Theory and Applications of Categories, Vol. 28, No. 3, 2013, pp. 66–122.

DUALITY FOR DISTRIBUTIVE SPACES

DIRK HOFMANN

Abstract. The main source of inspiration for the present paper is the work of R. Rosebrugh and R.J. Wood on constructively completely distributive lattices where the authors elegantly employ the concepts of adjunction and module. Both notions (suitably adapted) are available in topology too, which permits us to investigate topological, metric and other kinds of spaces in a similar spirit. We introduce here the notion of distributive space and algebraic space and show in particular that the category of distributive spaces and colimit preserving maps is dually equivalent to the idempotent split completion of a category of spaces and convergence relations between them. We explain the connection of this result to the well-known duality between topological spaces and frames, and deduce further duality theorems.

Contents

1 Topological and approach spaces as categories 69 2 Some facts about complete ordered sets 73 3 A short visit to metric spaces 79 4 The dual space 81 5 Cocomplete spaces 86 6 A seemingly unnatural dual adjunction 94 7 Frames vs. complete distributivity 99 8 Spaces with weighted colimits of a certain class 105 9 Examples of choices of weighting 113

Partial financial assistance by FEDER funds through COMPETE – Operational Programme Factors of Competitiveness (Programa Operacional Factores de Competitividade) and by Portuguese funds through the Center for Research and Development in Mathematics and Applications (University of Aveiro) and the Portuguese Foundation for Science and Technology (FCT – Fundação para a Ciência e a Tecnologia), within project PEst-C/MAT/UI4106/2011 with COMPETE number FCOMP-01-0124- FEDER-022690, and the project MONDRIAN under the contract PTDC/EIA-CCO/108302/2008 with COMPETE number FCOMP-01-0124-FEDER-010047 is gratefully acknowledge.

Received by the editors 2010-10-26 and, in revised form, 2013-01-21. Transmitted by Stephen Lack. Published on 2013-01-28.

2010 Mathematics Subject Classification: 06B35, 06B30, 18D05, 18D15, 18D20, 18B35, 18C15, 54A05, 54A20, 54B30.

Key words and phrases: Topological space, approach space, ultrafilter monad, quantale-enriched category, module, cocompleteness, distributivity, duality theory.

© Dirk Hofmann, 2013. Permission to copy for private use granted.

66

Introduction

The work presented in this paper grew out of a naive comparison of the well-known adjunctions Ord � CCD^{op} ⊥ � and Top � Frm^{op} ⊥ � between the category Ord of ordered sets and monotone maps and the dual of the category CCD of (constructively) completely distributive lattices and left and right-adjoint monotone maps on one side, and the category Top of topological spaces and continuous maps and the dual of the category Frm of frames and frame homomorphisms on the other. Here the functor Ord → CCD^{op} can be constructed by sending an ordered set X to the ordered set Up(X) ≃ Ord(X, 2) of all up-sets of X, and the functor Top → Frm^{op} takes a topological space X to the frame OX ≃ Top(X, 2) of opens of X where 2 denotes the Sierpiński space. Since (−)^{op} : Ord → Ord is an equivalence, in the first adjunction we can equivalently consider the functor Ord → CCD^{op} which sends X to the ordered set Down(X) ≃ Ord(X^{op}, 2) of all down-sets of X; but for topological spaces this construction does not seem to make sense since it is not clear what X^{op} means. However, in our recent study of “spaces as categories” we introduced a candidate for dual space (see [Clementino and Hofmann, 2009a]) which in several results took the role of the dual ordered set. Therefore we ask in this paper about the construction X → Top(X^{op}, 2), and the answer leads to a scenario which appears to be even closer to the Ord-case than the “usual” dual adjunction with frames.

As it is well known, the dual adjunction between Ord and CCD described above restricts to a dual equivalence between Ord and the full subcategory TAL of CCD defined by the totally algebraic lattices. This equivalence is actually the restriction of a larger one: in [Rosebrugh and Wood, 1994] it is shown that the category CCD_{sup} of constructively completely distributive lattices and suprema preserving maps is equivalent to the idempotent split completion of the category Rel of sets and relations. This theorem turned out to be very powerful since it synthesises many facts about complete distributive lattices, implies various known duality theorems in lattice theory (for example, Ord^{op} ≃ TAL as well as Set^{op} ≃ CABool follow easily), and allows to transfer nice properties and structures from Rel to CCD_{sup}. Later on, in [Rosebrugh and Wood, 2004] the authors observe that this theorem is not really about lattices but rather a special case of a much more general result about “a mere monad D on a mere category C where idempotents split”. More precisely, they show that the idempotent split completion of the Kleisli category of D is equivalent to the category of split Eilenberg-Moore algebras for D (see Section 8). The equivalence above appears now for both the power-set monad on Set and the down-set monad on Ord, and further interesting results can be obtained by considering submonads of the down-set monad on Ord. More important to us, this result paves the road towards similar results for topological, metric and approach spaces. In fact, we argue here that many applications of [Rosebrugh and Wood, 2004] can be found in topology since many interesting classes of spaces can be described as algebras for monads: compact Hausdorff spaces are the algebras for the ultrafilter monad on Set, continuous lattices are the algebras for the filter monad on Set, Ord and Top, stably compact spaces are the algebras for the prime filter monad on Ord and Top, to name a few. Furthermore, in [Clementino and Hofmann, 2009b] we showed already how many of these monads can be described in the language of modules which leads us to metric and other variants of filter monads. The principal aim of this paper is to give a systematic study of these monads and their associated duality theory in the spirit of the above-mentioned work of R. Rosebrugh and R.J. Wood.

This work was developed in the context of (T, V)-categories where T and V are part of a strict topological theory as described in [Hofmann, 2007]. However, we feel that the large amount of special notations needed in the general case makes the actual results less accessible, therefore we decided to present them here in the more familiar context of topological, metric and approach spaces. We stress that most of our results can be derived for strict topological theories in general, just a few are indeed only valid for metric or approach spaces.

The paper is organised as follows. In Section 1 we recall the convergence-relational approach to topological and approach spaces which is the context where “spaces look like categories”. Section 2 presents basic facts about ordered sets in the language of modules and adjunction, and Section 3 recalls Lawvere’s view on metric spaces as enriched categories (see [Lawvere, 1973]). In Section 4 we define the notion of dual space. Here our approach is slightly different then in previous work [Clementino and Hofmann, 2009a]. In Section 5 we recall the main results on cocomplete spaces of [Hofmann, 2011] and [Clementino and Hofmann, 2009b] and derive further results about cocomplete approach spaces. We show in particular that cocomplete approach spaces are determined by their underlying metric and that they define a Cartesian closed category. In Section 6 we introduce completely distributive spaces and develop their duality theory which resembles closely the situation for Ord. In Section 7 we show that the category of completely distributive topological spaces is equivalent to the category of frames. In Section 8 we recall the idea of relative cocompleteness and apply the techniques of [Rosebrugh and Wood, 1994, 2004] to those monads which correspond to a choice of colimit weights. Finally, in Section 9 we discuss examples of such monads.

Some warnings:

a. The underlying order of a topological space X we define as

x ≤ y whenever^▪x → y,

which is the dual of the specialisation order. We do so because we wish to think of the underlying order as the “point shadow” of the convergence relation.

b. In the sequel we consider the Sierpiński space 2 = {0, 1} with {1} closed. This is compatible with the point above since the underlying order gives 0 ≤ 1, but note that φ : X → 2 is the characteristic map of a closed subset.

1. Topological and approach spaces as categories

First we recall how a topological space can be viewed as a category. The fundamental idea is to think of the points of X as objects and of the convergence x → x of an ultrafilter x on X to a point x in X as a morphism in X, so that the convergence relation

UX × X → 2

becomes the “hom-functor” of X. An abstract relation between ultrafilters and points is the convergence relation of a (unique) topology on X if and only if (see [Barr, 1970])

e_X (x) → x and (X → x & x → x) ⇒ m_X (X) → x, (1) for all x ∈ X, x ∈ UX and X ∈ UUX, where e_X (x) =^▪x the principal ultrafilter generated by x ∈ X and

m_X (X) = {A ⊆ X | A^# ∈ X} (A^# = {x ∈ UX | A ∈ x}).

The first arrow of (1) one might see as an identity on x, and the second condition of (1) one might interpret as the existence of a “composite” of “composable pairs of arrows”. Furthermore, a function f : X → Y between topological spaces is continuous if and only if x → x in X implies f(x) → f(x) in Y , that is, f associates to each object in X an object in Y and to each arrow in X an arrow in Y between the corresponding (ultrafilter of) objects in Y . As usual, Top denotes the category of topological spaces and continuous maps.

Note that the second condition of (1) talks about the convergence of an ultrafilter of ultrafilters X to an ultrafilter x, which comes from applying the ultrafilter functor U to the relation a : UX−→ X. In general, for a relation r : X−→ Y from X to Y and ultrafilters x ∈ UX and y ∈ UY one puts

x (Ur) y whenever ∀A ∈ x, B ∈ y ∃x ∈ A, y ∈ B . x r y,

and obtains this way an extension of the Set-functor U to a functor U : Rel → Rel which, moreover, satisfies U(r^∘) = (Ur)^∘ (where r^∘ : Y −→ X is defined as y r^∘ x whenever x r y) and Ur ⊆ Us whenever r ⊆ s. Furthermore, the multiplication m is still a natural transformation m : UU → U, but e : 1 → U satisfies only e_Y · r ⊆ Ur · e_X for any relation r : X−→ Y .

To describe approach spaces (introduces in [Lowen, 1989]), it is only necessary to trade relation for numerical relation: r : X−→ Y stands now for r : X × Y → [0, ∞]. We sketch here very briefly this construction which can be found in [Clementino and Hofmann, 2003], and for questions concerning approach spaces in general we refer to [Lowen, 1997]. Given also s : Y −→ Z, one can calculate the composite s · r : X−→ Z by the formula

s · r(x, z) = inf_{y∈Y} (r(x, y) + s(y, z)). (2)

Each relation becomes a numerical relation by interpreting true as 0 and false as ∞, and with this interpretation the identity function is also the identity numerical relation. Taking into account the opposite of the pointwise order on the set of all numerical relations from X to Y , one obtains the ordered category NRel of sets and numerical relations. The “turning around” of the natural order of [0, ∞] has its roots in the translation of “false ≤ true” in 2 to “∞ � 0” in [0, ∞]. Due to this switch, “∃” becomes “inf” in (2), but also note that “&” is replaced by “+”. The implication x ⇒ − : 2 → 2 is right adjoint to x & − : 2 → 2 for x ∈ 2; similarly, for x ∈ [0, ∞], the map “addition with x” x + − : [0, ∞] → [0, ∞] has a right adjoint, namely hom(x, −) : [0, ∞] → [0, ∞], y → y ⊖ x := max{y − x, 0}.

As above, the ultrafilter functor U : Set → Set extends to U : NRel → NRel (with the properties mentioned in the topological case) via

Ur(x, y) = sup_{A∈x,B∈y} inf_{x∈A,y∈B} r(x, y),

for a numerical relation r : X × Y → [0, ∞]. We remark that a different but equivalent formula defining the extension of U to NRel was used in [Clementino and Hofmann, 2003], the one above is taken from [Clementino and Tholen, 2003].

1.1. Remark. Thinking of a relation r : X−→ Y as a subset R ⊆ X × Y , it is not hard to see that

x (Ur) y ⇐⇒ ∃w ∈ U(X × Y ) . Uπ_1(w) = x & Uπ_2(w) = y & w ∈ UR

for all x ∈ UX and y ∈ UY . Similarly, for a numerical relation r : X−→ Y one has

Ur(x, y) = inf{ξ · Ur(w) � � � w ∈ U(X × Y ), T π1(w) = x, T π2(w) = y},

where ξ : U[0, ∞] → [0, ∞], u → sup_{A∈u} inf A is the convergence of the Euclidean topology on [0, ∞]. The notation here is a bit ambiguous since Ur appears on both sides, but on the ride hand side it stands for the functions Ur : U(X × Y ) → U[0, ∞]. We use the occasion to mention that the U-algebra structure ξ : U[0, ∞] → [0, ∞] makes [0, ∞] a monoid in the category of compact Hausdorff spaces and continuous maps in two different ways since both + : [0, ∞] × [0, ∞] → [0, ∞] and max : [0, ∞] × [0, ∞] → [0, ∞] are continuous. It is useful to observe that continuity of + and max mean precisely that the diagrams

U([0, ∞] × [0, ∞])^{U(+)} �

⟨ξ·Uπ_1,ξ·Uπ_2⟩ � U[0, ∞] ξ � [0, ∞] × [0, ∞]_+ � [0, ∞]

U([0, ∞] × [0, ∞])^{U(max)} �

⟨ξ·Uπ_1,ξ·Uπ_2⟩ � U[0, ∞] ξ � [0, ∞] × [0, ∞]_{max} � [0, ∞]

commute. Also note that ξ is compatible with the map hom : [0, ∞] × [0, ∞] → [0, ∞] which sends (x, y) to hom(x, y) = y⊖x in the sense that ξ·U(hom) � hom ·⟨ξ·Uπ_1 , ξ·Uπ_2 ⟩

(see [Hofmann, 2007]).

U([0, ∞] × [0, ∞])^{U(hom)} �

⟨ξ·Uπ_1 ,ξ·Uπ_2 ⟩

�^�

U[0, ∞] ξ � [0, ∞] × [0, ∞]_{hom} � [0, ∞]

With this notation, an approach space can be described as a pair (X, a) consisting of a set X and a numerical relation a : UX−→ X satisfying

0 � a(^▪x, x) and Ua(X, x) + a(x, x) � a(m_X (X), x), (3) and a mapping f : X → Y between approach spaces X = (X, a) and Y = (Y, b) is a contraction whenever a(x, x) � b(Uf(x), f(x)) for all x ∈ UX and x ∈ X. Approach spaces and contraction maps are the main ingredients of the category App.

There is a canonical forgetful functor App → Top sending an approach space (X, a) to the topological space with the same underlying set X and with the convergence relation x → x whenever 0 � a(x, x).

This functor has a left adjoint Top → App which one obtains by interpreting the convergence relation of a topological space as a numerical relation.

1.2. Remark. The left adjoint functor Top → App has a further left adjoint which can be obtained by first sending an approach space (X, a) to the pseudotopological space X with convergence x → x whenever a(x, x) < ∞, and then taking its topological reflection. Recall from [Herrlich et al., 1991] that a pseudotopology on a set X is a convergence relation between ultrafilters and points which is only required to satisfy^▪x → x, for all x ∈ X.

The pointfree calculus of (numerical) relations allows for a simultaneous treatment of topological and approach spaces emphasising their common nature. For instance, both axioms (1) and (3) read as

X^{eX} �

1_X ⊑ � � � � � UX

�_a � X UUX^{mX} �

�_{Ua} � UX �_a � UX ⊑ �_a � X (4)

1_X ⊑ a · e_X a · Ua ⊑ a · m_X where ⊑ stands either for ⊆ or �. Since f : X → Y is continuous respectively contractive if and only if UX �_a � Uf � UY

�_b � X_f � ⊑ Y, we can think of Top and App as categories of lax Eilenberg–Moore algebras. Using the fact that m_X ⊣ m^∘_X and e_X ⊣ e^∘_X in the ordered category Rel (and hence in NRel), one can express the axioms (4) as

e^∘_X ⊑ a and a · Ua · m^∘_X ⊑ a. (5) In this context it is useful to think of a (numerical) relation a : UX−→ X as an endomorphism a : X −⇀ X and, more generally, of r : UX−→ Y as an arrow r : X −⇀ Y , called U-relation in the sequel. Given also s : Y −⇀ Z, one can compose s and r using (a variant of) Kleisli composition:

s ∘ r := s · Ur · m^∘_X .

The (numerical) relation e^∘_X : UX−→ X behaves almost as an identity arrow X −⇀ X since

r ∘ e^∘_X = r and e^∘_Y ∘ r ⊒ r.

We can now restate the second condition of (5) as a ∘ a ⊑ a, or even as a ∘ a = a thanks to the first condition.

1.3. Remark. One calls a U-relation r : X −⇀ Y unitary if e^∘_Y ∘ r = r. These relations are not completely unfamiliar to topologists: a reflexive (numerical) relation a : UX−→ X is a pretopology (preapproach structure) precisely if a : X −⇀ X is unitary (see [Hofmann, 2006]).

By restricting a convergence relation a : UX−→ X to principal ultrafilters one obtains

• an order relation a_0 := a · e_X : X−→ X where x ≤ y whenever^▪x → y (we write ≤ for a_0 and → for a) if one starts with a topological space,

• or a metric a_0 = a · e_X : X−→ X where a_0(x, y) = a(^▪x, y) if one starts with an approach spaces.

Note that for us an order relation does not need to be anti-symmetric. Hence, an ordered set X = (X, ≤) consists of a set X and a relation ≤: X × X → 2 satisfying

x ≤ x and (x ≤ y & y ≤ x) ⇒ x ≤ z.

Similarly, a metric d on set X is only required to satisfy

0 � d(x, x) and d(x, y) + d(y, z) � d(x, z),

a “classical” metric is then a separated (d(x, y) = 0 = d(y, x) implies x = y), symmetric (d(x, y) = d(y, x)) and finitary (d(x, y) < ∞) metric. The construction a → a · e_X results in forgetful functors Top → Ord and App → Met respectively, both have a left adjoint defined by (X, a_0) → (X, e^∘_X · U(a_0)). Furthermore, one has a forgetful functor

Met → Ord which can be seen as the “point shadow” of App → Top: for a metric space (X, d), define x ≤ y whenever 0 � d(x, y).

As in the “ultrafilter case”, Met → Ord has a left adjoint Ord → Met via interpreting an order relation as a numerical relation.

1.4. Remark. The left adjoint Ord → Met has a further left adjoint which sends the metric d on X to the order relation

x ≤ y whenever d(x, y) < ∞

on X.

Putting everything together, we have the following commuting diagram of right adjoint forgetful functors: App � � Met � Top � Ord.

The pointwise order makes Ord an ordered category, and these forgetful functors reflect this property into Top, Met and App. Concretely, for morphisms f, g : X → Y

in Top: f ≤ g whenever e_X (f(x)) → g(x) in Met: f ≤ g whenever 0 � d(f(x), g(x)) in App: f ≤ g whenever 0 � d(e_X (f(x)), g(x))

for all x ∈ X. We stress that it is in general very useful to realise the ordered nature of ones category since it allows to speak about adjunction, a notion which will be very helpful in our study of injectivity in Top and App.

2. Some facts about complete ordered sets

Our transportation of order-theoretic concepts into the realm of spaces relies on their respective formulation in point-free style using the notions of module (also called orderideal or distributor) and adjunction. In this section we give a quick overview, mainly to establish notation; and refer to [Wood, 2004] for a nice presentation of “ordered sets via adjunction”.

We recall that an ordered set is complete if each up-closed subset (up-set for short) has an infimum, dually, it is cocomplete if each down-set has a supremum. By definition, X is complete if and only if X^{op} is cocomplete. Moreover, X is complete if and only if X is cocomplete.

A subset A ⊆ X of an ordered set X is down-closed if and only if its characteristic map is monotone of type X^{op} → 2; likewise, A is up-closed if and only if its characteristic map is monotone of type X → 2. Both concepts can be brought under one roof by introducing the notion of module φ : X−→∘ Y , which is defined as a relation φ : X−→ Y compatible with the order relations on X and Y in the sense that φ : X^{op} × Y → 2 is monotone. One quickly verifies that a relation φ : X−→ Y is a module if and only if

∀x, x^′ ∈ X ∀y, y^′ ∈ Y . ((x ≤ x^′ & x^′ φ y^′ & y^′ ≤ y) ⇒ x φ y),

and the pointfree version of this formula reads as (≤_Y ·φ· ≤_X ) ⊆ φ. Since order relations are reflexive one actually has equality, moreover, this condition can be split in two parts so that φ : X−→ Y is a module if and only if

φ· ≤_X = φ and ≤_Y ·φ = φ.

Summing up, a module can be seen either as

a. a relation φ : X−→ Y satisfying the two equations above, or

b. a monotone map φ : X^{op} × Y → 2, or

c. a monotone map^⌜φ^⌝ : Y → 2^{Xop} .

Note that the equivalence between (b) and (c) relies on the fact that Ord is Cartesian closed. In general, for ordered sets X and Y , the exponential Y^X is given by the set of all monotone functions of type X → Y with the pointwise order: h ≤ h^′ whenever ∀x ∈ X . h(x) ≤ h^′(x).

The order relation ≤ on X is an example of a module ≤: X−→∘ X since the transitivity axiom gives ≤ · ≤=≤. By definition, ≤: X−→∘ X is the identity arrow on X in the ordered category Mod of ordered sets and modules between them, where the compositional and order structure is inherited from Rel. Two further important examples of modules are induced by a monotone map f : X → Y :

f_∗ : X−→∘ Y, x f_∗ y : ⇐⇒ f(x) ≤ y and f^∗ : Y −→∘ X, y f^∗ x : ⇐⇒ y ≤ f(x),

and one has f_∗ = b · f and f^∗ = f^∘ · b. One easily verifies the inequalities ≤_X ⊆ f^∗ · f_∗ and f_∗ · f^∗ ⊆≤_Y for a monotone map f : X → Y , hence f_∗ ⊣ f^∗ in Mod. If we think of x ∈ X as x : 1 → X, then x^∗ is the down-set ↓x generated by x, and x_∗ is the up-set ↑x induced by x. It is also worth noting that these constructions define functors

(−)_∗ : Ord → Mod and (−)^∗ : Ord^{op} → Mod,

in particular, the order relation ≤ in X is both (1_X )_∗ and 1^∗_X . Furthermore, f ≤ g if and only if f^∗ ≤ g^∗ if and only if g_∗ ≤ f_∗, hence (−)_∗ is order reversing and (−)^∗ is order preserving. By this observation, f ⊣ g in Ord if and only if g^∗ ⊣ f^∗ in Mod, which in turn is equivalent to f_∗ = g^∗. In pointwise notation, this reads as the familiar formula

∀ x ∈ X, y ∈ Y . f(x) ≤ y ⇐⇒ x ≤ g(y).

Coming back to up-sets and down-sets, we identify a down-set with a module of type X−→∘ 1, and an up-set with a module of type 1−→∘ X. Hence, the ordered set of all downsets of X can be identified with both the exponential 2^{Xop} in Ord and the ordered hom-set Mod(X, 1); and we write P X to denote this object. With the latter interpretation, the mate^⌜φ^⌝ : Y → P X of a module φ : X−→∘ Y sends y ∈ Y to y^∗ · φ.

2.1. Remark. The composite ψ · φ of a down-set ψ : X−→∘ 1 with an up-set φ : 1−→∘ X yields a module of type 1−→∘ 1 which is either true or false; it is true precisely if φ and ψ have a common element. On the other hand, φ · ψ : X−→∘ X relates x and y if and only if x belongs to ψ and y belongs to φ; therefore φ · ψ ⊆≤ if and only if each element of ψ is less or equal then each element of φ. From this we conclude that φ ⊣ ψ in Mod if and only if ψ = x^∗ and φ = x_∗ for some x ∈ X. Using the Axiom of Choice, we deduce that each adjunction φ ⊣ ψ in Mod with φ : X−→∘ Y and ψ : Y −→∘ X is of the form f_∗ ⊣ f^∗ for some f : X → Y in Ord. In fact, this statement is equivalent to the Axiom of Choice as shown in [Borceux and Dejean, 1986].

The mate of the identity module ≤: X−→∘ X is the Yoneda embedding y_X : X → P X sending x ∈ X to its down closure ↓x = x^∗, which is indeed fully faithful thanks to the well-known Yoneda Lemma which states

↓x ⊆ φ ⇐⇒ x ∈ φ.

This is a rather trivial statement in the context of ordered sets; however, the reformulation of this result is the key in the translation process from Ord to Top and App. Cocompleteness of an ordered set X gives a map Sup_X : P X → X which, when writing down the definition of “Supremum”, turns out to be left adjoint to y_X . In fact, X is cocomplete if and only if y_X has a left adjoint. With the help of the Yoneda Lemma one easily shows that any monotone map L : P X → X with L · y_X = 1_X is actually left adjoint to y_X (see also 2.3). Clearly, the ordered set P X of down-sets is cocomplete where the supremum of a down-set of down-sets Ψ ∈ P P X is given by union � Ψ, or, in the language of modules, by Ψ · (y_X )_∗ : X−→∘ 1.

More generally, an arbitrary union of modules X−→∘ Y is again a module which tells us that each hom-set in Mod is actually a (co)complete ordered set, moreover, relational composition preserves suprema. Hence, for φ : X−→∘ Y , both “composition with φ”-maps − · φ and φ · − have a right adjoint. Unwinding the definition, a right adjoint to − · φ must give, for each ψ : X−→∘ Z, the largest module of type Y −→∘ Z whose composite with φ is contained in ψ, X ∘^ψ � ∘φ � Z Y ∘ ⊆ �

and a right adjoint to φ · − must provide, for each ψ : Z−→∘ Y , the largest module of type

Z−→∘ X whose composite with φ is contained in ψ.

Y Z∘^ψ� ∘ ⊇ � X ∘φ �

We denote the right adjoint of − · φ as − •− φ, and call ψ •− φ the extension of ψ along φ. Similarly, φ −• − denotes the right adjoint of φ · −, and φ −• ψ is called the lifting of ψ along φ. All what was just said about Mod could have been said earlier about Rel, indeed the operations •− and −• are just restrictions to modules of these operations on Rel. It is worthwhile noting that, for instance, the extension ψ •− φ of ψ along φ is given by

(6) y (ψ •− φ) z ⇐⇒ ∀x ∈ X . (x φ y ⇒ x ψ z) ⇐⇒^⌜φ^⌝(y) ≤^⌜ψ^⌝(z).

2.2. Remark. A supremum of a down-set ψ : X−→∘ 1 is by definition a smallest upper bound. Now, as we observed in 2.1, an up-set φ : 1−→∘ X consists only of upper bounds of ψ if and only if φ·ψ ⊆≤, and φ is the up-set of all upper bounds precisely if φ = (≤ •− ψ). Furthermore, x ∈ X is a smallest upper bound of ψ if and only if x_∗ = (≤ •− ψ). We recall that ≤= (1_X )_∗, hence an ordered set X is cocomplete if, for each down-set ψ : X−→∘ 1, the extension (1_X )_∗ •− ψ of (1_X )_∗ along ψ is equal to x_∗ for some x ∈ X. It is useful to observe here that a cocomplete ordered set X admits all colimits of the following type: for each monotone map h : A → X and each module ψ : A−→∘ B, there exists a monotone map f : B → X with f_∗ = (h_∗ •− ψ). A diagram of the form

A^h � ∘ψ � X B is called weighted (by ψ), and such a monotone map f with f_∗ = (h_∗ •− ψ) is a weighted colimit of this diagram. Furthermore, any sup-preserving map preserves also all colimits.

Every monotone map f : X → Y induces a string of adjunctions between the “downset-sets”: one has the inverse image function P Y → P X, B → f^{−1}(B) which has a left adjoint P f : P X → P Y, A → ↓f(A) and a right adjoint P X → P Y, A → {y ∈ A | f^{−1}(↓y) ⊆ A}. The “module point of view” allows for an elegant description of these maps using relational composition: the inverse image function is given by ψ → ψ · f_∗, its left adjoint by φ → φ · f^∗ and its right adjoint by φ → φ •− f_∗.

P X (−·f^∗) ⊥ �

(− •− f∗) ⊥ �P Y

(−·f_∗) �

Note that f_∗ ⊣ f^∗ in Ord gives − · f^∗ ⊣ − · f_∗ in Mod. It is interesting to observe that − •− (y_X )_∗ is just the Yoneda embedding y_{P X} of P X (use (6)), and therefore Sup_{P X} = − · (y_X )_∗.

More generally, for each module φ : X−→∘ Y one has an adjunction − · φ ⊣ − •− φ in Ord. Since Mod is an ordered category, both − · φ : P Y → P X and − •− φ : P X → P Y are by definition monotone maps, however, later on we wish to deduce that these maps are continuous respectively contractive which does not follow from U-Mod (the ultracounterpart of Mod) being ordered. Therefore we note here that − · φ is the mate of the module (y_Y )_∗ · φ : X−→∘ P Y , and − •− φ is the mate of (^⌜φ^⌝)_∗ : Y −→∘ P X.

The Yoneda embedding y_X : X → P X has an important universal property: for any monotone map f : X → Y with cocomplete codomain Y , there exists a unique suppreserving (=left adjoint) extension g : P X → Y , i.e. g · y_X ≃ f. Here g takes a down-set ψ to a supremum of its image in Y . In the language of modules: ψ maps to the supremum of ψ · f^∗, that is, g can be taken as the composite sup_Y ·(− · f^∗). The right adjoint of g is even easier to describe: it is simply the mate^⌜f^⌝_∗ : Y → P X of f_∗ : X−→∘ Y . As a consequence, the (non-full) subcategory Sup of Ord consisting of all sup-lattices (=cocomplete anti-symmetric ordered sets) and sup-preserving maps is reflective in Ord, a left adjoint to the inclusion functor is given by the down-set functor P : Ord → Sup which sends X to P X and f : X → Y to the map − · f^∗ : P X → P Y (“direct image”). In fact, Sup is monadic over Ord, and the induced monad is given by the down-set functor P : Ord → Ord with units the Yoneda embeddings y_X : X → P X and multiplications m_X : P P X → P X, Ψ → Ψ · (y_X )_∗ (“union”). Its restriction to discrete ordered sets

gives the usual power-set monad on Set which has the category Sup as Eilenberg-Moore category too.

2.3. Remark. The down-set monad P on Ord has a very particular property: P y_X ≤ y_{P X} for all ordered sets X. This seemingly harmless property turns out to be very

powerful, it implies for instance that h : P X → X in Ord is the structure morphism of a P-algebra if and only if h · y_X = 1_X , moreover, such a map h is necessarily left adjoint to y_X . These kinds of monads where introduced independently by A. Kock (in his thesis, but

see [Kock, 1995]) and [Zöberlein, 1976], hence one refers to them as of Kock-Zöberlein type. From their results one can extract the following

2.4. Theorem. Let T = (T, e, m) be a monad on a ordered category X where T is a 2-functor. Furthermore, assume that hom(Y, T X) is separated, for all objects X, Y in X. Then the following assertions are equivalent.

i. T e_X ≤ e_{T X} for all X ∈ X.

ii. For all X ∈ X, a X-morphism h : T X → X is the structure morphism of a T-algebra if and only if h · e_X = 1_X (and then h ⊣ e_X ).

iii. m_X ⊣ e_{T X} for all X ∈ X.

iv. T e_X ⊣ m_X for all X ∈ X.

It is also well-known that the category Ord_{sep} of separated ordered sets and monotone maps is dually equivalent to the category TAL of totally algebraic lattices (defined below) and sup- and inf-preserving maps. We refer to [Rosebrugh and Wood, 1994] for a nice presentation of this particular result, and to [Porst and Tholen, 1991] for a nice presentation of duality theory in general. This duality can be obtained by first constructing an adjunction D ⊣ S, D : Ord → CCD^{op}, S : CCD^{op} → Ord

between Ord and the dual of the category CCD of (constructively) completely distributive lattices and sup- and inf-preserving maps. We recall from [Fawcett and Wood, 1990] that a complete lattice X is (ccd) if Sup_X : P X → X has a left adjoint t_X : X → P X. Note that t_X corresponds to a module of type X−→∘ X, and this relation is precisely the totally-below relation ≪ studied first in [Raney, 1952]. Clearly, any lattice of the form P X is (ccd) since one has the string of adjunctions

y_{P X} = − •− (y_X )_∗ ⊢ − · (y_X )_∗ ⊢ − · (y_X )^∗ = P y_X .

The functor D : Ord → CCD^{op} sends an ordered set X to DX := P X = 2^{Xop} and a monotone map f : X → Y to Df := (− · f_∗) : DY → DX (inverse image function). For L ∈ CCD with y_L ⊢ Sup_L ⊢ t_L, one defines SL := A where A is the equaliser

A^i � L^{tL} �_{y L} � P L.

Hence, A can be taken as {x ∈ L | x ≪ x}, that is, A consists precisely of the totally compact elements of L. Given also M ∈ CCD with corresponding equaliser SM := B → M and a sup- and inf-preserving map f : L → M, then its left adjoint g : M → L restricts to g_0 : B → A. With Sf := g_0 one obtains a functor S : CCD^{op} → Ord. Note that we need here anti-symmetry of (ccd)-lattices, otherwise S is only a pseudo-functor. By the Yoneda Lemma, y_X : X → P X is fully faithful and its image is precisely the equaliser of P y_X and y_{P X} . Hence,

X^{y X} � P X

P y_X � y_{P X}

� P P X

is an equaliser diagram for each anti-symmetric ordered set X. From that we get a natural equivalence η : 1 → SD which is a natural isomorphism if we restrict η to antisymmetric ordered sets. For L ∈ CCD, one defines ε_L : L → DS(L) as the composite (of right adjoints) L^{y L}−→ P L^{−·i∗}−−→ P A, where i : A → L is the inclusion map. Clearly, ε_L preserves infima, and it is not difficult to verify that ε_L preserves also suprema. Therefore ε_L : L → DS(L) lives in CCD and is indeed the L-component of a natural transformation ε : 1 → DS. The necessary equations are now easily verified, therefore one obtains the desired dual adjunction. We will now determine the fixed subcategories. There is nothing left to do on the Ord-side, we observed already that Fix(η) = Ord_{sep}. Therefore we concentrate now on L ∈ CCD. The left adjoint c : P A → L of ε_L : L → P A (where

A = SL) sends ψ ∈ P A to Sup_L(ψ · i^∗) (where i : A → L is the inclusion map). In fact, one always has ε_L · c = 1, hence ε_L is an equivalence if c · ε_L ≥ 1, that is, every x ∈ L is a supremum of the totally compact elements below x. A (ccd)-lattice with this property is called totally algebraic, and we obtain Ord_{sep} ≃ TAL^{op} where TAL denotes the full subcategory of CCD defined by the totally algebraic lattices.

2.5. Remark. Firstly, instead of X → 2^{Xop} one can also work with X → 2^X , and construct the dual adjunction above as Ord hom(−,2) �

CCD^{op}.

hom(−,2)

�^⊥

In fact, one construction can be obtain from the other by composing it with the equivalence (−)^{op} : Ord → Ord.

2.6. Remark. Secondly, as explained in [Rosebrugh and Wood, 1994], the duality Ord_{sep} ≃ TAL^{op} is the restriction of a “bigger” duality involving the category CCD_{sup} of (ccd)-lattices and sup-preserving maps on one side and the idempotent split completion kar(Rel) of Rel on the other side. This result is then further generalised in [Rosebrugh and Wood, 2004]. We come back to this in Section 8.

3. A short visit to metric spaces

The discussion of the previous section can be easily brought to metric spaces by considering numerical relations, which amounts to substituting 2 by [0, ∞], & by +, true by 0, x ⇒ y sometimes by x � y and sometimes by y⊖x (truncated minus)^1, ∃ by inf, ∀ by sup, and so on. Most notably, we will usually not consider the Cartesian structure (=max-metric) on X ×Y but rather the +-metric, and denote the resulting space as X ⊗Y . This comes with the advantage that, although Met is not Cartesian closed, it is monoidal closed in the sense that X ⊗− has a right adjoint −^X . Here Y^X can be taken as the set of all contraction maps of type X → Y together with the sup-metric d(h, k) = sup_{x∈X} b(h(x), h^′(x)). We are especially interested in P X := [0, ∞]^{Xop} , where the distance on [0, ∞] is given by δ(x, y) = y⊖x, and consequently on P X by [φ, ψ] = sup_{x∈X} (ψ(x)⊖φ(x)). One should compare this with the order case where the truth value of [φ ⊆ ψ] is given by ∀x ∈ X . φ(x) ⇒ ψ(x). A module φ : X−→∘ Y between metric spaces X = (X, a) and Y = (Y, b) can be seen as either

a. a numerical relation φ : X−→ Y satisfying φ · a = φ and b · φ = φ, or

b. a contraction map φ : X^{op} ⊗ Y → [0, ∞], or

c. a contraction map^⌜φ^⌝ : Y → P X.

1Since ⇒ sometimes denotes the right adjoint to & (x&− ⊣ x ⇒ −), and sometimes is used to express the inclusion r ⊆ r^′ of relations pointwise.

As before,

• each contraction map f : X → Y induces modules f_∗ : X−→∘ Y, f_∗(x, y) = b(f(x), y) and f^∗ : Y −→∘ X, f^∗(y, x) = b(y, f(x)) with f_∗ ⊣ f^∗,

• the metric a of X = (X, a) is the identity module X−→∘ X on X,

• which induces the Yoneda embedding y_X : X → P X sending x to x^∗,

• the Yoneda Lemma states now that [y_X (x), ψ] = ψ(x),

• a metric space is cocomplete whenever y_X has a left adjoint Sup_X : P X → X,

• the cocomplete metric spaces are precisely the injective ones (where a metric space X is injective whenever, for every fully faithful i : A → B in Met and every contraction map f : A → X, there is a contraction map g : B → X so that g · i ≃ f),

• the subcategory Cocts_{sep} of cocomplete and separated metric spaces and suprema preserving contraction maps is reflective (in fact, monadic) in Met, and the Yoneda embedding y_X : X → P X serves as a reflection map.

An immediate question is now how the important notion of Cauchy-completeness fits into this framework. The answer can be found in F.W. Lawvere’s 1973 paper [Lawvere, 1973] where he made the amazing discovery that equivalence classes of Cauchy sequences correspond precisely to right adjoint modules ψ : X−→∘ 1, and a Cauchy sequence converges to x if and only if x is a supremum of the corresponding module. Consequently, X is Cauchy complete if and only if the restriction y_X : X → X̃ of the Yoneda embedding to the subspace X̃ of P X defined by all right adjoint modules has a left adjoint in Met. Since y_X : X → X̃ is dense (in the usual metric sense), this simply means that y_X : X → X̃ is

surjective. Furthermore, y_X : X → X̃ is a Cauchy completion for any space X. It is also worth noting that X̃ → P X is the equaliser of P X P y_X � y_{P X}

� P P X (see also Lemma 6.5).

As for ordered sets, one can built a dual adjunction between Met and CDMet, which restricts to a dual equivalence between the full subcategories of Cauchy complete metric spaces and algebraic metric spaces. The reader has certainly no difficulties in writing down the definitions of completely distributive metric space and consequently of the category CDMet as well as of algebraic metric space.

3.1. Remark. Since Met is not Cartesian closed one might wonder what the exponentiable objects are. They are characterised in [Clementino and Hofmann, 2006] (see also [Clementino et al., 2009]) as those spaces X = (X, a) where, for all x, y ∈ X, u+v = a(x, y) and ε > 0, there exists some z ∈ X with a(x, z) ≤ u + ε and a(z, y) ≤ v + ε. One easily sees that a cocomplete (=injective) metric space satisfies this property, just consider (with w = a(x, y)) {0^w−→ 2} f � � � � � � � {0^u−→ 1^v−→ 2} g � X where f(0) = x, f(2) = y and g(1) gives the desired z ∈ X. Furthermore, with Y is also Y^X cocomplete (=injective), to see this just pass from

A � � � � � � B

Y^X to X × A � � � � � � X × B

Y. Since the product of cocomplete spaces is also cocomplete, we conclude that the full subcategory of Met defined by all cocomplete spaces is Cartesian closed. This observation contradicts Theorem 2.2 of [Wagner, 1994] stating that the largest Cartesian closed full subcategory of Met is the category of ultrametric spaces; however, the proof given there seems to me incorrect. In fact, in the proof of this theorem the author assumes not only that X × − has a right adjoint but also that this right adjoint coincides with the right adjoint of X ⊗ −.

4. The dual space

In the remaining sections we will go further and lift notions and results (such as dual category, module, presheaf-construction and the Yoneda Lemma) from the theory of enriched categories to topological and approach spaces. The first obstacle waits right at the beginning as the fundamental notion of down-set ψ : X^{op} → 2 involves the dual ordered set, a concept which has no obvious counterpart in Top and App. Clearly, one cannot directly dualise the convergence relation x → x of a topological space to “x → x”, it is necessary to move into a more symmetric environment. Our experience shows so far that a good candidate for such an environment is L. Nachbin’s notion of ordered compact Hausdorff space (see [Nachbin, 1950]) as well as its metric counterpart. In fact, in these space we can dualise the order respectively metric, and then return to topological respectively approach spaces through an adjunction.

4.1. Definition. An ordered compact Hausdorff space is a triple (X, ≤, α) where (X, ≤) is an ordered set and α is (the convergence relation of) a compact Hausdorff topology on X so that {(x, y) | x ≤ y} is closed in X × X.

In the sequel we write OrdCompHaus for the category of ordered compact Hausdorff spaces and maps preserving both the order and the topology. We emphasise again that we do not assume the order relation to be anti-symmetric. It is shown in [Flagg, 1997] that the full subcategory OrdCompHaus_{sep} of OrdCompHaus defined by the objects with anti-symmetric order is the category of Eilenberg-Moore algebras for the prime filter monad (of up-sets) B on Ord, and the “non-separated” version of this result can be found in [Tholen, 2009] with the prime filter monad substituted by the ultrafilter monad. In fact, based on its extension to Rel, the ultrafilter monad U = (U, e, m) on Set extends to a monad on Ord where U : Ord → Ord sends (X, ≤) to (UX, U ≤), and with this definition e_X and m_X are monotone maps. Then, by Remark 1.1, {(x, y) | x ≤ y} is closed in X × X if and only if α : U(X, ≤) → (X, ≤) is monotone. Therefore the category OrdCompHaus of ordered compact Hausdorff spaces and continuous monotone maps is precisely the Eilenberg-Moore category Ord^U. For each ordered set X there is a canonical map ρ_X : UX ↠ BX, x → {↑A | A ∈ x} which turns out to be the Xcomponent of a monad morphism ρ : U → B. It is shown in [Flagg, 1997, Lemma 5] that ρ_X is even surjective, and one easily verifies that ρ_X (x) ≤ ρ_X (x^′) ⇐⇒ x ≤ x^′. Hence, ρ_X : UX ↠ BX is the anti-symmetric reflection of UX, and composition with ρ induces the inclusion functor OrdCompHaus_{sep} → OrdCompHaus.

As a byproduct of this discussion we obtain a notion of metric compact Hausdorff spaces as the Eilenberg-Moore algebras for the extension of U to Met based on its extension to numerical relations, that is, we define MetCompHaus := Met^U.

4.2. Remark. The functor U does not restrict to an endofunctor on Ord_{sep} respectively Met_{sep}. For instance, the order relation of UN is not anti-symmetric, where N has the natural order. To see this, just take x ∈ UX such that each A ∈ x contains arbitrary large odd numbers, and y ∈ UX such that each B ∈ y contains arbitrary large even numbers. Then x ≤ y and y ≤ x, but x can be chosen different from y.

There are canonical forgetful functors

K : OrdCompHaus → Top and K : MetCompHaus → App,

both send (X, a_0, α) to (X, a_0 · α) where a_0 is either an order relation or a metric.

4.3. Examples. The ordered set 2 = {0, 1} with the discrete (compact Hausdorff) topology lives in OrdCompHaus and gives us the Sierpiński space 2 where {1} is closed and {0} is open. The metric space [0, ∞] with distance δ(x, y) = y ⊖ x equipped with the usual compact Hausdorff topology where x converges to ξ(x) := sup_{A∈x} inf A is a metric compact Hausdorff space which gives the usual approach structure λ(x, x) = x ⊖ ξ(x) on [0, ∞] (see [Lowen, 1997]).

One easily verifies that K has a left adjoint

M : Top → OrdCompHaus respectively M : App → MetCompHaus

which sends X = (X, a) to (UX, Ua · m^∘_X , m_X ).

4.4. Examples. For a topological space X = (X, a), the order relation

UX^{m∘X}−−→ UUX^{Ua}−−→ UX is described by x ≤ y whenever A ∈ y for every A ∈ x.

Hence, x ≤ y if and only if every closed set in x belongs to y if and only if every open set in y belongs to x. For an approach space X = (X, a), the metric UX^{m∘X}−−→ UUX^{Ua}−−→ UX gives inf{u ∈ [0, ∞] | ∀A ∈ x . A^{(u)} ∈ y} as distance from x to y (where A^{(u)} = {x ∈ X | δ(A, x) � u} and δ(A, x) = inf{a(x, x) | A ∈ x}). To see this, with â = Ua · m^∘_X , let

v := â(x, x^′) = inf{Ua(X, x^′) | X ∈ UUX, m_X (X) = x} and w := inf{u ∈ [0, ∞] | ∀A ∈ x . A^{(u)} ∈ x^′}.

Since v � sup_{A∈x} sup_{B∈x′} inf_{a∈A#} inf_{y∈B} a(a, y),

for every ε > 0, A ∈ x, and B ∈ x^′, there exist a ∈ A^# and y ∈ B with a(a, y) � v + ε; hence, δ(A, y) � v + ε. Therefore, A^{(v+ε)} ∩ B ≠ ∅, and we conclude that A^{(v+ε)} ∈ x^′ for every A ∈ x and ε > 0. This proves w � v. For the reverse inequality, note that A^{(w+ε)} ∩ B ≠ ∅, for every ε > 0, A ∈ x and B ∈ x^′; this implies that

sup_{A∈x} sup_{B∈x′} inf_{a∈A#} inf_{y∈B} a(a, y) � w + ε.

Hence, by [Hofmann, 2006, Lemma 1.5] there is some X ∈ UUX with

{A^# | A ∈ x} and Ua(X, x^′) � w + ε,

so that v � w.

The functors (−)^{op} : Ord → Ord and (−)^{op} : Met → Met lift to functors (−)^{op} : OrdCompHaus → OrdCompHaus and (−)^{op} : MetCompHaus → MetCompHaus by putting (X, a_0, α)^{op} = (X, a^∘_0, α). Using the adjunction M ⊣ K, we can now define the dual of a topological space and an approach space.

4.5. Definition. The functors (−)^{op} : Top → Top and (−)^{op} : App → App are defined as the composites Top M �

(−)^{op} � Top

OrdCompHaus_{(−)op} � OrdCompHaus K � and App M �

(−)^{op} � App

MetCompHaus_{(−)op} � MetCompHaus. K �

4.6. Examples. By definition, an ultrafilter X ∈ UUX of ultrafilters converges to x ∈ UX in X^{op} whenever x ≤ m_X (X), which is equivalent to A^# ∈ X for each closed set A ∈ x. From this one obtains that all sets A^# for A ⊆ X closed form a basis for the topology on X^{op}. In this sense, we dualise X by making the closed subsets of X open. A continuous map ψ : X^{op} → 2 can be identified with a closed subset A ⊆ UX, where A ⊆ UX is closed if and only if A is Zariski closed (i.e. closed for the compact Hausdorff topology m_X on UX) and down-closed (with respect to the order ≤ on UX).

It is well-known that both Top and App are not Cartesian closed. However, as we shall see, the opposite topological space X^{op} always is exponentiable; that is, the functor X^{op}×− : Top → Top has a right adjoint. Similar to the metric case, for approach spaces we are interested in the +-approach structure rather then the max-structure on the product space. More in detail, for approach spaces X = (X, a) and Y = (Y, b), we put X ⊗ Y = (X, ×Y, d) where d(w, (x, y)) = a(T π_1(w), x) + b(T π_2(w), y) (see [Hofmann, 2007]). Then an approach space X is called +-exponentiable whenever X ⊗− : App → App has a right adjoint. We recall from [Pisani, 1999] and [Hofmann, 2007] that a topological/approach space X = (X, a) is exponentiable/+-exponentiable if and only if the diagram

UUX^{mX} �

�_{Ua} � UX �_a � UX �_a � X

commutes.

4.7. Proposition. For each ordered compact Hausdorff space X, KX is exponentiable in Top. Likewise, for each metric compact Hausdorff space, KX is +-exponentiable in App.

Proof. Let X = (X, a_0, α) be in OrdCompHaus or MetCompHaus. We have to show that a := a_0 · α satisfies a · Ua ⊒ a · m_X (since the other inequality holds anyway), where ⊑ stands either for ⊆ or �. But this follows easily:

a · Ua = a_0 · α · U(a_0) · Uα ⊒ a_0 · α · Uα = a_0 · α · m_X = a · m_X .

4.8. Corollary. For each topological (approach) space X, X^{op} is (+-)exponentiable.

4.9. Remark. Clearly, both Ord^U and Met^U inherit products from Ord and Met respectively. However, more important to us is the monoidal structure on Met defined by the plus-metric, and therefore we are interested in transporting this structure to Met^U. This problem is addressed in general in [Moerdijk, 2002] where the author introduces the notion of a Hopf monad on a monoidal category C, which captures exactly what is needed to transport the monoidal structure on C to the category of Eilenberg–Moore algebras. For space reasons we must refer to [Moerdijk, 2002] for the definition of Hopf monad, and simply state here that the monad U = (U, e, m) on Met is an example of a monad with a Hopf structure since

τ_{X,Y} : U(X ⊗ Y ) → UX ⊗ UY, w → (T π_1(w), T π_2(w)) ! : U1 → 1

are contraction maps. This is clear for the second map, and for the first one it follows using Remark 1.1. Consequently, Met^U inherits the monoidal structure from Met: for X = (X, a, α) and Y = (Y, b, β), X ⊗ Y becomes equipped with the plus-metric a ⊗ b and the product topology U(X × Y )^{τX,Y}−−→ UX × UY^{α×β}−−→ X × Y . Recall from Example 4.3 that [0, ∞] lives in Met^U, and it is now clear that + : [0, ∞] ⊗ [0, ∞] → [0, ∞] is a U-homomorphism. We also remark that K : Met^U → App is a strict monoidal functor.

In [Simmons, 1982; Wyler, 1984] it is shown that OrdCompHaus_{sep} is also monadic over Top where the monad is the prime filter (of opens) monad. Similarly, the adjunction M ⊣ K induces a monad on Top respectively App, in fact, it lifts the ultrafilter monad U = (U, e, m) to these categories. One easily verifies that the ultrafilter monad U on App is a Hopf monad witnessed by the maps τ_{X,Y} and ! described above.

4.10. Proposition. The ultrafilter monad U = (U, e, m) on Top is of Kock-Zöberlein type.

Proof. First note that an ultrafilter X ∈ UUX converges to x ∈ UX in UX if and only if m_X (X) ≤ x, and this is equivalent to A^# ∈ X for all open subsets A ⊆ X with A ∈ x. Therefore all sets A^# where A is open in X form a basis for the topology in UX. We now show m_X ⊣ e_{UX} (see Remark 2.3). To see 1_{UUX} ≤ e_{UX} · m_X , let X ∈ UUX and A ∈ e_{UX} · m_X (X) be open. Hence m_X (X) ∈ A, and there is some open subset A ⊆ X with A ∈ m_X (X) and A^# ⊆ A. Consequently, A^# ∈ X and therefore also A ∈ X. Since m_X · e_{UX} = 1_{UX} , we conclude m_X ⊣ e_{UX} .

For an approach space X = (X, a) with underlying topological space X_t and x, y ∈ UX, from Example 4.4 we obtain that x ≤ y in U(X_t) implies 0 = â(x, y) (where â = Ua · m_X ), and therefore:

4.11. Corollary. The ultrafilter monad U = (U, e, m) on App is of Kock-Zöberlein type.

Hence, the algebra structure l : UX → X is left adjoint to e_X : X → UX in Top respectively App. Moreover, any left inverse l : UX → X of e_X : X → UX (that is, l · e_X = 1_X ) in Top/App is left adjoint to e_X and makes X a pseudoalgebra for U. In particular, a topological/approach T_0-space is an Eilenberg-Moore algebra for U precisely if e_X : X → UX admits a left inverse.

4.12. Proposition. Top^U ≃ Ord^U and App^U ≃ Met^U.

Proof. For X = (X, a_0, α) in OrdCompHaus or MetCompHaus, α : UX → X turns out to be continuous respectively contractive, hence the functors K : Ord^U → Top respectively K : Met^U → App can be seen a functor Ord^U → Top^U respectively Met^U → App^U. On the other hand, for X = (X, a) in Top^U or App^U, the underlying ordered set (X, a_0) together with the algebra structure l_X lives in Ord^U/Met^U. Furthermore, l_X ⊣ e_X in Top respectively App and consequently in Ord respectively in Met, and one observes that the underlying order/metric of UX is given by â = Ua · m^∘_X . From

a_0(l_X (x), x) = â(x, e_X (x)) = a(x, x)

one reaches eventually to the conclusion that Top^U ≃ Ord^U and App^U ≃ Met^U.

5. Cocomplete spaces

With the notion of dual space at our disposal, one can now define U-modules between topological spaces and approach spaces and develop their basic properties following closely what was done for ordered sets. For topological spaces X = (X, a) and Y = (Y, b), a Umodule φ : X −⇀∘ Y is a U-relation φ : X −⇀ Y so that X^{op} × Y → 2 is continuous; and for approach spaces X = (X, a) and Y = (Y, b), a U-module φ : X −⇀∘ Y is a U-relation φ : X −⇀ Y so that X^{op} ⊗ Y → [0, ∞] is contractive. By Corollary 4.8, U-modules correspond to continuous/contractive maps^⌜φ^⌝ : Y → P X, where P X := 2^{Xop} in the topological case and P X := [0, ∞]^{Xop} in the approach case. It is not completely trivial that the module-property can be also expressed with the help of Kleisli composition, but it is shown in [Clementino and Hofmann, 2009a] that a U-relation φ : X −⇀ Y is a U-module if and only if b ∘ φ = φ and φ ∘ a = φ. This correspondence will be particularly useful when establishing cont(inuity/ractivity) of a map of type Y → P X as it is occasionally easier to verify these two equalities.

5.1. Remark. It should be noted that the dual space introduced in this paper is different from what was considered in [Clementino and Hofmann, 2009a; Hofmann and Tholen, 2010; Hofmann, 2011; Clementino and Hofmann, 2009b], the two ingredients of an ordered/metric compact Hausdorff space were kept separately there. Since the presheaf space P X there is defined as a subspace of the exponential with respect to the compact Hausdorff topology only, it is not automatically clear that this gives the same space. The following result tells us that there is no problem.

5.2. Lemma. For any (X, a_0, α) in OrdCompHaus or MetCompHaus and any Y in Top respectively App, the exponential Y^{(X,a0 ·α)} → Y^{(X,α)} of (X, α) → (X, a_0 · α) is an embedding.

Proof. To prove this, we recall that the function space structure on Y^X (with Y = (Y, b) and X = (X, a)) is defined as the largest one making the evaluation map ev : Y^X ×X → Y continuous (respectively ev : Y^X ⊗ X → Y contractive in the approach case). Explicitly, for p ∈ U(Y^X ) and h ∈ Y^X , one has

p → h ⇐⇒ � � � for all w ∈ U(Y^X × X), x ∈ X with w → p x → x ⇒ Uev(w) → h(x)), (where w → x ∈ UX) in the topological case and d(p, h) = sup{b(Uev(w), h(x)) ⊖ a(x, x) | w ∈ U(Y^X ⊗ X) with w → p, x ∈ X, (w → x)} in the approach case. Now, in Y^{(X,α)} one has

d_2(p, h) = sup{b(Uev(w), h(α(x))) | w ∈ U(Y^X ⊗ X) with w → p, (w → x)}, and in Y^{(X,a0·α)} d_1(p, h) = sup{b(Uev(w), h(x)) ⊖ a_0(α(x), x) | w ∈ U(Y^X ⊗ X), w → p, x ∈ X, (w → x)}. To conclude d_1(p, h) � d_2(p, h), we show that b(Uev(w), h(α(x))) � b(Uev(w), h(x)) ⊖ a_0(α(x), x) for any x ∈ X. In fact, the inequality above is equivalent to b(Uev(w), h(α(x))) + a_0(α(x), x) � b(Uev(w), h(x)), which is indeed true since

b(Uev(w), h(α(x))) + a_0(α(x), x) � b(Uev(w), h(α(x))) + b_0(h(α(x)), h(x)) � b(Uev(w), h(x)).

Here b_0 denotes the underlying metric of the approach structure b on Y . For topological spaces one can argue in a similar way.

Consequently, the function space P X is essentially the exponential of a compact Hausdorff space, therefore its topology is the compact-open topology. An approach variant of this topology was introduced in [Lowen and Sioen, 2004].

5.3. Example. In [Hofmann and Tholen, 2010] it is shown that the topological space P X is homeomorphic to the space F_0(X) of all filters (including the improper one) on the lattice OX of open sets of X, where the topology on F_0(X) has {f ∈ F_0(X) | A ∈ f} (A ⊆ X open) as basic open sets (see [Escardó, 1997]). Here we can identify an element ψ ∈ P X = 2^{Xop} with a closed (=Zariski closed and down-closed) subset A of UX. With this identification, the maps

P X^Φ−→ F_0(X), A → ( � A) ∩ OX and F_0(X)^Π−→ P X, f → {x ∈ UX | f ⊆ x} are indeed continuous and inverse to each other.

The structure a of a space X = (X, a) is a U-module X −⇀∘ X and indeed the identity arrow on X in the ordered category U-Mod of topological/approach spaces and U-modules between them, composition is given by Kleisli-composition and the order structure is inherited from Rel respectively NRel. Each continuous/contractive map f : X → Y gives rise to U-modules

f_∗ : X −⇀∘ Y, f_∗(x, y) = b(Uf(x), y) and f^∗ : Y −⇀∘ X, f^∗(y, x) = b(y, f(x)) f_∗ = b · Uf f^∗ = f^∘ · b

which form an adjunction f_∗ ⊣ f^∗ in U-Mod, and these constructions define functors (−)_∗ : Top → U-Mod and (−)^∗ : Top^{op} → U-Mod respectively (−)_∗ : App → U-Mod and (−)^∗ : App^{op} → U-Mod. The order on the hom-sets of Top and App are reflections from their respective module categories since

f ≤ h ⇐⇒ f^∗ ⊑ h^∗ ⇐⇒ h_∗ ⊑ f_∗.

From this it follows that f ⊣ g in Top/App if and only if g^∗ ⊣ f^∗ in U-Mod if and only if g^∗ = f_∗, which in pointwise notation reads as

b(Uf(x), y) = a(x, g(y)),

or, in the particular case of topological spaces, as

Uf(x) → y ⇐⇒ x → g(y).

The ordered category U-Mod has (co)complete hom-sets, and Kleisli-composition with a U-module φ : X −⇀∘ Y from the right preserves suprema. As in the case of ordered sets, a right adjoint to − ∘ φ gives, for each ψ : X −⇀∘ Z, the largest U-module of type Y −⇀∘ Z which composite with φ is less or equal then ψ:

(7) X ∘^ψ � ∘φ � Z Y ∘ ⊑ �

This U-module is called extension of ψ along φ, and we write ψ ∘− φ. It can be calculated in Rel respectively NRel as ψ •− (Uφ · m^∘_X ). 5.4. Theorem. ψ ∘− φ(y, z) = �U^⌜φ^⌝(y),^⌜ψ^⌝(z)�. Proof. See [Hofmann, 2011, Theorem 1.10].

Since the structure a of X = (X, a) is a U-module X −⇀∘ X, we obtain as its mate the Yoneda embedding y_X =^⌜a^⌝ : X → P X which sends x to x^∗ = a(−, x). Choosing in (7) φ as the identity module and ψ : X −⇀∘ 1, the theorem above specialises to the Yoneda

5.5. Lemma. �Uy_X (x), ψ� = ψ(x).

As usual, the lemma above tells us that the Yoneda embedding is fully faithful (=initial). For a topological space X, the Yoneda Lemma says that, when identifying ψ ∈ P X with a filter f ∈ F_0(X), Uy_X (x) → f ⇐⇒ x ⊇ f,

which follows also easily from the definition of the topology on F_0(X) (see Example 5.3).

Each module φ : X −⇀∘ Y induces maps − ∘ φ : P Y → P X and − ∘− φ : P X → P Y which are both continuous respectively contractive as − ∘ φ is the mate of the module (y_Y )_∗ ∘ φ : X −⇀∘ P Y , and − ∘− φ is the mate of (^⌜φ^⌝)_∗ : Y −⇀∘ P X, and therefore form an adjunction − ∘ φ ⊣ − ∘− φ in Top/App. Hence, for f : X → Y in Top/App, one has

P X (−∘f^∗) ⊥ �

(− ∘− f∗) ⊥ �P Y.

(−∘f_∗) �

In the sequel we write P f for − ∘ f^∗. Note that ψ ∘− (y_X )_∗ = �−, ψ� = ψ^∗, hence − ∘− (y_X )_∗ = y_{P X} .

5.6. Definition. A topological/approach space is called cocomplete if the Yoneda embedding y_X : X → P X has a left adjoint Sup_X : P X → X in Top/App.

If, for a topological space X, we think of P X as the filter space F_0(X), then Sup_X produces for each filter f ∈ F_0(X) a smallest convergence point. In [Hofmann, 2011] it is shown that many properties of cocomplete spaces resemble closely the ones of cocomplete ordered sets:

• cocomplete=injective,

• P X is cocomplete where a supremum Sup_X : P P X → P X is given by − ∘ (y_X )_∗,

• the subcategory Cocts_{sep} of Top/App consisting of cocomplete T_0-spaces and left adjoint morphisms is reflective, and the Yoneda embedding provides a universal arrow,

• Cocts_{sep} is monadic over Top/App where the induced monad P is of Kock-Zöberlein type and has P as functor, the Yoneda embeddings y_X : X → P X as units and m_X := − ∘ (y_X )_∗ : P P X → P X as multiplications (providing us with the filter

monad in the topological case and with what one might call now approach filter monad in the approach case),

• Cocts_{sep} is also monadic over Set and Ord/Met.

Recall that a topological/approach space X = (X, a) induces an order/metric â := Ua · m^∘_X on UX, and â : UX−→ UX can be also viewed as a U-relation â : X −⇀ UX. This relation is actually a U-module â : X −⇀∘ UX as one easily verifies: â ∘ a = Ua · m^∘_X · Ua · m^∘_X = â · â = â, and (Ua · m^∘_X · m_X ) ∘ â = Ua · m^∘_X · m_X · UUa · Um^∘_X · m^∘_X = Ua · m^∘_X · Ua · m_{UX} · m^∘_{UX} · m^∘_X = Ua · m^∘_X · Ua · m^∘_X = â · â = â.

Therefore â : X −⇀∘ UX induces a morphism Y_X : UX → P X, for each toplogical/approach space X. Moreover, Y_X : UX → P X can be seen as a “second” Yoneda embedding:

5.7. Lemma. For X ∈ UUX and ψ ∈ P X, �UY_X (X), ψ� = ψ(m_X (X)). Proof. In fact, with â = Ua · m^∘_X one has

Uâ · m^∘_X = UUa · Um^∘_X · m^∘_X = UUa · m^∘_{UX} · m^∘_X = m^∘_X · Ua · m^∘_X = m^∘_X · â, and therefore �UY_X (−), ψ� = ψ ∘− â = ψ •− (m^∘_X ·â) = (ψ •− â)·m_X = [^⌜â^⌝(m_X (−)), ψ] = ψ(m_X (−)). Here [−, −] denotes the underlying order/metric on P X and we made use of the Yoneda Lemma for ordered sets respectively metric spaces.

5.8. Proposition. Y = (Y_X )_X is a monad morphism Y : U → P . Proof. To check naturality, let X = (X, a), Y = (Y, b) be topological/approach spaces and f : X → Y be a cont(inous/ractive). Furthermore, let â := Ua · m^∘_Y and b̂ := Ub · m^∘_Y , and note that U(f^∗) · m^∘_X = Uf^∘ · Ub · m^∘_X = Uf^∘ · b̂ = (Uf)^∗, where (Uf)^∗ is the module induced by Uf : UX → UY in Ord respectively Met. With this in mind, the left-lower path in

UX^{Y X} � Uf � P X P f � UY_{Y Y} � P Y

sends x to b̂(−, Uf(x)) = Uf^∗(−, x), and the upper-right path sends x to Y_X (x) ∘ f^∗ = â(−, x) · Uf^∗ = Uf^∗(−, x).

One easily verifies that the diagram

UX^{Y X} � P X X e_X � � � � y_X � � � � � commutes for each topological/approach space X, and the assertion follows since both monads U, P are of Kock-Zöberlein type and P X is always separated.

We conclude that every P-algebra X is also a U-algebra and therefore also a compact Hausdorff space with convergence

(8) UX^{Y X} �

l_X � P X^{SupX} � X;

moreover, l_X : UX → X is characterised as being left adjoint to e_X : X → UX in Top respectively App. For a cocomplete topological T_0-space X, this topology is known as the Lawson topology (see [Gierz et al., 2003]) and, for x ∈ UX,

l_X (x) = � A∈x � x∈A x = � A∈x � x∈A x. If X is not necessarily a T_0-space, the formula above still describes the left adjoint to e_X : X → UX in Top. From this description of l_X one concludes that this convergence is already encoded in the underlying order, therefore the convergence a of the topology of X can be recovered from the underlying order a_0 = a · e_X alone since l_X ⊣ e_X gives

a(x, x) = a_0(l_X (x), x),

for all x ∈ UX and x ∈ X (see also Proposition 4.12). In fact, injective topological T_0- spaces are known to be precisely the continuous lattices (see [Scott, 1972]). It also follows that, for injective space X and Y , a monotone map f : X → Y (between the underlying ordered sets) is continuous provided that it preserves co-directed infima^2.

5.9. Example. Since P X is cocomplete it is also a metric compact Hausdorff space where the convergence UP X → P X sends p ∈ UP X to Y_{P X} (p) ∘ (y_X )_∗ in P X. Recall from Lemma 5.5 that (y_X )_∗ : X −⇀∘ P X is given by the evaluation relation ev : UX−→ P X, ev(x, ψ) = ψ(x). Therefore, for any x ∈ UX, one has

(Y_{P X} (p) ∘ (y_X )_∗)(x) = U(�−, −�) · m^∘_{P X} · U y_X (x, p) = U(�−, −� · U y_X ) · m^∘_X (x, p) = Uev ·m^∘_X (x, p).

In the remainder of this section we have a closer look at cocomplete (=injective) approach spaces. Motivated by the situation for topological spaces, we define:

2Recall that we consider the dual of the specialisation order. We should also mention that continuity is even equivalent to preservation of these infima.

5.10. Definition. A metric space is called continuous if it underlies an injective approach space.

For an injective approach space X = (X, a), we consider l_X as in (8), hence l_X · e_X ≃ 1_X and l_X ⊣ e_X in App. By Examples 4.4, the identity map on UX is continuous of type U(X_t) → (UX)_t where (−)_t refers to the underlying topological space, therefore l_X : U(X_t) → X_t is continuous and l_X · e_X ≃ 1_X in Top, hence also l_X ⊣ e_X in Top. In conclusion, the approach structure of an injective approach space can be recovered from its underlying metric since l_X is determined by the underlying order of the underlying metric; and a contraction map between continuous metric spaces is a contraction map between the corresponding approach spaces if it preserves co-directed infima (i.e. if it is continuous with respect to the Scott-topologies of the underlying lattices).

5.11. Proposition. For a metric space X = (X, d), there exists at most one injective approach space X = (X, a) so that d(x, y) = a(^▪x, y), for all x, y ∈ X.

The full subcategory of App consisting of all injective approach spaces we denote as ContMet. By the corollary above, ContMet can be also viewed as a (non-full) subcategory of Met.

5.12. Example. We consider the approach space [0, ∞] with λ(x, x) = x ⊖ ξ(x) (see 4.3). In the underlying topology,

x → x ⇐⇒ 0 � x ⊖ ξ(x) ⇐⇒ ξ(x) � x.

In particular, any interval [0, u] is closed. Take now the filter base g := {(1, 1 + ε) | 0 < ε}

and let y ∈ U[0, ∞] be with g ⊆ y. Then^▪1 ≰ y (since [0, 1] /∈ y) but δ(^▪1, y) = 0 (since every B ∈ y contains elements arbitrary close to 1 from the right).

5.13. Remark. The metric space [0, ∞] is continuous since it underlies the injective approach space [0, ∞]. Certainly, every continuous metric space is also a continuous lattice via its underlying order; however, it should be noted a continuous lattice (via its free metric) is in general not a continuous metric space. For instance, the Sierpiński space 2 is not injective in App. To see this, just consider the embedding {0, ∞} → [0, ∞] and f : {0, ∞} → 2 with f(0) = true and f(∞) = false, and observe that there is no contraction map g : [0, ∞] → 2 extending f since there exists x ∈ U[0, ∞) with λ(x, ∞) = 0.

It is well-known that the full subcategory of Top defined by all injective spaces is Cartesian closed (see [Scott, 1972]). We will now show that ContMet is a Cartesian closed category as well. To this end, recall that the approach space [0, ∞] is actually a monoid in the monoidal category App since addition + is a contraction map + : [0, ∞] ⊗ [0, ∞] → [0, ∞]. Hence it induces a monad M = (M, 0, +) on App where M = − ⊗ [0, ∞]. For each approach space X,

t_X : X ⊗ [0, ∞] → P X, (u, x) → a(−, x) + u

is a contraction map since it is the mate of the composite X^{op} ⊗ X ⊗ [0, ∞]^{a⊗1}−−→ [0, ∞] ⊗ [0, ∞]^+−→ [0, ∞] of contraction maps. Thinking of u ∈ [0, ∞] as a U-module u : 1 −⇀∘ 1, then t_X (x, u) is the U-module u∘x^∗. One easily confirms that the family t = (t_X )_X is a monad morphism M → P. Therefore each injective approach space admits an action + := Sup_X · t_X : X ⊗ [0, ∞] → X, which satisfies a_0(x + u, y) = a_0(Sup_X (u ∘ x^∗), y) = [u ∘ x^∗, y^∗] = a_0(x, y) ⊖ u.

Note that the universal property above determines the action + uniquely, that is, an approach space X admits up to equivalence at most one action + : X ⊗ [0, ∞] → X in App with a_0(x + u, y) = a_0(x, y) ⊖ u.

For a numerical relation φ : X−→ Y and u ∈ [0, ∞], we write φ � u for the relation defined by φ � u(x, y) := φ(x, y) + u. Note that U(φ � u) = Uφ � u, and, given also ψ : Y −→ Z and v ∈ [0, ∞], (ψ � v) · (φ � u) = (ψ · φ) � (v + u).

5.14. Theorem. Let X be an approach space which admits a left adjoint l : UX → X of e_X : X → UX and an action + : X ⊗ [0, ∞] → X in App with a_0(x + u, y) = a_0(x, y) ⊖ u. Then X is exponentiable in App.

Proof. Firstly, fixing u ∈ [0, ∞], one obtains t_u : X → X, x → x + u in App. Moreover, from a_0(x, y) � a_0(x + u, y + u) = a_0(x, y + u) ⊖ u it follows that a_0(x, y) + u � a_0(x, y + u), for all x, y ∈ X; and hence also a(x, y) + u = a_0(l(x), y) + u � a_0(l(x), y + u) = a(x, y + u) for all x ∈ T X and y ∈ X. With notation introduced above, this reads as a � u � t^∘_u · a, which allows us to conclude (Ua) � u = U(a � u) � Ut^∘_u · Ua, that is, Ua(X, x) + u � Ua(X, Ut_u(x)), for all X ∈ T T X and x ∈ T X. Furthermore, l · Ut_u ≤ t_u · l since t_u is a contraction map, and therefore a(Ut_u(x), x) = a_0(l · Ut_u(x), x) � a_0(l(x) + u, x) = a(x, x) ⊖ u, for all x ∈ T X and x ∈ X.

Secondly, recall from [Hofmann, 2006] that an approach space X = (X, a) is exponentiable if, for all X ∈ UUX and x ∈ X with a(m_X (X), x) < ∞, all v, u ∈ [0, ∞) with u + v = a(m_X (X), x) and all ε > 0, there exists an ultrafilter x ∈ UX such that Ua(X, x) � u + ε and a(x, x) � v + ε.

Assume now that X = (X, a) is injective in App, and let X ∈ UUX, x ∈ X with w := a(m_X (X), x) < ∞ and u, v ∈ [0, ∞] with u+v = w. Put y := Ul(X) and x := Ut_u(y). Then

Ua(X, x) � Ua(X, y) + u = u, and a(x, x) � a(y, x) ⊖ u = a_0(l · Ul(X), x) ⊖ u = a_0(l · m_X (X), x) ⊖ u = w ⊖ u = v,

and the assertion follows.

5.15. Corollary. Each injective approach space is exponentiable in App.

With the same argument as in Remark 3.1 one can show that with Y and X also Y^X and Y × X are injective approach spaces, hence

5.16. Theorem. ContMet is Cartesian closed.

6. A seemingly unnatural dual adjunction

At the end of Section 2 we briefly discussed the dual adjunction between Ord and CCD. In this section we show that this dual adjunction has a natural analogue when we replace Ord with Top or App. It is interesting to observe that the considerations in this section only apply to X → 2^{Xop} , the construction X → 2^X (see Remark 2.5) is a completely different story and is studied in general in [Hofmann and Stubbe, 2011]. Note that (−)^{op} : Top → Top is no longer an equivalence, and also that 2^{Xop} is a (very particular) topological space but 2^X in general not since Top is not Cartesian closed. Of course, X → 2^X leads to the well-known dual adjunction between Top and Frm, so lets look now at X → 2^{Xop} .

6.1. Definition. A cocomplete topological/approach space X is called completely distributive (cd) if Sup_X : P X → X has a left adjoint in Top/App.

We remark immediately that every space of type P X is (cd), witnessed by the string of adjunctions

y_{P X} = − ∘− (y_X )_∗ ⊢ − ∘ (y_X )_∗ ⊢ − ∘ (y_X )^∗ = P y_X .

We let CDTop (CDApp) denote the category of completely distributive topological (approach) T_0-spaces and left-and-right adjoint continuous (contractive) maps. The presheaf construction defines functors

D : Top^{op} → CDTop respectively D : App^{op} → CDApp

sending f : X → Y to − ∘ f_∗ : P Y → P X, that is, DX = P X and P f ⊣ Df. To define functors in the opposite direction, we note that a completely distributive space L comes together with y_L : L → P L and t_L : L → P L where t_L ⊣ Sup_L. As in the Ord-case, we consider now the equaliser

A^i � L^{tL} �_{y L} � P L. (9) in Top/App. Let also M be a completely distributive space with corresponding equaliser j : B → M and f : L → M in CDTop/CDApp, hence f preserves suprema and has a left adjoint g : M → L. Therefore the diagrams

M^{y M} � g � P M P g � L_{y L} � P L and P L^{SupL} � P f � L f � P M_{SupM} � M

commute (up to equivalence), and from the latter it follows that the diagram of the corresponding left adjoints M^{tM} � g � P M P g � L_{tL} � P L

commutes (up to equivalence, but P L is separated, so it really commutes). We conclude that g : M → L restricts to a continuous/contractive map g_0 : B → A. Summing up: 6.2. Proposition. With the notation used above, there are functors

S : CDTop → Top^{op} respectively S : CDApp → App^{op} where SL = A and Sf = g_0.

We will now show that S and D form a dual adjunction. To construct a natural transformation η : 1 → SD, we start by observing that P y_X · y_X = y_{P X} · y_X for any X in Top/App; however, y_X is in general not the equaliser of P y_X and y_{P X} . Nevertheless, the universal property of the equaliser produces a continuous/contractive map η_X : X → SD(X) which is just the corestriction of the Yoneda embedding, and η = (η_X )_X is indeed a natural transformation. Let now L in CDTop/CDApp with equaliser diagram (9), we put

L_{y L} �

ε_L � P L_{−∘i∗} � P A = DS(L).

Then ε_L is a right adjoint since both y_L and − ∘ i_∗ are. To see that ε_L is also left adjoint, we show that P L^{P εL} �

Sup_L � P P A

sup_{P A}=−∘(y_A)_∗ � L_{εL} � P A commutes. Let ψ ∈ P L and a ∈ UA. Then (with L = (L, a)) ε_L · Sup_L(ψ)(a) = a(Ui(a), Sup_L(ψ)) = �U(t_L · i)(a), ψ� (t_L ⊣ Sup_L) = �Uy_L(Ui(a)), ψ� (t_L · i = y_L ·i) = ψ(Ui(a)) = ψ ∘ i_∗(a) (Yoneda Lemma) and Sup_{P A} ·P ε_L(ψ) = ψ ∘ ε^∗_L ∘ (y_A)_∗ = ψ ∘ y^∗_L ∘(− ∘ i_∗)^∗ ∘ (y_A)_∗ (ε_L = (− ∘ i_∗) · y_L) = ψ ∘ y^∗_L ∘(P i)_∗ ∘ (y_A)_∗ (P i ⊣ (− ∘ i_∗), hence (P i)_∗ = (− ∘ i_∗)^∗) = ψ ∘ y^∗_L ∘(y_L)_∗ ∘ i_∗ = ψ ∘ i_∗.

Next we show that ε = (ε_L)_L is a natural transformation ε : 1 → DS. To this end, let f : L → M in CDTop/CDApp with left adjoint g : M → L. We have to convince ourself that L f �

ε_L � P A −∘(g_0)_∗ � M_{εM} � P B commutes (we use here the notation introduced above), which we do by pasting the commutative diagrams L f � y_L

� P L P f � M_{y M} � P M and P L

−∘g_∗ �

−∘i_∗ � P A

−∘(g_0)_∗ � P M_{−∘j∗} � P B

together. This is indeed possible since from P g ⊣ P f and P g ⊣ (− ∘ g_∗) it follows that P f = − ∘ g_∗. Finally, the composites

SL^{ηSL}−−→ SDS(L)^{S(εL)}−−−→ SL x −→ x^∗ −→ Sup_L(x^∗) = x and DX^{εDX}−−−→ DSD(X)^{D(ηX )}−−−−→ DX ψ −→ ψ^∗ ∘ i_∗ −→ ψ^∗ ∘ i_∗ ∘ (η_X )_∗ = ψ^∗ ∘ (y_X )_∗ = ψ are both equal to the identity, where i : SDX → DX denotes the inclusion map. 6.3. Theorem. (D, S, η, ε) defines a dual adjunction Top^{op} ⇆ CDTop respectively App^{op} ⇆ CDApp.

6.4. Remark. The dual adjunction above does not seem to be induced by a dualising object. Certainly, S ≃ hom(−, 2) respectively S ≃ hom(−, [0, ∞]), but there is no space X with D ≃ hom(−, X). This indicates that the “obvious” forgetful functor CDTop → Set respectively CDApp → App is a “bad” choice, in fact, we will later on (Remark 7.17) see that there is a better candidate.

As for any dual adjunction, one obtains a dual equivalence between the fixed full subcategories

Fix(η) := {X | η_X is an isomorphism} and Fix(ε) := {L | ε_L is an isomorphism}

which we determine now.

6.5. Lemma. For each topological/approach space X and ψ ∈ P X,

P y_X (ψ) = y_{P X} (ψ) ⇐⇒ ψ is right adjoint.

Proof. Our proof uses the fact obtained in [Hofmann and Tholen, 2010] that

X̃ := {ψ ∈ P X | ψ is right adjoint}

is the Lawvere closure of y_X (X) in P X. Clearly, the equaliser of y_{P X} and P y_X is Lawvere closed and contains y_X (X), and the implication “⇐” follows. To see “⇒”, note that from

P y_X (ψ) = y_{P X} (ψ) it follows that ψ^∗ = ψ ∘ y^∗_X , hence ψ ∘ y^∗_X (^▪ψ) is true respectively 0. Since Ue_Y · e_Y = m^∘_Y · e_Y^3 for any Y ,

ψ ∘ y^∗_X (^▪ψ) = ψ · U y^∗_X (e_{UP X} · e_{P X} (ψ)) = � x∈UX

ψ(x) ⊗ U�−, −�(e_{UP X} · e_{P X} (ψ), T y_X (x))

where �−, −� denotes the structure on P X, ⊗ is either & or +, and � is either ∃ or inf.

The result follows now from Proposition 4.16 (3.16 in the arXiv-version) of [Hofmann and Tholen, 2010].

Hence, X belongs to Fix(η) precisely if each right adjoint module ψ is representable as ψ = x^∗ for a unique x ∈ X. But this is precisely the definition of a Lawvere complete (also called Cauchy complete) separated space as introduced in [Clementino and Hofmann, 2009a]. In both the topological and the approach case, Lawvere completeness together with separateness means soberness (see [Clementino and Hofmann, 2009a, Subsections 6.3 and 6.4]), so that Fix(η) is precisely the category Sob/ASob of sober topological/approach spaces and continuous/contraction maps (see [Banaschewski et al., 2006] and [Van Olmen, 2005] for the notion of sober approach space).

3The same holds for any monad where T 1 = 1.

6.6. Example. For a topological space X, a U-module φ : 1 −⇀∘ X corresponds to a closed subset A ⊆ X, and ψ : X −⇀∘ 1 to a closed subset A ⊆ UX. With this identification, φ ⊣ ψ means that (see [Clementino and Hofmann, 2009a])

• A = {x ∈ UX | ∀ x ∈ A . x → x},

• there exists an ultrafilter x_0 ∈ A with A ∈ x_0.

Hence, for any x ∈ A and any B ∈ x, A ⊆ B and therefore B ∈ x_0. We conclude that x ≤ x_0, hence A = ↓x_0.

For L in CDTop/CDApp, ε_L : L → P A has a left adjoint c : P A → L which sends ψ ∈ P A to Sup_L(ψ ∘ i^∗). Since ε_L preserves suprema and ε · i = y_A, we see that even ε_L · c = 1 since

ε_L · c(ψ) = ε_L(Sup_L(ψ ∘ i^∗)) = Sup_{P A}(P ε_L(ψ ∘ i^∗)) = Sup_{P A}(ψ ∘ i^∗ ∘ ε^∗_L) = Sup_{P A}(ψ ∘ y^∗_A) = m_A ·P y_A(ψ) = ψ.

6.7. Definition. We call a completely distributive topological/approach space L totally algebraic if c · ε_L ≃ 1, that is, if

Sup_L(x^∗ ∘ i_∗ ∘ i^∗) ≃ x

for each x ∈ X.

6.8. Example. By definition, a topological space X is totally algebraic if each element x ∈ X is a supremum of the distributor x^∗ ∘ i_∗ ∘ i^∗ : X −⇀∘ 1. Intuitively, x^∗ ∘ i_∗ ∘ i^∗ is the down-set of all totally algebraic elements below x, and in fact, x ∈ UX belongs to x^∗ ∘ i_∗ ∘ i^∗ if and only if there is some a ∈ UA with x ≤ a and a → x.

Clearly, Fix(ε) is the full subcategory of CDTop/CDApp consisting of all totally algebraic T_0-spaces; we denote this category as TATop respectively as TAApp. In conclusion,

6.9. Theorem. Sob^{op} ≃ TATop and ASob^{op} ≃ TAApp.

In Section 8 we will develop a more general theory which contains the result above as a special case (see Theorem 8.20).

6.10. Proposition. The inclusion functors Sob → Top, ASob → App, TATop → CDTop and TAApp → CDApp are right adjoint.

Proof. It is well-known (see, for instance,Theorem 2.0 of [Lambek and Rattray, 1979]) that these fixed subcategories are reflective if and only if η_{SL} respectively ε_{DX} are isomorphisms, that is, SL is sober respectively DX is totally algebraic. Now, any completely distributive space is cocomplete, hence Lawvere complete (=sober), and SL is L-closed (see [Hofmann and Tholen, 2010]) in L since it is the equaliser of y_L and t_L. Therefore SL is sober. Certainly, DX = P X is totally algebraic for each sober space X. For an arbitrary space X, the induced U-module i_∗ of the sobrification i : X → X̃ satisfies i^∗ ∘ i_∗ = 1 and i_∗ ∘ i^∗ = 1, therefore P X ≃ P X̃ is totally algebraic as well.

7. Frames vs. complete distributivity

In the previous section we have studied the dual adjunctions

Top^{op} ⇆ CDTop and App^{op} ⇆ CDApp

which are quite different from the “traditional” ones with frames (see [Isbell, 1972]) respectively approach frames (see [Banaschewski et al., 2006] and [Van Olmen, 2005]). In fact, for a topological space X, the two constructions X → Top(X, 2) and X → Top(X^{op}, 2) produce quite different objects: the former one an ordered set satisfying certain completeness properties, and the latter one a very particular topological space. This stands in sharp contrast to the situation for an ordered set X where both X → Ord(X, 2) and X → Ord(X^{op}, 2) lead to complete lattices. One reason for this discrepancy is the fact that X is in general not exponentiable but X^{op} is always exponentiable. Another reason is the asymmetry in the definition of convergence: whereby the domain and codomain of x ≤ y are points of X, the domain of x → x is an ultrafilter but the codomain is a point. Nevertheless, all these adjunctions restrict to dual equivalences involving sober spaces; therefore one might ask about the relationship between frames and completely distributive spaces. In this section we will consider only the topological case and show that CDTop is equivalent to Frm. Unfortunately, so far I do not know if a similar result is true for approach spaces.

Recall from Example 5.3 that P X is homeomorphic to the filter space F OX, where OX denotes as usual the frame of open subsets of a topological space X. Therefore we can hope that there is a commutative diagram

Top^{op} O � � � �_D � � � � Frm_F � CDTop

of functors, where F L denotes the usual filter space of a frame. More general, for a meet semi-lattice L one puts

F L := {f ⊆ L | f is a (possibly improper) filter}

which is a topological space with

x^# = {f ∈ F L | x ∈ f} (x ∈ L)

as basic open set. Note that 1^# = F L and (x ∧ y)^# = x^# ∩ y^#. Furthermore, the underlying order on F L is given by

f ≤ g ⇐⇒^▪f → g ⇐⇒ ∀x ∈ g . f ∈ x^# ⇐⇒ g ⊆ f, which also tells us that F L is separated (=T_0). For a meet semi-lattice homomorphism f : L → M, the mapping F f : F L → F M, f → ↑{f(x) | x ∈ f} is continuous since F f^{−1}(y^#) = {f ∈ F L | ∃x ∈ f . f(x) ≤ y} = � x:f(x)≤y

x^#,

and so is f_! : F M → F L, g → f^{−1}(g).

since (10) f^{−1}_! (x^#) = {g | f_!(g) ∈ x^#} = {g | f(x) ∈ g} = f(x)^#. Furthermore, one easily verifies that f_! ⊣ F f in Top. Given also g : L → M with f ≤ g and f ∈ F L, then {g(x) | x ∈ f} ⊆ ↑{f(x) | x ∈ f} = F f(f) and therefore F f(f) ≤ F g(f). We write Top_{inf} for the 2-category of T_0-spaces and right adjoint continuous maps with the pointwise order on hom-sets, and SLat denotes the 2- category of meet semi-lattices and meet semi-lattice homomorphisms with the pointwise order on hom-sets. Therefore, we have proven the following 7.1. Proposition. F : SLat → Top_{inf} is a 2-functor.

We will now show that F restricts to an equivalence functor between the full subcategories of SLat and Top_{inf} defined by all frames and all completely distributive T_0-spaces respectively.

Given a meet semi-lattice L, one has the mapping α_L : L → O(F L), x → x^# which is an order-embedding since x^# ⊆ y^# ⇐⇒ ↑x ∈ y^# ⇐⇒ x ≤ y. Furthermore, α_L preserves all existing infima in L. To see this, observe first that int(A) = {f ∈ F L | ∃x ∈ f . x^# ⊆ A} Let now (x_i)_{i∈I} be a family of elements of L with infimum x ∈ L. Then � i∈I x^#_i = int( � i∈I x^#_i ) = {f ∈ F L | ∃z ∈ f ∀i ∈ I . z^# ⊆ x^#_i }

= {f ∈ F L | ∃z ∈ f ∀i ∈ I . z ≤ x_i} = {f ∈ F L | x ∈ f} = x^#.

If L is complete, then α_L : L → O(F L) has a left adjoint β_L : O(F L) → L which is necessarily given by β_L(A) = � {x ∈ L | A ⊆ x^#}.

7.2. Lemma. Assume that L is complete. For any open subset A ⊆ F L, � {x ∈ L | A ⊆ x^#} = � {y ∈ L | y^# ⊆ A}.

Proof. We only need to show “≤”. We put z = � {y ∈ L | y^# ⊆ A} and show A ⊆ z^#.

To this end, let f ∈ A. Since A is open, there is some u ∈ f with u^# ⊆ A. Hence u ≤ z and therefore f ∈ z^#.

7.3. Proposition. For every frame L, β_L : O(F L) → L is a frame homomorphism.

Proof. Clearly, β_L(F L) = ⊤. Let now A, B ∈ O(F L). Then

β_L(A) ∧ β_L(B) = � {y ∈ L | y^# ⊆ A} ∧ � {z ∈ L | z^# ⊆ B} = � {y ∧ z | y^# ⊆ A, z^# ⊆ B} = � {x ∈ L | x^# ⊆ A ∩ B} = β_L(A ∩ B).

Hence, for any frame L, one has

F L F α_L ⊤ �

(β_L)_!

⊤ �F OF (L)

F β_L � .

Since P (F L) ≃ F OF (L) and

F α_L(f) = ⟨{x^# | x ∈ f}⟩ = y_{F L}(f),

we conclude that F L is a completely distributive T_0-space.

7.4. Proposition. F : SLat → Top_{inf} restricts to a 2-functor F : Frm_∧ → CDTop_{inf} where Frm_∧ denotes the full subcategory of SLat defined by those meet-semilattices which are frames, and CDTop_{inf} denotes the 2-category of completely distributive T_0-spaces and right adjoint continuous maps.

To show that F : Frm_∧ → CDTop_{inf} is an equivalence of categories, we will now describe its inverse Pt : CDTop_{inf} → Frm_∧. To motivate our construction, note that this functor should send a completely distributive space Y of the form Y ≃ P X for X ∈ Top to the frame OX ≃ Top(X, 2)^{op} of opens of X. By the universal property of the Yoneda embedding, Map(Top)(P X, 2) → Top(X, 2), g → g · y_X

is an isomorphism in Ord; where we write Map(−) for the subcategory defined by all left adjoint morphisms. Its inverse sends φ : X → 2 to the left adjoint

(11) φ_L := Sup_2 ·P φ : P X → 2.

Therefore we consider, for any topological space X,

Λ(X) := {φ : X → 2 | φ is continuous and left adjoint}

which becomes an ordered set with the pointwise order. In the sequel we will write C(X) for the coframe of all continuous maps of type X → 2. Note that φ : X → 2 is left adjoint in Top if and only if it is continuous and left adjoint in Ord (with respect to the underlying orders). The first hint that we are on the right track is

7.5. Lemma. For each frame L, the map ρ_L : L → Λ(F L)^{op} sending x ∈ L to

φ_x : F L → 2, f → � 1 x /∈ f 0 x ∈ f

is an isomorphism in Ord.

Proof. First note that φ_x is the characteristic map of the complement of x^#, hence it is continuous. Furthermore, φ_x preserves suprema (=intersection), hence it is left adjoint. From x ≤ y ⇐⇒ ∀f ∈ F L . (x ∈ f ⇒ y ∈ f) ⇐⇒ φ_y ≤ φ_x

we deduce that L → Λ(F L)^{op} is an order-embedding. Let now φ : F L → 2 be continuous and left adjoint. Put B = φ^{−1}(0) and f = � B. Since φ preserves suprema, φ(f) = 0 and therefore f ∈ B. Since B is open, there is some x ∈ f with x^# ⊆ B. Hence ↑x ≤ f, that is, f ⊆ ↑x, and therefore f = ↑x. We conclude that φ = φ_x.

7.6. Proposition. Let X be a completely distributive space with t_X ⊣ Sup_X ⊣ y_X . Then the inclusion map i : Λ(X) → C(X) has a right adjoint r : C(X) → Λ(X) given by r(φ) = φ_L · t_X (see (11)). Moreover, r preserves finite suprema.

Proof. First note that r(φ) is left adjoint since it is a composite of left adjoint. Furthermore, i · r ≤ 1 since φ = φ_L · y_X ≥ φ_L · t_X for any φ ∈ C(X), and r · i = 1 since φ = φ · Sup_X ·t_X = Sup_2 ·P φ · t_X = φ_L · t_X for each left adjoint φ : X → 2. Finally, r : C(X) → Λ(X) is the corestriction of

C(X)^≃−→ Λ(P X)^{left adjoint}

−−−−−−−→ C(P X)^{coframe homom. induced by tX}

−−−−−−−−−−−−−−−−−−→ C(X),

therefore r preserves finite suprema.

7.7. Corollary. For each completely distributive space X, Λ(X) is a coframe.

For any left adjoint g : Y → X in Top, composition with g defines a monotone map

Λ(g) : Λ(X) → Λ(Y ), φ → φ · g.

Furthermore, since

Λ(X)^{Λ(g)} � � Λ(Y ) � C(X)_{C(g)} � C(Y )

commutes, Λ(g) preserves finite suprema. For X in CDTop_{inf} we put Pt(X) := Λ(X)^{op}, and for f : X → Y in CDTop_{inf} with left adjoint g : Y → X we define Pt(f) = Λ(g)^{op}. Then

7.8. Proposition. Pt : CDTop_{inf} → Frm_∧ is a 2-functor.

Furthermore, we revise Lemma 7.5:

7.9. Lemma. ρ_L is the L-component of a natural isomorphism ρ : 1_{Frm∧} → Pt F .

Proof. Use (10) to conclude naturality.

For a space X in CDTop_{inf} , we put

σ_X : X → F Pt(X), x → {φ ∈ Λ(X) | φ(x) = 0}.

7.10. Lemma. σ_X is surjective.

Proof. Let j ⊆ Λ(X) be an ideal. For any φ ∈ j, put A_φ := {x ∈ X | φ(x) = 0} and x_φ := � A_φ. Since x_ψ ≤ x_φ for φ ≤ ψ ∈ j, the association φ → x_φ defines a codirected diagram D : j^{op} → X. Let x = � φ∈j x_φ. By continuity, φ(x) = 0 for every φ ∈ j. Let now φ_0 ∈ Λ(X) with φ_0 /∈ j. For any φ ∈ j, φ_0 ≰ φ and therefore there is some x ∈ A_φ with φ_0(x) = 1, hence φ_0(x_φ) = 1. Consequently, φ_0(x) = 1.

By definition, any space X = F L for some frame L has a basis for the closed sets formed by the complements of the opens x^# (x ∈ L). The characteristic map of such a basic closed set is left adjoint (see Lemma 7.5), hence any φ ∈ C(X) is the infimum of elements of Λ(X). Via the adjunction t_X ⊣ Sup_X one can transport this property to any completely distributive space X as follows. For any φ ∈ C(X), φ · Sup_X ∈ C(P X), hence φ · Sup_X ≃ � i φ_i in C(P X) with all φ_i : P X → 2 left adjoint, and therefore φ ≃ φ · Sup_X ·t_X ≃ ( � i φ_i) · t_X ≃ � i(φ_i · t_X ).

7.11. Lemma. For each completely distributive space X and x, y ∈ X with x ≄ y, σ_X (x) ≠ σ(y).

Proof. If, for instance, y /∈ cl{x}, then there exists some “left adjoint closed subset” B ⊆ X with y /∈ B and x ∈ B.

7.12. Proposition. For any X ∈ CDTop_{inf} , σ_X : X → F Pt(X) is an isomorphism.

Proof. We know already that σ_X : X → F Pt(X) is bijective. To see continuity, notice that σ^{−1}_X (φ^#) = {x ∈ X | φ(x) = 0}

for any φ ∈ Λ(X). Let now B ⊆ X be closed with left adjoint characteristic map φ : X → 2. Then σ_X (B) = {σ_X (x) | x ∈ B} = F Pt(X) \ (φ^#).

Clearly, φ /∈ σ_X (x) for any x ∈ B. Let now j ⊆ Λ(X) be an ideal with φ /∈ j. One has j = σ_X (x) for some x ∈ X and, since φ /∈ σ_X (x), x ∈ B.

7.13. Lemma. σ = (σ_X )_X is a natural isomorphism σ : 1_{CDTopinf} → F Pt.

Proof. We have to show the naturality condition. To this end, let f : X → Y in CDTop_{inf} with left adjoint g : Y → X. We identify Λ(X) with the set of all “left adjoint closed subsets” of X, and σ_X (x) = {A ∈ Λ(X) | x /∈ A}. Then

↓{g^{−1}(A) | x /∈ A} = {B ∈ Λ(Y ) | x /∈ f^{−1}(B)} = {B ∈ Λ(Y ) | f(x) /∈ B}.

7.14. Theorem. F : Frm_∧ → CDTop_{inf} and Pt : CDTop_{inf} → Frm_∧ define an equivalence of categories.

7.15. Corollary. A topological space is equivalent to the filter space of some frame if and only if it is completely distributive.

Throughout we have emphasised that both F and Pt are 2-functors, hence the subcategories of Frm_∧ and CDTop_{inf} defined by the left adjoint morphisms are equivalent as well. Therefore

7.16. Theorem. Frm is equivalent to CDTop.

7.17. Remark. The results of this section tell us that CDTop is actually a very nice category: it is monadic over Set. However, we have to take here the “right” forgetful functor CDTop → Set (see also Remark 6.4); namely the one which sends X ∈ CDTop to the set of all right adjoint continuous maps of type 2 → X. Any such map necessarily sends 1 to the top element of X, hence it is completely determined by the image of 0. But note that, unlike in ordered sets, not every x ∈ X defines a right adjoint via 0 → x. Therefore our result really extends the well-known fact that the canonical forgetful functor CCD → Set is monadic. I do not know yet if the corresponding functor CDApp → Set, X → Map(App)(X, [0, ∞]) is monadic.

8. Spaces with weighted colimits of a certain class

So far we have studied spaces which admit all suprema; however, it is often desirable to limit the discussion to certain chosen ones. This is, for instance, the case in domain theory where one typically considers directed cocomplete ordered sets, and the “directed version” of complete distributivity is called continuity. The main point for us here is that many results are valid for both cases, one just has to write JX (the ordered set of all directed down-sets) instead of P X everywhere.

Therefore it seems reasonable to start with a specification of certain U-modules, and to study spaces which admit all suprema of U-modules belonging to this specified class. This is indeed a well-known procedure in the context of enriched category theory, we refer to [Kelly, 1982; Albert and Kelly, 1988; Kelly and Schmitt, 2005; Kelly and Lack, 2000]. A similar investigation of relative cocompleteness for (T, V)-categories (hence for topological and approach spaces) was done in [Clementino and Hofmann, 2009b]. There seems to be no equal treatment of relative distributivity (or continuity) in the literature, but some initial steps are done in [Hofmann and Waszkiewicz, 2011]. We also wish to point the reader to [Stubbe, 2007] where an extensive study of complete distributivity in the context of quantaloid enriched categories can be found.

Following [Kelly and Schmitt, 2005], one might want to start with a collection Φ[X] of U-modules of type X −⇀∘ 1, for each space X, where Φ[X] contains all representable modules x^∗ : X −⇀∘ 1 (x ∈ X). Then a Φ-weighted diagram in a space X is given by a morphism d : D → X in Top/App and a U-module ψ : D −⇀∘ 1 in Φ[D]. A colimit of such a diagram is an element x ∈ X which represents d_∗ ∘− ψ, that is, x_∗ = d_∗ ∘− ψ. One calls x a ψweighted colimit of d and writes x ≃ colim(d, φ). Furthermore, a continuous/contractive map f : X → Y preserves the ψ-weighted colimit of d if f(colim(ψ, d)) ≃ colim(ψ, f · d). If the family Φ[X] is functorial in the sense that, for all f : X → Y in Top/App and all ψ ∈ Φ[X], ψ ∘ f^∗ ∈ Φ[Y ], then it is enough to consider weighted diagrams where d is the identity 1_X : X → X since the diagrams (d : D → X, ψ : D −⇀∘ 1) and (1_X : X → X, ψ ∘ d^∗ : X −⇀∘ 1) share the same colimit. Finally, it is often convenient to assume that the family Φ[X] is saturated, meaning that i : Φ[X] → P X is closed under Φ-weighted colimits, for each space X. As we will see below, saturated implies functorial.

One would then call a space X Φ-cocomplete if X admits all colimits weighted by some ψ : X −⇀∘ 1 in Φ[X]. However, the situation for spaces is a bit more complicated than the one for enriched categories which is already visible in the global case where Φ[X] = P X contains all U-modules of type X −⇀∘ 1. If X is cocomplete, then Sup_X : P X → X calculates for each weighted diagram 1_X : X → X, ψ : X −⇀∘ 1 in X a colimit Sup_X (ψ), however, the existence of all weighted colimits does not guarantee cocompleteness of X. In fact, [Hofmann and Waszkiewicz, 2011] presents an example of a topological space X which admits all suprema of U-modules of type X −⇀∘ 1 but X is not cocomplete. The problem here is that the induced map P X → X, ψ → x does not need to be continuous, and therefore is in general only a right adjoint to y_X : X → P X in Ord.

The situation changes if we allow U-modules ψ : D −⇀∘ A in the definition of weighted colimits, where A might be different from the one-point space 1. A colimit of a weighted diagram (weighted colimit for short) is now a continuous/contractive map g : A → X which represents d_∗ ∘− ψ, that is, g_∗ = d_∗ ∘− ψ. With this modification it is indeed true that X is cocomplete if and only if X admits all weighted colimits (see [Hofmann, 2011]). In other words, X admits “continuously” suprema of all U-modules ψ : X −⇀∘ 1 if and only if X admits weighted colimits of all U-modules ψ : X −⇀∘ A.

The following example of a weighted colimit is essentially taken from [Stubbe, 2010] and will be used later.

8.1. Example. [Composition as a colimit] Let φ : X −⇀∘ Y and ψ : Y −⇀∘ Z be Umodules, and consider the diagram Y ∘ψ �

⌜φ^⌝ �

P X. Z Then colim(^⌜φ^⌝, ψ) =^⌜ψ ∘ φ^⌝.

Therefore what we need is not just a choice of U-modules of type X −⇀∘ 1 but rather a class K of U-modules φ : X −⇀∘ Y . One possibility is to extend the given family Φ[X] to such a class by defining, for φ : X −⇀∘ Y in U-Mod,

φ : X −⇀∘ Y in K whenever ∀y ∈ Y . y^∗ ∘ φ ∈ Φ[X].

Note that, for any f : Z → Y in Top/App, the U-module f^∗ belongs to K, and f^∗ ∘φ is in K whenever φ : X −⇀∘ Y is in K. In [Stubbe, 2010] it is shown (in the context of quantaloidenriched categories, but the argument is based on Example 8.1 and therefore adapts easily to our case) that the family Φ[X] is saturated if and only if the correspdonding class K is actually a subcategory of U-Mod. In [Clementino and Hofmann, 2009b] we went the other way around and started with a class K of U-modules containing all U-modules of the form f^∗, closed under certain compositions (see below), and such that

(12) (∀y ∈ Y . y^∗ ∘ φ ∈ K) ⇐⇒ φ ∈ K

for all φ : X −⇀∘ Y ∈ U-Mod. Note that (12) guarantees already that K is closed under compositions of the form f^∗∘φ. Combining [Stubbe, 2010] with [Clementino and Hofmann, 2009b] gives

8.2. Theorem. Assume that a family Φ[X] of U-modules of type X −⇀∘ 1 (X in Top or App) is given, and define K as above. Then the following assertions are equivalent.

i. The family Φ[X] is saturated.

ii. K is a subcategory of U-Mod.

iii. For all ψ : X −⇀∘ 1 in Φ[X] and all continuous/contractive maps f : X → Y and g : Y → X where g_∗ ∈ K,

ψ ∘ f^∗ ∈ Φ[Y ] and ψ ∘ g_∗ ∈ Φ[Y ].

Proof. By definition, φ : X −⇀∘ Y belongs to K if and only if^⌜φ^⌝ : Y → P X factors through Φ[X] → P X. Assume (i) and let φ : X −⇀∘ Y and ψ : Y −⇀∘ Z be in K. Then ⌜z^∗ ∘ ψ ∘ φ^⌝ : 1 → P X factors through Φ[X] → P X, for each z ∈ Z, hence ψ ∘ φ belongs to K. The implication (ii)⇒(iii) is clear, so assume now (iii). Since K is closed under compositions of the form φ ∘ f^∗, it is enough to show that i : Φ[X] → P X is closed under suprema of U-modules of type Φ[X] −⇀∘ 1 in K. Let ψ : Φ[X] −⇀∘ 1 be in K. Then the colimit of i and ψ in P X is given by ψ ∘ i^∗ ∘ (y_X )_∗ ∈ Φ[X].

8.3. Definition. A subcategory K of U-Mod is called saturated whenever K satisfies (12) and contains f^∗, for every f : X → Y in Top respectively in App.

8.4. Proposition. Every saturated family Φ[X] (X in Top or App) of U-modules of type X −⇀∘ 1 defines via (12) a saturated subcategory K = (U, Φ)-Mod of U-Mod; and every saturated subcategory K of U-Mod defines a saturated family Φ[X] := K(X, 1) (X in Top or App) of U-modules of type X −⇀∘ 1. Moreover, these two constructions are inverse to each other.

Due to the considerations above, throughout this section we assume that a saturated subcategory (U, Φ)-Mod of U-Mod is given. Following the nomenclature of [Clementino and Hofmann, 2009b], a continuous/contractive map f : X → Y is called Φ-dense if f_∗ ∈ (U, Φ)-Mod, and a topological/approach space X is called Φ-injective if it is injective w.r.t. Φ-dense embeddings. Furthermore, we define

ΦX = {ψ ∈ P X | ψ ∈ (U, Φ)-Mod}

as a subspace of P X. One verifies easily that the Yoneda embedding y : X → P X corestricts to a Φ-dense mapping y^Φ_X : X → ΦX. For each U-module φ : X −⇀∘ Y , φ ∈ (U, Φ)-Mod if and only if its mate^⌜φ^⌝ : Y → P X factors through the embedding ΦX → P X.

For a U-module φ : X −⇀∘ Y in (U, Φ)-Mod, − ∘ φ : P X → P Y sends ψ ∈ ΦX to ψ ∘ φ ∈ ΦX and therefore restricts to − ∘ φ : ΦX → ΦY . In particular, P f : P X → P Y restricts to Φf : ΦX → ΦY since f^∗ ∈ (U, Φ)-Mod. The right adjoint − ∘ f_∗ of P f restricts to a right adjoint of Φf if f is Φ-dense. In fact, it is shown in [Clementino and Hofmann, 2009b] that f is Φ-dense if and only if Φf has a right adjoint.

8.5. Definition. A topological/approach space X is called Φ-cocomplete whenever X has all weighted colimits where the weight ψ : D −⇀∘ A belongs to (U, Φ)-Mod. A continuous/contractive map f : X → Y is called Φ-cocontinuous if it preserves all Φ-weighted colimits which exist in X.

The following four results can be found in [Clementino and Hofmann, 2009b].

8.6. Theorem. The following assertions are equivalent, for a topological/approach space X. i. X is Φ-cocomplete.

ii. y^Φ_X : X → ΦX has a left adjoint Sup^Φ_X : ΦX → X.

iii. X is Φ-injective.

8.7. Proposition. Let f : X → Y be a continuous/contractive map between Φ-co-complete spaces.

a. f is Φ-cocontinuous if and only if f · Sup^Φ_X ≃ Sup^Φ_Y ·Φf.

b. f is Φ-cocontinuous and Φ-dense if and only if f is left adjoint.

8.8. Corollary. For each space X, ΦX is Φ-cocomplete where Sup^Φ_X = − ∘ (y^Φ_X )_∗. Furthermore, the inclusion map ΦX → P X is Φ-cocontinuous.

8.9. Theorem. The subcategory Φ-Cocts_{sep} of Top/App consisting of Φ-cocomplete T_0- spaces and Φ-cocontinuous morphisms is reflective with the Yoneda embedding as universal arrow. Furthermore, the inclusion functor Φ-Cocts_{sep} → Top/App is even monadic. The induced monad � = (Φ, y^Φ, m^Φ) is of Kock-Zöberlein type and has Φ as functor, the Yoneda embeddings y^Φ_X : X → ΦX as units and m^Φ_X := − ∘ (y^Φ_X )_∗ : ΦΦX → ΦX as multiplications.

8.10. Theorem. Let (U, Φ)-Mod be a saturated subcategory of U-Mod. Then (U, Φ)-Mod is dually 2-equivalent to the Kleisli category of � = (Φ, y^Φ, m^Φ) on Top/App.

Proof. We have seen already that U-modules X −⇀∘ Y in (U, Φ)-Mod are in bijection with continuous/contractive maps of type Y → ΦX, where the identity distributor a : X −⇀∘ X corresponds to the Yoneda embedding y^Φ_X : X → ΦX. Let φ : X −⇀∘ Y and ψ : Y −⇀∘ Z be in (U, Φ)-Mod. By Example 8.1,

⌜ψ ∘ φ^⌝ = colim(^⌜φ^⌝, ψ) = Sup^Φ_X ·Φ^⌜φ^⌝ ·^⌜ψ^⌝ = m^Φ_X ·Φ^⌜φ^⌝ ·^⌜ψ^⌝.

The notion of complete distributivity generalises in an obvious way to this relative case, and was studied in this context under the name “continuity” in [Hofmann and Waszkiewicz, 2011].

8.11. Definition. Let (U, Φ)-Mod be a saturated subcategory of U-Mod. A Φ-cocom-plete topological/approach space X is called Φ-distributive whenever Sup^Φ_X : ΦX → X has a left adjoint t : X → ΦX.

One naturally expects that the proofs of Section 6 can be adapted to this case leading to a duality theorem for “Φ-algebraic spaces”. It is the aim of the remainder of this section to show that this is indeed the case.

More generally, R. Rosebrugh and R.J. Wood showed in [Rosebrugh and Wood, 1994] that the category CCD_{sup} of constructively completely distributive lattices and suprema preserving maps is equivalent to the idempotent split completion kar(Rel) of the category Rel of sets and relations, as well as to the idempotent split completion kar(Mod) of the category Mod of ordered sets and modules. Later on, in [Rosebrugh and Wood, 2004] they observed that this theorem is “not really about lattices” but rather a special case of a much more general result about “a mere monad D on a mere category C”.

8.12. Theorem. Let D be a monad on a category C where idempotents split. Then

kar(C_D) ≃ Spl(C^D).

Here C_D denotes the Kleisli and C^D the Eilenberg–Moore category of D, kar(C_D) the idempotent split completion of C_D and Spl(C^D) the full subcategory of C^D defined by those algebras (X, α) which admit a splitting t : X → DX, α · t = 1_X in C^D.

Proof. See [Rosebrugh and Wood, 2004].

Note that, as shown in [Rosebrugh and Wood, 2004], if D is of Kock-Zöberlein type, then a D-algebra (X, α) admits at most one splitting which is necessarily left adjoint to α. Since it is important for the remainder of this section, below we explain this result more in detail. Recall that an idempotent morphism e : X → X in a category A splits if e = s · r for r : X → Y and s : Y → X in A with r · s = 1_Y . One says that idempotents split in A if every idempotent is of this form. Most “everyday” categories have this property since s can be taken as the equaliser of e and 1_X and necessarily r as the induced morphism, or r as the coequaliser of e and 1_X and s as the induced morphism; supposing here that these (co)limits exist. The arguably most prominent example of a (highly) non-complete category is Rel, and for instance the idempotent relation <: R−→ R does not split in Rel. In any case, the idempotent split completion kar(A) of A has as objects pairs (X, e) where e is idempotent, and a morphism f : (X, e) → (X^′, e^′) in kar(A) is an A-morphism f : X → X^′ such that e^′ · f = f = f · e. The category A is fully embedded into kar(A) via X → (X, 1_X ), all idempotents split in kar(A) and it is indeed the free idempotent split completion of A. To explain the latter, let F : A → B be a functor where idempotents split in B. One can construct now the (essentially unique) extension F̃ : kar(A) → B as follows. For any object (X, e) in kar(A), define F̃ (X, e) as the idempotent split F X^r−→ F̃ (X, e)^s−→ F X of the idempotent F e in B; and for a morphism f : (X, e) → (X^′, e^′) in kar(A) put F̃ f = r^′ · F f · s where r^′ and s^′ split F e^′.

A category where idempotents split is sometimes also called Cauchy complete, due to the fact that in the language of modules both properties (for categories and metric spaces respectively) are instances of the same definition. Therefore many properties we know about Cauchy completion of metric spaces are shared by kar(A), for instance:

8.13. Lemma. Let A be a full subcategory of B and assume that idempotents split in B. Let A be the full subcategory of B defined by the retracts of the objects in A. Then idempotents split in A and A → A is the free idempotent split completion of A.

Proof. Every idempotent in A splits in B and the splitting belongs to A. By definition, every B in A splits some idempotent e : A → A in A. If B splits also e^′ : A^′ → A^′ in A, so that A^r−→ B^s−→ A and A^{′ r′}−→ B^s−→ A^′ with e = sr, rs = 1_B and e^′ = s^′r^′, r^′s^′ = 1_B, then s^′r : (A, e) → (A^′, e^′) and sr^′ : (A^′, e^′) → (A, e) are inverse to each other in kar(A). Choosing for every B in A such an idempotent e : A → A in A defines the object part of a functor G : A → kar(A), which sends a morphism f : B → B^′ in A to s^′fr : (A, e) → (A^′, e^′) in kar(A). With F : kar(A) → A denoting a functor induced by the universal property, one verifies that both GF and F G are naturally isomorphic to the identity.

Clearly, every algebra (X, α) which admits a splitting t : X → DX is a retract of the free algebra DX. Vice versa, if (X, α) is a retract of a free algebra, then (X, α) is projective with respect to those morphisms in C^D which are split epimorphisms in C, hence α : DX → X admit a splitting t : X → DX. Consequently, Spl(C^D) is the free idempotent split completion of full subcategory of C^D defined by the free algebras which is known to be equivalent to C_D, and Theorem 8.12 follows.

Our principal object of interest here is the monad � = (Φ, y^Φ, m^Φ) on Top/App, for a given saturated subcategory (U, Φ)-Mod of U-Mod. We know already (see Theorem 8.9) that the category of Eilenberg–Moore algebras of � has Φ-cocomplete T_0-spaces as objects, and Φ-cocontinuous maps as morphisms. The objects of Spl(Top^�) respectively Spl(App^�) are precisely the Φ-distributive T_0-spaces, and we denote the category of Φdistributive T_0-spaces and Φ-cocontinuous maps as Φ-DTop_{cocts}/Φ-DApp_{cocts}.

Combining Theorem 8.12 with Theorem 8.10 yields

8.14. Theorem. kar((U, Φ)-Mod)^{op} ≃ Φ-DTop_{cocts}/Φ-DApp_{cocts}.

Below we give a description of the corresponding equivalence functors

kar((U, Φ)-Mod)^{op S}−→ Φ-DTop_{cocts}/Φ-DApp_{cocts} and Φ-DTop_{cocts}/Φ-DApp_{cocts}^I−→ kar((U, Φ)-Mod)^{op}.

Of course, the equivalence of Theorem 8.14 is induced by the equivalence

φ : X −⇀∘ X^′ → (− ∘ φ) : ΦX^′ → ΦX

between (U, Φ)-Mod^{op} and the full subcategory of Φ-Cocts_{sep} defined by the free algebras. Accordingly, the functors S and I can be constructed as follows. For (X, θ) in kar((U, Φ)-Mod), let ΦX^r−→ S(X, θ)^s−→ ΦX be a splitting of the idempotent − ∘ θ : ΦX → ΦX; to have something concrete,

S(X, θ) = {ψ ∈ Φ | ψ ∘ θ = ψ},

r : ΦX → S(X, θ), ψ → ψ ∘ θ and s : S(X, θ) → ΦX is the inclusion functor. If φ : (X, θ) → (X^′, θ^′), then Sφ : S(X, θ) → S(X^′, θ^′) sends ψ ∈ S(X, θ) to ψ ∘ θ. Let now

X be a Φ-distributive T_0-space with y^Φ_X ⊢ Sup^Φ_X ⊢ t. Then t : X → ΦX corresponds to a module θ : X −⇀∘ X in (U, Φ)-Mod which is necessarily idempotent. Furthermore,

ΦX^{SupΦX}−−−→ X^t−→ ΦX splits the idempotent − ∘ θ : ΦX → ΦX, and therefore I(X) can be taken as (X, θ). Accordingly, for f : X → X^′ one calculates now I(f) = θ^′ ∘ f^∗ ∘ θ, in the sequel we denote θ^′ ∘ f^∗ ∘ θ also as f^#. Note that both functors S and I are actually 2-functors.

For a Φ-distributive T_0-space X, the natural isomorphism X ≃ SI(X) stems from the fact that both X and S(X, θ) split the idempotent − ∘ θ : ΦX → ΦX. Hence,

X → S(X, θ), x → x^∗ ∘ θ and S(X, θ) → X, ψ → Sup^Φ_X (ψ)

are inverse to each other. Certainly, also (X, θ) ≃ IS(X, θ) for every object (X, θ) in kar((U, Φ)-Mod), but to describe the natural isomorphism (X, θ) −⇀∘ IS(X, θ) we need some notation.

For (X, θ) in kar((U, Φ)-Mod) we define ^θ = (−∘θ)·^⌜θ^⌝ : X → S(X, θ), which is indeed just the corestriction of^⌜θ^⌝ : X → ΦX to S(X, θ). Furthermore, we put ^θ_+ = ^θ_∗ ∘ θ and ^θ+ = θ ∘ ^θ∗. Note that ^θ+ ∘ ^θ_+ = θ since ^θ∗ ∘ ^θ_∗ = ⌜θ⌝^∗ ∘ ⌜θ⌝_∗ = �U ⌜θ⌝(−), ⌜θ⌝(−)� = θ ∘− θ by Theorem 5.4, idempotency of θ gives θ ≤ θ ∘− θ, and therefore θ = θ ∘ θ ∘ θ ≤ θ ∘ (θ ∘− θ) ∘ θ ≤ θ ∘ θ = θ. One easily verifies that the suprema in S(X, θ) are given by

Sup^Φ_{S(X,θ)} : ΦS(X, θ) → S(X, θ), Ψ → Ψ ∘ ^θ_+,

and the left adjoint of Sup^Φ_{S(X,θ)} by

t : S(X, θ) → ΦS(X, θ), ψ → ψ ∘ ^θ^+.

Therefore t · Sup^Φ_{S(X,θ)} sends ψ to ψ ∘ ^θ_+ ∘ ^θ^+, hence t =^⌜ω^⌝ for ω = ^θ_+ ∘ ^θ^+. Since S(X, θ) splits both − ∘ θ and − ∘ ω,

ΦX^{−∘θ} � � � � � ΦX

S(X, θ) � � � � t � � � � ΦS(X, θ)

Sup^Φ_{S(X,θ)} � � � −∘ω � ΦS(X, θ)

(X, θ) and (S(X, θ), ω) are naturally isomorphic in kar((U, Φ)-Mod) via ^θ_+ : (X, θ) −⇀∘ (S(X, θ), ω) and ^θ^+ : (S(X, θ), ω) −⇀∘ (X, θ).

Finally, we note that the diagrams

(X, θ) ∘^φ � ∘ ^θ_+ � (X^′, θ^′)

∘ ^θ^′_+ � (S(X, θ), ω) ∘_{(−∘φ)#} � (S(X^′, θ^′), ω^′)

X^f � ^θ � X^′ ^θ′ � S(X, θ)_{−∘f #} � S(X^′, θ^′) commute, for φ : (X, θ) → (X^′, θ^′) in kar((U, Φ)-Mod) and f : X → Y in Φ-DTop_{cocts} respectively Φ-DApp_{cocts}.

8.15. Definition. We call a Φ-distributive T_0-space X Φ-algebraic if X is isomorphic to a space of form ΦY .

Moving to the other side of the equivalence, X is Φ-algebraic if and only if (X, θ) is isomorphic to some (Y, (1_Y )_∗) in kar((U, Φ)-Mod). Let X be Φ-algebraic, and assume that α : (Y, (1_Y )_∗) −⇀∘ (X, θ) and β : (X, θ) −⇀∘ (Y, (1_Y )_∗) are inverse to each other in kar((U, Φ)-Mod). As above one verifies that α : Y −⇀∘ X is left adjoint to β : X −⇀∘ Y in (U, Φ)-Mod, and, since X is Φ-cocomplete, α = f_∗ and β = f^∗ for some f : Y → X. Furthermore, f equalises y^Φ_X ,^⌜θ^⌝ : X → ΦX since f^∗ ∘ θ = f^∗. We write i : A → X for the equaliser of y^Φ_X ,^⌜θ^⌝ : X → ΦX, and h : Y → A for the map induced by f. Then f^∗ = h^∗ ∘ i^∗, hence h^∗ = f^∗ ∘ i_∗ and

i^∗ ∘ f_∗ ∘ h^∗ = i^∗ ∘ f_∗ ∘ f^∗ ∘ i_∗ = i^∗ ∘ θ ∘ i_∗ = i^∗ ∘ i_∗ = (1_A)_∗, f_∗ ∘ h^∗ ∘ i^∗ = f_∗ ∘ f^∗ = θ ≤ (1_X )_∗.

Therefore f_∗ ∘ h^∗ ⊣ i^∗ in U-Mod, which implies i_∗ = f_∗ ∘ h^∗ ∈ (U, Φ)-Mod. Clearly, i^∗ ∘ i_∗ = (1_A)_∗, but also i_∗ ∘ i^∗ = θ since

θ = f_∗ ∘ f^∗ = i_∗ ∘ h_∗ ∘ h^∗ ∘ i^∗ ≤ i_∗ ∘ i^∗ = i_+ ∘ i^+ ≤ θ.

8.16. Proposition. Let X a Φ-distributive T_0-space, and i : A → X be the equaliser of y^Φ_X ,^⌜θ^⌝ : X → ΦX. Then X is Φ-algebraic if and only if i is Φ-dense and i_∗ ∘ i^∗ = θ.

The full subcategory of Φ-DTop respectively Φ-DApp determined by the Φ-algebraic spaces we denotes as Φ-ATop and Φ-AApp respectively.

8.17. Theorem. (U, Φ)-Mod is dually equivalent to Φ-ATop_{cocts}/Φ-AApp_{cocts}.

The functor S : (U, Φ)-Mod^{op} → Φ-ATop/Φ-AApp is just the restriction of the functor S : kar((U, Φ)-Mod)^{op} → Φ-DTop/Φ-DApp, its inverse C : Φ-ATop/Φ-AApp → (U, Φ)-Mod^{op} substitutes (X, θ) by the isomorphic (A, (1_A)_∗) where i : A → X denotes the equaliser of y^Φ_X ,^⌜θ^⌝ : X → ΦX, and accordingly sends f : X → X^′ to the restriction of f^∗ to A and A^′, that is, to i^∗ ∘ f^∗ ∘ i^′_∗. One easily verifies (see Lemma 6.5):

8.18. Lemma. For X in (U, Φ)-Mod, the equaliser of Φ(y^Φ_X ), y^Φ_X : ΦX → ΦΦX is given by X̃_Φ := {ψ ∈ ΦX | ψ : X −⇀∘ 1 is right adjoint in U-Mod} → ΦX

We write η^Φ_X : X → CS(X) for the restriction of the Yoneda embedding y^Φ_X to X̃_Φ, then the isomorphism X −⇀∘ CS(X) is given by (η^Φ_X )_∗. For a Φ-algebraic space X, the isomorphism SC(X) → X is the restriction of Sup^Φ_X to ΦA.

Since both S and C are indeed 2-functors, we obtain immediately that the category Map((U, Φ)-Mod) of left adjoint modules in (U, Φ)-Mod is dually equivalent to the category Φ-ATop/Φ-AApp of Φ-algebraic (topological/approach) spaces and right adjoint Φ-cocontinuous maps between them.

8.19. Definition. We call a T_0-space X Φ-sober if each left adjoint φ : Y −⇀∘ X in (U, Φ)-Mod is of the form φ = f_∗ for some (unique) f : Y → X.

Note that each space of the form ΦX is Φ-sober. More important, also X̃_Φ is Φ-sober which can be seen as follows. For any Ψ : X̃_Φ −⇀∘ 1 in (U, Φ)-Mod which is right adjoint in U-Mod put ψ = Ψ ∘ (η^Φ_X )_∗, then ψ ∈ X̃_Φ and Ψ = ψ ∘ (η^Φ_X )^∗ = ψ^∗ ∘ (η^Φ_X )_∗ ∘ (η^Φ_X )^∗ = ψ^∗. We write Φ-Sob for the category of Φ-sober spaces and Φ-dense maps, the considerations above imply that (−)_∗ : Φ-Sob → Map((U, Φ)-Mod) is an equivalence of categories. We conclude:

8.20. Theorem. Φ-Sob is dually equivalent to Φ-ATop/Φ-AApp.

It is high time to present examples.

9. Examples of choices of weighting

In this section we describe some possible choices of (U, Φ)-Mod and derive properties of spaces and maps arising from these choices (Φ-cocomplete spaces and Φ-dense maps, for instance), and in some of these cases we spell out the meaning of the duality theorems of the previous sections. We have to admit right at the beginning that, unfortunately, we do not have yet intrinsic topological descriptions of Φ-distributivity or Φ-algebraicity in general. Nevertheless, we hope to be able to convince the reader that these spaces have nice properties and that it is therefore desirably to have such descriptions.

In the topological case, we know that P is isomorphic to the filter monad on Top. Consequently, the monad � corresponding to a choice (U, Φ)-Mod of U-modules is isomorphic to a submonad of the filter monad, which puts us in the context of [Escardó and Flagg, 1999] where many semantic domains are identified as the algebras for certain submonads of the filter monad. In [Clementino and Hofmann, 2009b] we showed already how the defining properties of these submonads translate into the language of modules. It was also observed there that many of these examples can be described in a uniform manner as follows: take (U, Φ)-Mod as the category all those modules φ : X −⇀∘ Y where “φ-colimits commute with certain limits” (see [Kelly and Schmitt, 2005]), that is, where the monotone/contractive map

φ ∘ − : U-Mod(1, X) → U-Mod(1, Y )

preserves chosen limits.

9.1. The absolute case. Certainly we can choose no limits at all, and then (U, Φ)-Mod is the category U-Mod of all U-modules. The results of the previous section restate Theorem 6.9 and, more general, tell us that the category CDTop_{cocts} respectively CDApp_{cocts} of completely distributive T_0-spaces and left adjoints in Top/App is dually equivalent to the idempotent split completion kar(U-Mod) of U-Mod, and that the category TATop_{cocts} respectively TAApp_{cocts} of totally algebraic T_0-spaces and left adjoint continuous/contractive maps is dually equivalent to U-Mod.

9.2. The “inhabited” case. Our next example is (U, Φ)-Mod being the category of all U-modules φ : X → Y where φ ∘ − preserves the top element, we call such an U-module inhabited. Explicitly, φ : X −⇀∘ Y is inhabited if and only if

∀y ∈ Y ∃x ∈ UX . xφy resp. 0 � sup_{y∈Y} inf_{x∈UX} φ(x, y).

A continuous map f between topological spaces is Φ-dense if and only if f is dense in the usual topological sense, and a topological space X is Φ-cocomplete if and only if X is densely injective, that is, a Scott domain (see [Gierz et al., 2003]). Correspondingly, we call a contraction map f : X → Y between approach spaces X = (X, a) and Y = (Y, b) dense if f is Φ-dense, that is, if

0 � inf_{x∈UX} b(Uf(x), y)

for all y ∈ Y . Every right adjoint U-module is inhabited, hence a topological/approach space is Φ-sober precisely if it is sober. The results of the previous section tells us now that the category Sob_{dense} respectively ASob_{dense} of sober spaces and dense maps is dually equivalent to the category of “inhabited algebraic” spaces and right adjoint continuous/contractive maps which preserve inhabited suprema.

9.3. The prime case. One can go further and consider (U, Φ)-Mod being the category of all U-modules φ : X −⇀∘ Y where φ ∘ − preserves finite or countable suprema, or even all weighted limits. The latter case is not very interesting since for this choice a U-module φ belongs to (U, Φ)-Mod if and only if φ is right adjoint. Colimits weighted by right adjoints are absolute, that is, every continuous/contractive map preserves them. Moreover, a T_0-space X is Φ-cocomplete if and only if X is Φ-distributive if and only if X is Φ-algebraic if and only if X is sober. Consequently, Theorem 8.20 just tells us that the category of sober spaces and left adjoints is dually equivalent to the category of sober spaces and right adjoints.

The first case, on the other hand, seems to be more promising. First of all, we find it interesting that this definition, applied to metric spaces, yields forward Cauchy completeness as shown in [Vickers, 2005]: for a metric space X, the modules ψ : X−→∘ 1 where ψ · − preserves finite infima correspond precisely to forward Cauchy filters, and x is a supremum of ψ if and only if x is a limit point of the corresponding filter.

Turning now to the topological case, the induced monad � on Top is isomorphic to the prime filter (of opens) monad which we encountered already in Section 4. Recall from Section 4 that Top^� is equivalent to the category OrdCompHaus_{sep} of anti-symmetric ordered compact Hausdorff space and monotone continuous maps. These spaces are also known under the designation stably compact (see [Gierz et al., 2003]) as they are precisely those spaces which are sober, locally compact, and have the property that their compact down-sets^4 are closed under finite intersections. As usual, it is enough to require stability under empty and binary intersections, and stability under empty intersection

4Recall that our underlying order is dual to the specialisation order.

translates to compactness of X. Note that a sober space is locally compact if and only if it is core-compact if and only if it is exponentiable. A stably compact space is called spectral (or coherent) if the compact opens form a basis for the topology of X. One easily verifies that each space of the form ΦX is spectral, and with an argument similar to the one used before Lemma 7.11 one shows that every Φ-distributive space is spectral.

A continuous map f : (X, a) → (Y, b) between topological spaces is Φ-dense if it is dense in a very strong sense: for each y ∈ Y , there must exist a largest ultrafilter x ∈ UX with Uf(x) → y. For lack of a better name we call these maps ultra-dense. The general results of [Clementino and Hofmann, 2009b] tell us that a topological T_0-space is stably compact if and only if it is injective with respect to ultra-dense embeddings. Furthermore, by Theorem 8.20, the category Sob_{ultra-dense} of sober spaces and ultra-dense maps is dually equivalent to the category of Φ-algebraic spaces (which are very special spectral spaces) and right adjoint continuous maps which preserve smallest convergence points of ultrafilters.

Every Φ-cocomplete approach T_0-space X is sober since (U, Φ)-Mod contains all right adjoint modules. Furthermore, for every ultrafilter x ∈ UX,

Y_X (x) ∘ φ = ξ · Uφ(x),

for all φ : 1 −⇀∘ X, and therefore Y_X (x) ∘ − : U-Mod(1, X) → [0, ∞] preserves finite suprema (which are infima in the natural order of [0, ∞]). Therefore, by Proposition 4.7, X is also +-exponentiable. Unfortunately, we do not know yet a characterisation of Φ-cocomplete approach spaces.

9.4. The ultrafilter case. One obtains a closely related example using the monad morphism Y : U → P (see Proposition 5.8): for a space X, let Φ[X] be the image of Y_X . Of course, for topological spaces one gets the prime filter monad discussed above,

but the situation is different for approach spaces. We observed already that Y_X (x_0) ∘ − : U-Mod(1, X) → [0, ∞] preserves finite suprema. Furthermore, using Remark 1.1 one shows that Y_X (x_0) ∘ (hom(u, φ)) � hom(u, Y_X (x_0) ∘ φ)

for every φ : 1 −⇀∘ X and u ∈ [0, ∞]. Since for every contraction map U-Mod(1, X) → [0, ∞] one has the reverse inequality, we conclude that Y_X (x_0) ∘ − preserves even the operation hom(u, −) on U-Mod(1, X). This begs the question if every module ψ : X −⇀∘ 1 where ψ ∘ − preserves all finite suprema and “homing” with all u ∈ [0, ∞] is of the form ψ = Y_X (x) for some x ∈ UX. If this is the case it follows that the corresponding class (U, Φ)-Mod of U-modules is a subcategory of U-Mod (see Theorem 8.2); however, since we do not know this yet we present a different argument.

Recall that the functor M_0 : App → Met sends X = (X, a) to M_0(X) = (UX, ã) where ã = Ua · m^∘_X . More general, for an arbitrary U-relation φ : X −⇀ Y we define φ̃ = Uφ · m^∘_X : UX−→ UY . Given also ψ : Y −⇀ Z, then ~ ψ ∘ φ = Uψ · UUφ · Um^∘_X · m^∘_X = Uψ · UUφ · m^∘_{UX} · m^∘_X = Uψ · m^∘_X · Uφ · m^∘_X = ψ̃ · φ̃.

Consequently, if φ : X −⇀∘ Y is U-module, then φ̃ : M_0(X)−→∘ M_0(Y ) is a module between metric spaces. We also remark that φ can be seen as a module φ : M_0(X)−→∘ Y_0. By definition, φ : X −⇀∘ Y belongs to (U, Φ)-Mod if there is a function f : Y → UX such that φ = ã(−, f(−)) = f^∘ · ã = f^∗.

Note that f : M_0(X) → Y_0 is necessarily contractive since f^∗ = φ is a module between metric spaces. Let now φ : (X, a) −⇀∘ (Y, b) and ψ : (Y, b) → (Z, c) be in (U, Φ)-Mod with ψ = g^∗ and φ = f^∗. Then

ψ ∘ φ = g^∘ · b̃ · Uφ · m^∘_X = g^∘ · b̃ · φ̃ = g^∘ · ~b ∘ φ = g^∘ · φ̃ = g^∘ · Uφ · m^∘_X = g^∘ · Uf^∘ · UUa · Um^∘_X · m^∘_X = g^∘ · Uf^∘ · m^∘_X · Ua · m^∘_X = (m_X · Uf · g) · ã = (m_X · Uf · g)^∗.

The following lemma contains the approach counterpart to Example 6.6.

9.5. Lemma. Φ[X] contains all right adjoint U-modules ψ : X −⇀∘ 1.

Proof. We make use of the description of maps φ : X → [0, ∞] as variable sets (A_v)_{v∈[0,∞]} where A_v = {x ∈ X | φ(x) � v}. Let now ψ : X −⇀∘ 1 with left adjoint φ : 1 −⇀∘ X. By [Banaschewski et al., 2006, Proposition 5.7], there is some ultrafilter x_0 ∈ UX with φ = a(x_0, −) and A_v ∈ x_0, for all v > 0. Furthermore, by [Clementino and Hofmann, 2009a, Subsection 6.4], the variable set (A_v)_{v∈[0,∞]} corresponding to ψ is given by

A_v = {x ∈ UX | ∀u ∈ [0, ∞] ∀x ∈ X . (a(x_0, x) � u ⇒ a(x, x) � u + v)}.

We show that x ∈ A_v ⇐⇒ Y (x_0)(x) � v, for all v ∈ [0, ∞]. Assume first Y (x_0)(x) = â(x, x_0) � v, with â = Ua · m^∘_X . If a(x_0, x) � u, then, since a is transitive, a(x, x) � â(x, x_0) + a(x_0, x) � v + u; and therefore x ∈ A_v. Assume now x ∈ A_v and let B ∈ x. Let u > 0. Then, by hypothesis, A_u ⊆ A^{(v+u)}, hence A^{(v+u)} ∈ x_0. Consequently (see Example 4.4), Y (x_0)(x) = â(x, x_0) � v.

By definition, the corresponding monad � appears in the (epi,mono)-factorisation U ↠ � ↣ P of the monad morphism Y : U → P, and the monad morphism U ↠ � induces full embeddings App^� → MetCompHaus. By the “second Yoneda Lemma” (Lemma 5.7), Y_X : UX → P X is fully faithful. Therefore UX ↠ ΦX is a quotient map, in fact,

UX ↠ ΦX gives the T_0-reflection of UX. Consequently, every separated metric compact Hausdorff space X is also a �-algebra since the universal property of UX ↠ ΦX provides us with an inverse Sup^Φ_X : ΦX → X of y^Φ_X : X → ΦX. We conclude that App^� is equivalent to the category of separated metric compact Hausdorff spaces.

Given an approach space X = (X, a) which is a Φ-algebra, then X is +-exponentiable by Proposition 4.7. Furthermore, the structure map α : UX → X picks, for each ultrafilter x, a supremum of the U-module Y_X (x) : X −⇀∘ 1, that is, a point α(x) ∈ X such that, for each x ∈ X, a(x, x) = a_0(α(x), x). Conversely, assume now that an approach space X = (X, a) admits all suprema of U-module Y_X (x) : X −⇀∘ 1 where x ∈ UX. Let l : UX → X be any map which chooses a supremum of Y_X (x), for each x ∈ UX. Then l : UX → X is a morphism in Met but in general not in App. However, if X is in addition +-exponentiable, then l is indeed a morphism in App. To see this, recall from [Hofmann, 2007] that +-exponentiability of X is equivalent to commutativity of UUX m_X �

�Ua � UX

�_a � UX �_a � X

in NRel. Then, with a = a_0 · l, one obtains

l · Ua · m^∘_X · m_X ≤ a_0 · l · Ua · m^∘_X · m_X = a · m_X = a · Ua = a · Ua_0 · Ul = a · Ua · Ue_X · Ul ≤ a · Ua · m^∘_X · Ul ≤ a · Ul.

We conclude:

9.6. Proposition. An approach space X is Φ-cocomplete if and only if X is +-exponentiable and, for each ultrafilter x ∈ UX, there exists a point x_0 ∈ X such that a(x, x) = a_0(x_0, x), for all x ∈ X.

A contraction map f : (X, a) → (Y, b) is Φ-dense if and only if, for each y ∈ Y , there is some x_y ∈ UX with b(Uf(x), y) = â(x, x_y), for all x ∈ UX (where â = Ua · m^∘_X ). 9.7. The ultra-and-tensor case. Given X in App, we define Φ[X] as the set of all U-modules ψ : X −⇀∘ 1 of the form ψ = Y_X (x) � u for some x ∈ UX and u ∈ [0, ∞] (see Section 5, before Theorem 5.14). Hence, a U-module φ : X −⇀∘ Y between approach spaces X = (X, a) and Y = (Y, b) belongs to (U, Φ)-Mod precisely if there exist functions h : Y → UX and α : Y → [0, ∞] with φ(x, y) = ã(x, h(y)) + α(y), for all x ∈ UX and y ∈ Y . As above, we use Theorem 8.2 to show that (U, Φ)-Mod is closed under compositions in U-Mod. Let X = (X, a) and Y = (Y, b) be approach spaces and assume that ψ : X −⇀∘ 1 belongs to Φ[X] with corresponding x_0 ∈ UX and u ∈ [0, ∞]. For f : X → Y in App and y ∈ UY one has

ψ ∘ f^∗(y) = ψ · (Uf^∘ · b̃)(y) = inf_{x∈UX} b̃(y, Uf(x)) + ã(x, x_0) + u = c̃(z, Uf(x_0)) + u.

Therefore ψ ∘ f^∗ belongs to (U, Φ)-Mod. Let now g : Y → X be in App such that g_∗ : Y −⇀∘ X is in (U, Φ)-Mod, witnessed by k : X → UY and β : X → [0, ∞]. Hence, for all y ∈ UY and x ∈ X, a · Ug(y, x) = g_∗(y, x) = b̃(y, k(x)) + β(x).

To see that ψ ∘ g_∗ belongs to Φ[Y ], observe first that, for a numerical relation r : X−→ Y , a function γ : Y → [0, ∞] and for s(x, y) = r(x, y) + γ(y), one has Us(x, y) = Ur(x, y) + ξ · Uγ(x) for all x ∈ UX and y ∈ UY , where ξ : U[0, ∞] → [0, ∞] is defined as ξ(u) = sup_{A∈u} inf A. From this one concludes

ã(Ug(y), x) = Ua · m^∘_X · Ug(y, x) = U(a · Ug) · m^∘_Y (y, x) = inf

Y, m_Y (Y)=y

U(a · Ug)(Y, x)

= inf

Y, m_Y (Y)=y

Ub̃(Y, Uk(x)) + ξ · Uβ(x)

= Ub̃ · m^∘_Y (y, Uk(x)) + ξ · Uβ(x) = b̃(y, m_Y · Uk(x)) + ξ · Uβ(x),

and finally obtains

ψ ∘ g_∗(y) = ψ(Ug(y)) = ã(Ug(y), x_0) + u = b̃(y, m_Y · Uk(x_0)) + ξ · Uβ(x_0) + u,

for all y ∈ UY .

By the preceding example, Φ[X] contains all right adjoint U-modules ψ : X −⇀∘ 1, hence every Φ-cocomplete approach T_0-space is sober. Furthermore, both contraction maps

t_X : X ⊗ [0, ∞] → P X, (u, x) → a(−, x) + u and Y_X : UX → P X, x → ã(−, x)

factor through ΦX → P X, hence, by Theorem 5.14:

9.8. Proposition. Every Φ-cocomplete approach space is exponentiable.

9.9. Monads over Set. So far we have exploited the fact that the category Φ-Cocts is monadic over Top respectively App. However, under further conditions on (U, Φ)-Mod, Φ-Cocts is also monadic over Set, and therefore Theorem 8.12 applies to the induced monad on Set. To finish this paper we briefly discuss this case.

Recall from [Clementino and Hofmann, 2009b] that Φ-Cocts is monadic over Set provided that, in addition to the condition imposed in Section 8, (U, Φ)-Mod satisfies the following condition which we assume from now on: for each surjective continuous/contractive map f, f_∗ belongs to (U, Φ)-Mod. Hence, under these conditions, Φ-Cocts ≃ Set^{�0} where �_0 is the restriction of the monad � on Top respectively App to Set. A morphism from X to Y in the Kleisli category Set_{�0} is a map X → ΦY (necessarily continuous respectively contractive) where we consider X = (X, e^∘_X ) and Y = (Y, e^∘_Y ) with the discrete structure, and it corresponds to a U-module X −⇀∘ Y in (U, Φ)-Mod. We write Φ-URel for the ordered category of all unitary U-relations φ : X −⇀ Y where φ : (X, e^∘_X ) −⇀∘ (Y, e^∘_Y ) belongs to (U, Φ)-Mod, the composition is Kleisli composition and the order on hom-sets is the pointwise one. Then the morphisms φ : X −⇀ Y of Φ-URel correspond precisely to the morphisms^⌜φ^⌝ : Y → ΦX in Set_{�0} , and with the help of Example 8.1 one concludes that the compositional structures match. In conclusion, Φ-URel ≃ Set_{�0} , even as ordered categories. By definition, Φ-URel embeds fully into

(U, Φ)-Mod by considering a set as a discrete space. For a topological/approach space X = (X, a), the convergence relation a : X −⇀ X is unitary and idempotent. Furthermore, a = i^∗ ∘ i_∗ where i : (X, e^∘_X ) → (X, a), x → x, hence a : (X, e^∘_X ) −⇀∘ (X, e^∘_X ) belongs to (U, Φ)-Mod. From this one obtains a full embedding (U, Φ)-Mod → kar(Φ-URel), and therefore kar((U, Φ)-Mod) ≃ kar(Φ-URel). From Theorem 8.14 we infer now that

kar(Φ-URel)^{op} ≃ Φ-DTop_{cocts}/Φ-DApp_{cocts}.

For the choice of all U-modules on topological spaces, the result above tells us that CDTop_{cocts} is dually equivalent to kar(URel), where URel denotes the ordered category of sets and unitary U-relations. Hence, by Theorem 7.16:

9.10. Theorem. The category Frm is dually equivalent to category Map(kar(URel)) defined by the left adjoint morphisms in kar(URel).

By the theorem above, frames correspond to “spaces” (X, a) where a : UX−→ X is an idempotent convergence relation but not necessarily reflexive (that is, the principal ultrafilter^▪x does not need to converge to x). Equivalently, one can describe these spaces as pair (X, N) where N : X → F X is a neighbourhood system which satisfies all axiom of a topology except for that a point does not need to belong to all of its neighbourhoods.

Acknowledgement. I would like to thank the referee for her/his valuable criticisms and suggestions, which led to a substantial improvement of the paper.

References

Albert, M. H. and Kelly, G. M. (1988), The closure of a class of colimits, J. Pure Appl. Algebra 51 (1-2), 1–17.

Banaschewski, B., Lowen, R. and Van Olmen, C. (2006), Sober approach spaces, Topology Appl. 153 (16), 3059–3070.

Barr, M. (1970), Relational algebras, in Reports of the Midwest Category Seminar, IV, pages 39–55, Lecture Notes in Mathematics, Vol. 137. Springer, Berlin.

Borceux, F. and Dejean, D. (1986), Cauchy completion in category theory, Cahiers Topologie Géom. Différentielle Catég. 27 (2), 133–146.

Clementino, M. M. and Hofmann, D. (2003), Topological features of lax algebras, Appl. Categ. Structures 11 (3), 267–286.

Clementino, M. M. and Hofmann, D. (2006), Exponentiation in V -categories, Topology Appl. 153 (16), 3113–3128.

Clementino, M. M. and Hofmann, D. (2009a), Lawvere completeness in Topology, Appl. Categ. Structures 17, 175–210, arXiv:math.CT/0704.3976.

Clementino, M. M. and Hofmann, D. (2009b), Relative injectivity as cocompleteness for a class of distributors, Theory Appl. Categ. 21, No. 12, 210–230, arXiv:math.

CT/0807.4123.

Clementino, M. M., Hofmann, D. and Stubbe, I. (2009), Exponentiable functors between quantaloid-enriched categories, Appl. Categ. Structures 17 (1), 91–101,

arXiv:math.CT/0604569.

Clementino, M. M. and Tholen, W. (2003), Metric, topology and multicategory—a common approach, J. Pure Appl. Algebra 179 (1-2), 13–47.

Escardó, M. H. (1997), Injective spaces via the filter monad, in Proceedings of the 12th Summer Conference on General Topology and its Applications (North Bay, ON, 1997), volume 22, pages 97–100.

Escardó, M. H. and Flagg, R. (1999), Semantic domains, injective spaces and monads., Brookes, Stephen (ed.) et al., Mathematical foundations of programming semantics. Proceedings of the 15th conference, Tulane Univ., New Orleans, LA, April 28 - May 1, 1999. Amsterdam: Elsevier, Electronic Notes in Theoretical Computer Science. 20, electronic paper No.15 (1999).

Fawcett, B. and Wood, R. J. (1990), Constructive complete distributivity. I, Math.

Proc. Cambridge Philos. Soc. 107 (1), 81–89.

Flagg, R. C. (1997), Algebraic theories of compact pospaces, Topology Appl. 77 (3), 277–290.

Gierz, G., Hofmann, K. H., Keimel, K., Lawson, J. D., Mislove, M. W. and Scott, D. S. (2003), Continuous lattices and domains, volume 93 of Encyclopedia of Mathematics and its Applications, Cambridge University Press, Cambridge, xxxvi+591 pages.

Herrlich, H., Lowen-Colebunders, E. and Schwarz, F. (1991), Improving Top:

PrTop and PsTop, in Category theory at work (Bremen, 1990), volume 18 of Res. Exp. Math., pages 21–34, Heldermann, Berlin.

Hofmann, D. (2006), Exponentiation for unitary structures, Topology Appl. 153 (16), 3180–3202.

Hofmann, D. (2007), Topological theories and closed objects, Adv. Math. 215 (2), 789–824.

Hofmann, D. (2011), Injective spaces via adjunction, J. Pure Appl. Algebra 215 (3), 283–302, arXiv:math.CT/0804.0326.

Hofmann, D. and Stubbe, I. (2011), Towards Stone duality for topological theories, Topology Appl., 158 (7), 913–925, arXiv:math.CT/1004.0160.

Hofmann, D. and Tholen, W. (2010), Lawvere completion and separation via closure, Appl. Categ. Structures 18 (3), 259–287, arXiv:math.CT/0801.0199.

Hofmann, D. and Waszkiewicz, P. (2011), Approximation in quantale-enriched categories, Topology Appl., 158 (8), 963–977, arXiv:math.CT/1004.2228.

Isbell, J. R. (1972), Atomless parts of spaces, Math. Scand. 31, 5–32.

Kelly, G. M. (1982), Basic concepts of enriched category theory, volume 64 of London Mathematical Society Lecture Note Series, Cambridge University Press, Cambridge, 245 pages, also in: Repr. Theory Appl. Categ. No. 10 (2005), 1–136.

Kelly, G. M. and Lack, S. (2000), On the monadicity of categories with chosen colimits, Theory Appl. Categ. 7, No. 7, 148–170.

Kelly, G. M. and Schmitt, V. (2005), Notes on enriched categories with colimits of some class, Theory Appl. Categ. 14, No. 17, 399–423.

Kock, A. (1995), Monads for which structures are adjoint to units, J. Pure Appl.

Algebra 104 (1), 41–59.

Lambek, J. and Rattray, B. A. (1979), A general Stone-Gel^′fand duality, Trans.

Amer. Math. Soc. 248 (1), 1–35.

Lawvere, F. W. (1973), Metric spaces, generalized logic, and closed categories, Rend.

Sem. Mat. Fis. Milano 43, 135–166 (1974), also in: Repr. Theory Appl. Categ. No. 1 (2002), 1–37.

Lowen, R. (1989), Approach spaces: a common supercategory of TOP and MET, Math.

Nachr. 141, 183–226.

Lowen, R. (1997), Approach spaces, Oxford Mathematical Monographs, The Clarendon Press Oxford University Press, New York, x+253 pages, the missing link in the topology-uniformity-metric triad, Oxford Science Publications.

Lowen, R. and Sioen, M. (2004), On the multitude of monoidal closed structures on UAP, Topology Appl. 137 (1-3), 215–223, IV Iberoamerican Conference on Topology and its Applications.

Moerdijk, I. (2002), Monads on tensor categories, J. Pure Appl. Algebra 168 (2-3), 189–208, category theory 1999 (Coimbra).

Nachbin, L. (1950), Topologia e Ordem, Univ. of Chicago Press, in Portuguese, English translation: Topology and Order, Van Nostrand, Princeton (1965).

Pisani, C. (1999), Convergence in exponentiable spaces, Theory Appl. Categ. 5, No. 6, 148–162.

Porst, H.-E. and Tholen, W. (1991), Concrete dualities, in Category theory at work (Bremen, 1990), volume 18 of Res. Exp. Math., pages 111–136, Heldermann, Berlin.

Raney, G. N. (1952), Completely distributive complete lattices, Proc. Amer. Math.

Soc. 3, 677–680.

Rosebrugh, R. and Wood, R. J. (1994), Constructive complete distributivity. IV, Appl. Categ. Structures 2 (2), 119–144.

Rosebrugh, R. and Wood, R. J. (2004), Split structures, Theory Appl. Categ. 13, No. 12, 172–183.

Scott, D. (1972), Continuous lattices, in Toposes, algebraic geometry and logic (Conf., Dalhousie Univ., Halifax, N. S., 1971), pages 97–136. Lecture Notes in Math., Vol. 274, Springer, Berlin.

Simmons, H. (1982), A couple of triples, Topology Appl. 13 (2), 201–223.

Stubbe, I. (2007), Towards “dynamic domains”: totally continuous cocomplete Qcategories, Theoret. Comput. Sci. 373 (1-2), 142–160.

Stubbe, I. (2010), “Hausdorff distance” via conical cocompletion, Cah. Topol. Géom.

Différ. Catég. 51 (1), 51–76, arXiv:math.CT/0903.2722.

Tholen, W. (2009), Ordered topological structures, Topology Appl. 156 (12), 2148– 2157.

Van Olmen, C. (2005), A study of the interaction between frame theory and approach theory, Ph.D. thesis, University of Antwerp.

Vickers, S. (2005), Localic completion of generalized metric spaces. I, Theory Appl.

Categ. 14, No. 15, 328–356.

Wagner, K. R. (1994), Solving Recursive Domain Equations with Enriched Categories, Ph.D. thesis, Carnegie Mellon University, ftp://ftp.risc.uni-linz.ac.at/pub/

techreports/1994/94-62.ps.gz.

Wood, R. (2004), Ordered sets via adjunction, in Categorical foundations, volume 97 of Encyclopedia Math. Appl., pages 5–47, Cambridge Univ. Press, Cambridge.

Wyler, O. (1984), Compact ordered spaces and prime Wallman compactifications, in Categorical topology (Toledo, Ohio, 1983), volume 5 of Sigma Ser. Pure Math., pages 618–635, Heldermann, Berlin.

Zöberlein, V. (1976), Doctrines on 2-categories, Math. Z. 148 (3), 267–279.

CIDMA – Center for Research and Development in Mathematics and Applications Department of Mathematics University of Aveiro 3810-193 Aveiro Portugal Email: dirk@ua.pt

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at

ftp://ftp.tac.mta.ca/pub/tac/html/volumes/28/3/28-03.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at

http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:

gavin seal@fastmail.fm

Transmitting editors.

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com Valeria de Paiva: valeria.depaiva@gmail.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne : kathryn.hess@epfl.ch Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, Macquarie University: steve.lack@mq.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Tom Leinster, University of Edinburgh, Tom.Leinster@ed.ac.uk Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Giuseppe Rosolini, Università di Genova: rosolini@disi.unige.it Alex Simpson, University of Edinburgh: Alex.Simpson@ed.ac.uk James Stasheff, University of North Carolina: jds@math.upenn.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca