Theory and Applications of Categories, Vol. 28, No. 10, 2013, pp. 250–268.

DIAGONAL MODEL STRUCTURES

J.F. JARDINE

Abstract. The category of bisimplicial presheaves carries a model structure for which the weak equivalences are defined by the diagonal functor and the cofibrations are monomorphisms. This model structure has the most cofibrations of a large family of model structures with weak equivalences defined by the diagonal. The diagonal structure for bisimplicial presheaves specializes to a diagonal model structure for bisimplicial sets, for which the fibrations are the Kan fibrations.

Introduction

The original purpose of this paper was to display a model structure for the category s^2Set of bisimplicial sets whose cofibrations are the monomorphisms and whose weak equivalences are the diagonal weak equivalences, and then show that this model structure is cofibrantly generated in a very precise way. The project grew to include analogous model structures on categories of bisimplicial presheaves. These are the diagonal model structures of the title.

The results of this paper have been collected here in anticipation of concrete applications. In particular, they are used in the analysis of homotopy types of diagrams and dynamical systems which appears in [9].

It is relatively painless to show that the diagonal model structures exist for all categories s^2 Pre(C) of bisimplicial presheaves — this result is Theorem 1.4. The proof is essentially a localization argument, since it involves a bounded cofibration statement which appears in Lemma 1.1.

Theorem 1.4 specializes immediately to the existence of a diagonal model structure for bisimplicial sets. The result for bisimplicial sets has already been displayed by other authors [2], [11].

It is also straightforward to show that the diagonal functor and its left adjoint d^∗ define a Quillen equivalence

d^∗ : s Pre(C) ⇆ s^2 Pre(C) : d

between the injective model structure on simplicial presheaves and the diagonal structure for bisimplicial presheaves; this equivalence appears here as Proposition 1.5. A Quillen

This research was supported by NSERC and the CRC program. Received by the editors 2011-09-22 and, in revised form, 2013-04-30. Transmitted by Ieke Moerdijk. Published on 2013-05-16.

2010 Mathematics Subject Classification: Primary 18G30; Secondary 18F20, 55U35. Key words and phrases: bisimplicial presheaves, diagonal functor, model structure. © J.F. Jardine, 2013. Permission to copy for private use granted. 250 equivalence d^∗ : sSet ⇆ s^2Set : d between the standard model structure on simplicial sets and the diagonal model structure on bisimplicial sets is an immediate consequence.

The Moerdijk model structure for bisimplicial sets [10], [4] is induced from the standard model structure for simplicial sets by the diagonal functor — this was the first published example of a model structure for bisimplicial sets whose weak equivalences are defined by the diagonal functor. We show that there is a plethora of such model structures intermediate between an analog of the Moerdijk structure for bisimplicial presheaves and the diagonal structure — the precise statement is Theorem 1.9. The proof of this result is a translation of the intermediate model structures story for simplicial presheaves of [8].

The Kan fibrations for bisimplicial sets are defined by a lifting property with respect to the bisimplicial analogues of inclusions of horns in simplices. A horn can be viewed as the part of boundary ∂Δ^{p,q} of a bisimplex Δ^{p,q} that results from removing a single cell of maximal total degree. The inclusions of the horns in their corresponding bisimplices are simple examples of anodyne extensions of bisimplicial sets.

The problem of showing that the fibrations of the diagonal model structure for bisimplicial sets are precisely the Kan fibrations is technically interesting, and is the subject of the second section of this paper, culminating in Theorem 2.14.

This theorem is the analogue of well known results for simplicial sets and cubical sets [1], [7]. It has been known in some form since 2003, at least to Cisinski and Joyal- Tierney, but was never published. The proof which is given here is direct, and does not use Cisinski’s localization techniques, though some of his ideas are certainly involved.

I would like to thank the referee for a collection of helpful comments and suggestions.

1. Bisimplicial presheaves

Recall that a bisimplicial set X is a functor

X : Δ^{op} × Δ^{op} → Set,

and a morphism of bisimplicial sets is a natural transformation of such functors. Write X_{p,q} = X(p, q) for ordinal numbers p and q. Let s^2Set denote the category of bisimplicial sets.

The bisimplicial set hom( , (p, q)) which is represented by the pair of ordinal numbers (p, q) is denoted by Δ^{p,q}, and is called a standard bisimplex. The bisimplices are the cells for the category of bisimplicial sets.

As usual, the diagonal simplicial set d(X) is defined by

d(X)_p = X_{p,p}.

This construction defines the diagonal functor

d : s^2Set → sSet.

The diagonal functor has both a left adjoint d^∗ and a right adjoint d_∗. The left adjoint d^∗ is defined by extending the assignment

d^∗Δ^n = Δ^{n,n}

in a canonical way, while the right adjoint d_∗ is defined by

d_∗(Y )_{p,q} = hom(Δ^p × Δ^q, Y ),

All functorial constructions on bisimplicial sets extend to presheaves of bisimplicial sets. Let C be a small Grothendieck site, and let s^2 Pre(C) denote the category of functors X : C^{op} → s^2Set and all natural transformations between them — this is the category of bisimplicial presheaves, or presheaves of bisimplicial sets on the site C.

Say that a map f : X → Y of bisimplicial presheaves is a diagonal weak equivalence if the induced simplicial presheaf map d(X) → d(Y ) is a local weak equivalence in the usual sense [5], [6]. A monomorphism of bisimplicial presheaves is a cofibration. An injective fibration of bisimplicial presheaves is a morphism which has the right lifting property with respect to trivial cofibrations.

Suppose that β is a cardinal number. A bisimplicial presheaf A is said to be β-bounded if |A_{p,q}(U)| < β for all p, q ≥ 0 and all objects U in C.

Suppose that α is an infinite cardinal which is an upper bound for the site C in the sense that α > | Mor(C|. We have the following “bounded cofibration lemma” for bisimplicial presheaves:

1.1. Lemma. Suppose that i : X → Y is a trivial cofibration of bisimplicial presheaves, and that A is an α-bounded subobject of Y . Then Y has an α-bounded subobject B such that A ⊂ B and the cofibration B ∩ X → B is a diagonal weak equivalence.

Proof. There is an induced diagram

d(X)

i_∗�

d(A) � d(Y )

where i_∗ is a trivial cofibration of simplicial presheaves and d(A) is an α-bounded subobject of d(Y ). The bounded cofibration lemma for simplicial presheaves (this result first appeared as Lemma 12 of [6]) implies that there is an α-bounded subobject D_1 of d(Y ) such that d(A) ⊂ D_1 and D_1 ∩ d(X) → D_1 is a local weak equivalence. Since D_1 is α-bounded there is an α-bounded subobject A_1 of the bisimplicial presheaf Y such that A ⊂ A_1 and D_1 ⊂ d(A_1). Repeat this construction inductively to find an ascending families of α-bounded subobjects

A ⊂ A_1 ⊂ A_2 ⊂ · · · ⊂ Y and d(A) ⊂ D_1 ⊂ D_2 ⊂ · · · ⊂ d(Y ) such that D_i ⊂ d(A_{i+1}) and the map D_i ∩ d(X) → D_i is a local weak equivalence for all i. Set B = ∪_iA_i. Then the map B ∩ X → B of bisimplicial presheaves is a diagonal weak equivalence.

1.2. Corollary. A map p : X → Y is an injective fibration of bisimplicial presheaves if and only if it has the right lifting property with respect to all α-bounded trivial cofibrations.

The proof of this corollary is a standard Zorn’s lemma argument.

Recall that every simplicial set K can be identified with a horizontally constant bisimplicial set having the same name in a standard way, with K_{p,q} = K_q.

I also use the same notation for a bisimplicial set B and its associated constant simplicial presheaf, so that B(U) = B for all objects U of C.

1.3. Lemma. A map q : Z → Y is an injective fibration and a diagonal weak equivalence if and only if it has the right lifting property with respect to all α-bounded cofibrations.

Proof. If q has the right lifting property with respect to all α-bounded cofibrations, then it has the right lifting property with respect to all cofibrations, by the usual Zorn’s lemma argument. In this case, q has a section σ : Y → Z, and the lifting exists in the diagram

Z ⊔ Z^{(σq,1)} � � Z q � Z × Δ^1_{pr} �

�

Z_q � Y

It follows that the induced map d(q) is a simplicial homotopy equivalence, and hence a local weak equivalence.

Suppose that q is an injective fibration and a diagonal weak equivalence. Then q has a factorization Z^i � q � � � � � X p � Y such that p has the right lifting property with respect to all α-bounded cofibrations and i is a cofibration. Then p is a diagonal weak equivalence, so the cofibration i is a diagonal weak equivalence, and the lift exists in the diagram

Z^1 � i � Z q � X_p � � Y The map q is therefore a retract of the map p, and has the right lifting property with respect to all α-bounded cofibrations.

The function complex hom(X, Y ) for bisimplicial sets X and Y is the simplicial set whose n-simplices are the bisimplicial set maps X × Δ^n → Y .

1.4. Theorem. Suppose that C is a small Grothendieck site. Then, with the definitions of cofibration, injective fibration and diagonal weak equivalence given above, the category s^2 Pre(C) of bisimplicial sets has the structure of a cofibrantly generated closed simplicial model category.

Properness for the model structure of Theorem 1.4 is proved in Corollary 1.7 below.

Proof. The axioms CM1, CM2 and CM3 are easy to verify: in particular, CM2 and CM3 are straightforward consequences of the corresponding statements for the injective model structure on simplicial presheaves. Similarly, trivial cofibrations are closed under pushout, so that Corollary 1.2 and Lemma 1.3 imply the factorization axiom CM5. The lifting axiom CM4 also follows from Lemma 1.3. The cofibrant generation follows from Corollary 1.2 and Lemma 1.3.

For the simplicial structure, we show that if i : A → B is a cofibration of bisimplicial presheaves and j : K → L is a cofibration of simplicial sets, then the cofibration

(B × K) ∪ (A × L) → B × L

is trivial if either i or j is trivial, but this is a consequence of the corresponding statement for simplicial presheaves.

The model structure of Theorem 1.4 is the diagonal structure on the category of bisimplicial presheaves. This result specializes to give diagonal model structures for all categories s^2Set^I of small diagrams of simplicial sets and to the category s^2Set.

In particular, a cofibration for the diagonal structure on bisimplicial sets is a monomorphism, a weak equivalences is a bisimplicial set map X → Y such that the induced map d(X) → d(Y ) is a weak equivalence of simplicial sets, and injective fibrations are defined by a right lifting property with respect to trivial cofibrations.

The left adjoint d^∗ : sSet → s^2Set

of the diagonal functor d preserves cofibrations and takes trivial cofibrations to diagonally trivial cofibrations [4, IV.3.12]. It follows that the functors d^∗ and d define a Quillen adjunction between the standard model structure on simplicial sets and the diagonal structure on bisimplicial sets.

The adjunction map η : Δ^n → dd^∗(Δ^n) can be identified up to isomorphism with the diagonal map Δ^n → Δ^n × Δ^n, which map is a weak equivalence. The functors d and d^∗ both preserve colimits, cofibrations and trivial cofibrations, so an induction on skeleta shows that the adjunction map η : X → dd^∗(X) is a weak equivalence for all simplicial sets X. A triangle identity argument then shows that the natural map ϵ : d^∗d(Y ) → Y is a diagonal equivalence for all bisimplicial sets Y .

The corresponding simplicial presheaf map η : X → dd^∗(X) is a sectionwise weak equivalence for all X, and it follows that the functor d^∗ : s Pre(C) → s^2 Pre(C) takes local weak equivalences to diagonal weak equivalences for simplicial presheaves on a Grothendieck site C. The functors d^∗ and d therefore determine a Quillen adjunction between the injective model structure for simplicial presheaves and the diagonal model structure for bisimplicial presheaves. The adjunction map ϵ : d^∗d(Y ) → Y is also a sectionwise weak equivalence for all bisimplicial presheaves Y , and we have the following result:

1.5. Proposition. Suppose that C is a small Grothendieck site. Then the adjoint functors d^∗ : s Pre(C) ⇆ s^2 Pre(C) : d

define a Quillen equivalence between the injective model structure on simplicial presheaves and the diagonal structure on bisimplicial presheaves on the site C.

1.6. Corollary. The adjoint functors

d^∗ : sSet ⇆ s^2Set : d

define a Quillen equivalence between the standard model structure on simplicial sets and the diagonal structure on bisimplicial sets.

1.7. Corollary. The diagonal model structure on the category s^2 Pre(C) is proper.

Proof. All bisimplicial presheaves are cofibrant, so that pushouts of diagonal weak equivalences along cofibrations are diagonal weak equivalences [4, II.8.5].

The functor d preserves fibrations and pullbacks, and so right properness for the diagonal model structure on bisimplicial presheaves follows from right properness for the injective structure on simplicial presheaves.

1.8. Corollary. The diagonal model structure on the category s^2Set of bisimplicial sets is proper.

The Moerdijk model structure is another well known example of a model structure on the category s^2Set of bisimplicial sets for which the weak equivalences are the diagonal weak equivalences — see [10], and Section IV.3.3 of [4]. The Moerdijk structure is induced from the standard model structure on simplicial sets, in the sense that a bisimplicial set map X → Y is a fibration (respectively weak equivalence) if and only if the induced map d(X) → d(Y ) is a Kan fibration (respectively weak equivalence) of simplicial sets. The Moerdijk structure is Quillen equivalent to the standard model structure on simplicial sets, via the diagonal functor d and its left adjoint d^∗.

Suppose that S is a set of cofibrations of bisimplicial presheaves which contains the set S_0 of all maps d^∗A → d^∗B which are induced by α-bounded cofibrations A → B of simplicial presheaves. Suppose that S further satisfies the closure property that if the map C → D is in S, then so is the induced cofibration

(D × ∂Δ^n) ∪ (C × Δ^n) → D × Δ^n,

for all n ≥ 0. (Here, X × K, for a bisimplicial set X and a simplicial set K is the product of X with the horizontally constant bisimplicial set associated to K.) Let C_S be the saturation of the set S in the class of all cofibrations (monomorphisms) of the bisimplicial set category. I say that C_S is the class of S-cofibrations.

Say that a bisimplicial presheaf map p : X → Y is an S-fibration if it has the right lifting property with respect to all S-cofibrations which are diagonal weak equivalences.

The proof of the following result follows the outline established in [8]:

1.9. Theorem. The category s^2 Pre(C) of bisimplicial presheaves, together with the Scofibrations, diagonal weak equivalences and S-fibrations satisfies the axioms for a proper closed simplicial model category. This model structure is cofibrantly generated.

Proof. Every map f : X → Y has a factorization

X^j � f � � � � � Z q � Y where j is a member of C_S and q has the right lifting property with respect to all members of C_S. Then q_∗ : d(Z) → d(Y ) is a trivial injective fibration of simplicial presheaves, so that q is a diagonal weak equivalence. The map q is an S-fibration.

The map f : X → Y also has a factorization

X^i � f � � � � � W p � Y where i is a trivial cofibration and p is a fibration for the diagonal model structure of Theorem 1.4. The map p is an S-fibration. The cofibration i has a factorization i = q · j as above, where j is an S-cofibration and q is an S-fibration and a diagonal equivalence. The map j is a diagonal equivalence, so that f has a factorization f = (p · q) · j such that pq̇ is an S-fibration and j is an S-cofibration and a diagonal equivalence.

We have verified the model category axiom CM5. If p : X → Y is an S-fibration and a diagonal equivalence, then it is a retract of a map which has the right lifting property with respect to all S-cofibrations, giving CM4. The rest of the model category axioms are easily verified.

The simplicial model axiom SM7 is a consequence of the construction of the class C_S and the instance of this axiom for the injective model structure on simplicial presheaves. The left properness of this structure is an easy consequence of left properness for the diagonal structure on s^2 Pre(C), while right properness follows from right properness for the injective structure on s Pre(C).

The cofibrant generation is proved with what is now a familiar trick. Every α-bounded trivial cofibration β : A → B has a factorization A β � � � � � j_β �

Z_β

q_β � B as in the first paragraph, where j_β is an S-cofibration and q_β has the right lifting property with respect to all S-cofibrations. Then both j_β and q_β are diagonal equivalences. One shows that if i : C → D is an α-bounded S-cofibration and there is a commutative diagram C � i � X f � D � Y where f is a diagonal equivalence, then the diagram has a factorization C � i � A j_β � � X f � D � Z_β � Y

for some β.

Finally, if j : E → F is an S-cofibration and a diagonal equivalence, then j has a factorization E^i � j � � � � � V p � F where p has the right lifting property with respect to all j_β and i is in the saturation of the set of all maps j_β . But then j and p are diagonal equivalences, and the construction of the last paragraph shows that p has the right lifting property with respect to all members of C_S, so that i is a retract of j. This means that the set of all maps j_β generates the class of trivial cofibrations in the model structure defined by the set of cofibrations S.

Say that the model structure of Theorem 1.9 is the S-model structure on the category of bisimplicial presheaves.

The S_0-model structure on bisimplicial sets (for whatever infinite cardinal α) is the Moerdijk structure, and the S_0-model structure for bisimplicial presheaves is a locally defined analogue of the Moerdijk structure. An obvious comparison with the various intermediate model structures for simplicial presheaves [8] says that the S_0-model structure for bisimplicial presheaves is a “projective” model structure, while the diagonal model structure of Theorem 1.4 is an “injective” model structure, and all S-model structures have classes of cofibrations lying between these two extremes.

2. Bisimplicial sets

Suppose that K and L are simplicial sets, and let K ~×L be the bisimplicial set which is defined by (K ~×L)_{p,q} = K_p × L_q.

The bisimplicial set K ~×L is the external product of K and L. Examples: 1) The standard bisimplex Δ^{p,q} has the form

Δ^{p,q} = Δ^p ~×Δ^q.

2) Set ∂Δ^{p,q} = (∂Δ^p ~×Δ^q) ∪ (Δ^p ~×∂Δ^q ) ⊂ Δ^p ~×Δ^q = Δ^{p,q}.

Then the boundary ∂Δ^{p,q} of the bisimplex Δ^{p,q} is generated as a subcomplex by the images of the maps (d^i, 1) : Δ^{p−1,q} → Δ^{p,q} and (1, d^j) : Δ^{p,q−1} → Δ^{p,q}.

The following statement about simplicial sets is well known — it is sometimes called the Eilenberg-Zilber Lemma (see [3, (8.3)]) and is used, however silently [4, I.2.3], in all discussions of the standard skeletal decomposition of a simplicial set. The proof is usually left as an exercise.

2.1. Lemma. Suppose that x, y are non-degenerate simplices of a simplicial set X, and suppose that s, t are ordinal number epimorphisms such that s^∗(x) = t^∗(y). Then x = y and s = t.

Suppose that X is a bisimplicial set and that x ∈ X_{p,q}. The number p + q is the total degree of x.

Suppose that A is a subcomplex of a bisimplicial set X and that x ∈ X_{p,q} is a bisimplex of X − A of minimal total degree. Write x : Δ^{p,q} → X for the classifying map of the bisimplex x. The bisimplices (d_i, 1)(x) and (1, d_j)(x) have smaller total degree than x and are therefore in A, and it follows that there is a pullback diagram

∂Δ^{p,q α} � � A i � Δ^{p,q}_x � X

of bisimplicial set maps.

2.2. Lemma. Suppose that A is a subcomplex of a bisimplicial set X and that x ∈ X_{p,q} is a bisimplex of X − A of minimal total degree. Form the pushout

∂Δ^{p,q α} � � A i � Δ^{p,q}_x � B

Then the induced bisimplicial set map B → X is a monomorphism.

Proof. If x = s(y) for some degeneracy s (vertical or horizontal), then y has smaller total degree, and so y ∈ A and x ∈ A. It follows that x is vertically and horizontally non-degenerate.

There is a decomposition B_{r,s} = A_{r,s} ⊔ {u × v : r × s → p × q, u, v epi}.

in all bidegrees.

If a ∈ A_{r,s} and u × v have the same image in X, then a = (u × v)^∗(x) is in A so that x ∈ A by applying a suitable section of u × v, which can’t happen. The restriction of B_{r,s} → X_{r,s} to A_{r,s} is the monomorphism i : A_{r,s} → X_{r,s}. Finally, if the epis u × v, u^′ × v^′ : r × s → p × q have the same image in X, then (u × v)^∗(x) = (u^′ × v^′)^∗(x) in X.

The bisimplex (1 × v)^∗(x) is horizontally non-degenerate. Otherwise, (1 × v)^∗(x) = (s × 1)^∗(y) for some y and non-trivial ordinal number epi s, and if d is a section of v then x = (1 × d)^∗(1 × v)^∗(x) = (1 × d)^∗(s × 1)^∗(y) = (s × 1)^∗(1 × d)^∗(y) so that x is horizontally degenerate. Similarly, (1 × v^′)^∗(x) is horizontally non-degenerate, and so Lemma 2.1 and the relations (u × 1)^∗(1 × v)^∗(x) = (u^′ × 1)^∗(1 × v^′)^∗(x) together imply that u = u^′ and (1 × v)^∗(x) = (1 × v^′)^∗(x), so that v = v^′ 2.3. Corollary. The set of inclusions ∂Δ^{p,q} ⊂ Δ^{p,q} generates the class of cofibrations of s^2Set.

The class A of anodyne extensions of s^2Set is the saturation of the set of bisimplicial set maps S, which consists of all morphisms (Λ^r_k ~×Δ^s) ∪ (Δ^r ~×∂Δ^s) ⊂ Δ^r ~×Δ^s = Δ^{r,s} as well as all morphisms (∂Δ^r ~×Δ^s) ∪ (Δ^r ~×Λ^s_j ) ⊂ Δ^r ~×Δ^s = Δ^{r,s} The class A contains the set of all cofibrations (A ~×D) ∪ (B ~×C) ⊂ B ~×D induced by cofibrations A → B and C → D, where one of the two maps is a trivial cofibration of simplicial sets. The diagonal of such a map is the trivial cofibration (A × D) ∪ (B × C) ⊂ B × D.

in simplicial sets.

In particular, we have the following:

2.4. Lemma. Every anodyne extension of bisimplicial sets is a diagonal weak equivalence.

Say that a map p : X → Y of bisimplicial sets is a Kan fibration if it has the right lifting property with respect to all anodyne extensions.

Every injective fibration is a Kan fibration. The purpose of the remainder of this section is to prove the converse assertion, so that the injective fibrations of bisimplicial sets are precisely the Kan fibrations. This statement appears as Theorem 2.14 below.

Suppose that X is a bisimplicial set and that K is a simplicial set. The bisimplicial set X × K has bisimplices defined by the assignment (X × K)_{p,q} = X_{p,q} × K_q.

There is a natural isomorphism d(X × K) ∼= d(X) × K.

The construction (X, K) → X × K preserves diagonal weak equivalences in bisimplicial sets X and weak equivalences in simplicial sets K.

2.5. Lemma. Suppose that i : A → B is a cofibration of bisimplicial sets and that j : K → L is a cofibration of simplicial sets. Then the induced map (i, j)_∗ : (B × K) ∪ (A × L) → B × L is a cofibration which is an anodyne extension if either i or j is a trivial cofibration of simplicial sets. Proof. The map (Δ^{r,s} × K) ∪ (∂Δ^{r,s} × L) → Δ^{r,s} × L can be identified with the map

(∂Δ^r ~×(Δ^s × L)) ∪ (Δ^r ~×((∂Δ^s × L) ∪ (Δ^s × K))) → Δ^r ~×(Δ^s × L), which is a cofibration.

The simplicial set map (∂Δ^s × L) ∪ (Δ^s × K) → Δ^s × L is a trivial cofibration if j is a trivial cofibration, so that the bisimplicial set map (i, j)_∗ is an anodyne extension in general if j is a trivial cofibration.

The remaining assertion, that (i, j)_∗ is an anodyne extension if i is an anodyne extension, has a similar proof.

Suppose that X and Y are bisimplicial sets. The collection of bisimplicial set maps

X × Δ^n → Y

is the set of n-simplices of the simplicial set hom(X, Y ). If p : X → Y is a Kan fibration and A is a bisimplicial set, then the induced map p_∗ : hom(A, X) → hom(A, Y ) is a fibration of simplicial sets since all maps A × Λ^n_k → A × Δ^n are anodyne extensions by Lemma 2.5.

If f : A → Y is a map of bisimplicial sets, then f is a vertex of the simplicial set hom(A, Y ), and we can form the pullback diagram

hom_f (A, X) � � hom(A, X)

p_∗ � ∗_f � hom(A, Y )

The simplicial set hom_f (A, X) is the space of liftings of the map f. It is a Kan complex since the bisimplicial set map p is a Kan fibration.

The n-simplices of hom_f (A, X) are commutative diagrams of the form

A × Δ^n � pr � X p � A_f � Y

The functor s^2Set/Y → sSet which takes an object f : A → Y to the simplicial set hom_f (A, X) has a left adjoint which takes a simplicial set K to the object

A × K^{pr}−→ A^f−→ Y.

A map A^α � f � � � � B g � � � Y of bisimplicial sets over Y is said to be an anodyne equivalence over Y if the simplicial set maps hom_g(B, X)^{α∗}−→ hom_f (A, X) are weak equivalences for all Kan fibrations p : X → Y .

2.6. Lemma. Suppose that the map A^α−→ B^g−→ Y of bisimplicial sets over Y is defined by a cofibration α, and let f = g · α. Suppose that p : X → Y is a Kan fibration. Then the induced map α^∗ : hom_g(B, X) → hom_f (A, X) is a Kan fibration. If α is an anodyne extension, then α^∗ is a trivial Kan fibration.

Proof. Use Lemma 2.5 to see that the lifting exists in all diagrams (B × Λ^n_k ) ∪ (A × Δ^n) � � X p � B × Δ^n_{pr} �

�

B_g � Y

Similarly, if α : A → B is an anodyne extension, then the lifting exists in all diagrams (B × ∂Δ^n) ∪ (A × Δ^n) � � X p � B × Δ^n_{pr} �

�

B_g � Y

so that α^∗ is a trivial fibration.

2.7. Corollary. Suppose that α : A → B is an anodyne extension. Then any map A^α−→ B → Y is an anodyne equivalence of bisimplicial sets over Y . 2.8. Lemma. If α : K → K^′ and β : L → L^′ are weak equivalences of simplicial sets, then any map α ~×β : K ~×L → K^′ ~×L^′ → Y is an anodyne equivalence of bisimplicial sets over Y . Proof. We show that the map α × 1 : K ~×L → K^′ ~×L → Y is an anodyne weak equivalence.

This is true if α is a trivial cofibration by Corollary 2.7, and is therefore true in general since all simplicial sets are cofibrant.

If X is a bisimplicial set, then the simplicial set maps Δ^n × X_{n,m} → X_{∗,m} induce bisimplicial set maps γ_n : Δ^n ~×X_n → X.

The bisimplicial set X has a filtration sk_n X by (horizontal) skeleta, and there are natural pushout diagrams s_{[r]}X_{n−1}^{sr+1} � � s_{[r]}X_n � X_{n sr+1} � s_{[r+1]}X_n

(1) of simplicial sets and pushout diagrams

(Δ^{n+1} ~×s_{[n]}X_n) ∪ (∂Δ^{n+1} ~×X_{n+1}) � � sk_n X � Δ^{n+1} ~×X_{n+1} � sk_{n+1} X

(2)

of bisimplicial sets, in which the vertical maps are cofibrations. The subobject

s_{[r]}X_n := ∪_{i≤r} s_i(X_{n−1})

is a union of images of horizontal degeneracies. See also [4, IV.1.7].

2.9. Lemma. Suppose that A^α−→ B^g−→ Y is a map of bisimplicial sets over Y such that the map α : A_n → B_n is a weak equivalence of simplicial sets in each horizontal degree n. Then α is an anodyne equivalence over Y .

Proof. Write f = g · α. Suppose that p : X → Y is a Kan fibration of bisimplicial sets.

The functor which takes f : A → Y to hom_f (A, X) takes cofibrations to Kan fibrations by Lemma 2.6. It follows that anodyne weak equivalences satisfy a patching property for pushouts along cofibrations. One can then show inductively that the induced maps s_{[r]}A → s_{[r]}B → Y and sk_n A → sk_n B → Y are anodyne equivalences over Y .

The vertical maps in the diagram

sk_0 A � � sk_1 A � � sk_2 A � � . . .

sk_0 B � sk_1 B � sk_2 B � . . .

are anodyne weak equivalences, and the horizontal maps are cofibrations. It follows that the induced map

hom_g(B, X) ∼= lim←− n hom_g(sk_n B, X) → lim←− n hom_f (sk_n A, X) = hom_f (A, X)

is a weak equivalence.

2.10. Lemma. Suppose that the map Z^π−→ W^g−→ Y of bisimplicial sets over Y is defined by a map π which is a fibration and a diagonal weak equivalence. Then the map π is an anodyne equivalence of bisimplicial sets over Y . Proof. Write f = g · π.

The composite Z × Δ^{1 pr}−→ Z^f−→ X is a cylinder for f in s^2Set/Y .

The map π is a trivial fibration of s^2Set/Y , and all objects of this category are cofibrant. It follows that the map π : f → g is a fibre homotopy equivalence, for the choice of cylinder above. If the maps α, β : Z → W → X are fibre homotopic, then they induce the same maps

α^∗, β^∗ : hom_g(W, X) → hom_f (Z, X)

in the homotopy category for simplicial sets, for all Kan fibrations p : X → Y . It follows that the map π^∗ : hom_g(W, X) → hom_f (Z, X)

induces an isomorphism in the homotopy category, and is therefore a weak equivalence of simplicial sets for all Kan fibrations p : X → Y .

2.11. Lemma. Suppose that every diagonal weak equivalence α : f → g over a bisimplicial set Y is an anodyne equivalence over Y . Then every Kan fibration p : X → Y is a diagonal fibration.

Proof. Every Kan fibration p : X → Y has the right lifting property with respect to all cofibrations j : A → B which define anodyne equivalences A^j−→ B^β−→ Y . In effect, the corresponding simplicial set maps hom_β(B, X) → hom_{β·j} (A, X) are trivial fibrations and are therefore surjective in degree 0.

Thus, if every diagonal weak equivalence over Y is an anodyne equivalence over Y , then every Kan fibration p : X → Y has the right lifting property with respect to all cofibrations which are diagonal equivalences.

2.12. Lemma. Suppose that in the diagram X π � � � � f � Y

π^′ � � � � Δ^{p,q}

the map f is a diagonal weak equivalence of bisimplicial sets. Then the map f defines an anodyne equivalence over Δ^{p,q}.

Proof. We can suppose that the maps π and π^′ are Kan fibrations.

If the map π : X → Δ^{p,q} = Δ^p ~×Δ^q

is a Kan fibration, then all maps X_n → ⨆ n→p Δ^q

are fibrations of simplicial sets, and all diagrams

X_n^{θ∗} � � X_m � ⨆ n→p Δ^q_{θ∗} � ⨆ m→p Δ^q

(3) are homotopy cartesian.

The claim that the diagram (3) is homotopy cartesian is proved by forming the pullback diagram v^∗X � � X � Δ^{p,0}_{1 ~×v} � Δ^{p,q} corresponding to a vertex v : Δ^0 → Δ^q. Then the diagram v^∗X_n^{θ∗} � � v^∗X_m � ⨆ n→p Δ^0_{θ∗} � ⨆ m→p Δ^0

(4)

is weakly equivalent to the diagram (3), and so one can assume that q = 0.

In horizontal degree n, X_n = ⊔_{σ:n→p} X_σ, where X_σ is the fibre over σ for the map X_n → Δ^p_n. It is enough to show that every ordinal number monomorphism d : m → n induces trivial fibrations X_σ → X_d∗_σ. The solution of the lifting problem ∂Δ^r � � X_σ � Δ^r � � X_d∗_σ is equivalent to a solution of the corresponding lifting problem (Δ^n ~×∂Δ^r) ∪ (Δ^m ~×Δ^r) � � X

Δ^n ~×Δ^n

�

in bisimplicial sets. The dotted arrow extension exists in the diagram (Δ^n ~×∂Δ^r) ∪ (Δ^m ~×Δ^r) � � X � Δ^n ~×Δ^r � Δ^p ~×Δ^0 and so the desired lifting problem is solved since the map X → Δ^{p,0} = Δ^p ~×Δ^0 is a Kan fibration.

In particular, given a Kan fibration X → Δ^{p,q}, the bisimplicial set X is determined by simplicial sets X_σ, one for each σ : n → p, and weak equivalences X_σ → X_θ∗_σ which are functorial in maps between simplices of Δ^p.

Let 1 : p → p be the generating simplex for Δ^p. The weak equivalences X_1 → X_σ define a map Δ^p ~×X_1 � � � � � X � � � � Δ^{p,q} which is a levelwise equivalence, hence an anodyne equivalence over Δ^{p,q}.

The induced map 1 ~×f_∗ : Δ^p ~×X_1 → Δ^p ~×Y_1

is a diagonal equivalence, and it follows that the map f_∗ : X_1 → Y_1 is a weak equivalence of simplicial sets. The map 1 ~×f_∗ is therefore a levelwise equivalence, and hence an anodyne equivalence over Δ^{p,q}. The original map f is therefore an anodyne equivalence.

We then have the following consequence of Lemma 2.11 and Lemma 2.12:

2.13. Corollary. Every Kan fibration p : X → Δ^{p,q} is a diagonal fibration.

We close with the main result of this section.

2.14. Theorem. The map p : X → Y is a diagonal fibration if and only if it is a Kan fibration.

Proof. We show that every Kan fibration which is a diagonal weak equivalence has the right lifting property with respect to all cofibrations.

Suppose that this is so, and let i : A → B be a cofibration which is a diagonal weak equivalence. Find a factorization A^j � i � � � � � Z p � B such that j is anodyne and p is a Kan fibration. Then, subject to the claim of the first paragraph, the map p is a diagonal weak equivalence and the lifting exists in the diagram

A^j � i � Z p � B_1 � � B Then the map i is a retract of j, and is therefore an anodyne extension. Thus, the classes of diagonal trivial cofibrations and anodyne extensions coincide, so the classes of diagonal fibrations and Kan fibrations coincide.

Suppose that p : X → Y is a Kan fibration and a diagonal equivalence. Form the pullback diagrams p^{−1}(σ) �

p_∗ � X p � Δ^{p,q}_σ � Y

(5)

for all bisimplices σ. If Δ^{r,s} � τ � � � � Δ^{p,q} σ � � � � Y is a map of simplices, then the maps p_∗ in the pullback diagram

p^{−1}(τ) �

p_∗ � p^{−1}(σ)

p_∗ � Δ^{r,s} � Δ^{p,q}

are diagonal fibrations by Corollary 2.13, so that the map p^{−1}(τ) → p^{−1}(σ) is a diagonal equivalence since the diagonal model structure is proper. It follows from Quillen’s Theorem B [4, IV.5.7] that all diagrams (3) are homotopy cartesian for the diagonal model structure.

In particular, the maps p_∗ are diagonal equivalences, so that the lifts exist in all diagrams ∂Δ^{p,q} � � p^{−1}(σ)

p_∗ � Δ^{p,q}_1 � � Δ^{p,q}

The map p : X → Y is therefore a trivial diagonal fibration.

References

[1] Denis-Charles Cisinski. Les préfaisceaux comme modèles des types d’homotopie.

Astérisque, (308):xxiv+390, 2006.

[2] Daniel Dugger. Replacing model categories with simplicial ones. Trans. Amer. Math.

Soc., 353(12):5003–5027 (electronic), 2001.

[3] Samuel Eilenberg and J. A. Zilber. Semi-simplicial complexes and singular homology.

Ann. of Math. (2), 51:499–513, 1950.

[4] P. G. Goerss and J. F. Jardine. Simplicial Homotopy Theory, volume 174 of Progress in Mathematics. Birkhäuser Verlag, Basel, 1999.

[5] J. F. Jardine. Simplicial presheaves. J. Pure Appl. Algebra, 47(1):35–87, 1987.

[6] J. F. Jardine. Boolean localization, in practice. Doc. Math., 1:No. 13, 245–275 (electronic), 1996.

[7] J. F. Jardine. Categorical homotopy theory. Homology, Homotopy Appl., 8(1):71–144 (electronic), 2006.

[8] J. F. Jardine. Intermediate model structures for simplicial presheaves. Canad. Math.

Bull., 49(3):407–413, 2006.

[9] J.F. Jardine. Homotopy theories of diagrams. Theory and Applications of Categories 28(11), 269–303, 2013.

[10] Ieke Moerdijk. Bisimplicial sets and the group-completion theorem. In Algebraic K-theory: connections with geometry and topology (Lake Louise, AB, 1987), volume 279 of NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., pages 225–240. Kluwer Acad. Publ., Dordrecht, 1989.

[11] Charles Rezk, Stefan Schwede, and Brooke Shipley. Simplicial structures on model categories and functors. Amer. J. Math., 123(3):551–575, 2001.

Mathematics Department University of Western Ontario London, Ontario N6A 5B7 Canada Email: jardine@uwo.ca

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at

ftp://ftp.tac.mta.ca/pub/tac/html/volumes/28/10/28-10.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at

http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:

gavin seal@fastmail.fm

Transmitting editors.

Clemens Berger, Université de Nice-Sophia Antipolis: cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com Valeria de Paiva: valeria.depaiva@gmail.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne: kathryn.hess@epfl.ch Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, Macquarie University: steve.lack@mq.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Tom Leinster, University of Edinburgh: Tom.Leinster@ed.ac.uk Ieke Moerdijk, Radboud University Nijmegen: i.moerdijk@math.ru.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Giuseppe Rosolini, Università di Genova: rosolini@disi.unige.it Alex Simpson, University of Edinburgh: Alex.Simpson@ed.ac.uk James Stasheff, University of North Carolina: jds@math.upenn.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca