Theory and Applications of Categories, Vol. 28, No. 7, 2013, pp. 206–212.

TRACED ∗-AUTONOMOUS CATEGORIES ARE COMPACT CLOSED

TAMÁS HAJGATÓ AND MASAHITO HASEGAWA

Abstract. We show that any traced ∗-autonomous category is compact closed.

1. Introduction

Suppose that C = (C, I, ⊗, ⊸, ⊥, Tr) is a traced ∗-autonomous category; here we understand that a ∗-autonomous category is a symmetric monoidal closed category (C, I, ⊗, ⊸) (we write A ⊸ B for the internal hom from A to B) equipped with a dualizing object ⊥ [Barr, 1979], and that the trace

Tr^X_{A,B} : C(A ⊗ X, B ⊗ X) −→ C(A, B)

is given on the symmetric monoidal structure in the sense of Joyal, Street and Verity [Joyal et al., 1996] (rather than the trace for linearly distributive categories with MIX by Blute, Cockett and Seely [Blute et al., 2000]).

In C, we have the trace of the evaluation map

(X ⊸ (⊥ ⊗ X)) ⊗ X^{ev}−→ ⊥ ⊗ X

X ⊸ (⊥ ⊗ X)^{Tr X ev}−→ ⊥

which gives rise to a morphism t_X : I −→ X ⊗ (X ⊸ I) via the isomorphism

(X ⊸ (⊥ ⊗ X)) ⊸ ⊥ ≃ X ⊗ (X ⊸ I).

It is then natural to ask if t_X satisfies the equations

X^{tX ⊗X}−→ X ⊗ (X ⊸I) ⊗ X^{X⊗ev X,I}−→ X = id_X (1) and X ⊸I^{(X⊸I)⊗tX}−→ (X ⊸I) ⊗ X ⊗ (X ⊸I)^{ev X,I ⊗(X⊸I)}−→ X ⊸I = id_{X⊸I} (2)

The first author was partly supported by the European Union and the European Regional Development Fund under the grant agreement TÁMOP-4.2.2/B-10/1-2010-0012. The second author was partly supported by the Grant-in-Aid for Scientific Research (C) 23500016.

Received by the editors 2013-02-21 and, in revised form, 2013-03-18. Transmitted by Ross Street. Published on 2013-04-10. 2010 Mathematics Subject Classification: 18D10,18D15.

Key words and phrases: symmetric monoidal closed categories, traced monoidal categories, ∗- autonomous categories, compact closed categories.

© Tamás Hajgató and Masahito Hasegawa, 2013. Permission to copy for private use granted. 206 which mean that X ⊸ I is a (left) dual of X, hence C is compact closed [Kelly and Laplaza, 1980]. Below we see that this is the case.

Before proceeding to the proof, let us explain how we came across this observation. In the sequel, we write ^f : A −→ B ⊸ C for the transpose of f : A ⊗ B −→ C in a symmetric monoidal closed category. In a traced symmetric monoidal closed category, we have a family of morphisms

τ^X_B = Tr^X_{⊸(B⊗X),B} (ev_{X,B⊗X} ) : X ⊸ (B ⊗ X) −→ B.

It is easy to see that τ’s are sufficient to determine trace of any f : A ⊗ X −→ B ⊗ X as

Tr^X_{A,B}f = A^{^f}−→ X ⊸ (B ⊗ X)^{τ XB}−→ B.

In the case of traced ∗-autonomous categories, we can further restrict our attention to τ’s with B = ⊥, from which τ^X_B for any B is recovered as

X ⊸ (B ⊗ X) ≃ X ⊸ ((B

&

⊥) ⊗ X) X⊸δ−→ X ⊸ (B

&

(⊥ ⊗ X)) ≃ B

&

(X ⊸ (⊥ ⊗ X)) B

&

τ^X_⊥

−→ B

&

⊥ ≃ B where δ denotes linear distributivity [Cockett and Seely, 1997].

Therefore, giving τ^X_⊥ : (X ⊸ (⊥ ⊗ X)) −→ ⊥ for each X is enough to determine a trace. With some efforts of spelling out how the trace can be recovered directly from τ^X_⊥ ’s, we noticed that τ^X_⊥ actually determines the unit map t_X : I −→ X ⊗ (X ⊸ I) of the duality between X and X ⊸ I.

To make the proof short and readable, we use some basic results on (enriched) extraordinary natural transformations of Eilenberg and Kelly [Eilenberg and Kelly, 1966, Kelly, 1982], though it is also possible to derive the result by direct calculation from scratch.

2. A Characterization of Compact Closedness

There are many ways of characterizing compact closed categories as special symmetric monoidal closed categories [Day, 1977, Kelly and Laplaza, 1980]. In our development, the following characterization turns out to be useful:

2.1. Proposition. Suppose that C is a symmetric monoidal closed category such that there is an extraordinary C-natural transformation t_X : I −→ X ⊗ (X ⊸ I) with t_I invertible. Then C is compact closed.

208 TAMÁS HAJGATÓ AND MASAHITO HASEGAWA

Proof. Recall that, for a symmetric monoidal closed category V, V-categories A, B, a Vfunctor F : A^{op} ⊗A → B and an object B of B, a family of morphisms α_X : B −→ F (X, X) is said to be an extraordinary V-natural transformation [Kelly, 1982] when the following diagram commutes for all X, X^′.

A(X, X^′) � � � � � � � � F (X, −) � � � � F (−, X^′)

B(F (X, X), F (X, X^′)) B(F (X^′, X^′), F (X, X^′)) � � � � B(α_X , id) � � � � � � � �^{B(αX′ , id)}

B(B, F (X, X^′))

In the proposition, the assumption that t_X : I −→ X⊗(X ⊸I) is extraordinally C-natural means that the following diagram commutes for all X and X^′:

X ⊸X^′ � � � � � � � � (X ⊸ X^′) ⊗ t_X � � � � t_X′ ⊗ (X ⊸ X^′)

(X ⊸X^′) ⊗ X ⊗ (X ⊸I) X^′ ⊗ (X^′ ⊸I) ⊗ (X ⊸X^′) � � � � ev ⊗ (X ⊸ I) � � � � � � � �^X

′ ⊗ comp

X^′ ⊗ (X ⊸I)

By letting X be I in the diagram above, we see that (modulo some obvious simplifications)

X^{′ tX′ ⊗X′}−→ X^′ ⊗ (X^′ ⊸ I) ⊗ X^{′ X′⊗ev}−→ X^′

agrees with

X^{′ X′⊗tI}−→ X^′ ⊗ I ⊗ (I ⊸ I)^≃−→ X^′.

Similarly, by letting X^′ be I in the diagram, we have that

X ⊸ I^{(X⊸I)⊗tX}−→ (X ⊸ I) ⊗ X ⊗ (X ⊸ I)^{ev⊗(X⊸I)}−→ X ⊸ I

agrees with

X ⊸ I^{tI ⊗(X⊸I)}−→ I ⊗ (I ⊸ I) ⊗ (X ⊸ I)^≃−→ X ⊸ I.

Hence

t^′_X = I^≃−→ I ⊗ (I ⊸ I)^t −1 I−→ I^{tX}−→ X ⊗ (X ⊸ I)

satisfies the equations (1) and (2) for making X ⊸ I a left dual of X.

Note that, in the proof above, t^′_X agrees with t_X if t_I : I −→ I ⊗ (I ⊸ I) itself is the canonical isomorphism from I to I ⊗ (I ⊸ I).

2.2. Remark. In Proposition 2.1, the assumption that t_I is invertible cannot be dropped. For instance, consider the category ωCppo_⊥ of pointed ω-complete partial orders and strict ω-continuous functions. ωCppo_⊥ is symmetric monoidal closed, with Sierpinski space as the unit object, smash products as tensor and strict function spaces as internal hom. In ωCppo_⊥, there is an extraordinary ωCppo_⊥-natural transformation t_X : I −→ X ⊗ (X ⊸I) given by the constant functions returning the least element. However, t_I is not invertible, and ωCppo_⊥ is not compact closed.

3. Proof of the Main Result

As in the introduction, let us define

τ^X_B = Tr^X_{⊸(B⊗X),B} (ev_{X,B⊗X} ) : X ⊸ (B ⊗ X) −→ B

in traced symmetric monoidal closed categories.

3.1. Lemma. In a traced symmetric monoidal closed category C with an object B,

^τ X_B : I −→ (X ⊸ (B ⊗ X)) ⊸ B

is extraordinary C-natural in X.

Proof. The extranaturality amounts to the commutativity of

(X ⊸X^′) ⊗ (X^′ ⊸(B ⊗ X)) � � � � � � � � id ⊗ ^τ^X_B � � � � id ⊗ �τ^{X′}_B

(X ⊸X^′) ⊗ (X^′ ⊸(B ⊗ X)) ⊗ ((X ⊸(B ⊗ X))⊸B) (X ⊸X^′) ⊗ (X^′ ⊸(B ⊗ X)) ⊗ ((X^′ ⊸(B ⊗ X^′))⊸B)

� comp ⊗ id � comp ⊗ id

(X ⊸(B ⊗ X)) ⊗ ((X ⊸(B ⊗ X))⊸B) (X^′ ⊸(B ⊗ X^′)) ⊗ ((X^′ ⊸(B ⊗ X^′))⊸B) � � � � ev � � � � � � � �^{ev} B which is a consequence of the sliding property (dinaturality) of trace.

3.2. Lemma. In a ∗-autonomous category C, the isomorphism

φ_{X,Y} : (X ⊸ (⊥ ⊗ Y )) ⊸ ⊥^≃−→ X ⊗ (Y ⊸ I)

given by

(X ⊸ (⊥ ⊗ Y )) ⊸ ⊥ ≃ (X ⊸ (((⊥ ⊗ Y ) ⊸ ⊥) ⊸ ⊥)) ⊸ ⊥ ≃ (X ⊸ ((Y ⊸ (⊥ ⊸ ⊥)) ⊸ ⊥)) ⊸ ⊥ ≃ (X ⊸ ((Y ⊸ I) ⊸ ⊥)) ⊸ ⊥ ≃ ((X ⊗ (Y ⊸ I)) ⊸ ⊥) ⊸ ⊥ ≃ X ⊗ (Y ⊸ I)

is C-natural in X and Y .

Proof. Each isomorphism involved in φ is C-natural.

3.3. Lemma. [Eilenberg and Kelly, 1966, Kelly, 1982] Assume that V is a symmetric monoidal closed category. Let A, B be V-categories and G, H be V-functors of the form A^{op} ⊗ A → B and suppose that B is an object of B. If α_X : B → G(X, X) is extraordinary V-natural in X and β_{X,Y} : G(X, Y ) → H(X, Y ) is V-natural in X and Y , then

β_{X,X} ∘ α_X : B → H(X, X)

is extraordinary V-natural in X.

3.4. Corollary. In a traced ∗-autonomous category C, t_X = φ_{X,X} ∘ ^τ^X_⊥ : I −→ X ⊗ (X ⊸ I) is extraordinary C-natural in X. □

3.5. Lemma. t_I : I −→ I ⊗ (I ⊸ I) agrees with the canonical isomorphism from I to I ⊗ (I ⊸ I).

Proof. A consequence of the vanishing property of trace.

Putting Proposition 2.1, Corollary 3.4 and Lemma 3.5 together, we obtain our main result.

3.6. Theorem. Any traced ∗-autonomous category is compact closed.

It is possible that a compact closed category is equipped with a dualizing object which is not isomorphic to the unit object (and par not isomorphic to tensor). For instance, the linearly ordered set of integers Z is compact closed with unit I = 0 and tensor X ⊗ Y = X + Y and duality X^∗ = −X, while any element of Z serves as a dualizing object. (The same can be done for any partially ordered Abelian group regarded as a compact closed poset.)

Since a compact closed category has a unique trace (cf. [Hasegawa, 2009]), we have:

3.7. Theorem. To give a traced ∗-autonomous category is to give a compact closed category with a dualizing object.

Note that a dualizing object in a compact closed category is just an object ⊥ such that the unit morphism I −→ ⊥ ⊗ ⊥^∗ is invertible, cf. the Abelian group example above.

4. On Linear Distributivity

In a compact closed category with a dualizing object ⊥, linear distributivity [Cockett and Seely, 1997] on the ∗-autonomous structure is invertible. To see this, recall that the linear distributivity δ : (A

&

B) ⊗ C −→ A

&

(B ⊗ C) in a ∗-autonomous category (regarded as a symmetric linearly distributive category with negation) amounts to the canonical morphism (A^⊥ ⊸ B) ⊗ C −→ A^⊥ ⊸ (B ⊗ C) which is just the associativity isomorphism ((A^⊥)^∗ ⊗ B) ⊗ C ≃ (A^⊥)^∗ ⊗ (B ⊗ C) in a compact closed category.

Conversely, a ∗-autonomous category with invertible linear distributivity is compact closed. We have

A ⊸ B ≃ A^⊥

&

B ≃ A^⊥

&

(I ⊗ B)^{δ−1}≃ (A^⊥

&

I) ⊗ B ≃ (A ⊸ I) ⊗ B

In particular, the canonical map (A ⊸ I) ⊗ A −→ A ⊸ A is invertible, and it follows that the category is compact closed (cf. [Day, 1977]).

Together with Theorem 3.7, we have that the following three structures are essentially the same:

• a traced ∗-autonomous category,

• a compact closed category equipped with a dualizing object, and

• a ∗-autonomous category with invertible linear distributivity.

4.1. Remark. As noted in [Cockett and Seely, 1997], in a symmetric linearly distributive category with invertible linear distributivity and also equipped with a tensor-inverse of ⊥ (an object ⊥^∗ such that there is an isomorphism I ≃ ⊥ ⊗ ⊥^∗ subject to a coherence axiom), the par A

&

B is isomorphic to the “⊥-shifted tensor” A ⊗ ⊥^∗ ⊗ B. This is the case for ∗-autonomous categories with invertible linear distributivity (equivalently: traced ∗-autonomous categories, or compact closed categories with a dualizing object), in which ⊥^∗ = ⊥ ⊸ I serves as a tensor-inverse of ⊥ and we have A

&

B ≃ A ⊗ (⊥ ⊸ I) ⊗ B.

Acknowledgements. The second author is grateful to Naohiko Hoshino for helpful discussions on ∗-autonomous categories and traced monoidal categories.

References

[Barr, 1979] Barr, M. (1979) ∗-Autonomous Categories. Lecture Notes in Math. 752, Springer-Verlag.

[Blute et al., 2000] Blute, R.F., Cockett, J.R.B. and Seely, R.A.G. (2000) Feedback for linearly distributive categories: traces and fixpoints. J. Pure Appl. Algebra 154, 27– 69. [Cockett and Seely, 1997] Cockett, J.R.B. and Seely, R.A.G. (1997) Weakly distributive categories. J. Pure Appl. Algebra 114, 133–173.

[Day, 1977] Day, B.J. (1977) Notes on compact closed categories. J. Austral. Math. Soc.

(Series A) 24, 309–311.

[Eilenberg and Kelly, 1966] Eilenberg, S. and Kelly, G.M. (1966) A generalization of the functorial calculus. J. Algebra 3, 366–375.

[Hasegawa, 2009] Hasegawa, M. (2009) On traced monoidal closed categories. Math.

Struct. in Comput. Science 19, 217–244.

[Joyal et al., 1996] Joyal, A., Street, R. and Verity, D. (1996) Traced monoidal categories.

Math. Proc. Cambridge Phils. Soc. 119 (1996), 447–468.

[Kelly, 1982] Kelly, G.M. (1982) Basic Concepts of Enriched Category Theory. London Math. Soc. Lecture Note Ser. 64, Cambridge University Press. Reproduced in Reprints in Theory and Applications of Categories 10, 1–136 (2005).

[Kelly and Laplaza, 1980] Kelly, G.M. and Laplaza, M.L. (1980) Coherence for compact closed categories. J. Pure Appl. Algebra 19, 193–213.

Department of Computer Science University of Szeged Szeged, Hungary Research Institute for Mathematical Sciences Kyoto University Kyoto, Japan Email: hajgato@inf.u-szeged.hu

hassei@kurims.kyoto-u.ac.jp

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at

ftp://ftp.tac.mta.ca/pub/tac/html/volumes/28/7/28-07.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at

http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor. Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:

gavin seal@fastmail.fm

Transmitting editors.

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com Valeria de Paiva: valeria.depaiva@gmail.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne : kathryn.hess@epfl.ch Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, Macquarie University: steve.lack@mq.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Tom Leinster, University of Edinburgh, Tom.Leinster@ed.ac.uk Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Giuseppe Rosolini, Università di Genova: rosolini@disi.unige.it Alex Simpson, University of Edinburgh: Alex.Simpson@ed.ac.uk James Stasheff, University of North Carolina: jds@math.upenn.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca