Theory and Applications of Categories, Vol. 7, No. 4, 2000, pp. 43–46.

ON SATURATED CLASSES OF MORPHISMS

CARLES CASACUBERTA AND ARMIN FREI

Transmitted by Aurelio Carboni

ABSTRACT. The term “saturated,” referring to a class of morphisms in a category, is used in the literature for two nonequivalent concepts. We make precise the relationship between these two concepts and show that the class of equivalences associated with any monad is saturated in both senses.

Introduction

In [1], we drew attention to the fact that the concept of “saturation” of a class of morphisms appears in the literature with two different meanings. In [1], [2], and [3], the saturation of a class of morphisms S in a category denotes the double orthogonal S?? in the sense of Freyd–Kelly [8]. On the other hand, in the book by Gabriel–Zisman [9] and in subsequent articles such as [4], the saturation of a class of morphisms S in a category C consists of the morphisms rendered invertible by the canonical functor from C to the category of fractions C[S�^1].

In the present paper we show that, although the two concepts do not coincide in general, the saturation of a class of morphisms S in the first sense contains the saturation of S in the second sense. We also prove that the class of equivalences associated with any monad is saturated in both senses. In fact, whenever a functor F has a right adjoint, the class of morphisms rendered invertible by F is saturated in both senses.

1. Terminology

Most of the following terminology is taken from [2], [3], [6], [8], and [9]. For any functor F : C → D between two given categories, we define

S(F ) = {morphisms f in C such that F f is invertible}, (1.1)

and say that morphisms in S(F ) are F -equivalences.

A morphism f: A → B and an object X in a category C are called orthogonal, as in [8], if the function C(f, X): C(B, X) → C(A, X) Supported by DGES grant PB97–0202.

Received by the editors 1999 October 8 and, in revised form, 2000 March 22. Published on 2000 March 30.

2000 Mathematics Subject Classification: 18A40.

Key words and phrases: saturation, orthogonality, monad, shape, category of fractions.

cfl Carles Casacuberta and Armin Frei, 2000. Permission to copy for private use granted. 43 is bijective. For a class of morphisms S (resp. a class of objects D), we denote by S? the class of objects orthogonal to every f in S (resp. by D? the class of morphisms orthogonal to all X in D). Objects in S? were called left closed for S in [4], [5], or in [9, I.4]. We call S?? the internal saturation of S, and say that S is internally saturated if S?? = S. Observe that every class of the form D? is internally saturated, since D??? = D?.

Given a class of morphisms S in a category C, let C[S�^1] denote the category of fractions of C with respect to S (see [9]). There is a canonical functor F_S: C → C[S�^1] such that F_Sf is invertible for every f in S and, if a functor F : C → D renders all the morphisms in S invertible, then there is a unique functor G: C[S�^1] → D such that GF_S = F .

The external saturation Ŝ of a class S of morphisms is the class of all morphisms rendered invertible by the canonical functor F_S: C → C[S�^1]. Thus, according to (1.1),

Ŝ = S(F_S). (1.2)

The class S is said to be externally saturated if S = Ŝ. We find that this language is justified by the fact that this kind of saturation is not intrinsic in the category C, as internal saturation is.

The universal property of the category of fractions implies the following, which was already pointed out in [4, Proposition 1.1].

1.1. Proposition. A class of morphisms S in a category is externally saturated if and only if S = S(F ) for some functor F .

For any functor K: A → C between two given categories, the shape category Sh_K of K has the same objects as C, and morphisms in Sh_K from X to Y are natural transformations C(Y, K−) −→ C(X, K−). There is a canonical functor D_K: C → Sh_K which is the identity on objects and is defined as D_K f = C(f, K−) on morphisms. Additional information about shape categories can be found e.g. in [6], [7]. This concept is relevant in our context, since S?? is precisely the inverse image under D_K of the invertible morphisms in Sh_K when K is the full embedding of S? into C. In other words, using the notation (1.1),

S?? = S(D_K), (1.3)

where K: S? → C is the full embedding. (By a standard abuse of terminology, we often denote by the same symbol a class of objects and the full subcategory with these objects.)

2. Comparing internal and external saturation

2.1. Theorem. If a class S of morphisms in a category is internally saturated, then it is externally saturated.

Proof. If S is internally saturated, then S = S?? = S(D_K ), as pointed out in (1.3). Hence, by Proposition 1.1, S is externally saturated.

The converse of Theorem 2.1 does not hold, as the following two examples illustrate.

2.2. Example. Let A be the category of Abelian groups and T : A → A the functor taking each object of A to its torsion subgroup. Then S(T ) is externally saturated but not internally saturated. Indeed, consider the zero morphism z: Z → 0, which satisfies {z}? = {0} and therefore {z}?? is the class of all morphisms in A. Since z is in S(T ), we have {z}?? ⊆ S(T )??, so S(T )?? is the class of all morphisms in A, which is strictly larger than S(T ).

2.3. Example. Let C be the multiplicative monoid of the integers Z, viewed as a category with a single object. Let p be any prime, and Let Z_{(p)} denote the multiplicative monoid of the rationals whose denominator is not divisible by p in their reduced form. Then Z_{(p)} is isomorphic to the category of fractions C[S�^1], where S is the set of integers not divisible by p. Thus, S is externally saturated. However, S is not internally saturated. In fact, any category with a single object has only two internally saturated classes of morphisms; namely, the class of all morphisms and the class of the invertible morphisms.

Although they do not coincide in general, the two saturations are related as follows. This result implies of course Theorem 2.1.

2.4. Theorem. Let S be any class of morphisms in a category C. Then

(a) S ⊆ Ŝ ⊆ S??;

(b) (Ŝ)? = S?.

Proof. Let K denote the full embedding S? → C. The canonical functor D_K : C → Sh_K renders all the morphisms in S invertible, and hence it factors through the canonical functor F_S: C → C[S�^1]. This implies that S(F_S) ⊆ S(D_K), so part (a) follows from (1.2) and (1.3). Then we also obtain S??? ⊆ (Ŝ)? ⊆ S?, and, since S??? = S?, we infer (b).

In some cases, the two concepts of saturation coincide. The following situation is especially relevant.

2.5. Theorem. If a functor F has a right adjoint, then S(F ) is both internally and externally saturated.

Proof. If G is right adjoint to F , then [2, Lemma 1.2] and [2, Theorem 1.3] say that S(F ) = S(GF ) = D(G)?, where D(G) denotes the class of objects which are isomorphic to GX for some X. Hence, S(F ) is internally saturated, and it is also externally saturated by Proposition 1.1.

Recall from [10, Ch. VI] that, if (T, η, μ) is any monad (also called a triple), then T = GF for some pair of adjoint functors G, F , which are not uniquely determined in general. By [2, Theorem 1.3], we then have S(T ) = S(F ). Therefore, we obtain the following.

2.6. Corollary. If (T, η, μ) is any monad, then S(T ) is both internally and externally saturated.

This applies e.g. to the case when F is a localization; that is, F : C → D is left adjoint to the embedding K of some full subcategory D into C. The functor T = KF is then part of an idempotent monad. The class S(F ) admits a calculus of left fractions and the canonical functor from C to C[S(F )�^1] has a right adjoint. Moreover, the category of fractions C[S(F )�^1], the shape category Sh_K, and the Kleisli category of KF are isomorphic, and they are equivalent to D; see [5, § 2], [6, Corollary 2.3], and [9, I.4].

References

[1] C. Casacuberta and A. Frei, Localizations as idempotent approximations to completions, J. Pure Appl. Algebra 142 (1999), 25–33.

[2] C. Casacuberta, A. Frei, and G. C. Tan, Extending localization functors, J. Pure Appl. Algebra

103 (1995), 149–165.

[3] C. Casacuberta, G. Peschke, and M. Pfenniger, On orthogonal pairs in categories and localisation, in: Adams Memorial Symposium on Algebraic Topology, vol. 1, London Math. Soc. Lecture Note Ser. 175, Cambridge University Press, Cambridge, 1992, 211–223.

[4] A. Deleanu, A. Frei, and P. Hilton, Generalized Adams completion, Cahiers Topologie Géom.

Différentielle 15 (1974), 61–82.

[5] A. Deleanu, A. Frei, and P. Hilton, Idempotent triples and completion, Math. Z. 143 (1975), 91–104.

[6] A. Frei, On completion and shape, Bol. Soc. Brasil. Mat. 5 (1974), 147–159.

[7] A. Frei, On categorical shape theory, Cahiers Topologie Géom. Différentielle 17 (1976), 261–294.

[8] P. J. Freyd and G. M. Kelly, Categories of continuous functors (I), J. Pure Appl. Algebra 2 (1972), 169–191.

[9] P. Gabriel and M. Zisman, Calculus of Fractions and Homotopy Theory, Ergeb. Math. Grenzgeb.

Band 35, Springer-Verlag, Berlin Heidelberg New York, 1967.

[10] S. Mac Lane, Categories for the Working Mathematician, Graduate Texts in Math. vol. 5, Springer- Verlag, New York, 1971.

Universitat Autònoma de Barcelona, E–08193 Bellaterra, Spain and Università della Svizzera Italiana, Via Ospedale 13, CH–6900 Lugano, Switzerland Email: casac@mat.uab.es and Armin.Frei@lu.unisi.ch

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/7/n4/n4.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and LATEX is the

preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to

tac@mta.ca to receive details by e-mail.

Editorial board.

John Baez, University of California, Riverside: baez@math.ucr.edu Michael Barr, McGill University: barr@barrs.org Lawrence Breen, Université Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: carboni@fis.unico.it P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Andrew Pitts, University of Cambridge: Andrew.Pitts@cl.cam.ac.uk Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: walters@fis.unico.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca