V(1,X)}.

We claim that it coincides with L^{i−1X} and hence is invertible. Indeed, applying Γ to the above composite we obtain � V ((L^{V(1,X)}u) ∘ ev^V_{1;X} )_X � 1_X = � V (L^{V(1,X)}u)_X � V (ev^V_{1;X} )_X � 1_X = V(V(1, X), u_X )1_{V(1,X)} = u_X = i^{−1}_X .

Let us now describe the underlying closed category of the closed multicategory V. Its objects are those of V, and for each pair of objects X and Y the set of morphisms from X to Y is V(X; Y ) = V-Cat(V, V)(L^Y , L^X ). The unit object is 1 and the internal Hom-object V(X; Y ) coincides with V(X, Y ). For each object X, the identity morphism 1^V_X : () → V(X; X), i.e., a V-natural transformation L^{V(X,X)} → Id, is found from the equation � X^{1X ,1} V X −−−→ X, V(X; X)^{ev} V X;X −−−→ X � = 1_X ,

or equivalently from the equation � L^{X ev} V X;X −−−→ L^{V(X,X)} ∘ L^{X 1} V X L^X

−−−→ L^X � = id .

Applying Γ to both sides we find that � V ((1^V_X L^X ) ∘ ev^V_{X;X} )_X � 1_X = � V (1^V_X )_{V(X,X)} � V (ev^V_{X;X} )_X � 1_X

= V (1^V_X )_{V(X,X)}1_{V(X,X)} = 1_X .

Here V (1^V_X )_{V(X,X)} : V(V(X, X), V(X, X)) → V(X, X). The morphism j_X of the underlying closed category of V is a V-natural transformation L^{V(X,X)} → L^1; it is found from the equation � L^{V(X,X) jX}−→ L^{1 u}−→ Id � = 1^V_X .

Applying Γ to both sides we obtain � V (u ∘ j_X )_{V(X,X)} � 1_{V(X,X)} = V (1^V_X )_{V(X,X)}1_{V(X,X)},

i.e., � V i^{−1}_{V(X,X)} � V (j_X )_{V(X,X)}1_{V(X,X)} � = 1_X ,

or equivalently (V (j_X )_{V(X,X)})1_{V(X,X)} = (V i_{V(X,X)})1_X = j_X ,

where the last equality is the axiom CC5’. Therefore, j_X = L^{jX} : L^{V(X,X)} → L^1. It also follows by construction that i_X for the underlying closed category of the closed multicategory V is (V(u; 1))^{−1} = (L^{i−1X} )^{−1} = L^{iX} .

Let us compute the morphism L^X_{Y Z} : V(Y ; Z) → V(V(X; Y ); V(X; Z)). First note that ev^V_{X;Y} : X, V(X; Y ) → Y is the V-natural transformation L^Y → L^{V(X,Y )} ∘ L^X with components (ev^V_{X;Y} )_Z = L^X_{Y Z} : V(Y, Z) → V(V(X, Y ), V(X, Z)).

In other words, ev^V_{X;Y} = L^X_{Y,−}. Indeed, applying Γ to both side of the equation in question we obtain an equivalent equation

(V (ev^V_{X;Y} )_Y )1_Y = (V L^X_{Y Y} )1_Y .

Since V L^X = V(X, −), it follows that (V L^X_{Y Y} )1_Y = 1_{V(X,Y )}, so that the above equation is just the definition of ev^V_{X;Y} .

The morphism L^X_{Y Z} : V(Y ; Z) → V(V(X; Y ); V(X; Z)) is uniquely determined by requesting that the diagram

X, V(X; Y ), V(Y ; Z) X, V(X; Y ), V(V(X; Y ); V(X; Z))

X, V(X; Z)

Y, V(Y ; Z) Z

1,1,L^X_{Y Z}

1,ev^V_{(X;Y );V(X;Z)}

ev^V_{X;Z} ev^V_{X;Y} ,1

ev^V_{Y ;Z}

in the multicategory V, or equivalently the diagram

L^Z L^{V(X,Z)} ∘ L^X

L^{V(V(X,Y ),V(X,Z))} ∘ L^{V(X,Y )} ∘ L^X

L^{V(Y,Z)} ∘ L^Y L^{V(Y,Z)} ∘ L^{V(X,Y )} ∘ L^X

ev^V_{X;Z}

ev^V_{(X,Y );V(X,Z)} L^X

L^X_{Y Z} L^{V(X,Y )}L^X ev^V_{Y ;Z}

L^{V(Y,Z)} ev^V_{X;Y}

in the category V-Cat(V, V) commute. Applying Γ to both paths in the latter diagram we obtain � V (L^X_{Y Z} )_{V(V(X,Y ),V(X,Z))} � V (ev^V_{(X,Y );V(X,Z)})_{V(X,Z)} � V (ev^V_{X;Z} )_Z � 1_Z = V(V(Y, Z), (ev^V_{X;Y} )_Z )(V (ev^V_{Y ;Z} )_Z )1_Z ,

or equivalently � V (L^X_{Y Z} )_{V(V(X,Y ),V(X,Z))} � 1_{V(V(X,Y ),V(X,Z))} = (ev^V_{X;Y} )_Z = L^X_{Y Z} .

In other words, L^X_{Y Z} for the underlying closed category of V is L^{LXY Z} .

Let us denote the underlying closed category of the multicategory V by the same symbol. There is a closed functor (L, 1, 1) : V → V, where L : V → V is given by X → X, f → L^f , and the morphisms V(X, Y ) → V(X; Y ) and 1 → 1 are the identities. The axioms CF1–CF3 follow readily from the above description of the closed category V. Clearly, the functor L is an isomorphism. The theorem is proven.

References

[1] Yu. Bespalov, V. V. Lyubashenko, O. Manzyuk, Pretriangulated A_∞-categories, Proc. of Inst. of Mathematics NASU, vol. 76, Inst. of Mathematics, Nat. Acad. Sci. Ukraine, Kyiv, 2008.

[2] Samuel Eilenberg and G. Max Kelly, Closed categories, Proceedings of the Conference on Categorical Algebra, La Jolla 1965 (Samuel Eilenberg et al., eds.), Springer-Verlag, 1966, 421–562.

[3] Kenji Fukaya, Morse homotopy, A_∞-category, and Floer homologies, Proc. of GARC Workshop on Geometry and Topology ’93 (H. J. Kim, ed.), Lecture Notes, no. 18, Seoul Nat. Univ., Seoul, 1993, 1–102.

[4] K. Fukaya, Floer homology and mirror symmetry. II, Minimal surfaces, geometric analysis and symplectic geometry (Baltimore, MD, 1999), Adv. Stud. Pure Math., vol. 34, Math. Soc. Japan, Tokyo, 2002, 31–127.

[5] Claudio Hermida, Representable multicategories, Adv. Math. 151 (2000), no. 2, 164–225.

[6] Martin Hyland, John Power, Pseudo-commutative monads and pseudo-closed 2-categories, J. Pure Appl. Algebra 175 (2002), no. 1–3, 141–185.

[7] Joachim Lambek, Deductive systems and categories II: Standard constructions and closed categories, Category Theory, Homology Theory and their Applications (Peter J. Hilton, ed.), Lecture Notes in Math., vol. 86, Springer, 1969, 76–122.

[8] Joachim Lambek, Multicategories revisited, Categories in Computer Science and Logic (John W.

Gray and Andre Scedrov, eds.), Contemporary Mathematics, no. 92, AMS, 1989, 217–240.

[9] Miguel L. Laplaza, Embedding of closed categories into monoidal closed categories, Trans. Amer.

Math. Soc. 233 (1977), 85–91.

[10] Kenji Lefèvre-Hasegawa, Sur les A_∞-catégories, Ph.D. thesis, Université Paris 7, U.F.R. de Mathématiques, 2003, math.CT/0310337.

[11] Tom Leinster, Higher operads, higher categories, London Mathematical Society Lecture Notes Series 298, Cambridge University Press, Boston, Basel, Berlin, 2003.

[12] V. V. Lyubashenko, Category of A_∞-categories, Homology, Homotopy Appl. 5 (2003), no. 1, 1–48.

[13] James D. Stasheff, Homotopy associativity of H-spaces. I & II, Trans. Amer. Math. Soc. 108 (1963), 275–292, 293–312.

[14] Ross Street, Elementary cosmoi I, Category Seminar (Proc. Sem., Sydney, 1972/1973), 134–180, Lecture Notes in Math., vol. 420, Springer, Berlin, 1974.

Department of Computer Science National University of Ireland Maynooth Maynooth, Ireland Email: manzyuk@gmail.com

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at

ftp://ftp.tac.mta.ca/pub/tac/html/volumes/26/5/26-05.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at

http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:

gavin seal@fastmail.fm

Transmitting editors

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com Valeria de Paiva: valeria.depaiva@gmail.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne : kathryn.hess@epfl.ch Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, Macquarie University: steve.lack@mq.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Tom Leinster, University of Glasgow, Tom.Leinster@glasgow.ac.uk Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Giuseppe Rosolini, Università di Genova: rosolini@disi.unige.it Alex Simpson, University of Edinburgh: Alex.Simpson@ed.ac.uk James Stasheff, University of North Carolina: jds@math.upenn.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca