Theory and Applications of Categories, Vol. 27, No. 12, 2013, pp. 242–262.

LAWVERE COMPLETENESS AS A TOPOLOGICAL PROPERTY

SERDAR SOZUBEK

Abstract. Lawvere’s notion of completeness for quantale-enriched categories has been extended to the theory of lax algebras under the name of L-completeness. In this paper we introduce the corresponding morphism concept and examine its properties. We explore some important relativized topological concepts like separatedness, denseness, compactness and compactification with respect to L-complete morphisms. Moreover, we show that separated L-complete morphisms belong to a factorization system.

1. Introduction

The concept of a (T, V )-category introduced in [11],[8],[10] is a simultaneous generalization of a V -enriched category [22] and a lax Eilenberg-Moore T-algebra. The notion has its roots in Lawvere’s interpretation of metric spaces as enriched categories [23] and the Manes-Barr representation of topological spaces as relational algebras [25],[2]. It provides a framework to study metric spaces, topological spaces and approach spaces [24] in an algebraic manner.

Lawvere’s 1973 paper [23] describes Cauchy completeness of metric spaces by adjoint modules. A corresponding concept for (T, V )-categories was introduced under the name of L-completeness in [9], which was followed by the development of the concepts of Lseparation and L-closure [18]. In this context, to a large extend, L-completeness behaves similarly to compactness. To give a couple of examples, L-completeness is inherited by the L-closed subsets; secondly, for any subset of an L-separated (T, V )-category Lcompleteness implies L-closedness. In topology the morphism notion for compactness leads to proper maps. Inspired by the interplay between compactness and L-completeness at the level of objects, we introduce a morphism notion for L-completeness which will be the counterpart of proper maps in this context. To establish the analogy between compactness and L-completeness further and rather rigourously we choose to explore topological concepts for (T, V )-categories using this class of maps.

Early instances of the development of topological concepts in a category appear in [27],[26],[16]. More recently, as presented in [7], given a category equipped with a Dikranjan-Giuli closure operator [12] and a proper factorization system, one can pursue topological notions in that category by using a distinguished class of “closed morphisms”.

Received by the editors 2011-12-01 and, in revised form, 2013-01-15. Published on 2013-01-24 in the volume of articles from CT2011.

2010 Mathematics Subject Classification: 18A05, 18A20, 18A32, 18B30, 18C15, 18D20, 54A20, 54B30, 54C10.

Key words and phrases: Completeness, compactness, lax algebra, module, proper map, injectivity, fibrewise sober, factorization system.

© Serdar Sozubek, 2013. Permission to copy for private use granted. 242

In fact many of these notions can be expressed by using “proper maps” which are stably “closed” [19]. Having developed an analogue of proper maps in the context of completeness, we put L-complete morphisms to work in a topological framework. Our investigation reveals that the topological concepts, like separation and denseness, can be recovered by L-complete maps, while compactness and compactification naturally translate into Lcompleteness and L-completion. For example, it is known that any continuous map of topological spaces with compact domain and Hausdorff codomain is proper. For (!T, V )- categories any morphism with an L-complete domain and an L-separated codomain is L-complete. Likewise, the (Antiperfect, Perfect) factorization of continuous maps of Tychonoff spaces [15], [31], [6], [32] is obtained with the help of the left adjoint Stone-Čech compactification functor. Here “antiperfect maps” are the maps which are sent to isomorphisms by the compactification functor. Replacing the notion of compactification by L-completion, we obtain a similar factorization system for (T, V )-categories, where perfect maps are replaced by L-complete and L-separated maps. In the place of the antiperfect maps we now have the morphisms which are sent to isomorphisms by the left adjoint L-completion functor.

Lastly, in [18] we see that L-completeness is equivalent to L-injectivity for objects. Recent work by Cagliari, Clementino and Mantovani [3] shows that for T_0 topological spaces injective maps [4] with respect to completely flat embeddings [13] are exactly fibrewise sober maps, which is also the characterization of L-complete maps in this setting. Encouraged by this result in one of the main examples of (T, V )-categories, we also develop a morphism notion for L-injectivity and show that it is equivalent to L-completeness.

2. Preliminaries

In this section we provide the preliminary concepts for the (T, V )-categories as well as the basic results concerning L-completeness, L-separation and L-closure, which originally appeared in [18], [17], [9]. We refer the reader to these sources for the proofs and more details.

2.1. The quantale V We let V = (V, ⊗, k) to be a commutative unital quantale, in other words a complete lattice with a commutative binary operation ⊗ and a unit element k where tensoring preserves suprema in each variable. For u ∈ V , u⊗( ) has a right adjoint u ⊸ ( ) defined by v ≤ u ⊸ w ⇐⇒ v ⊗ u ≤ w

for any v, w ∈ V . We assume that the quantale V is nontrivial, i.e. V ≠ 1 or, equivalently, k ≠ ⊥. The main examples of nontrivial quantales in our context are 2 = ({0, 1}, ∧, 1), the extended nonnegative real numbers P_+ = ([0, ∞]^{op}, +, 0) and P_{max} = ([0, ∞]^{op}, max, 0).

A V -relation r : X −→� Y is a map r : X × Y → V . Given another V -relation s : Y −→� Z one defines the composite s.r : X −→� Z by

s.r(x, z) = � y∈Y r(x, y) ⊗ s(y, z).

Any map f : X → Y induces a V -relation f_∘ : X −→� Y where

f_∘(x, y) = � k if f(x) = y, ⊥ else.

Sets together with V -relations form the category V -Rel where (1_X )_∘ : X −→� X acts as the identity V -relation for any set X. So one has the functor ( )_∘ : Set → V -Rel which takes a map f to the V -relation f_∘. Since k ≠ ⊥, this functor is faithful, so it is safe to write f instead of f_∘.

The hom-sets of V -Rel carry the pointwise order of V , i.e. for q, r : X −→� Y q ≤ r if and only if q(x, y) ≤ r(x, y) for all x ∈ X, y ∈ Y . Hence V -Rel is a 2-category. This allows one to consider adjunctions in V -Rel. One says that r : X −→� Y is left adjoint to s : Y −→� X, denoted by r ⊣ s, if r.s ≤ 1_Y and s.r ≥ 1_X .

There is an order-preserving involution V -Rel → (V -Rel)^{op} which maps the objects identically and sends a V -relation r : X −→� Y to its opposite relation r^∘ : Y −→� X given by r^∘(y, x) = r(x, y). For a map f : X → Y , one has f ⊣ f^∘.

2.2. The topological theory T We assume that T = (T, V, ξ) is a strict topological theory [17]. This means that T = (T, e, m) is a Set monad where T and m satisfy the Beck-Chevalley condition, i.e. T sends pullbacks to weak pullbacks and every naturality square of m is a weak pullback. Furthermore, ξ : T V → V is a map which is compatible with the monad T and the quantale V , which means

1. 1_V = ξ.e_V ,

2. ξ.T ξ = ξ.m_V ,

3. k.!_1 = ξ.T k,

4. ⊗ .⟨ξ.T π_1, ξ.T π_2⟩ = ξ.T (⊗),

5. (ξ_X )_X : P_V → P_V T is a natural transformation.

In the last condition P_V : Set → Set is the V -powerset functor defined by P_V (X) = V^X on objects. Given f : X → Y , P_V (f)(φ)(y) = � x∈f^{−1}(y)

φ(x) for φ ∈ V^X and ξ_X :

P_V (X) → P_V T (X) is defined by ξ_X (φ) = ξ.T φ. We also assume that the functor T sends singletons to singletons.

2.3. Examples.

1. I_V = (1, V, 1_V ) is a strict topological theory for any quantale V . Here 1 stands for the identity monad.

2. U_2 = (U, 2, ξ_2) is a strict topological theory with the ultrafilter monad U = (U, e, m) and ξ_2 : U(2) → 2 which is basically the identity map.

3. U_{P+} = (U, P_+, ξ_{P+} ) is a strict topological theory with ξ_{P+} : U(P_+) → P_+ where ξ_{P+} (x) = inf{v ∈ V | [0, v] ∈ x}.

With these assumptions one extends the functor T : Set → Set to T_ξ : V -Rel → V -Rel [17]. For r : X −→� Y , T_ξr : T X −→� T Y is given by

T_ξr(x, y) = � {ξ.T r(w) | w ∈ T (X × Y ) : T π_1(w) = x, T π_2(w) = y}.

2.4. Proposition. [17] Given any map f : X → Y , any V -relations r, s : X −→� Y the following assertions hold.

1. T_ξf = T f.

2. T_ξ(r)^∘ = T_ξ(r^∘).

3. r ≤ s implies T_ξr ≤ T_ξs. 4. e_Y .r ≤ T_ξr.e_X . 5. m_Y .T_ξ^2r = T_ξr.m_X .

2.5. T -categories For the sake of economy we will simply write T -category instead of writing (T, V )-category. We will apply this principle to related concepts as well.

A T -relation r from X to Y , denoted by r : X −⇀� Y , is a V -relation r : T X −→� Y . Composition of two T -relations r : X −⇀� Y and s : Y −⇀� Z is given by the Kleisli convolution, s ∘ r := s. ^T r. m^∘_X . One orders T -relations q, r : X −⇀� Y by considering them as V -relations T X −→� Y . Kleisli convolution is an associative operation that respects the order on T -relations . Furthermore, for any r : X −⇀� Y one has r ∘ e^∘_X = r and e^∘_Y ∘ r ≥ r.

A T -category (X, a) is a set X together with a T -relation a : X −⇀� X which satisfies the conditions e_X^∘ ≤ a and a ∘ a ≤ a. Expressed elementwise these conditions mean k ≤ a(e_X (x), x) & T_ξ(X, x) ⊗ a(x, x) ≤ a(m_X (X), x) for all X ∈ T^2X, x ∈ T X, x ∈ X. A T -functor f : (X, a) → (Y, b) is a map from X to Y that satisfies f.a ≤ b.T f or, equivalently a(x, x) ≤ b(T f(x), f(x)) for all x ∈ T X, x ∈ X. T -categories together with T -functors form the category T -Cat. 2.6. Examples.

1. I_V -Cat is isomorphic to Ord, Met, UMet for V = 2, P_+, P_{max} respectively. Here Ord is the category of (pre)ordered sets, Met is the category of (pre)metric spaces [23] and UMet is the category of (pre)ultrametric spaces.

2. U_2-Cat is isomorphic to Top [2]. As shown in [8], U_{P+} -Cat is isomophic to the category App of approach spaces [24].

The quantale V becomes a T -category with the structure map hom_ξ : T V × V → V defined by hom_ξ(x, v) = ξ(x) ⊸ v.

For each T -category (X, a), one has the free Eilenberg-Moore algebra |X| = (T X, m_X ) and the dual T -category X^{op}; one defines X^{op} = A(M(X)^{op}), where M : T -Cat → V -Cat is given by M(X) = (T X, T_ξa.m_X^∘) and A : V -Cat → T -Cat is given by A(X) = (X, e_X^∘.T_ξb) for a V -category (X, b).

Given T -categories (X, a) and (Y, b) one forms their tensor product (X, a) ⊗ (Y, b) = (X × Y, a ⊗ b) where

a ⊗ b(w, (x, y)) = a(T π_1(w), x) ⊗ b(T π_2(w), y)

for w ∈ T (X × Y ), (x, y) ∈ X × Y . The singleton set together with the constant relation k, denoted by (E, k), is the ⊗-neutral object. In general T -Cat is not a closed category but for a T -category (X, a), X ⊗ ( ) has a right adjoint ( )^X whenever a.T_ξa = a.m_X [17]. We call such a T -category (X, a) tensor exponentiable. Given another T -category (Y, b), the underlying set of the exponential object (Y^X , �a, b�) is the set of all T -functors from X to Y . The structure �a, b� is defined by

�a, b�(p, h) = � � v ∈ V | ∀q ∈ T π^{−1}_{Y X} (p), x ∈ X; a(T π_X (q), x) ⊗ v ≤ b(T ev(q), h(x)) �

where p ∈ T (Y^X ), h ∈ Y^X and ev : Y^X × X → Y is the evaluation map.

As the forgetful functor from T -Cat to Set is topological, the limits in T -Cat are formed in Set with the appropriate structure on them. In particular we will denote the cartesian product of (X, a) and (Y, b) by (X × Y, a × b) where a × b = (π_1^∘.a.T π_1) ∧ (π_2^∘.b.T π_2), i.e.

a × b(w, (x, y)) = a(T π_1(w), x) ∧ b(T π_2(w), y)

for all w ∈ T (X × Y ), (x, y) ∈ X × Y . The terminal object is the singleton set with the constant relation ⊤, which will be denoted by 1 = (1, ⊤).

2.7. T -modules Let (X, a), (Y, b) be T -categories and φ : X −⇀� Y be a T -relation. φ is called a T -module if φ ∘ a ≤ φ and b ∘ φ ≤ φ. In such a case we write φ : X ⇝ Y . T - categories and T -modules with the Kleisli convolution form the category T -Mod. Since trivially φ ∘ a ≥ φ and b ∘ φ ≥ φ, one actually has φ ∘ a = φ and b ∘ φ = φ. As a result a : (X, a) ⇝ (X, a) functions as the identity morphism of (X, a) in T -Mod.

There are two important functors: the lower star functor ( )_∗ : T -Cat → T -Mod and the upper star functor ( )^∗ : (T -Cat)^{op} → T -Mod. These functors are identical on objects and they take a T -functor f : (X, a) → (Y, b) to f_∗ = b.T f : (X, a) ⇝ (Y, b) and f^∗ = f^∘.b : (Y, b) ⇝ (X, a) respectively. Observe that with this notation a = 1_X^∗ = 1_{X ∗}.

T -Mod is a 2-category as T -modules inherit the order on T -relations. This allows one to consider adjunctions in T -Mod. For any T -functor f : X → Y one has f_∗ ⊣ f^∗. f is called fully faithful if f^∗ ∘ f_∗ = 1_X^∗ and L-dense if f_∗ ∘ f^∗ = 1_Y^∗. Composites of fully faithful (L-dense) T -functors are fully faithful (L-dense). The following proposition will be useful in the sequel.

2.8. Proposition. [18] Let f : (X, a) → (Y, b), g : (Y, b) → (Z, c) be T -functors.

1. If g.f is fully faithful then f is fully faithful.

2. If g.f is L-dense then g is L-dense.

3. If g.f is L-dense and g is fully faithful then f is L-dense.

A T -functor which is both fully faithful and L-dense is called an L-equivalence. Lequivalences are isomorphisms in T -Mod. Given T -functors f, g : X → Y one says that f and g are equivalent if f_∗ = g_∗ or, equivalently, f^∗ = g^∗, we write f ≃ g in this case.

There is a close relationship between T -modules and T -functors. Suppose that (X, a), (Y, b) are T -categories and ψ : X −⇀� Y is a T -relation. Then ψ : (X, a) ⇝ (Y, b) is a T -module if and only if both ψ : |X| ⊗ Y → V and ψ : X^{op} ⊗ Y → V are T - functors. In particular for any T -category (X, a), a : X ⇝ X can be seen as a T - functor a : |X| ⊗ X → V . Since |X| is tensor exponentiable one can consider its mate y = ⌜a⌝ : X → V^{|X|}, the Yoneda functor of X. It is given by y(x) = a( , x). Given

ψ ∈ V^{|X|}, ψ : X^{op} → V is a T -functor if and only if ψ(x) = �m_X , hom_ξ�(T y(x), ψ) for all x ∈ T X. This corresponds to the Yoneda lemma for T -categories. One defines the T -category ( ^X, ^a) as

^X = {ψ ∈ V^{|X|} | ψ : X^{op} → V is a T -functor}

where ^a is the restriction of �m_X , hom_ξ� to ^X. Letting ψ = y(x) in the above formulation implies that the Yoneda functor y : (X, a) → ( ^X, ^a) is fully faithful.

2.9. L-separation, L-completeness Let X = (X, a) be a T -category. One says that X is L-separated if given any T -functors f, g : Z → X, f ≃ g implies f = g. In this context it is enough to consider the ⊗-neutral object E in the place of Z. Hence X is Lseparated if and only if for any x, y ∈ X, x ≃ y implies x = y or, equivalently, the Yoneda functor y_X : (X, a) → ( ^X, ^a) is injective. Since the T -category (V, hom_ξ) is L-separated, also V^{|X|} and ^X are L-separated for any T -category X.

In Top an object is L-separated if and only if it is T_0. Top is a coreflective subcategory of App. An approach space is L-separated if and only if its coreflection is a T_0 topological space.

Given a T -category X = (X, a), one says that X is L-complete [9] if for any adjunction φ ⊣ ψ : X ⇝ Z there exists a T -functor f : Z → X such that φ = f_∗ or, equivalently, ψ = f^∗. If one assumes the axiom of choice, Z can be replaced by E. In that case X is L-complete if and only if, given any adjunction φ ⊣ ψ : X ⇝ E, there exists x ∈ X such that φ = x_∗, or ψ = x^∗. As shown in [18], V^{|X|} and ^X are L-complete for any T -category X. A topological space is L-complete if and only if it is weakly sober, i.e. every irreducible closed set can be written as the closure of a point.

2.10. Proposition. [18] Let (X, a) be a T -category. A T -module ψ : X ⇝ E is a right adjoint if and only if k ≤ � x∈T X

ψ(x) ⊗ T_ξ^a(e_{T ^X} .e_{^X} (ψ), T y(x)).

In this case ψ has a left adjoint φ : E ⇝ X where φ(x) = ^a(e_{^X} (ψ), y(x)).

Let ψ : |X| → V be a T -functor. One says that ψ is tight if ψ : X^{op} → V is a T -functor and as a T -module ψ : X ⇝ E is a right adjoint. We will denote the collection of tight T -functors by^∼X, considered as a subobject of ^X.

A T -category X = (X, a) is called L-injective if given any T -functor h : Y → X and any L-equivalence f : Y → Z, there exists a T -functor g : Z → X such that g.f ≃ h.

2.11. Proposition. [18] Let X = (X, a) be a T -category. X is L-complete if and only if X is L-injective.

2.12. L-closure In T -Cat, L-dense T -functors are epimorphisms up to ≃, i.e. a T - functor m : M → X is L-dense if and only if for all T -functors f, g : X → Y with f.m = g.m one has f ≃ g.

Let (X, a) be a T -category and M ⊆ X. One defines the L-closure of M in X by

M = {x ∈ X | ∀f, g : X → Y, f_{|M} = g_{|M} ⇒ f(x) ≃ g(x)}

So M is the largest subset of X for which the inclusion map m : M → X is L-dense. The definition also implies that a T -functor f : X → Y is L-dense if and only if f(X) = Y .

For topological spaces, L-closure is precisely the b-closure [1], [30].

2.13. Proposition. [18] Let (X, a) be a T -category, M ⊆ X and x ∈ X. Suppose that m : M → X is the inclusion map. Then the following are equivalent:

1. x ∈ M;

2. k ≤ � x∈T M

a(x, x) ⊗ T_ξa(T e_X .e_X (x), x);

3. m^∗ ∘ x_∗ ⊣ x^∗ ∘ m_∗;

4. x_∗ : E ⇝ X factors through m_∗ : M ⇝ X by a morphism φ : E ⇝ M in T -Mod.

The L-closure is an extensive, monotone, idempotent and hereditary closure operator. A subset M of a T -category X is called L-closed if M = M.

One can formulate L-separatedness via L-closure. Let X be a T -category and Δ ⊆ X × X be its diagonal. Then Δ = {(x, y) ∈ X × X | x ≃ y}. As a result X is L-separated if and only if the diagonal Δ is L-closed in X × X.

Exploring the relationship between L-closure and L-completeness leads to interesting results.

2.14. Proposition. [18] Let X be a T -category and M ⊆ X.

1. If X is L-complete and M is L-closed, then M is L-complete.

2. If X is L-separated and M is L-complete, then M is L-closed.

A closer inspection of^∼X reveals that^∼X is the L-closure of y(X) in ^X. So^∼X is an L-

closed subset of ^X which is L-complete and L-separated. As a result^∼X is L-complete and L-separated. Moreover, any T -functor f : X → Y with Y L-complete and L-separated can be extended to a T -functor g :^∼X → Y in a unique way. Hence T -Cat_{cpl & sep}, the full subcategory of L-complete and L-separated T -categories, is a reflective subcategory of T -Cat with the reflection maps y_X : X →^∼X.

3. L-completeness, L-separation and L-injectivity for morphisms

3.1. Definition. Let f : (X, a) → (Y, b) be a T -functor. We say that f is L-complete if for any left adjoint T -module φ : Z ⇝ X and any T -functor h : Z → Y such that f_∗ ∘ φ = h_∗, there exists a T -functor g : Z → X for which φ = g_∗ and f.g = h.

Recall the lower star functor of the previous section. Since f_∗ ⊣ f^∗ for any T -functor f, one has ( )_∗ : T -Cat → T -Mod_l where T -Mod_l is the subcategory of T -Mod whose morphisms are the left adjoint T -modules. Taking the functor ( )_∗ into account, we see that a T -functor is L-complete if and only if it is a ( )_∗-quasi cartesian morphism where quasi refers to that fact the morphism g in the definition is only unique up to ≃.

The above definition can be equivalently expressed with the upper star notation, i.e. f is L-complete if given any right adjoint T -module ψ : X ⇝ Z and any T functor h : Z → Y such that ψ ∘ f^∗ = h^∗, there exists a T -functor g : Z → X for which ψ = g^∗ and f.g = h. Now considering ( )^∗ : T -Cat → T -Mod_r where T -Mod_r is the subcategory of T -Mod whose morphisms are the right adjoint T -modules, we conclude that a T -functor is L-complete if and only if it is a ( )^∗-quasi cocartesian morphism.

Assuming the axiom of choice one can replace Z by E.

3.2. Proposition. For a T -functor f : (X, a) → (Y, b) the following are equivalent:

1. f : (X, a) → (Y, b) is L-complete;

2. Given any left adjoint T -module φ : E ⇝ X and any y ∈ Y such that f_∗ ∘ φ = y_∗, there exists x ∈ X with φ = x_∗ and f(x) = y;

3. Given any right adjoint T -module ψ : X ⇝ E and any y ∈ Y such that ψ ∘ f^∗ = y^∗, there exists x ∈ X with ψ = x^∗ and f(x) = y.

3.3. Examples.

1. In Ord, a monotone map f : X → Y is L-complete if and only if given any x ∈ X for which f(x) is isomorphic to some y ∈ Y , i.e. f(x) ≤ y and y ≤ f(x), there exists z ∈ f^{−1}({y}) that is isomorphic to x.

2. In Met, a nonexpansive map f : X → Y is L-complete if and only if for any Cauchy sequence (x_n) in X with (f(x_n)) converging to some y ∈ Y , there exists x ∈ f^{−1}({y}) such that (x_n) converges to x.

3. In Top, a continuous map f : X → Y is L-complete if and only if for any irreducible closed set A ⊆ X with f(A) = {y} for some y ∈ Y , there exists x ∈ f^{−1}({y}) such that A = {x}. We call such maps weakly fibrewise sober. In case that the point x is unique, f is called a fibrewise sober map [28].

3.4. Proposition.

1. L-complete morphisms are closed under composition and contain all isomorphisms. 2. If g.f is L-complete and f is an L-equivalence then g is L-complete. Most importantly, like proper maps in topology, L-complete maps are pullback stable.

3.5. Proposition. L-complete T -functors are stable under pullback. Proof. Let g : (Y, b) → (Z, c) be an L-complete T -functor. Consider its pullback along a T -functor f : (X, a) → (Z, c).

(X ×_Z Y, a × b) π_2 � π_1 �

� (Y, b) g � (X, a) f � (Z, c)

We need to show that π_1 is L-complete. So assume that (π_1)_∗ ∘ φ = (x_0)_∗ for some x_0 ∈ X and φ ⊣ ψ : (X ×_Z Y, a × b) ⇝ (E, k). Then we have the following commutative diagram in T -Mod.

(E, k) φ �

(x_0)_∗ � � � � � � � � (X ×_Z Y, a × b)

(π_2)_∗ � (π_1)_∗ � � � � � � � (Y, b)

g_∗ � � � � � � �

(X, a) f_∗

� (Z, c)

So g_∗ ∘ (π_2)_∗ ∘ φ = f_∗ ∘ (x_0)_∗ = (f(x_0))_∗ where (π_2)_∗ ∘ φ ⊣ ψ ∘ (π_2)^∗. Since g is L-complete there exists y_0 ∈ Y such that (π_2)_∗ ∘ φ = (y_0)_∗ and g(y_0) = f(x_0). Hence (x_0, y_0) ∈ X ×_Z Y .

Claim: φ = (x_0, y_0)_∗.

Since φ is a T -module, one has φ = (a × b) ∘ φ = (a × b).T_ξ φ.m_E^∘. So for any (x, y) ∈ X ×_Z Y ,

φ(x, y) = � w∈T (X×_Z Y )

T_ξφ(w) ⊗ (a × b)(w, (x, y)) = � w∈T (X×_Z Y )

T_ξφ(w) ⊗ (a(T π_1(w), x) ∧ b(T π_2(w), y)) (⋆) ≤ � w∈T (X×_Z Y )

T_ξφ(w) ⊗ a(T π_1(w), x)

= (π_1)_∗ ∘ φ(x) = (x_0)_∗(x) = a(e_X (x_0), x). Similarly φ(x, y) ≤ b(e_Y (y_0), y). Hence φ(x, y) ≤ a(e_X (x_0), x) ∧ b(e_Y (y_0), y) = (x_0, y_0)_∗(x, y).

To obtain the other inequality, consider (⋆). Letting w = e_{X×Z Y} (x_0, y_0) we get φ(x, y) ≥ T_ξφ(e_{X×Z Y} (x_0, y_0)) ⊗ (a(T π_1(e_{X×Z Y} (x_0, y_0)), x) ∧ b(T π_2(e_{X×Z Y} (x_0, y_0)), y)) = T_ξφ(e_{X×Z Y} (x_0, y_0)) ⊗ (a(e_X (x_0), x) ∧ b(e_Y (y_0), y)) ≥ φ(x_0, y_0) ⊗ (x_0, y_0)_∗(x, y).

Observe that if φ(x_0, y_0) ≥ k, then we are done. In the remaining part of the proof we will show this inequality.

We know that (x_0)^∗ = ψ ∘ (π_1)^∗. So for any x ∈ T X a(x, x_0) = � w∈T (X×_Z Y )

T_ξa(m_X^∘(x), T π_1(w)) ⊗ ψ(w).

Considering x = T π_1(w), we get T_ξa(m_X^∘.T π_1(w), T π_1(w)) ⊗ ψ(w) ≤ a(T π_1(w), x_0).

As T is order preserving, we have 1_{T X} = T e_X^∘.m_X^∘ ≤ T_ξa.m_X^∘. So we have that k ≤ T_ξa(m_X^∘.T π_1(w), T π_1(w)). Hence ψ(w) ≤ a(T π_1(w), x_0). Similarly (y_0)^∗ = ψ ∘ (π_2)^∗ gives ψ(w) ≤ b(T π_2(w), y_0). Then, ψ(w) ≤ a(T π_1(w), x_0) ∧ b(T π_2(w), y_0) = a × b(w, (x_0, y_0)) ∀w ∈ T (X ×_Z Y ). (†) Consider the structure ^a × b on ^X ×_Z Y . Since ( ^a × b) ∘ ( ^a × b) ≤ ^a × b we have, T_ξ( ^a × b)(e_{T ( ^X×Z Y )}.e_{^X×Z Y} (ψ), T y(w)) ⊗ ^a × b(T y(w), y(x_0, y_0)) ≤ ^a × b(m_{^X×Z Y} .e_{T ( ^X×Z Y )}.e_{^X×Z Y} (ψ), y(x_0, y_0)).

As y is fully faithful and φ ⊣ ψ, T_ξ( ^a × b)(e_{T ( ^X×Z Y )}.e_{^X×Z Y} (ψ), T y(w)) ⊗ a × b(w, (x_0, y_0)) ≤ ^a × b(e_{^X×Z Y} (ψ), y(x_0, y_0)) = φ(x_0, y_0).

Together with (†) we obtain, T_ξ( ^a × b)(e_{T ( ^X×Z Y )}.e_{^X×Z Y} (ψ), T y(w)) ⊗ ψ(w) ≤ φ(x_0, y_0)

T_ξ( ^a × b)(e_{T ( ^X×Z Y )}.e_{^X×Z Y} (ψ), T y(w)) ≤ ψ(w) ⊸ φ(x_0, y_0). Since ψ is a right adjoint T -module we have, k ≤ � w∈T (X×_Z Y )

ψ(w) ⊗ T_ξ( ^a × b)(e_{T ( ^X×Z Y )}.e_{^X×Z Y} (ψ), T y(w)) ≤ � w∈T (X×_Z Y )

ψ(w) ⊗ (ψ(w) ⊸ φ(x_0, y_0))

≤ φ(x_0, y_0).

Every T -category (X, a) has the L-completion (^∼X, ^a) consisting of tight T -functors. Let Y : T -Cat → T -Cat be the L-completion functor. To see the action of Y on morphisms, recall that^∼X can also be seen as the collection of right adjoint T -modules from X to E. So given a T -functor f : (X, a) → (Y, b), one has Y(f) =^∼f where^∼f(ψ) = ψ ∘ f^∗ for ψ ∈^∼X. The family of the Yoneda functors y_X : X →^∼X form a natural transformation y : 1_{T -Cat} → Y. This gives us another way to characterize L-complete morphisms.

3.6. Proposition. Let f : X → Y be a T -functor. Then f is L-complete if and only if the naturality square X y_{X �}

f �

∼ X ∼ f � Y y_Y^� ∼ Y (1)

is a weak pullback.

Proof. The naturality square is a weak pullback if and only if for any ψ ∈^∼X and y ∈ Y such that^∼f(ψ) = y_Y (y), there exists x ∈ X satisfying ψ = y_X (x) and f(x) = y. This is equivalent to saying that for any right adjoint T -module ψ : X ⇝ E and y ∈ Y with ψ ∘ f^∗ = y^∗ there exists x ∈ X such that ψ = x^∗ and f(x) = y. That is equivalent to f being L-complete.

The following result will be useful in the next section.

3.7. Lemma. Let f : X → Y be a fully faithful T -functor. Then f is L-complete if and only if f(X) is L-closed in Y .

Proof. Assume that f(X) is L-closed in Y . Let φ ⊣ ψ : X ⇝ E such that f_∗ ∘ φ = y_∗.

Considering the canonical factorization X^f ′ ↠ f(X)^i→ Y of f, we can write i_∗ ∘f^′_∗ ∘φ = y_∗.

Then by Prop. 2.13, we have y ∈ f(X). Since f(X) is L-closed, y ∈ f(X). So there exists x ∈ X such that f(x) = y. Then f_∗ ∘ φ = y_∗ = f_∗ ∘ x_∗. Since f is fully faithful φ = x_∗. Hence f is L-complete.

Now assume that f is L-complete. Write f = i.f^′ as above. As f^′ is surjective, it is L-dense. It is also fully faithful since f is fully faithful. Hence f^′ is an L-equivalence. Then by Prop. 3.4, i is L-complete. To show that f(X) is L-closed, take y ∈ f(X). By Prop. 2.13, i^∗ ∘ y_∗ ⊣ y^∗ ∘ i_∗. Then 1^∗_E ≤ y^∗ ∘ i_∗ ∘ i^∗ ∘ y_∗. Composing both sides with y_∗ and taking advantage of the adjunctions we obtain y_∗ = i_∗ ∘ i^∗ ∘ y_∗. Since i^∗ ∘y_∗ : E ⇝ f(X) is a left adjoint T -module and i is L-complete, there exists f(x) ∈ f(X) such that i(f(x)) = f(x) = y. Hence y ∈ f(X) and f(X) is L-closed.

We now look at L-separation and L-injectivity for morphisms. Let Y be a T -category. Consider the comma category T -Cat/Y whose objects of are the T -functors with the codomain Y . A morphism from k : Z → Y to f : X → Y in this category is a T -functor g : Z → X such that f.g = k.

3.8. Definition. We call a T -functor f : X → Y L-separated if f is an L-separated object in T -Cat/Y . This means, given any morphisms g, h : k → f such that g ≃ h, one has g = h.

So a T -functor f : X → Y is L-separated if and only if given any T -functors g, h : Z → X such that g ≃ h and f.g = f.h, one has f = g. It is sufficient to consider the ⊗-neutral object E instead of Z. Hence f : X → Y is L-separated if and only if x ≃ w and f(x) = f(w) implies x = w for any x, w ∈ X.

In the previous section we have seen the concept of L-injectivity which coincides with L-completeness at the level of objects. We now develop its morphism notion which in fact will be equivalent to L-completeness for morphisms. We will delay the proof of this fact to the end of the next section.

3.9. Definition. We call a T -functor f : X → Y L-injective if f is an L-injective object in T -Cat/Y . This means, given any morphism j : k → f and any L-equivalence i : k → h, there exists a morphism g : h → f such that g.i ≃ j.

Observe that f : X → Y L-injective if and only if given any commutative square A j � i �

X f � B h � g

� � � � � � � � Y in T -Cat where i is an L-equivalence, there exists g : B → X such that f.g = h and g.i ≃ j. The commutative square above corresponds to the morphisms j : f.j → f and i : f.j → h. There exists g : B → X with the desired properties if and only if there exists g : h → f such that g.i ≃ j.

So L-injective T -functors are the morphisms in T -Cat which have the weak right lifting property with respect to L-equivalences.

4. Topology with respect to L-complete morphisms

One can develop topological notions in a category by using a distinguished class F of “closed morphisms” [7]. In fact, as shown in [19] many of these notions can be expressed by using “proper maps” which are stably “closed”. Having an analogue of proper maps in the context of completeness, we explore the option of doing topology in T -Cat using L-complete morphisms.

Letting F to be L = {L-complete T -functors}, we see that L-separation and Ldenseness coincide with L-separation and L-denseness, while L-compactness and L-com-pactification translate into L-completeness and L-completion.

T -Cat has the proper factorization system (E, M) where E = {Surjective T -functors} and M = {Injective and fully faithful T -functors}.

The first topological notion we will explore is compactness. A topological space X is compact if and only if the unique map !_X : X → 1 is proper. Taking this fact as a reference, a T -category X is called L-compact if and only if !_X : X → 1 is in L.

4.1. Proposition. X is L-compact if and only if X is L-complete.

Proof. By Prop 3.6, !_X : X → 1 is L-complete if and only if X y_{X �}

!_X �

∼ X ∼ !_X � 1 y_1^� ∼ 1 is a weak pullback. Since^∼1 is the terminal object, this is equivalent to saying that y_X is surjective. y_X is surjective if and only if X is L-complete.

L-completeness is carried forward by L-equivalences and backward by L-complete morphisms.

4.2. Proposition.

1. For any L-complete f : X → Y with Y L-complete, X is L-complete. 2. For any L-equivalence f : X → Y with X L-complete, Y is L-complete. By taking advantage of the framework in [7], [19] one obtains an analogue of the Kuratowski-Mrowka theorem [7] for L-completeness.

4.3. Proposition. For a T -category X, the following are equivalent:

1. X is L-complete;

2. For any T -category Y , the projection X × Y → Y is L-complete; 3. For any L-complete T -category Y , X × Y is L-complete.

Proof. (1) ⇒ (2) X × Y → Y is a pullback of !_X : X → 1. (2) ⇒ (3) By Prop. 4.2. (3) ⇒ (1) Take Y = 1.

Consider f : X → Y as an object of the comma category T -Cat/Y . In that case one sees that the unique map !_f : f → 1_Y going to the terminal object is f itself. So f : X → Y is L-complete if and only if it is an L-compact object in T -Cat/Y .

Now we investigate separation. Let f : X → Y be a a T -functor. In accordance with [7], [19] one says that f is L-separated if δ_f = ⟨1_X , 1_X ⟩ : X → X ×_Y X is in L. 4.4. Proposition. [7]

1. L-separated maps are closed under composition and contain all monomorphisms. 2. L-separated maps are stable under pullback. 3. If g.f is L-separated then f is L-separated.

Similar to the case for L-compactness, one calls a T -category X L-separated if !_X : X → 1 is L-separated.

4.5. Proposition. Let f : X → Y be a T -functor. f is L-separated if and only if it is L-separated.

Proof. f is L-separated if and only if δ_f is L-complete. Since δ_f is fully faithful, it enough to consider whether δ_f (X) is L-closed by Lemma 3.7. Observe that δ_f (X)^{X×Y X} = δ_f (X)^{X×X} ∩ (X ×_Y X) = {(x, z) | x ≃ z, f(x) = f(z)}.

So δ_f (X) is L-closed if and only if x ≃ z and f(x) = f(z) implies x = z for any x, z ∈ X. This is equivalent to f being L-separated.

4.6. Corollary. Let X be a T -category. X is L-separated if and only if X is Lseparated.

As in the case of L-compactness, L-separated T -functors f : X → Y are the Lseparated objects of T -Cat/Y .

The general setting of [7], [19] allows one to obtain the following.

4.7. Proposition. For a T -category X, the following are equivalent:

1. X is L-separated;

2. Any morphism f : X → Y is L-separated;

3. There exists an L-separated morphism f : X → Y with Y L-separated;

4. For any T -category Y , the projection X × Y → Y is L-separated;

5. For any L-separated T -category Y , X × Y is L-separated.

It is well known that a continuous map between a compact domain and a Hausdorff codomain is proper. The analogous statement about the maps with L-compact domain and L-separated codomain [7] gives us the following result.

4.8. Proposition. Any T -functor f : X → Y with X L-complete and Y L-separated is L-complete.

The proposition also works in the comma category for morphisms with an L-compact domain and an L-separated codomain.

4.9. Corollary. Suppose that g.f is L-complete and g is L-separated, then f is Lcomplete.

Compactification of a topological space X is provided by a dense embedding of X into a compact Hausdorff space Y . Before investigating what compactifications are relative to the L-complete morphisms, one needs a notion for L-dense maps. Let f : X → Y be a T -functor. Following [7], one says that f is L-dense if and only if in any factorization f = i.g where i ∈ L ∩ M, i is an isomorphism.

4.10. Proposition. Let f : X → Y be a T -functor. f is L-dense if and only if f is L-dense.

Proof. Let f be L-dense. Consider the X^{f ′}→ f(X)^i→ Y factorization for f. Since i is fully faithful and f(X) is L-closed in Y , i is L-complete by Lemma 3.7. Then i ∈ L ∩ M. As f is L-dense, i becomes an isomorphism. Hence f(X) = Y and f is L-dense.

Now suppose that f is L-dense. Consider any factorization X^g→ Z^i→ Y of f where i ∈ L∩M. By Prop 2.8, i is L-dense. So i(Z) = Y . Since i is fully faithful and L-complete i(Z) is L-closed by Lemma 3.7. Hence i(Z) = Y , i ∈ E. So i is an isomorphism.

An L-compactification of a T -category X will be an L-dense embedding i : X → K where K is L-complete and L-separated. But such an embedding exists only for Lseparated objects by Prop 4.7. To extend the notion to a larger collection of objects we drop the condition that i is an embedding. We ask i to be fully faithful instead.

4.11. Definition. Let X be a T -category. An L-compactification of X is given by an L-equivalence i : X → K where K is L-compact and L-separated.

We are particularly interested in a functorial L-compactification of T -categories. By that we mean a functor Γ : T -Cat → T -Cat_{cpl & sep} which comes with a natural transformation {γ_X : X → ΓX}_{X∈T -Cat} where each γ_X is an L-equivalence and each ΓX is L-complete and L-separated.

4.12. Proposition. The L-completion functor Y : T -Cat → T -Cat_{cpl & sep} together with the natural transformation {y_X : X → Y(X)}_{X∈T -Cat} is a functorial L-compactification.

4.13. Examples. In Met, L-compactification of a generalized metric space is its Cauchy completion. In Top, L-compactification takes the form of soberification where Y is the soberification functor [21].

Working in the comma category one can extend the L-compactification notion to morphisms.

4.14. Definition. Let f : X → Y be a T -functor. L-compactification of f is given by an L-equivalence i : f → g where g is L-compact and L-separated.

An L-compactification of a morphism is its L-completion. The functorial L-completion Y for objects provides such an L-completion for morphisms. To see this let f : X → Y be any T -functor. Consider the following diagram: X

f

�

y_X

� i � � � � � �

Y ×∼_Y^∼X

π_1 �

π_2 � � ∼ X ∼ f � Y y_Y^� ∼ Y

(2)

By Prop 4.7 and 4.8,^∼f is L-complete and L-separated. π_1 is L-complete and Lseparated as it is a pullback of^∼f. On the other hand, π_2 is fully faithful as a pullback of y_Y . Since y_X is fully faithful and L-dense, so is i by Prop 2.8. Hence i : f → π_1 is an

L-equivalence where π_1 is L-complete and L-separated. This means that i : f → π_1 is an L-completion of f.

The morphism counterpart of a compact Hausdorff space is a proper, separated map which is also called a perfect map. In accordance with [7] one calls a T -functor L-perfect if and only if it is L-compact and L-separated as an object of the comma category. In other words a T -functor is L-perfect if and only if it is L-complete and L-separated.

The Isbell-Henriksen theorem [14] which describes the perfect maps in topology translates into a characterization of L-perfect maps.

4.15. Proposition. For a T -functor f : X → Y , the following are equivalent:

1. f is L-complete and L-separated;

2. In any factorization f = g.i with i L-equivalence and g L-separated, i is an isomorphism;

3. The naturality square (1) is a pullback.

Considering the functors ( )_∗ : T -Cat → T -Mod_l and ( )^∗ : T -Cat → T -Mod_r, one also sees that an L-complete and L-separated T -functor is a ( )_∗-cartesian morphism or, equivalently, a ( )^∗-cocartesian morphism.

The (Antiperfect, Perfect) factorization of the continuous maps of Tychonoff spaces [15], [31], [6], [32] is obtained with the help of the left adjoint Stone-Cech compactification functor. Here an “antiperfect map” stands for a map which is sent to an isomorphism by the compactification functor. Analogously in our context the reflector Y is simple in the sense of [5] and it induces the factorization system (E , M ) for T -Cat. Here E is the collection of morphisms that are mapped to isomorphisms by Y and M is the collection of L-complete and L-separated morphisms. These types of factorization systems are also studied in [20], [29].

4.16. Lemma. Let f : X → Y be a T -functor. Y(f) is an isomorphism if and only if f is an L-equivalence.

Proof. Suppose that Y(f) =^∼f is an isomorphism. Then^∼f is an L-equivalence. The naturality square (1) gives^∼f.y_X = y_Y .f where y_X , y_Y ,^∼f are L-equivalences. Then by Prop 2.8, f is an L-equivalence.

Conversely suppose that f is an L-equivalence. Define^⌣f :^∼Y →^∼X by^⌣f (ψ) = ψ ∘ f_∗ for any right adjoint T -module ψ : Y ⇝ E. Then^⌣f = (^∼f)^{−1}.

4.17. Theorem. Let E be the collection of L-equivalences and M be the collection of Lcomplete and L-separated morphisms. Then (E , M ) is a factorization system for T -Cat.

Proof. Given Prop 4.15, Lemma 4.16 and the fact that T -Cat_{cpl & sep} is a reflective subcategory of T -Cat with the reflector Y, it follows from Theorem 4.1 of [5] .

4.18. Examples.

1. Let f : X → Y be a nonexpansive map in Met. f is an L-equivalence if and only if it is a dense isometry. f is L-complete and L-separated if and only if for any Cauchy sequence (x_n) in X with (f(x_n)) converging to some y ∈ Y , there exists a unique x ∈ f^{−1}({y}) such that (x_n) converges to x. Since L-complete and L-separated maps are the analogues of perfect maps, in Met we will refer to these morphisms as L-perfect maps. So (Dense isometry, L-perfect) is a factorization system in Met.

2. Let f : X → Y be a continuous map in Top. f is an L-equivalence if and only if it is an isomorphism as a continuous map in the category of locales. f is L-complete and L-separated if and only if it is fibrewise sober [28]. Let’s denote the canonical functor from the category of topological spaces to the category of locales by L : Top → Loc. Then (L^{−1}(Iso), Fibrewise sober) is a factorization system in Top.

As a consequence of the Theorem 4.17, L-equivalences are orthogonal to L-complete and L-separated morphisms. The existence of the lifting is actually due to the equivalence of L-injectivity and L-completeness at the level of morphisms, which we prove now.

4.19. Theorem. Let f : X → Y be a T -functor. f is L-complete if and only if f is L-injective.

Proof. First assume that f is L-injective. We know that f is L-complete if the diagram (2) is a weak pullback or, equivalently, the induced map i is surjective. So it will be enough to show that i is a retraction.

Consider the following commutative square.

X 1_X �

i �

X

f � Y ×∼_Y^∼X π_1 � m

� � � � � � � � � Y

It is shown that i is an L-equivalence. Since f is L-injective, there exists m : Y ×∼_Y^∼X → X such that m.i ≃ 1_X and π_1.i.m = π_1. Then we have π_1.i.m.i = π_1.i with i.m.i ≃ i. Since π_1 is L-separated, i.m.i = i. As i is L-dense, we get i.m ≃ 1_{Y ×∼Y} ∼_X . Now we have

π_1.i.m = π_1.1_{Y ×∼} Y ∼ X with i.m ≃ 1_{Y ×∼} Y ∼ X . Using again the fact that π_1 is L-separated we

obtain i.m = 1_{Y ×∼} Y ∼ X . Conversely assume that f is L-complete. Suppose that we have the following commutative square,

260 SERDAR SOZUBEK

A j �

i �

X

f � B h � g

� � � � � � � � � Y where i is an L-equivalence. Then f_∗ ∘ j_∗ = h_∗ ∘ i_∗. As i is an L-equivalence, we get f_∗ ∘ j_∗ ∘ i^∗ = h_∗ and j_∗ ∘ i^∗ ⊣ i_∗ ∘ j^∗. Since f is L-complete, there exists g : B → X such that j_∗ ∘ i^∗ = g_∗ and f.g = h. Hence j ≃ g.i and f is L-injective.

4.20. Remark. In the full subcategory of L-separated T -categories, L-complete maps are exactly the injective maps with respect to L-equivalences in the sense that the lifting g makes the above diagram strictly commutative.

In particular, in the category of T_0 topological spaces L-complete maps are the injective maps with respect to L-equivalences. In this context L-equivalences are precisely completely flat embeddings [13] and L-complete maps are precisely fiberwise sober maps. Hence we see that fiberwise sober maps are the injective maps with respect to completely flat embeddings in the category of T_0 topological spaces as stated in [3].

Acknowledgements The author is grateful to Walter Tholen for his helpful comments on the paper as well as his insightful remarks on the subject. He also thanks the anonymous referee for his/her suggestions which helped to improve the paper.

References

[1] S. Baron, Note on epi in T_0. Can. Math. Bull., 11, (1968), 503-504.

[2] M. Barr, Relational algebras, in Reports of the Midwest Category Seminar, IV, Lecture Notes in Mathematics, Vol. 137, Springer, Berlin, (1970), 39-55.

[3] F. Cagliari, M. M. Clementino and S. Mantovani, Fibrewise injectivity and Kock-Zöberlein monads, J. Pure Appl. Algebra 216, (2012), 2411-2424.

[4] F. Cagliari and S. Mantovani, Injective topological fibre spaces, Topology Appl. 125 (3), (2002), 525-532.

[5] C. Cassidy, M. Hébert and G. M. Kelly, Reflective subcategories, localizations and factorization systems, J. Australian Math. Soc. (Series A) 38, (1985), 287-329.

[6] M. M. Clementino, E. Giuli and W. Tholen, Topology in a category: compactness, Port. Math.

53, (1996), 397-433.

[7] M. M. Clementino, E. Giuli and W. Tholen, A functional approach to general topology, in Categorical Foundations, Vol. 97 of Encyclopedia Math. Appl., Cambridge Univ. Press, Cambridge, (2004), 103-163.

[8] M. M. Clementino and D. Hofmann, Topological features of lax algebras, Appl. Categ. Structures 11 (3), (2003), 267-286.

[9] M. M. Clementino and D. Hofmann, Lawvere completeness in Topology, Appl. Categ. Structures 17, (2009), 175-210.

[10] M. M. Clementino, D. Hofmann and W. Tholen, One setting for all: metric, topology, uniformity, approach structure, Appl. Categ. Structures 12 (2), (2004), 127- 154.

[11] M. M. Clementino and W. Tholen, Metric, Topology and Multicategory - A common approach, J.

Pure Appl. Algebra 179, (2003), 13-47.

[12] D. Dikranjan and E. Giuli, Closure operators. I, Topology Appl. 27 (2), (1987), 129-143. [13] M. H. Escardó and R. Flagg, Semantic domains, injective spaces and monads, Electr. Notes in Theor. Comp. Science 20, (1999).

[14] H. Henriksen and J. R. Isbell, Some properties of compactification, Duke Math. J. 25, (1958), 83-106.

[15] H. Herrlich, Perfect subcategories and factorizations, in Coll. Math. Soc. Janos Bolyai Keszthely Hungary, (1972), 387-403.

[16] H. Herrlich, G. Salicrup and G. E. Strecker, Factorizations, denseness, separation, and relatively compact objects, Topology Appl. 27 (2), (1987), 157-169.

[17] D. Hofmann, Topological theories and closed objects, Adv. Math. 215, (2007), 789-824. [18] D. Hofmann and W. Tholen, Lawvere completion and separation via closure, Appl. Categ. Structures 18, (2010), 259-287.

[19] D. Hofmann and W. Tholen, Lax algebra meets topology, Topology Appl. 159 (9), (2012), 2434- 2452.

[20] G. Janelidze and W. Tholen, Functorial factorization, well-pointedness and separability, J. Pure Appl. Algebra 142, (1999), 99-130.

[21] P. T. Johnstone, Stone spaces, Cambridge University Press, Cambridge, (1982). [22] G. M. Kelly, Basic concepts of enriched category theory, London Math. Soc. Lecture Note Series 64, Cambridge University Press, (1982).

[23] F. W. Lawvere, Metric spaces, generalized logic, and closed categories, Rend. Sem. Mat. Fis.

Milano 43, (1973), 135-166, also in Repr. Theory Appl. Categ. No. 1, (2002), 1-37. [24] R. Lowen, Approach spaces, Oxford Mathematical Monographs, The Clarendon Press Oxford University Press, New York, x+253 pages, the missing link in the topology-uniformity-metric triad, Oxford Science Publications, (1997).

[25] E. G. Manes, A triple theoretic construction of compact algebras., Sem. on Triples and Categorical Homology Theory, ETH Zurich 1966/67, Lecture Notes Math. 80, (1969), 91-118.

[26] E. G. Manes, Compact Hausdorff objects, General Topology and Appl. 4, (1974), 341-360. [27] J. Penon, Sur les objets separes et les objets compacts, in Esquisses Mathematiques, No. 17, pages iv+111, Fac. Sci. Univ. Paris VII, Paris, these 3eme cycle, Specialite: Mathematiques, Universite de Paris, (1972).

[28] G. Richter and A. Vauth, Fibrewise sobriety, Categorical Structures and Their Applications, Proceedings of the North-West European Category Seminar, Berlin, Germany, (2003), 265-283.

[29] J. Rosicky and W. Tholen, Factorization, fibration and torsion, J. Homotopy Theory and Related Structures 2, (2007), 295-314

[30] L. Skula, On a reflective subcategory of the category of all topological spaces, Trans. Amer. Math.

Soc. 142, (1969), 37-41.

[31] G.E. Strecker, Epireflection operators vs. perfect morphisms and closed classes of epimorphisms, Bull. Austral. Math. Soc. 7, (1972), 359-366.

[32] W. Tholen, A categorical guide to separation, compactness and perfectness, Homology Homotopy Appl. 1, (1999), 147-161.

Department of Mathematics and Statistics, York University, 4700 Keele Street, Toronto, ON, Canada, M3J 1P3. Email: sozubek@mathstat.yorku.ca

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at

ftp://ftp.tac.mta.ca/pub/tac/html/volumes/27/12/27-12.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at

http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:

gavin seal@fastmail.fm

Transmitting editors

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com Valeria de Paiva: valeria.depaiva@gmail.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne : kathryn.hess@epfl.ch Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, Macquarie University: steve.lack@mq.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Tom Leinster, University of Edinburgh, Tom.Leinster@ed.ac.uk Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Giuseppe Rosolini, Università di Genova: rosolini@disi.unige.it Alex Simpson, University of Edinburgh: Alex.Simpson@ed.ac.uk James Stasheff, University of North Carolina: jds@math.upenn.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca