Theory and Applications of Categories, Vol. 7, No. 12, 2000, pp. 236–238.

QUASI-VARIETIES OF PRESHEAVES

ENRICO M. VITALE

Transmitted by R. J. Wood

ABSTRACT. In analogy with the varietal case, we give an abstract characterization of those categories occurring as regular epireflective subcategories of presheaf categories such that the inclusion functor preserves small sums.

The aim of this short note is to add one step to the nice parallelism between presheaf categories and algebraic categories.

Presheaf categories can be abstractly characterized as exact and extensive categories with a small set of indecomposable, regular projective regular generators (Bunge [1]) (here extensive means with disjoint and universal small sums, and indecomposable means that each morphism from a generator to a small sum of generators factors through one of the canonical injections). Bearing in mind this characterization, Giraud’s axioms for Grothendieck toposes become transparent: drop the assumptions which are not stable under localization (observe that the extensivity assumption, which is a little bit redundant in Bunge’s theorem, is essential in Giraud’s theorem because generators are no longer indecomposable).

On the algebraic side of the world, we have Lawvere’s theorem which states that a category is equivalent to an algebraic one if and only if it is exact, and has a finitely presentable regular projective regular generator [6]. Lawvere’s theorem is the non-additive extension of Gabriel-Mitchell’s characterization of module categories. Localizations of module categories are exactly Grothendieck categories (Gabriel-Popescu [3]), and the nonadditive version of Gabriel-Popescu’s theorem states that exact categories with a regular generator, and with exact filtered colimits are the localizations of algebraic categories [8].

But in the algebraic case something more is known. Weakening the exactness condition in Lawvere’s axioms, one recaptures the so-called quasi-varieties, i.e. regular epireflective subcategories of algebraic categories such that the inclusion functor preserves filtered colimits (see [7] for more details). It is now natural to come back to presheaf categories, and wonder which categories are characterized by weakening the exactness assumption in Bunge’s theorem. The answer is provided in the proposition below, but first we need some preliminaries.

Recall that the full inclusion of the 2-category of exact categories and exact functors into the 2-category of regular categories has a left biadjoint, the exact completion of a regular category (see [2]). We denote by

γ : B → B_{EX}

Received by the editors 1999 November 17 and, in revised form, 2000 September 7. Published on 2000 September 14.

2000 Mathematics Subject Classification: 18A40, 18F20.

cfl Enrico M. Vitale, 2000. Permission to copy for private use granted. 236 the counit of this biadjunction. It is an exact, full and faithful functor. Moreover, each object of B_{EX} is a regular quotient of an object of B .

The first two points of the next lemma are borrowed from [7]. The third one is the infinitary extension of theorem 2.3 in [5] and we omit the proof. Lemma. Let B be a regular category and γ : B → B_{EX} its exact completion;

1. the functor γ preserves regular projective objects and small sums of regular projectives;

2. B is regular epireflective in B_{EX} iff it has coequalizers of equivalence relations;

3. B is extensive iff B_{EX} is extensive and γ preserves sums.

Proposition. A category B is equivalent to a regular epireflective subcategory of a presheaf category such that the inclusion functor preserves small sums if and only if it is a regular and extensive category with coequalizers of equivalence relations, and has a small set of indecomposable regular projective regular generators.

Proof. A regular epireflection of an exact category is regular and has coequalizers of equivalence relations. Moreover the reflector preserves regular projective objects (because the full inclusion preserves regular epimorphisms), so that the reflection of the representable presheaves is a set of regular projective regular generators. Now let C and {C_j }_J be representable presheaves and write r for the reflector and i for the inclusion. Consider a morphism f : r(C) → a J r(C_j) embed it into the presheaf category and cover the objects

i(r(C)) and i(a r(C_j )) ≃ i(r(a C_j))

with the units η_C and η‘_{Cj} . Since C is regular projective and units are regular epis, we obtain a factorization g : C → a J C_j of i(f) · η_C through η‘_{Cj} . Since representable presheaves are indecomposable, g factors through an injection, and the reflection of this factorization gives a factorization for f. As far as the extensivity of B is concerned, it follows immediately from that of the presheaf category because B is closed under sums and (finite) limits.

Conversely, since the regular category B has coequalizers of equivalence relations, it is regular epireflective in its exact completion B_{EX} (point 2. of the lemma). The set of indecomposable regular projective regular generators of B maintains these properties in B_{EX} . This easily follows from point 1. of the lemma, and using that each object of B_{EX} is a regular quotient of an object of B . Finally, by point 3. of the lemma, B_{EX} is extensive, and γ : B → B_{EX} preserves small sums. The category B_{EX} now satisfies all the conditions to be equivalent to a presheaf category and the proof is complete.

A simple example of the situation of the previous proposition is provided by the category of separated presheaves over the non-empty open sets of a topological space. One has to exclude the empty open to prove that the inclusion functor preserves sums. The regular epireflector is built up as in the usual case.

This fact holds more in general, as suggested to me by the referee. Let L be a Grothendieck topology on a small category C and consider the category L-Sep of separated presheaves, which is regular epireflective in the presheaf category [C^{op}, Set]. If, for each object C in C and for each presheaf R in L(C), there is an object D in C such that R(D) is non empty, then the inclusion of L-Sep in [C^{op} , Set] preserves sums.

References

[1] M. Bunge, Categories of set valued functors, dissertation, University of Pennsylvania (1966).

[2] A. Carboni, E.M. Vitale, Regular and exact completions, J. Pure Appl. Algebra 125 (1998) 79-116.

[3] P. Gabriel, N. Popescu, Caractérisation des catégories abéliennes avec générateurs et limites inductives, Comp. Rend. Acad. Sc. Paris 258 (1964) 4188-4190.

[4] J.R. Isbell, Subobjects, adequacy, completeness and categories of algebras, Rozprawy Mat. 36 (1964) 33 p.

[5] S. Lack, E.M. Vitale, When do completion processes give rise to extensive categories?, J. Pure Appl. Algebra (to appear).

[6] F.W. Lawvere, Functorial semantics of algebraic theories, Proc. Nat. Acad. Sci. 50 (1963) 869-872.

[7] M.C. Pedicchio, E.M. Vitale, On the abstract characterization of quasi-varieties, Algebra Universalis (to appear).

[8] E.M. Vitale, Localizations of algebraic categories II, J. Pure Appl. Algebra 133 (1998) 317-326.

Département de Mathématiques, Université catholique de Louvain, Chemin du Cyclotron 2, 1348 Louvain-la-Neuve, Belgium Email: vitale@agel.ucl.ac.be

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/7/n12/n12.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and LATEX is the

preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to

tac@mta.ca to receive details by e-mail.

Editorial board.

John Baez, University of California, Riverside: baez@math.ucr.edu Michael Barr, McGill University: barr@barrs.org Lawrence Breen, Université Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: carboni@fis.unico.it P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Andrew Pitts, University of Cambridge: Andrew.Pitts@cl.cam.ac.uk Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: walters@fis.unico.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca