Theory and Applications of Categories, Vol. 28, No. 11, 2013, pp. 269–303.

HOMOTOPY THEORIES OF DIAGRAMS

J.F. JARDINE

Abstract. Suppose that S is a space. There is an injective and a projective model structure for the resulting category of spaces with S-action, and both are easily derived. These model structures are special cases of model structures for presheaf-valued diagrams X defined on a fixed presheaf of categories E which is enriched in simplicial sets.

Varying the parameter category object E (or parameter space S) along with the diagrams X up to weak equivalence requires model structures for E-diagrams having weak equivalences defined by homotopy colimits, and a generalization of Thomason’s model structure for small categories to a model structure for presheaves of simplicial categories.

Introduction

The work displayed in this paper arose from a preliminary study of the homotopy theory of dynamical systems.

In general, a dynamical system consists of an action

X × S → X

of a parameter space S on a space X. These objects appear most often in the context of manifolds, where S is some kind of time parameter which is a subobject of the real numbers.

In this paper, a “space” is a simplicial set, and we consider dynamical systems within the category of simplicial sets — I say that such objects are S-spaces. A morphism X → Y of S-spaces is the obvious thing, namely an S-equivariant map between the respective simplicial sets. One could reasonably ask if a framework for homotopy theory exists in some form for S-spaces.

Some preliminary constructions can already be found in the literature, albeit in a different language [6], within the context of local homotopy theory.

On a more down to earth level, say that a map f : X → Y of S-spaces is a weak equivalence if the underlying simplicial set map is a weak equivalence, a cofibration of S-spaces is a monomorphism, and that a map of S-spaces is an injective fibration if it has the right lifting property with respect to all maps which are simultaneously cofibrations and weak equivalences. “Dually” say that a map p : Z → W of S-spaces is a projective

This research was supported by NSERC and the CRC program. Received by the editors 2011-09-22 and, in revised form, 2013-04-30. Transmitted by Ieke Moerdijk. Published on 2013-05-16.

2010 Mathematics Subject Classification: Primary 18F20; Secondary 18G30, 55U35. Key words and phrases: model structures, presheaves of categories, diagrams. © J.F. Jardine, 2013. Permission to copy for private use granted. 269 fibration if the underlying simplicial set map is a Kan fibration, and a map of S-spaces is a projective cofibration if it has the left lifting property with respect to all maps which are projective fibrations and weak equivalences. Then it is not hard to show directly that there are two distinct Quillen model structures on S-spaces which reflect these definitions: an injective structure with cofibrations, weak equivalences and injective fibrations, and a projective structure with projective cofibrations, weak equivalences and projective fibrations. This is a start — these model structures are much like the variants of naive equivariant homotopy theory that one encounters for spaces with group actions.

The first step in the translation to the language of [6] is to observe that an S-space is a module X × F (S) → X

over the free simplicial monoid F (S) associated to S, or equivalently an F (S)-diagram in simplicial sets, where F (S) is identified with a simplicial category having one object. The F (S)-diagram X is then a very particular case of an E-diagram in simplicial presheaves, where E is a presheaf of categories enriched in simplicial sets. Definitions analogous to those of the previous paragraph can be made relative to the injective model structure on simplicial presheaves, and the corresponding injective and projective model structures for E-diagrams are derived in [6].

Beyond this, Theorem 5.2 of this paper says that there is an infinite list of model structures for the category of E-diagrams having the same weak equivalences, for a fixed presheaf E of categories enriched in simplicial sets. Of these, the projective model structure has the fewest cofibrations and the injective model structure has the most. This result specializes to give an infinite list of model structures for the category of S-spaces, all having the same weak equivalences, and among which the projective and injective model structures described above appear as extremal examples.

But we want more. All homotopy theoretic structures discussed so far are defined relative to either a fixed choice of presheaf of simplicial categories E, or a fixed parameter space S. The point of the remainder of the paper is to display a homotopy theory for E-diagrams or S-spaces in which the parameter objects E or S can vary up to weak equivalence. Further, the presheaves of simplicial categories E which have been considered so far have had simplicially discrete objects, and we want to escape from this assumption.

There are essentially two preparatory steps:

1) develop an appropriate model structure for presheaves of simplicial categories E, and 2) develop a “homotopy colimit” model structure for E-diagrams which is consistent with the interpretation of an E-diagram as a bisimplicial set map X → BE.

The homotopy theory for presheaves of simplicial categories which appears here in Theorem 4.1 is a generalization of Thomason’s model structure for small categories [11]. It is Quillen equivalent to an “sd^{2,0}-model structure” on the category of bisimplicial presheaves, in which the weak equivalences are diagonal local weak equivalences, and the cofibrations are generated by taking double subdivisions of ordinary cofibrations in all vertical degrees. This sd^{2,0}-model structure for bisimplicial presheaves is Quillen equivalent to the diagonal model structure of [10], but also gives a setting for the model structure for presheaves of simplicial categories: a morphism f : C → D of such objects is a weak equivalence if the map BC → BD of bisimplicial nerves is a diagonal weak equivalence, and f : C → D is a fibration if the map BC → BD is an sd^{2,0}-fibration.

The sd^{2,0}-model structure on bisimplicial presheaves is just an example: there are sd^{m,n}-model structures for all m, n ≥ 0, all of which are Quillen equivalent to the diagonal model structure (Theorem 1.2). This is a generalization of a phenomenon which one finds in simplicial presheaves: there are sd^n-model structures for the category of simplicial presheaves, all of which are Quillen equivalent to the injective model structure (Theorem 1.1). The sd^2-model structure is the setting for a generalization of Thomason’s original result to a model structure for presheaves of categories, which model structure is Quillen equivalent to the injective model structure for simplicial presheaves (Theorem 3.1). Thomason’s result depended on a theory of Dwyer maps, which are special types of fully faithful imbeddings of small categories. Dwyer maps are discussed in Section 2 of this paper.

The homotopy colimit model structure for E-diagrams appears in Theorem 5.4. In this theory, the cofibrations are the monomorphisms, and a map X → Y of E-diagrams is a weak equivalence if it induces a diagonal weak equivalence

holim −−−→^E X → holim−−−→^E Y

of bisimplicial presheaves. Unlike earlier results (Theorem 5.2 and Theorem 5.2) there is no requirement for the object presheaf Ob(E) to be simplicially discrete — Theorem 5.4 is universal. The associated homotopy category for this model structure is equivalent to homotopy category Ho(s^2 Pre(C)/BE) for the diagonal model structure on bisimplicial presheaves fibred over BE, so that we can now identify E-diagrams with maps of bisimplicial presheaves Y → BE.

Morphisms of diagrams may then be defined as commutative diagrams

X^f � � Y � BE_{Bg} � BF

in bisimplicial presheaves, and we can say that the map (f, g) is a weak equivalence if f is a diagonal equivalence and g is a weak equivalence of presheaves of simplicial categories. The map (f, g) is a cofibration if f is an sd^{2,0}-cofibration and g is a cofibration of presheaves of simplicial categories. Finally, the map (f, g) is a fibration if g is a fibration of simplicial category objects and the induced map

X → BC ×_{BD} Y is an sd^{2,0}-fibration of bisimplicial presheaves. The resulting model structure, which is easily derived, appears in Theorem 4.2.

There is an analogous model structure for diagrams defined on ordinary presheaves of categories; the corresponding result is Theorem 3.3.

All of these results for presheaves specialize to set-based results in the realm of ordinary homotopy theory. In that case, there are sd^n-model structures for simplicial sets and sd^{m,n}-models for bisimplicial sets, all of which are models for standard homotopy category. Theorem 4.1 specializes to a model structure for simplicial categories which is induced by the sd^{2,0}-structure for bisimplicial sets. We also have specializations of the various model structures for diagram categories to the categories of A-diagrams for a simplicial category A. In particular, if the maps f : X → Y and g : S → T define a morphism of dynamical systems in the sense that the diagram

X × S � f×g � X f � Y × T � Y

commutes, then the pair (f, g) defines a weak equivalence of dynamical systems if and only if the induced commutative diagram

holim −−−→^{F (S)}X �

� holim −−−→^{F (T )}Y � BF (S) � BF (T )

of bisimplicial sets is a weak equivalence of diagrams. This will certainly be so, for example, if the maps f and g are themselves weak equivalences of simplicial sets, but this is not the whole story.

The main results of this paper are much more general. They apply, for example, to sheaves and presheaves of dynamical systems for arbitrary Grothendieck topologies. Diagrams on a topological or simplicial category are generalized dynamical systems for which the parameter space has more than one object, and we have a clear interpretation of both the absolute and local homotopy theories of these more general objects as well.

I would like to thank Gunnar Carlsson for opening the discussion about the potential existence of homotopy theories for dynamical systems, and for a series of stimulating conversations as the results of this paper evolved.

I would also like to thank the referee for a collection of helpful comments.

1. Subdivision model structures

We begin by recalling some of the basic features of subdivisions [2], [5].

Every simplicial set X has a poset NX of non-degenerate simplices, ordered by the face relationship. The assignment X → NX is functorial in X: if f : X → Y is a simplicial set map and σ is a non-degenerate simplex of X, then f(σ) = s(τ) for some unique iterated degeneracy s and non-degenerate simplex τ of Y , and the assignment σ → τ defines the functor f_∗ : NX → NY .

The subdivision sd(X) of a simplicial set X is defined by the assignment

sd(X) = lim−→

Δ^n→X

BNΔ^n,

where the colimit is indexed over the category Δ/X of simplices Δ^n → X. It follows from the definition that there is an isomorphism

sd(Δ^n) ∼= BNΔ^n

which is natural in maps of simplices.

Define a polyhedral complex to be a subcomplex K ⊂ BP of the nerve of a poset P such that the vertices of each non-degenerate simplex x of K are distinct.

There is a natural map π : sd(X) → BNX for all simplicial sets X, and the map π : sd(K) → BNK is an isomorphism for all polyhedral complexes K. In effect, if x is a non-degenerate n-simplex of K, then the classifying map x : Δ^n → K is a monomorphism, and induces an isomorphism Δ^n ∼= ⟨x⟩ onto the subcomplex of K which is generated by x. Remark: It is useful to compare the present definition of polyhedral complex K with the one given in [5]. The older definition is not precise enough to imply that the map π : sd(K) → BNK is an isomorphism.

The last vertex map γ : BNK = sd(K) → K

for a polyhedral complex K is defined by sending the simplex σ : Δ^n → K to the vertex σ(n). The map γ is natural in polyhedral complexes K, and it follows that the maps γ : sd(Δ^n) → Δ^n (which are weak equivalences) induce a natural map

γ_∗ : sd(X) → X (1)

for all simplicial sets X. An induction on skeleta shows that this map γ_∗ is a weak equivalence for all X.

The right adjoint Y → Ex(Y ) of the subdivision functor sd is defined by setting Ex(Y )_n to be the collection of simplicial set maps sd(Δ^n) → Y . Precomposition with the last vertex maps γ : sd(Δ^n) → Δ^n induces a natural map

γ^∗ : Y → Ex(Y ),

which map is a natural weak equivalence [2, III.4.6]. It follows that the functor Ex preserves and reflects weak equivalences of simplicial sets.

As usual, sd^n and Ex^n denote the n-fold iterations of the subdivision and Ex functors, respectively, and the functor sd^n is left adjoint to Ex^n.

There is an isomorphism

lim−→

Δ^p→sd^n X

sd^m Δ^{p ∼=}−→ sd^m(sd^n X) = sd^{m+n} X (2)

which is natural in simplicial sets X, by adjointness.

Suppose that C is a small Grothendieck site, and let s Pre(C) be the category of simplicial presheaves on C. The category s Pre(C) has a proper closed simplicial model structure [3], [4], for which the cofibrations are the monomorphisms, the weak equivalences are the local weak equivalences, and the fibrations are defined by a right lifting property with respect to trivial fibrations. The fibrations for this model structure are usually called injective fibrations. This model structure is cofibrantly generated, with generators consisting of the α-bounded cofibrations and α-bounded trivial cofibrations, where α is an infinite cardinal such that α > | Mor(C)|. Suppose henceforth that α is a fixed choice of such a cardinal.

Say that a simplicial presheaf map p : X → Y is an Ex^n-fibration if the induced map Ex^n X → Ex^n Y is an injective fibration. An sd^n-cofibration is a map which has the left lifting property with respect to all trivial sd^n-fibrations. Examples of sd^n-cofibrations include all maps sd^n A → sd^n B which are induced by cofibrations A → B of simplicial presheaves.

1.1. Theorem. Suppose that C is a small Grothendieck site.

1) The classes of sd^n-fibrations, sd^n-cofibrations and local weak equivalences satisfy the axioms for a proper closed model structure on s Pre(C).

2) The adjoint functors sd^n : s Pre(C) ⇆ s Pre(C) : Ex^n

define a Quillen equivalence between the injective model structure and the model structure for simplicial presheaves on the site C which is given by part 1).

The model structure of Theorem 1.1 is called the sd^n-model structure for simplicial presheaves.

Proof. The functor sd^n preserves cofibrations of simplicial sets. The presheaf-level functor sd^n therefore preserves cofibrations of simplicial presheaves. The functor sd^n preserves and reflects local weak equivalences, on account of the natural weak equivalences (1).

It follows that a map p : X → Y is an sd^n-fibration if and only if it has the right lifting property with respect to all maps sd^n A → sd^n B which are induced by α-bounded trivial cofibrations A → B. Similarly, a map q : Z → W is a trivial sd^n-fibration if and only if it has the right lifting property with respect to all maps sd^n C → sd^n D which are induced by α-bounded cofibrations C → D.

A small object argument shows that every simplicial presheaf map f : X → Y has factorizations Z_p � � � � � X i � � � � �_f � j � � � � Y W q � � � � in which

1) the map p is an sd^n-fibration and i is a trivial sd^n-cofibration which has the left lifting property with respect to all sd^n-fibrations,

2) the map q is a trivial sd^n-fibration and j is an sd^n-cofibration.

The factorization axiom CM5 is therefore proved. The lifting axiom CM4 follows in a standard way: every trivial sd^n-cofibration is a retract of a map which has the left lifting property with respect to all sd^n-fibrations, on account of statement 1) above. The other closed model axioms are easily verified.

Suppose that Z ×_Y X^{f∗} � � X p � Z_f � Y

is a pullback diagram such that p is an sd^n-fibration and f is a local weak equivalence. Then the induced diagram

Ex^n(Z ×_Y X)^{f ′∗} � � Ex^n X

p^′ � Ex^n Z_{f ′} � Ex^n Y

is a pullback in which p^′ is an injective fibration and f^′ is a local weak equivalence. It follows that the map f_∗ : Z ×_Y X → X is a local weak equivalence.

Every sd^n-cofibration is a cofibration (ie. a monomorphism) in the ordinary sense. In effect, this is true of all maps sd^n A → sd^n B which are induced by cofibrations A → B, and the class of maps which are sd^n-cofibrations and monomorphism is closed under pushout, composition and retraction. It follows that all maps j : X → W in the proof of CM5 are monomorphisms as well as sd^n-cofibrations. Any sd^n-cofibration is a retract of such a map j, and is therefore a monomorphism.

The left properness of the model structure in the statement of the Proposition is then a consequence of the corresponding statement for the injective model structure on simplicial presheaves.

The subdivision functor sd^n and its right adjoint determine a Quillen adjunction

sd^n : s Pre(C) ⇆ s Pre(C) : Ex^n .

The functor Ex^n preserves and reflects weak equivalences of simplicial sets. It follows that Ex^n takes pushout diagrams of simplicial sets A � i � C � B � D

with i a cofibration to homotopy cocartesian diagrams. An induction on skeleta shows that the unit map η : X → Ex^n sd^n X for the adjunction is a natural weak equivalence for all simplicial sets X. The counit ϵ : sd^n Ex^n Y → Y is therefore a natural weak equivalence for all simplicial sets Y , since the map Ex^n(ϵ) is a weak equivalence.

The maps η : X → Ex^n sd^n X and ϵ : sd^n Ex^n Y → Y are therefore sectionwise, hence local weak equivalences for all simplicial presheaves X and Y .

A map X → Y of bisimplicial sets is said to be a diagonal weak equivalence if the induced map d(X) → d(Y ) of diagonal simplicial sets is a weak equivalence. The diagonal weak equivalences are the weak equivalences for the diagonal model structure on the category s^2Set of bisimplicial sets [10]. The cofibrations of the diagonal model structure are the monomorphisms.

The diagonal structure on bisimplicial sets is a special case of a diagonal model structure for the category s^2 Pre(C) of bisimplicial presheaves, whose weak equivalences are the diagonal (local) weak equivalences and whose cofibrations are the monomorphisms. The fibrations for this structure on bisimplicial presheaves are defined by a right lifting property with respect to trivial cofibrations, and are called injective fibrations.

If K and L are simplicial sets, then the external product K ~×L is the bisimplicial set with (K ~×L)_{p,q} = K_p × L_q.

Suppose that X is a bisimplicial set and write

sd^{p,q} X = lim−→

Δ^{r,s}→X

sd^p Δ^r ~× sd^q Δ^s.

Here, p or q could be 0, so that, for example

sd^{0,q} X = lim−→

Δ^{r,s}→X

Δ^r ~× sd^q Δ^s,

and there is a natural isomorphism

sd^{0,0} X ∼= X.

It follows that there is an isomorphism sd^{p,q} Δ^{r,s} ∼= sd^p Δ^r ~× sd^q Δ^s which is natural in bisimplices. There is, more generally, an isomorphism sd^{p,q}(K ~×L) ∼= sd^p K ~× sd^q L (3) which is natural in simplicial sets K and L.

There is an isomorphism sd^{r,s}(sd^{m,n} X)^{∼=}−→ sd^{r+m,s+n} X (4) which is natural in bisimplicial sets X. To see this, it is enough to display the isomorphism for bisimplices: there are isomorphisms sd^{r,s}(sd^{m,n} Δ^{p,q}) = lim−→

Δ^k→sd^m Δ^p,Δ^l→sd^n Δ^q

sd^r Δ^k ~× sd^s Δ^l ∼= −→ sd^{r+m} Δ^p ~× sd^{s+n} Δ^q ∼= sd^{r+m,s+n} Δ^{p,q}, all of which are natural in bisimplices. The key points here are the natural isomorphism (2) and the fact that the external product construction K ~×L commutes with colimits in the simplicial sets K and L.

Suppose that X is a bisimplicial set, and let X_n = X_{n,∗} be the vertical simplicial set in horizontal degree n. Then there is an isomorphism of simplicial sets (sd^{0,r} X)_n ∼= sd^r(X_n). (5) which is natural in bisimplicial sets. Again, it is enough to prove this for bisimplices, but it’s clear that there is an isomorphism of simplicial sets Δ^p_n × sd^r Δ^q ∼= sd^r(Δ^p_n × Δ^q) since Δ^p_n × Δ^q is a finite disjoint union of copies of Δ^q.

On account of the natural isomorphism(5), the bisimplicial set sd^{0,r} X can be defined in terms of vertical simplicial sets by (sd^{0,r} X)_n = sd^r(X_n). (6) A similar observation obtains for horizontal simplicial sets and sd^{s,0} X. The natural isomorphisms sd^{r,s} X ∼= sd^{r,0} sd^{0,s} X ∼= sd^{0,s} sd^{r,0} X (7) from (4) then lead to easy descriptions of sd^{r,s} X. It follows (use the equivalence (1) twice) that there are natural diagonal equivalences sd^{r,s} X ∼= sd^{r,0} sd^{0,s} X^≃−→ sd^{0,s} X^≃−→ X. (8)

Suppose that Y is a bisimplicial set, and write Ex^{p,q} Y for the bisimplicial set with

Ex^{p,q} Y_{r,s} = hom(sd^{p,q} Δ^{r,s}, Y ).

The resulting functor Ex^{p,q} : s^2Set → s^2Set

on bisimplicial sets is right adjoint to the functor sd^{p,q}.

The natural isomorphisms (4) and (5) together imply that Ex^{0,q} Y can be defined in terms of vertical simplicial sets by the isomorphism

(Ex^{0,q} Y )_n ∼= Ex^q(Y_n).

The object Ex^{p,0} Y has a similar description in terms of horizontal simplicial sets. It follows that there are natural diagonal equivalences

Y^≃−→ Ex^{p,0} Y^≃−→ Ex^{0,q} Ex^{p,0} Y ∼= Ex^{p,q} Y (9)

in the category of bisimplicial sets.

Again, let C be a small Grothendieck site, and write s^2 Pre(C) for the category of bisimplicial presheaves on C.

Say that a map f : X → Y of bisimplicial presheaves is an sd^{p,q}-fibration if the map f_∗ : Ex^{p,q} X → Ex^{p,q} Y is an injective fibration for the diagonal model structure on bisimplicial presheaves. An sd^{p,q}-cofibration is a map which has the left lifting property with respect to all trivial sd^{p,q}-fibrations.

If A → B is a cofibration of bisimplicial presheaves then the induced map sd^{p,q} A → sd^{p,q} B is an sd^{p,q}-cofibration.

1.2. Theorem. Suppose that C is a small Grothendieck site.

1) The category s^2 Pre(C) of bisimplicial presheaves, together with the diagonal (local) weak equivalences, the sd^{p,q}-fibrations and the sd^{p,q}-cofibrations, satisfies the axioms for a cofibrantly generated proper closed model category.

2) The functors sd^{p,q} : s^2 Pre(C) ⇆ s^2 Pre(C) : Ex^{p,q}

define a Quillen equivalence between the diagonal model structure and the model structure for bisimplicial presheaves given by part 1).

The model structure for bisimplicial presheaves of Theorem 1.2 is called the sd^{p,q}-model structure.

Proof. The functor sd^{p,q} : s^2Set → s^2Set

preserves cofibrations for the diagonal model structure on bisimplicial sets, since the maps

(sd^p ∂Δ^n ~× sd^q Δ^m) ∪ (sd^p Δ^n ~× sd^q ∂Δ^m) → sd^p Δ^n ~× sd^q Δ^m

are cofibrations. The functor

sd^{p,q} : s^2 Pre(C) → s^2 Pre(C)

therefore preserves cofibrations. The existence of the natural weak equivalences (8) also implies that the functor sd^{p,q} preserves and reflects diagonal equivalences.

Write sd^{p,q} I and sd^{p,q} J for maps sd^{p,q} A → sd^{p,q} B which are induced by maps A → B in the set I of generators for the trivial cofibrations and the set J of generators for the cofibrations, respectively, for the diagonal model structure on s^2 Pre(C). Then a map p : X → Y is an sd^{p,q}-fibration (respectively trivial sd^{p,q}-fibration) if and only if it has the right lifting property with respect to all morphisms of the set sd^{p,q} I (respectively sd^{p,q} J). The factorization axiom CM5 and the lifting axiom CM4 follow in the usual way, as in the proof of Theorem 1.1. The remaining closed model axioms are easily verified.

All sd^{p,q}-cofibrations are monomorphisms, since the functor sd^{p,q} preserves monomorphisms, and so all members of the generating set sd^{p,q} J are cofibrations — see also the proof of Theorem 1.1. Left properness is then a consequence of left properness of the diagonal model structure for bisimplicial presheaves. Right properness follows from the fact that the functor Ex^{p,q} preserves pullbacks, and reflects weak equivalences on account of the existence of the natural diagonal weak equivalences (9).

For statement 2), the functors

sd^{p,q} : s^2 Pre(C) ⇆ s^2 Pre(C) : Ex^{p,q} (10)

define a Quillen adjunction.

Recall also that the functor X → sd^{0,q} X is isomorphic to the functor which is defined by applying the functor sd^q to all vertical simplicial sets. It follows from the proof of Theorem 1.1 that the natural maps η : X → Ex^{0,q} sd^{0,q} X and ϵ : sd^{0,q} Ex^{0,q} Y → Y are sectionwise diagonal equivalences for all bisimplicial presheaves X and Y . A similar analysis in horizontal simplicial sets shows that the maps η : X → Ex^{p,0} sd^{p,0} X and ϵ : sd^{p,0} Ex^{p,0} Y → Y are sectionwise diagonal equivalences for all X and Y . It follows that all composites

sd^{0,q} sd^{p,0} Ex^{p,0} Ex^{0,q} Y^{sd0,q ϵ}−−−→ sd^{0,q} Ex^{0,q} Y^ϵ−→ Y and

X^η−→ Ex^{p,0} sd^{p,0} X^{Exp,0 η}−−−−→ Ex^{p,0} Ex^{0,q} sd^{0,q} sd^{p,0} X

are sectionwise diagonal equivalences. These composites are the counit and unit, respectively, for the adjunction (10) up to natural isomorphism.

2. Dwyer maps

Say that a functor j : A → B between small categories is a sieve if it is an imbedding (on objects and morphisms), and every morphism b → a of B with a ∈ A must be in A. Every sieve j : A → B is, in particular, a fully faithful imbedding of categories.

The functor j : A → B is a cosieve if it is an imbedding, and every morphism a → b with a ∈ A must be in A. Cosieves are also fully faithful imbeddings.

A functor i : A → B between small categories is a Dwyer map if

1) i imbeds A as a sieve in B,

2) Let W be the full subcategory of B consisting of objects v admitting a morphism a → v with a ∈ A. Then the inclusion j : A ⊂ W has a right adjoint r : W → A such that rj = 1_A and the unit a → rj(a) is the identity map.

In this definition, it is enough to assume that j has a right adjoint r. To prove this, note that the counit ϵ : jr(x) → x is a terminal object for the category j/x. The imbedding j is full, so that the identity j(a) → j(a) is terminal in j/j(a) for all a ∈ A. It follows that ϵ : jrj(a) → j(a) is an isomorphism for all a ∈ A, and so the unit η : a → rj(a) is an isomorphism, again since j is full. It follows that r can be replaced up to natural isomorphism by a functor r_∗ such that r_∗j(a) = a for a ∈ A and r_∗(x) = r(x) for x ∈ W − A.

It is a consequence of the definition that the inclusion W ⊂ B is a cosieve.

Suppose that i : K ⊂ L is an inclusion of polyhedral complexes (so that both are subcomplexes of the nerve of a poset P ), and consider the induced functor

i_∗ : N sd(K) ∼= NBNK → NBNL ∼= N sd(L).

This functor is a monomorphism. An object of NBNK is a strictly increasing string

σ_0 < σ_1 < · · · < σ_k

of non-degenerate simplices of K, ordered by the face relationship, and there is a morphism σ^′ ⊂ σ if and only if σ^′ is a substring of σ.

Say that an object τ ∈ NBNL meets K if some face of τ is in NBNK, equivalently if some τ_i is a non-degenerate simplex of K. There is a maximum k such that τ_k ∈ K, and all simplices in ⟨τ⟩ ∩ NBNK are faces of the simplex

τ_K : τ_0 < · · · < τ_k.

Let W ⊂ NBNL be the poset of objects of NBNL which meet K. Then NBNK ⊂ W and the assignment τ → τ_K defines a functor r : W → NBNK. The composite

NBNK^j⊂ W^r−→ NBNK is the identity, and the relations τ_K ≤ τ define a natural transformation jr(τ) ≤ τ. The functor r is right adjoint to the inclusion j.

The subcategory W is, in other words, the poset of objects τ ∈ NBNL for which there is a morphism σ ≤ τ with σ ∈ NBNK. The imbedding NBNK → NBNL is also plainly a sieve. We have therefore proved the following:

2.1. Lemma. Suppose that i : K → L is an inclusion of simplicial complexes. Then the induced functor NBNK → NBNL is a Dwyer map.

We’ll need the following:

2.2. Lemma. Suppose that i : A ⊂ X is an inclusion of simplicial sets such that

1) if a = x_0 → x_1 → · · · → x_n = b

is a path of 1-simplices of X with a, b ∈ A, then all 1-simplices in the path are in A, and

2) if σ : Δ^2 → X is a simplex whose boundary

∂Δ^2 ⊂ Δ^{2 σ}−→ X

is in A, then σ is in A.

Then the induced functor i_∗ : P (A) → P (X) of path categories is a full imbedding.

Here, the path category functor P : sSet → Cat is defined to be the left adjoint of the nerve functor B : Cat → sSet, where Cat is the category of small categories. See [8].

Proof. Condition 1) implies that all induced functions

i_∗ : P (A)(a, b) → P (X)(a, b)

are surjective, so that the functor i_∗ is full.

Suppose that a ∈ A_0. Then the 1-simplex a^{s0a}−−→ a of X is in A. If σ : Δ^2 → X is a 2-simplex of A such that the vertices σ(0) and σ(2) are in A, then the boundary of σ is in A by condition 1), so that σ ∈ A by condition 2). It follows that all relations in X between paths of A from a to b are already in A, so that i_∗ : P (A)(a, b) → P (X)(a, b) is an injective function.

The functor i_∗ : P (A) → P (X) is therefore fully faithful. The functor i_∗ is injective on objects (vertices), and is therefore a full imbedding.

2.3. Lemma. Suppose given a pushout diagram

A^f � i � C i_∗ � B � D in small categories, where i is a sieve (respectively cosieve). Then the induced functor i_∗ is a sieve (respectively cosieve).

Proof. We’ll prove the sieve statement. The cosieve statement has a similar proof.

Form the pushout diagram BA^f � i � BC i_∗ � BB_{f∗} � X in simplicial sets, and recall that D is isomorphic to P (X). The the map i_∗ is a cofibration, and the simplices of X can be identified with either simplices of BC or (disjointly) simplices of BB − BA, in all simplicial degrees.

Suppose that σ : Δ^n → X is a simplex of X. If σ ∈ BB − BA then σ is a string of morphisms b_0 → b_1 → · · · → b_n of B with b_n /∈ A (for otherwise the simplex is in BA since A is a sieve). It follows that σ(n) /∈ BC. Thus, if σ ∈ X_n is a simplex such that σ(n) ∈ BC then σ ∈ BC. Further, if x_0 → x_1 → · · · → x_n is a path of 1-simplices of X with x_n ∈ BC, then all 1-simplices in the string are in BC.

The cofibration BC → X therefore satisfies the conditions of Lemma 2.2, so that the induced functor C ∼= P BC → P (X) ∼= D is fully faithful and is a sieve.

2.4. Lemma. Suppose given a pushout diagram

A^f � i � C i_∗ � B_{f∗} � D

in small categories, where i is a sieve. Let V be the full subcategory of B on objects outside of A. Then the composite V ⊂ B^{f∗}−→ D is a full imbedding.

Proof. Form the pushout diagram

BA^f � i � BC i_∗ � BB_{f∗} � X

in simplicial sets. Recall that if σ : Δ^n → X is a simplex with σ(n) ∈ BC, then σ ∈ BC.

Observe that BV ⊂ BB − BA ⊂ X in all degrees, so that the composite

BV ⊂ BB → X

is a cofibration. Observe also that the vertices in BB − BA coincide with the objects of V . If τ is a 2-simplex of X with boundary in BV , then τ ∈ BV . In effect, τ(0) ∈ X − BC so that τ ∈ X − BC = BB − BA, and τ is a 2-simplex of BB with vertices in BV and A → B is a sieve. But then τ ∈ BV since V is a full subcategory of B.

Take objects v, w of V and identify them with vertices of X. If

v = v_0 → v_1 → · · · → v_n = w

is a path of 1-simplices from v to w in X, then all v_i are in BB − BA. Otherwise, if some v_i ∈ C, then v ∈ BC since the functor C → P (X) is a sieve by Lemma 2.3, while v ∈ BV ⊂ X − BC. The simplices v_i → v_{i+1} are not in BC and are therefore defined by morphisms of B. But V is full in B so that all such 1-simplices are in BV .

Finish by applying Lemma 2.2.

2.5. Lemma. Suppose given a pushout diagram A � f � C f_∗ � B � D

in categories with f a Dwyer map. Then f_∗ is a Dwyer map.

Proof. The functor f_∗ is a sieve, by Lemma 2.3. Let W^′ be the full subcategory of D consisting of objects w admitting a morphism c → w with c ∈ C.

Form the pushout diagrams A^α � j � C j_∗ � W_{α∗} � i � W^′

i_∗ � B � D

(11) where j and i are full imbeddings and f = i · j. The right adjoint r of j induces a functor r_∗ : W^′ → C such that r_∗j_∗ = 1 and a homotopy ϵ : W^′ → W^{′1} which satisfies the condition 2) in the definition of Dwyer map, so that the functor j_∗ has a right adjoint of the correct form.

The functor i_∗ : W^′ ⊂ D is a cosieve, again by Lemma 2.3. Observe that the functors j_∗ and i_∗ are fully faithful imbeddings. Suppose that v is an object of D and that there is a morphism c → v for some object c ∈ C. Then c ∈ W^′ and W^′ is a cosieve in D, so that v is an object of W^′. It follows that W^′ is the full subcategory of D consisting of objects v for which there is a morphism c → v with c ∈ C.

2.6. Lemma. Suppose given a pushout diagram A � f � C � B � D

of small categories, where the functor f is a Dwyer map. Then the induced diagram

BA � f � BC � BB � BD

of simplicial set maps is homotopy cocartesian.

Proof. Let V^′ be the full subcategory of D on objects outside of C.

The composite functor V → B → B/A is fully faithful, by Lemma 2.4. Form the diagram V � � V^′ � B/A_{∼=} � D/C

The vertical maps are fully faithful imbeddings, while the map V → V^′ is an isomorphism on objects. It follows that V → V^′ is an isomorphism of categories.

Every object w of W^′ is in C or is in the image of the functor α_∗ : W → W^′ of diagram (11). Thus, if w is not in C (and is therefore in V^′ ∩ W^′), then w is in the image of the functor α_∗ : V ∩ W → V^′ ∩ W^′. It follows that the functor α_∗ : V ∩ W → V^′ ∩ W^′ is bijective on objects. This functor is also fully faithful, and is therefore an isomorphism.

The square BA � � BC � BW � BW^′ is homotopy cocartesian since both vertical maps are weak equivalences. The square B(V ∩ W ) � � BW � BV � BB is a pushout, since the subobjects BW and BV cover BB. The composite square B(V ∩ W ) � � BW � � BW^′ � BV � BB � BD is isomorphic to the pushout B(V^′ ∩ W^′) � � BW^′ � BV^′ � BD associated to the Dwyer map f_∗, so that the square BW � � BW^′ � BB � BD is a pushout.

3. Presheaves of small categories

Write Pre(Cat(C)) for the category of presheaves of small categories on a small Grothendieck site C.

I say that a functor f : C → D between presheaves of small categories is a) a local weak equivalence if the induced map BC → BD is a local weak equivalence of simplicial presheaves, b) a fibration if the induced map Ex^2 BC → Ex^2 BD is an injective fibration, equivalently if the map BC → BD is an sd^2-fibration, c) a cofibration if it has the left lifting property with respect to all trivial fibrations. The path category functor P : sSet → Cat induces a functor P : s Pre(C) → Pre(Cat(C)) which is left adjoint to the nerve functor B : Pre(Cat(C)) → s Pre(C).

3.1. Theorem. Suppose that C is a small Grothendieck site.

1) With these definitions, the category Pre(Cat(C)) of presheaves of small categories on C has the structure of a proper closed model category.

2) The adjoint pair P sd^2 : s Pre(C) ⇆ Pre(Cat(C)) : Ex^2 B

is a Quillen equivalence, for the injective model structure on the simplicial presheaf category s Pre(C).

3) The adjoint pair P : s Pre(C) ⇆ Pre(Cat(C)) : B

is a Quillen equivalence for the sd^2-model structure on s Pre(C).

3.2. Remark. Theorem 3.1 specializes to the model structure of Thomason [11] for the category Cat of small categories. There is a gap in the main line of argument of Thomason’s paper [11], in the proof of his Proposition 4.3.

Thomason’s Proposition 4.3 is Lemma 2.6 of this paper, which is proved here by a completely different technique.

Thomason’s Lemma 5.3 asserts that Dwyer maps are closed under retracts. Cisinski gives a counterexample to this claim in [1], and proves a corrected version of Thomason’s Proposition 4.3, based on a modified definition of Dwyer map. Thomason’s Proposition 4.3 is a key step in the derivation of his model structure for the category of small categories, so that Cisinski also corrects the proof of Thomason’s main result.

The results of this paper do not involve Cisinski’s modified definition of Dwyer map.

Proof. Suppose given a pushout diagram

⊔_iP sd^2(K_i) � � C j � ⊔_iP sd^2(L_i) � D

in Cat, where the vertical map on the left is induced by inclusions K_i ⊂ L_i of finite simplicial complexes. The induced functor

P sd^2 K_i → P sd^2 L_i

is isomorphic to the functor NBNK_i → NBNL_i

since there are natural isomorphisms P BC ∼= C for all small categories C [8]. It follows from Lemma 2.1 that the functor ⨆ i P sd^2 K_i → ⨆ i P sd^2 L_i is a Dwyer map, and so Lemma 2.6 implies that the induced square

⊔_iBP sd^2(K_i) � � BC j_∗ � ⊔_iBP sd^2(L_i) � BD

is homotopy cocartesian.

If all inclusions K_i ⊂ L_i are weak equivalences, then the induced maps

sd^2 K_i ∼= BP (sd^2 K_i) → BP (sd^2 L_i) ∼= sd^2 L_i

are weak equivalences, and so the map i_∗ : BC → BD is a weak equivalence.

If the diagram P sd^2 A �

i_∗ � C � P sd^2 B � D is a pushout in Cat such that i_∗ is induced by a cofibration i : A → B of simplicial sets, then the induced diagram BP sd^2 A �

i_∗ � BC � BP sd^2 B � BD is homotopy cocartesian, since the class of all cofibrations i for which this is so includes the maps ∂Δ^n ⊂ Δ^n by Lemma 2.6.

The functor P sd^2 : sSet → Cat

therefore preserves trivial cofibrations as well as cofibrations. This functor P sd^2 also preserves weak equivalences, since every simplicial set is cofibrant.

The functor P sd^2 : s Pre(C) → Pre(Cat(C))

preserves cofibrations, by definition.

All direct image functors f_∗ associated with geometric morphisms f of Grothendieck topoi commute with the functor Ex^2 B, so that the inverse image functors f^∗ commute with the sheaf theoretic version of the composite functor P sd^2 up to natural isomorphism. This is so, in particular, for a Boolean localization π : Shv(B) → Shv(C), for which the inverse image functor π^∗ detects local weak equivalences. It then follows from the corresponding statement for simplicial sets, which is proved in the first paragraphs, that the functor P sd^2 preserves local weak equivalences.

Let I and J be sets of generators for the class of trivial cofibrations and cofibrations for the injective model structure on s Pre(C) and let P sd^2 I and P sd^2 J be the corresponding sets of images in Pre(Cat(C)). A functor p : C → D is a fibration (respectively trivial fibration) of Pre(Cat(C)) if and only if it has the right lifting property with respect to all maps of P sd^2 I (respectively P sd^2 J). The factorization axiom CM5 is then proved with small object arguments in the standard way.

The lifting axiom CM4 is proved in the usual way: every trivial cofibration α : A → B has a factorization A^i � α � � � � � C p � B such that p is a fibration, and i is a trivial cofibration which has the left lifting property with respect to all fibrations. But then p is a trivial fibration, so that i is a retract of α. The remaining closed model axioms are easily verified.

Suppose given a pushout diagram C � i � E � D � F

of presheaves of categories such that i is a cofibration. Then the induced diagram

BC � i � BE � BD � BF

(12)

is homotopy cocartesian in simplicial presheaves. This is true if i is a generator P sd^2 A → P sd^2 B, so it is true for all cofibrations i.

This observation implies the left properness of the model structure on presheaves of categories. Right properness is proved with an adjointness argument and the observation that the functor Ex^2 B preserves pullbacks.

For statement 2), it’s clear from the definitions that the functors P sd^2 and Ex^2 B form a Quillen adjunction

P sd^2 : s Pre(C) ⇆ Pre(Cat(C)) : Ex^2 B.

All simplicial set maps η : Δ^n → Ex^2 BP sd^2 Δ^n are weak equivalences, since BP sd^2 Δ^n = sd^2 Δ^n is contractible. The inclusion sk_{n−1} X → sk_n X for a simplicial set X induces a homotopy cocartesian diagram

⊔_{x∈NXn} Ex^2 BP sd^2 ∂Δ^n � � Ex^2 BP sd^2 sk_{n−1} X � ⊔_{x∈NXn} Ex^2 BP sd^2 Δ^n � Ex^2 BP sd^2 sk_n X by Lemma 2.6. It follows by induction on n that the map η : sk_n X → Ex^2 BP sd^2 sk_n X is a weak equivalence for all n ≥ 0. The map η : X → Ex^2 BP sd^2 X (13) is therefore a weak equivalence for all simplicial sets X. It follows from a triangle identity argument that the counit map ϵ : P sd^2 Ex^2 BC → C is a weak equivalence of Cat for all small categories C.

Statement 3) follows from the proof of statement 2). The adjoint pair P : sSet ⇆ Cat : B is a Quillen adjunction for the sd^2-model structure on the simplicial set category. The counit ϵ : P BC → C is a natural isomorphism. There is a natural sectionwise weak equivalence sd^2 X → X for each simplicial set X, and so sd^2 X is a cofibrant model for X in the sd^2-model structure. The unit map η : sd^2 X → BP sd^2 X is a weak equivalence, since the composite X^η−→ Ex^2 sd^2 X^{Ex2(η)}−−−−→ Ex^2 BP sd^2 X is the weak equivalence (13), the map η : X → Ex^2 sd^2 X is a weak equivalence, and the functor Ex^2 reflects weak equivalences.

It follows that the map η : Y → BP Y is a local weak equivalence for all sd^2-cofibrant simplicial presheaves Y .

Write Dia(C) for the category of whose objects are all simplicial presheaf maps X → BC such that C is a presheaf of small categories, and whose morphisms are the commutative diagrams X^f � � Y � BC_g � BD I say that such a map is

• a local weak equivalence if both f and g are local weak equivalences, • a cofibration if f is an sd^2-cofibration of simplicial presheaves and the functor g :

C → D is a cofibration of presheaves of categories, and • a fibration if the map g : C → D is a fibration of Pre(Cat(C)), and the induced map X → BC ×_{BD} Y is an sd^2-fibration of simplicial presheaves.

290 J.F. JARDINE

3.3. Theorem. With these definitions, the category Dia(C) satisfies the axioms for a closed model category.

Proof. The axioms CM1, CM2 and CM3 are easy to verify. In particular, the category Dia(C) is complete and cocomplete.

Observe that if g : C → D is a fibration (respectively trivial fibration) of Pre(Cat(C)), then the pullback diagram BC ×_{BD} Y � � Y � BC � BD is a fibration (respectively trivial fibration) of Dia(C).

Factorize the functor g : C → D as

C^j � g � � � � � E q � D where j is a cofibration and q is a trivial fibration in Dia(C), and then find a factorization X � � � � j^′ � Z q^′ � BE ×_{BD} Y of the induced map X → BE ×_{BD} Y , where j^′ is an sd^2-cofibration and q^′ is a trivial sd^2-fibration of simplicial sets. Then the map (f, g) has a factorization

X^{j′} � � Z^{q∗q′} � � Y � BC_j � BE_q � BD

such that (j^′, j) is a cofibration and (q_∗q^′, q) is a trivial fibration. The other part of CM5 has a similar proof.

Suppose given a diagram A � � � � �

�

B � � � �

� X �

�

Y

� BE � � � � � BF � � � � BC � BD in which the back face is a cofibration and the front face is a trivial fibration. The lift θ_1 exists in the diagram of functors E � � C � F � θ_1 � D and then the lift θ_2 exists in the induced diagram of simplicial set maps A � � X � B � θ_2 � BC ×_{BD} Y

It follows that every trivial fibration has the right lifting property with respect to all cofibrations. Similarly, every fibration has the right lifting property with respect to all trivial cofibrations, and we have proved the axiom CM4.

4. Presheaves of simplicial categories

A simplicial category is a simplicial object in the category Cat of small categories. Write sCat for the corresponding category of simplicial categories and their morphisms.

Note that we are not, in general, making any assumption in this definition on the simplicial set of objects Ob(C) of a simplicial category C.

In all that follows, the nerve BC of a simplicial category C will be the bisimplicial set which is defined in vertical degrees n by

BC_{∗,n} = BC_n. (14)

Recall from Section 1 that the subdivision sd^{2,0} X of a bisimplicial set consists of the simplicial sets sd^2 X_{∗,n} in all vertical degrees n. The functor

P : s^2Set → sCat (15)

is defined by applying the path category functor P : sSet → Cat in all vertical degrees: P (X) is the simplicial category with

P (X)_n = P (X_{∗,n})

for a bisimplicial set X.

Suppose again that C is a small Grothendieck site. Write s Pre(Cat(C)) for the category of presheaves in simplicial categories, or equivalently for the category of simplicial objects in presheaves of categories. Then the functors P and B of (15) and (14) induce an adjoint pair of functors

P : s^2 Pre(C) ⇆ s Pre(Cat(C)) : B where s^2 Pre(C) is the category of bisimplicial presheaves on the site C.

A map f : C → D of presheaves of simplicial categories is a local weak equivalence if the induced map BC → BD is a diagonal weak equivalence of bisimplicial presheaves. The map f : C → D is a fibration if the induced map BC → BD is an sd^{2,0}-fibration. Cofibrations in the category s Pre(Cat(C)) are defined by a left lifting property with respect to trivial cofibrations.

4.1. Theorem. Suppose that C is a small Grothendieck site.

1) With these definitions, the category s Pre(Cat(C)) of presheaves of simplicial categories on C has the structure of a proper closed simplicial model category.

2) The adjoint pair

P sd^{2,0} : s^2 Pre(C) ⇆ s Pre(Cat(C)) : Ex^{2,0} B

is a Quillen equivalence, for the diagonal model structure on the bisimplicial presheaf category s^2 Pre(C).

3) The adjoint pair P : s^2 Pre(C) ⇆ s Pre(Cat(C)) : B

is a Quillen equivalence for the sd^{2,0}-model structure on s^2 Pre(C).

Proof. Suppose given a pushout diagram ⨆ i P sd^{2,0}(K_i) � � C � ⨆ i P sd^{2,0}(L_i) � D

in s^2 Pre(C), where the vertical map on the left is induced by inclusions K_i ⊂ L_i of bisimplicial sets such that each (L_i)_{∗,n} is a finite simplicial complex. The induced functor

P sd^{2,0} K_i → P sd^{2,0} L_i

is isomorphic to the map NBNK_i → NBNL_i

which is defined by applying the functor NBN in all vertical degrees. It follows from Lemma 2.1 that the functor ⨆ i P sd^{2,0} K_i → ⨆ i P sd^{2,0} L_i is a Dwyer map in each vertical degree, and so Lemma 2.6 implies that the induced square ⨆ i BP sd^{2,0}(K_i) � � BC � ⨆ i BP sd^{2,0}(L_i) � BD

is homotopy cocartesian in all vertical degrees, and is therefore homotopy cocartesian for the diagonal model structure.

Suppose given a pushout square

P sd^{2,0} A �

i_∗ � C � P sd^{2,0} B � D

for which the map i_∗ is induced by a cofibration i : A → B of bisimplicial sets. Then the induced diagram BP sd^{2,0} A �

i_∗ � BC � BP sd^{2,0} B � BD is homotopy cocartesian for the diagonal model structure on bisimplicial sets, since this is true for all inclusions ∂Δ^{p,q} ⊂ Δ^{p,q}.

The functor P sd^{2,0} : s^2Set → sCat

therefore preserves trivial cofibrations as well as cofibrations.

All direct image functors commute with the composite Ex^{2,0} B, so that inverse image functors commute with the functor P sd^{2,0} up to isomorphism. A Boolean localization argument implies that the functor

P sd^{2,0} : s^2 Pre(C) → s Pre(Cat(C))

preserves local weak equivalences.

As in the proof of Theorem 1.2, write P sd^{2,0} I and P sd^{2,0} J for the sets of morphisms of s Pre(Cat(C)) which are induced by a set I of generators for the trivial cofibrations and a set J of generators for the cofibrations, respectively, for the diagonal model structure on bisimplicial presheaves. Then a map p : C → D of presheaves of simplicial categories is a fibration (respectively trivial fibration) if and only if it has the right lifting property with respect to all members of the set P sd^{2,0} I (respectively P sd^{2,0} J). The closed axioms CM5 and CM4 then follow in a standard way, via small object arguments. The remaining closed model axioms are easily verified.

Suppose given a pushout diagram A � j � C � B � D

in presheaves of simplicial categories, where j is a cofibration. Then the induced diagram

BA � j � BC � BB � BD

(16)

is homotopy cocartesian in the diagonal model structure for bisimplicial presheaves, since this is true for all morphisms j in the set of generators P sd^{2,0} J of the class of cofibrations by the argument above.

The left properness of the model structure is a consequence. Right properness follows from the corresponding property for the diagonal structure on bisimplicial presheaves, via an adjointness argument and the observation that the functor Ex^{2,0} B preserves pullbacks.

For statement 2), it follows from the proof of the corresponding part of Theorem 3.1 that the natural map η : X → Ex^{2,0} BP sd^{2,0} X

is a weak equivalence in all vertical degrees, and is hence a diagonal weak equivalence for all bisimplicial sets X. A triangle identity argument shows that the counit map

ϵ : P sd^{2,0} Ex^{2,0} BC → C

is a weak equivalence of Pre(sCat)(C) for all simplicial categories C.

The proof of statement 3) uses the fact that sd^{2,0} X is a cofibrant model for a bisimplicial set X in the sd^{2,0}-model structure on the category of bisimplicial sets, just as for the proof of the corresponding part of Theorem 3.1. It follows that the map η : Y → BP Y is a local weak equivalence for all sd^{2,0}-cofibrant bisimplicial presheaves Y . We also know that the counit ϵ : P BC → C is an isomorphism for all presheaves of simplicial categories C. Write sDia(C) for the category of whose objects are all bisimplicial presheaf maps X → BC where C is a simplicial presheaf of categories, and whose morphisms are the commutative diagrams X^f � � Y � BC_g � BD

in bisimplicial presheaves. I say that such a map is

• a weak equivalence if both f and g are diagonal local weak equivalences,

• a cofibration if f is an sd^{2,0}-cofibration of bisimplicial presheaves and the functor g : C → D is a cofibration of s Pre(Cat(C)), and

• a fibration if the map g : C → D is a fibration of s Pre(Cat(C)), and the map X → BC ×_{BD} Y is an sd^{2,0}-fibration of bisimplicial presheaves.

4.2. Theorem. With these definitions, the category sDia(C) satisfies the axioms for a closed model category.

Proof. The proof of this result is a word for word transcription into the present context of the proof of Theorem 3.3.

5. Diagrams for simplicial categories

Many of the ideas and notational conventions of this section originated in [6].

Suppose that E is a presheaf of simplicial categories on a Grothendieck site C. We interpret E as a category object in simplicial presheaves, with simplicial presheaves Ob(E) and Mor(E), source and target maps s, t : Mor(E) → Ob(E), identity map e : Ob(E) → Mor(E) and a law of composition

Mor(E) ×_{Ob(E)} Mor(E) → Mor(E),

all of which satisfy the usual properties.

Suppose that α is an infinite cardinal which is an upper bound for the cardinality of both the set Mor(C) and the presheaf Mor(E).

A diagram X on E, or E-diagram in presheaves consists of a simplicial presheaf map π_X : X → Ob(E) (called the structure map) and an “action map”

X ×_{Ob(E)} Mor(E) → X,

in simplicial presheaves which again satisfies the usual properties.

Every category A is a simplicial category which is simplicially discrete in objects and morphisms, and an A-diagram (in sets) in the present sense is just a functor A → sSet which takes values in simplicial sets.

A morphism f : X → Y of E-diagrams is a commutative diagram

X^f �

π_X � � � Y π_Y � � � � Ob(E)

of simplicial presheaves which respects action maps. Write Pre(C)^E for the corresponding category of all E-diagrams in presheaves.

I say that the morphism f : X → Y of E-diagrams is a weak equivalence (respectively cofibration) if the underlying map X → Y is a weak equivalence (respectively cofibration) of simplicial presheaves. An injective fibration of E-diagrams is a map which has the right lifting property with respect to all maps which are cofibrations and weak equivalences.

Suppose that α is an infinite cardinal which is an upper bound for the cardinality of both the set Mor(C) and the presheaf Mor(E).

The following result is proved in [6]:

5.1. Theorem. Suppose that the simplicial presheaf Ob(E) is simplicially discrete. Then with the definitions given above, the cofibrations, weak equivalences and injective fibrations satisfy the axioms for a proper closed simplicial model structure on Set^E . This model structure is cofibrantly generated.

There is a functor Ob : Pre(C)^E → s Pre(C)/ Ob(E)

which takes a E-diagram X to the structure map π_X : X → Ob(E). This functor has a left adjoint L : s Pre(C)/ Ob(E) → Pre(C)^E

which takes a simplicial presheaf map ϕ : Y → Ob(E) to the E-diagram L(ϕ) which has structure map Y ×_s Mor(E)^{pr}−→ Mor(E)^t−→ Ob(E).

The generating cofibrations (respectively trivial cofibrations) for the injective model structure of Theorem 5.1 are the images under the functor L of the α-bounded cofibrations (respectively trivial cofibrations)

A^i � � � � � B � � � � Ob(E)

of s Pre(C)/ Ob(E).

The proof of Theorem 5.1 depends on the assertion the functor L preserves local weak equivalences. If the presheaf of simplicial categories E does not have a discrete simplicial presheaf Ob(E) of objects, then it is no longer clear that this is so.

Say that a map p : X → Y of E-diagrams is a projective fibration if the underlying map p : X → Y over Ob(E) is an injective fibration of simplicial presheaves. A projective cofibration is a map A → B of E-diagrams which has the left lifting property with respect to all maps which are injective fibrations and weak equivalences.

If the map A^i � � � � � B � � � � Ob(E) is a cofibration over Ob(E), then the induced map i_∗ : L(A) → L(B) is a projective cofibration. It follows by a standard argument that the class of projective cofibrations is generated by the set S_0 of maps of the form i_∗ with B α-bounded, and that every projective cofibration is a cofibration.

Suppose that S is some set of cofibrations which contains S_0, and let C_S denote the saturation of the set S of the set of cofibrations

(B_j × ∂Δ^n) ∪ (A_j × Δ^n) ⊂ B_j × Δ^n,

where n ≥ 0 and the cofibrations A_j → B_j belong to the set S. The members of the class C_S are called S-cofibrations. Say that a map f : X → Y of E-diagrams is an S-fibration if it has the right lifting property with respect to all maps which are S-cofibrations and weak equivalences.

5.2. Theorem. Suppose that the simplicial presheaf Ob(E) is simplicially discrete. Then the category Set^E of E-diagrams, together with the S-cofibrations, weak equivalences, and S-fibrations, satisfies the axioms for a proper closed simplicial model structure. This model structure is cofibrantly generated.

The model structure of Theorem 5.1 is called the injective model structure on the category Set^E of E-diagrams. The case S = S_0 of Theorem 5.2 gives the projective model structure on sSet^E . All other S-model structures of Theorem 5.2 are intermediate model structures.

Proof. The proof of Theorem 5.2 follows the outline of proof of Theorem 2 of [7]. Among the closed model axioms, only the factorization axiom CM5 needs proof. For that, every map f : X → Y of E-diagrams has a factorization

X^f � j � � � � Y Z p � � � � where j is a morphism of C_S and p has the right lifting property with respect to all members of C_S . It follows that p is a projective fibration and a weak equivalence, and we have one of the factorizations required for CM5.

By Theorem 5.1, the map f can be factored

X^f � i � � � � Y W q � � � � where q is an injective fibration (and hence an S-fibration) and i is a cofibration and a weak equivalence. Then, by the first paragraph, i = p · j, where p is an S-fibration and a weak equivalence, and j is an S-cofibration. Then j is also a weak equivalence, and so f = (q · p) · j factors f as the composite of an S-fibration q · p with a map j which is an S-cofibration and a weak equivalence.

The function complex hom(X, Y ) is standard: its n-simplices are the maps X ×Δ^n → Y . If i : A → B is an S-cofibration and j : K → L is a cofibration of simplicial sets, then the map (A × L) ∪ (B × K) → B × L

is an S-cofibration by construction, and it’s a weak equivalence if either i or j is a weak equivalence by the corresponding statement for simplicial presheaves.

The set S of cofibrations generates the class C_S of S-cofibrations, by construction. One proves a bounded cofibration condition for the class of cofibrations in Pre(C)^E :

given a diagram of cofibrations X i � A � Y such that i is a trivial cofibration and A is an α-bounded subobject of Y , there is an α-bounded subobject B ⊂ Y with A ⊂ B such that the map B ∩ X → B is a weak equivalence. The set of generating trivial cofibrations is then found by a solution set argument, as in the proof of Proposition 5 of [7].

Every E-diagram X has a homotopy colimit holim−−−→_EX in bisimplicial presheaves (composed of nerves of translation categories in all vertical degrees and sections), and there is a canonical map π : holim −−−→^E X → BE of bisimplicial presheaves.

To make the notation easier, write L_hX = holim−−−→_EX. I say that a map X → Y of E-diagrams is an L_h-equivalence if the induced map L_hX → L_hY is a diagonal weak equivalence of bisimplicial presheaves.

5.3. Lemma. Suppose that α is an infinite cardinal with α > | Mor(E)|, and suppose given a diagram X i � A^γ_⊂ � Y

is E-diagrams where i is a cofibration which is an L_h- equivalence and A is an α-bounded subobject of Y . Then there is an α-bounded subobject D of Y which contains A such that the map D ∩ X → D is an L_h-equivalence.

Proof. The simplicial presheaf L_hA is an α-bounded subobject of L_hY , and the induced map i_∗ : L_hX → L_hY is a trivial cofibration of bisimplicial presheaves. It follows from the bounded cofibration property for bisimplicial presheaves (Lemma 1 of [10]) that there is an α-bounded subobject B_1 such that we have a diagram of bisimplicial presheaves

B_1 ∩ L_hX � ≃ � L_hX � L_hA^j_⊂ � B_{1 ⊂} � L_hY

There is an α-bounded subobject A_1 of Y which contains A and such that B_1 ⊂ L_hA_1, because the homotopy colimit functor preserves colimits and monomorphisms.

Repeat this construction inductively, and let D = ∪_iA_i. Then the map L_hD ∩ L_hX → L_hD is a filtered colimit of the maps B_i ∩ L_hX → L_hB_i and is also the filtered colimit of the system

L_hA ∩ L_hX � � B_1 ∩ L_hX � ≃ � L_hA_1 ∩ L_hX � � B_2 ∩ L_hX � ≃ � . . .

L_hA � B_1 � L_hA_1 � B_2 � . . .

The map L_hD ∩ L_hX → L_hY is therefore a weak equivalence. The homotopy colimit functor preserves pullbacks and filtered colimits, and it follows that the map D ∩ X → D is an L_h-equivalence.

Say that a map p : X → Y of E-diagrams is an L_h-fibration if it has the right lifting property with respect to all cofibrations which are L_h-equivalences.

5.4. Theorem. Suppose that C is a small Grothendieck site, and that E is a presheaf of simplicial categories on C. There is a model structure on the category Pre(C)^E of E-diagrams in Pre(C), for which the cofibrations are the monomorphisms, the weak equivalences are the L_h-equivalences and the fibrations are the L_h-fibrations.

Proof. The axioms CM1, CM2 and CM3 are easily verified. On account of Lemma 5.3, a map is an L_h-fibration if and only if it has the right lifting property with respect to all α-bounded L_h-trivial cofibrations. The homotopy colimit functor preserves pushouts and cofibrations, and then the factorization axiom CM5 follows from a small object argument.

We have to show that if p : X → Y is an L_h-fibration and an L_h-equivalence, then it has the right lifting property with respect to all cofibrations. This is also standard: p has a factorization X^j � p � � � � � Z q � Y where q has the right lifting property with respect to all cofibrations and j is a cofibration. Then j is an L_h-equivalence as well as a cofibration so the lift exists in the diagram

X^1 � j � X p � Z_q � � Y and p is a retract of q.

Suppose that A is a simplicial category and that ϕ : Z → BA is a bisimplicial set map. Then ϕ consists of simplicial set maps

ϕ : Z_n = Z_{∗,n} → BA_n

in all vertical degrees, and each such map determines simplicial set-valued functor pb(Z_n) : A_n → sSet in the standard way: pb(Z_n)_i is defined for i ∈ A_n by the pullback diagram

pb(Z_n)_i � � Z_n ϕ � B(A_n/i) � BA_n

Define the simplicial set pb(Z_n) by

pb(Z_n) = ⨆ i∈Ob(A_n)

pb(Z_n)_i

Then the simplicial set maps pb(Z_n) → Ob(A_n) define a bisimplicial set map pb(Z) → Ob(A), and we obtain an A-diagram pb(Z) in simplicial sets. A similar analysis produces a second A-diagram B(A/?) in simplicial sets and a map pb(Z) → B(A/?) of such objects.

Write sSet^A for the category of A-diagrams in simplicial sets.

In general, if the bisimplicial set map Y → Ob(A) defines an A-diagram in simplicial sets, then applying the diagonal functor d to Y gives an A-diagram d(Y ) → Ob(A) in sets. In each vertical degree, Y_{∗,n} → Ob(A_n) defines an A_n-diagram in simplicial sets, and we can form the homotopy colimit of this diagram and the corresponding simplicial set map holim −−−→^{An} Y^{∗,n} → BA^n. Letting n vary gives the bisimplicial set map holim−−−→^A Y → BA. There is a natural isomorphism

d(holim −−−→^A Y )

∼= holim

−−−→^A d(Y ) of simplicial sets, since both objects are triple diagonals of the same trisimplicial set.

Taking homotopy colimits in vertical degrees n gives a natural commutative diagram of canonically defined bisimplicial set maps

holim −−−→^A pb Z^{≃γ} � ϕ_∗ � α_ϕ � � � � Z ϕ � BA holim−−−→_AB(A/?) ≃ α�_≃^γ � BA

where the displayed weak equivalences are equivalences in all vertical degrees. It follows that the functor which takes a bisimplicial set map Z → BA to the A-diagram d(pb(Z)) → Ob(A) takes diagonal equivalences over BA to L_h-equivalences of A-diagrams.

We therefore have induced functors L_h : Ho(Set^A) ⇆ Ho(s^2Set/BA) : d · pb .

It also follows that there is a natural weak equivalence d(γϕ_∗)^{d(γ)}−−→ d(ϕ) The maps α, γ : holim−−−→_A B(A/?) → BA are homotopic (see Remark 16 of [9]), and so the functors Ho(sSet/d(holim−−−→_AB(A/?))) → Ho(sSet/d(BA)) which are defined by composition with the maps d(α) and d(γ) coincide up to natural isomorphism. It follows that there is a natural isomorphism

d(L_hd(pb(ϕ))) = d(L_h pb(ϕ)) = d(α_ϕ) = d(α)d(ϕ_∗) ∼= d(γ)d(ϕ_∗)^{d(γ)}−−→_{∼=} d(ϕ) of functors Ho(s^2Set/BA) → Ho(sSet/d(BA)) The diagonal functor d induces an equivalence Ho(s^2Set/BA) ≃ Ho(sSet/d(BA)) of homotopy categories (since it’s part of a Quillen equivalence — see Proposition 6 of [10]), and so there is a natural isomorphism L_hd(pb(ϕ)) ∼= ϕ for all objects ϕ : Z → BA of the homotopy category Ho(s^2Set/BA).

Generally, if X : I → sSet is a diagram in simplicial sets indexed on a small category I, then there is a sectionwise weak equivalence ϵ : pb(holim −−−→^I X)^i

≃−→ X_i which is natural in I-diagrams. Thus, if Y is a A-diagram in sets, then there is a natural map of A_n-diagrams of simplicial sets ϵ : pb(holim −−−→^{An} Y^n)

≃−→ Y_n which is a weak equivalence in each vertical degree. It follows that the induced map ϵ : d(pb(Y )) → Y of A-diagrams in sets is a natural L_h-equivalence.

We have therefore proved the following:

5.5. Proposition. The functors L_h : Ho(Set^A) ⇆ Ho(s^2Set/BA) : d · pb define an equivalence of categories.

The constructions which are involved in the proof of Proposition 5.5 are easily promoted to the presheaf level.

5.6. Corollary. Suppose that C is a small Grothendieck site, and that E is a presheaf of simplicial categories on C. Then the functors L_h : Pre(C)^E ⇆ s^2 Pre(C)/BE : d · pb induce an equivalence of homotopy categories Ho(Pre(C)^E ) ≃ Ho(s^2 Pre(C)/BE).

The functor Ex^{2,0} induces a functor Ex^{2,0} : s^2 Pre(C)/BE → s^2 Pre(C)/ Ex^{2,0} BE which takes an object ϕ : X → BE to the object Ex^{2,0} ϕ : Ex^{2,0} X → Ex^{2,0} BE. This functor has a left adjoint sd^{2,0} : s^2 Pre(C)/ Ex^{2,0} BE → s^2 Pre(C)/BE, which takes an object Y → Ex^{2,0} BE to the composite sd^{2,0} Y → sd^{2,0} Ex^{2,0} BE^ϵ−→ BE.

The slice category s^2 Pre(C)/BE has an sd^{2,0}-model structure, for which a morphism X^f � � � � � Y � � � � BE is a weak equivalence (respectively fibration) if and only if the map f : X → Y is a diagonal weak equivalence (respectively sd^{2,0}-fibration) of bisimplicial presheaves. The adjoint pair sd^{2,0} : s^2 Pre(C)/ Ex^{2,0} BE ⇆ s^2 Pre(C)/BE : Ex^{2,0} (17) is a Quillen adjunction for the usual model structure on s^2 Pre(C)/ Ex^{2,0} BE and the sd^{2,0}- structure on s^2 Pre(C)/BE The unit and counit maps are natural weak equivalences (see the proof of Theorem 1.2), so that the adjunction (17) is a Quillen equivalence. There is diagonal equivalence Ex^{2,0} BE → BE which induces a Quillen equivalence s^2 Pre(C)/ Ex^{2,0} BE ⇆ s^2 Pre(C)/BE.

It follows that the homotopy categories for the sd^{2,0}-structure and the standard structure on the slice category s^2 Pre(C)/BE are equivalent.

The model structure of Theorem 4.2 on the category sDia(C) therefore effectively contains the “homotopy colimit” model structure of Theorem 5.4 for the category Pre(C)^E of E-diagrams in presheaves, for all presheaves of simplicial categories E.

References

[1] Denis-Charles Cisinski. La classe des morphismes de Dwyer n’est pas stable par retractes. Cahiers Topologie Géom. Différentielle Catég., 40(3):227–231, 1999.

[2] P. G. Goerss and J. F. Jardine. Simplicial Homotopy Theory, volume 174 of Progress in Mathematics. Birkhäuser Verlag, Basel, 1999.

[3] J. F. Jardine. Simplicial presheaves. J. Pure Appl. Algebra, 47(1):35–87, 1987.

[4] J. F. Jardine. Boolean localization, in practice. Doc. Math., 1:No. 13, 245–275 (electronic), 1996.

[5] J. F. Jardine. Simplicial approximation. Theory Appl. Categ., 12:No. 2, 34–72 (electronic), 2004.

[6] J. F. Jardine. Diagrams and torsors. K-Theory, 37(3):291–309, 2006.

[7] J. F. Jardine. Intermediate model structures for simplicial presheaves. Canad. Math.

Bull., 49(3):407–413, 2006.

[8] J. F. Jardine. Path categories and resolutions. Homology Homotopy Appl., 12(2):231– 244, 2010.

[9] J. F. Jardine and Z. Luo. Higher principal bundles. Math. Proc. Cambridge Philos.

Soc., 140(2):221–243, 2006.

[10] J.F. Jardine. Diagonal model structures. Theory and Applications of Categories 28(10), 249–268, 2013.

[11] R. W. Thomason. Cat as a closed model category. Cahiers Topologie Géom.

Différentielle, 21(3):305–324, 1980.

Mathematics Department University of Western Ontario London, Ontario N6A 5B7 Canada Email: jardine@uwo.ca

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at

ftp://ftp.tac.mta.ca/pub/tac/html/volumes/28/11/28-11.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at

http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:

gavin seal@fastmail.fm

Transmitting editors.

Clemens Berger, Université de Nice-Sophia Antipolis: cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com Valeria de Paiva: valeria.depaiva@gmail.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne: kathryn.hess@epfl.ch Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, Macquarie University: steve.lack@mq.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Tom Leinster, University of Edinburgh: Tom.Leinster@ed.ac.uk Ieke Moerdijk, Radboud University Nijmegen: i.moerdijk@math.ru.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Giuseppe Rosolini, Università di Genova: rosolini@disi.unige.it Alex Simpson, University of Edinburgh: Alex.Simpson@ed.ac.uk James Stasheff, University of North Carolina: jds@math.upenn.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca