Theory and Applications of Categories, Vol. 7, No. 5, 2000, pp. 47–70.

FACTORIZATION SYSTEMS FOR SYMMETRIC CAT-GROUPS

S. KASANGIAN AND E.M. VITALE

Transmitted by Walter Tholen

ABSTRACT. This paper is a first step in the study of symmetric cat-groups as the 2-dimensional analogue of abelian groups. We show that a morphism of symmetric catgroups can be factorized as an essentially surjective functor followed by a full and faithful one, as well as a full and essentially surjective functor followed by a faithful one. Both these factorizations give rise to a factorization system, in a suitable 2-categorical sense, in the 2-category of symmetric cat-groups. An application to exact sequences is given.

Introduction

A cat-group is a monoidal groupoid in which each object is invertible, up to isomorphisms, with respect to the tensor product [7, 10, 16, 24]. Cat-groups are a useful tool for ring theory, group cohomology and algebraic topology (for example, small and strict cat-groups correspond to crossed modules) [2, 5, 6, 13, 15, 21, 22, 25]. Symmetric cat-groups, together with symmetric monoidal functors and monoidal natural transformations, constitute a 2- category which can be seen as a 2-dimensional analogue of the category of abelian groups. Several algebraic problems can be considered in this setting, and some of them, especially the study of exact sequences and of extensions, lead in a natural way to the search for convenient classes of surjections and injections between cat-groups. The aim of this note is to discuss two different factorization systems for symmetric cat-groups. The problem of factorizing a (monoidal) functor has been discussed, from different points of view, also in [1, 8, 18, 19, 20].

After recalling some preliminary facts on cat-groups (section 1), in section 2 we show how to factorize a morphism of symmetric cat-groups. The idea is quite simple : in any abelian category, a morphism can be factorized through the kernel of its cokernel or through the cokernel of its kernel, and these two factorizations are essentially the same. But this is a gift of the one-dimensional (abelian) world ! Since we have the appropriate notion of kernel and cokernel for symmetric cat-groups, we can do the same with a morphism between symmetric cat-groups, and we obtain two different factorizations. In section 3 we develop a little bit of the theory of factorization systems in a 2-category and finally, in section 4, we prove that both factorizations constructed in section 2 give rise to factorization systems. In the last section we use our results to discuss the notion of 2-exact sequence of cat-groups. This notion has been introduced in [24] in order to study the Brauer and Picard cat-groups of a commutative ring.

Received by the editors 2000 January 10 and, in revised form, 2000 March 24. Published on 2000 April 3.

2000 Mathematics Subject Classification: 18A32, 18D05, 18D10, 18G99, 20L05. Key words and phrases: Cat-groups, factorization systems in a 2-category.

cfl S. Kasangian and E.M. Vitale, 2000. Permission to copy for private use granted. 47

The reason why the two factorizations obtained in section 2 are different is a quite surprising fact, explained in detail in section 5 : in the 2-category of symmetric cat-groups, we can give a suitable definition of mono, epi, kernel and cokernel. As expected in the 2-dimensional analogue of the category of abelian groups, each epi is a cokernel and each mono is a kernel, but in general cokernels fail to be epis and kernels fail to be monos.

Acknowledgment: We would like to thank W. Tholen and the referee for some useful comments and suggestions. We especially thank the referee for having suggested to us a link with homotopical algebra. This link is probably deeper and more interesting than the few lines at the end of section 1 show.

1. Categorical groups

We start recalling some basic facts about cat-groups.

1.1. Definition. A (symmetric) cat-group G is a (symmetric) monoidal groupoid G =

(G , ⊗, I, . . . ) such that for each object A there exists an object A^∗ and an arrow η_A : I → A ⊗ A^∗. The asymmetry in the previous definition is only apparent, in fact we have the following

1.2. Proposition. Let G be a cat-group ; for each object A it is possible to find a morphism ϵ_A : A^∗ ⊗ A → I such that D = (A^∗ ⊣ A, η_A, ϵ_A) is a duality in G . The choice, for each A, of such a duality induces a monoidal equivalence

( )^∗ : G^{op} → G .

One of the main tools of this paper is the cokernel of a morphism of cat-groups. Since we have an explicit description of it only in the case of symmetric cat-groups, from now on we limit our attention to symmetric cat-groups. We denote by SCG the 2-category having symmetric cat-groups as objects, monoidal functors preserving the symmetry as arrows, and monoidal natural transformations as 2-cells. Observe that in this 2-category, 2-cells are invertible. We use the same name, SCG, for the category obtained from the previous 2-category forgetting 2-cells. We write H(SCG) for the category with the same objects as SCG, but with 2-isomorphism classes of morphisms as arrows. There is an obvious functor H : SCG → H(SCG) . If G is a symmetric cat-group, π_0(G ) is the (possibly large) set of isomorphism classes

of objects of G , and π_1(G ) = G (I, I) is the set of endomorphisms of the unit object. Both π_0(G ) and π_1(G ) are abelian groups and give rise to two functors π_0 : SCG → Ab , π_1 : SCG → Ab

(where Ab is the category of abelian groups) which factor through H.

If G is an abelian group, D(G) is the discrete symmetric cat-group with the elements of G as objects, and G! is the symmetric cat-group with a single object and with the elements of G as arrows. In this way we obtain two functors D : Ab → SCG , ! : Ab → SCG which are full and faithful, as well as their composite with H. Moreover, the following adjunctions hold :

! · H ⊣ π_1 , π_0 ⊣ D · H ⊣ π_0 .

More precisely, for each symmetric cat-group G we have

- a full and faithful morphism π_1(G )! → G which is an equivalence iff π_0(G ) = 0 ; - a full and essentially surjective morphism G → D(π_0(G )) which is an equivalence iff π_1(G ) = 0 .

Let F : G → H be a morphism of symmetric cat-groups. From [24] we recall an explicit description of its kernel and its cokernel.

Kernel: the kernel of F is given by a symmetric cat-group KerF, a morphism e_F : KerF

→ G , and a 2-cell λ_F : e_F · F ⇒ 0 (where 0 : KerF → H is the zero-morphism, i.e. the

functor which sends each arrow of KerF to the identity of the unit object of H ) :

- the objects of KerF are pairs (X, λ_X ) where X is an object of G and λ_X : F (X) → I is an arrow of H ;

- an arrow f : (X, λ_X ) → (Y, λ_Y ) in KerF is an arrow f : X → Y in G such that F (X)^{F (f)} // λ_X ””D

   DDD

 DD

DDD

F (Y ) λ_Y ˝˝zz zz

  zz

   zz

I commutes;

- the functor e_F forgets the arrow λ_X of (X, λ_X ); - the component at (X, λ_X ) of λ_F is given by λ_X .

Cokernel: the cokernel of F is given by a symmetric cat-group CokerF, a morphism P_F : H → CokerF, and a 2-cell π_F : F · P_F ⇒ 0 :

- the objects of CokerF are those of H ;

- an arrow [f, N] : X • // Y in CokerF is a class of equivalence of pair (f, N) with N an object of G and f : X → Y ⊗F (N) an arrow of H ; two pairs (f, N) and (g, M) are equivalent if there exists an arrow α : N → M in G such that X f yyttt ttt

  ttt

     t

g %%KK

     KKK

  KKK

KK

Y ⊗ F (N)_{1⊗F (α)} // Y ⊗ F (M)

commutes;

- the functor P_F sends an arrow X → Y of H to [X → Y ≃ Y ⊗ I ≃ Y ⊗ F (I), I] : X • // Y ;

- if N is an object of G , the component at N of π_F is [F (N) → I ⊗ F (N), N] : F (N) • // I . The kernel and the cokernel are special instances of bilimits (see [17]) and are determined, up to monoidal equivalences, by their universal property, which is discussed in detail in [24]. In section 2 we use the explicit description of the kernel and of the cokernel, but in section 4 we essentially use their universal property. For this we recall here the universal property of the kernel (that of the cokernel is dual). For any morphism

G : K → G and for any 2-cell φ : G · F ⇒ 0, there exists a morphism G^′ : K → KerF and

a 2-cell φ^′ : G^′ · e_F ⇒ G such that the following diagram commutes G^′ · e_F · F^{G′·λF} +3 φ^′·F ff´ G^′ · 0 ff´ G · F_φ +3 0

If moreover (G^{′′}, φ^{′′}) satisfies the same condition as (G^′, φ^′), then there exists a unique 2-cell ψ : G^{′′} ⇒ G^′ such that G

G^{′′} · e_F φ^{′′} 7?w

     ww
   ww
  ww
w

      ww
    ww
   ww
 ww

ψ·e_F +3 G^′ · e_F φ^′ ˙g FF

 FF
   FF
    FF

FF
  FF
   FF
     FF

commutes.

We list here some facts we will use later.

1.3. Proposition. Let F : G → H be a morphism of symmetric cat-groups;

1) π_0(KerF ) and π_1(CokerF ) are isomorphic groups;

2) the functor e_F is faithful; it is full iff π_1(H ) = 0;

3) the functor P_F is essentially surjective; it is full iff π_0(G ) = 0;

4) the factorization of π_1(e_F ) through the kernel of π_1(F ) is an isomorphism;

5) the factorization of π_0(P_F ) through the cokernel of π_0(F ) is an isomorphism;

6) F is faithful iff π_1(F ) is injective iff π_1(KerF ) = 0;

7) F is essentially surjective iff π_0(F ) is surjective iff π_0(CokerF ) = 0;

8) F is full iff π_0(F ) is injective and π_1(F ) is surjective iff π_0(KerF ) = 0 iff π_1(CokerF ) = 0; 9) F is an equivalence iff π_0(F ) and π_1(F ) are isomorphisms iff KerF and CokerF are equivalent to the cat-group with a single arrow.

To end this section, let us establish a link with homotopical algebra. The cat-group KerF just described satisfies also the following strict universal property (and a dual one is satisfied by CokerF ) : given a morphism G : K → G and a 2-cell φ : G · F ⇒ 0, there exists a unique morphism G^′ : K → KerF such that G^′ · e_F = G. In other words, KerF is also a standard homotopy kernel, or homotopy fibre, and CokerF is also a standard homotopy cokernel, or mapping cone (and they are determined up to isomorphisms by these universal properties), while the more general universal properties we are considering can be viewed as providing a “general” homotopy kernel or cokernel, determined up to equivalences, consistently with Mather’s original definition for topological spaces [14]. M. Grandis has developed in [9] an axiomatic for homotopical algebra based on homotopy kernels and cokernels. Following his approach, the discrete cat-groups

D(π_1(G )) = Ker(1 → G )

(1 is the cat-group with a single arrow) is the object of loops Ω(G ), so that π_1(G ) = π_0(Ω(G )). Moreover, the cat group

π_0(G )! = Coker(G → 1)

is the suspension Σ(G ), so that π_0(G ) = π_1(Σ(G )). Finally, the morphisms π_1(G )! → G

and G → D(π_0(G )) are precisely the counit and the unit of the adjunction Σ ⊣ Ω; this

adjunction is a straightforward consequence of the strict universal properties defining these functors.

2. Factorizations of a morphism

In this section we construct two factorizations of a morphism of symmetric cat-groups. Anticipating what will be explained in section 5, we can think of the first factorization as a (epi, regular mono) factorization and of the second one as a (regular epi, mono) factorization.

First factorization: let F : G → H be a morphism of symmetric cat-groups. Consider its cokernel P_F : H → CokerF and the kernel of P_F , which we call image, j_F : ImF → H . The universal property of ImF gives us a morphism F̂ : G → ImF and a 2-cell F̂ ·j_F ⇒ F. Moreover, it is possible to choose (in a unique way) the morphism F̂ so that the 2-cell is the identity. In other words, the following is a commutative diagram in SCG

G^{F //}

F̂ ””E

     EE

   EE

  EE

E H

ImF j_F ¡¡y

     yy
   yy
  yy
y

2.1. Proposition. With the above notations,

1) the functor j_F is faithful;

2) the functor F̂ is full and essentially surjective.

Proof. 1) j_F is a kernel, so it is faithful by point 2 of Proposition 1.3. 2) Explicitly, an object in ImF is a class of triples (X, f, N) with X an object of H , N an object of G and f : X → F (N); we identify (X, f, N) with (X, f^′, N^′) if there exists α : N → N^′ such that X f ——yy yy

 yy

   yy f ′

””F

     FF

   FF

  FF

F

F (N)_{F (α)} // F (N^′)

commutes. An arrow λ : [X, f, N] • // [Y, g, M] is an arrow λ : X → Y such that there exists an arrow l : N → M making commutative the diagram X^λ // f fflffl Y g fflffl F (N)_{F (l)} // F (M)

The functor F̂ : G → ImF sends μ : A → B into F (μ) : [F (A), 1_{F (A)}, A] • // [F (B), 1_{F (B)}, B] .

• F̂ is essentially surjective: let [X, f, N] be an object of ImF, then f : [X, f, N] • // F̂(N) is an arrow in ImF because X^f // f fflffl F (N) 1_F (_N) fflffl F (N)_{F (1N )}// F (N) commutes.

• F̂ is full: let A, B be in G and consider an arrow λ : F̂(A) • // F̂(B) in ImF. This means that λ : F (A) → F (B) is an arrow in H and there exists l : A → B in G such that F (A)^λ //

1_F (_A) fflffl F (B) 1_F (_B) fflffl F (A)_{F (l)} // F (B)

commutes. And then λ = F̂ (l) in ImF.

2.2. Corollary. Let F : G → H be a morphism of symmetric cat-groups; the following conditions are equivalent:

1) F is a kernel, that is there exists a morphism G : H → K such that F ·G is isomorphic to the zero-morphism and the induced morphism G → KerG is an equivalence;

2) F is the kernel of its cokernel, that is F̂ is an equivalence;

3) F is faithful.

Proof. If F is faithful, then F̂ is faithful and then it is an equivalence. The implications 2) ⇒ 1) ⇒ 3) are obvious.

Second factorization: let F : G → H be a morphism of symmetric cat-groups. Consider its kernel e_F : KerF → G and the cokernel of e_F , which we call coimage, F^′ : G → CoimF. As for the first factorization, the universal property of CoimF gives us a morphism i_F : CoimF → H making commutative the following diagram

G^{F //}

F^′ $$HH

    HH

  HHH

HH H

CoimF i_F ::vv

    vvv
  vv
vv

2.3. Proposition. With the above notations,

1) the functor F^′ is essentially surjective;

2) the functor i_F is full and faithful.

Proof. 1) F^′ is a cokernel, so it is essentially surjective by point 3) of Proposition 1.3. 2) Objects of CoimF are those of G . An arrow [f, N, λ_N ] : X • // Y in CoimF is a class of triple (f, N, λ_N ) with N in G , λ_N : F (N) → I and f : X → Y ⊗ N; we identify (f, N, λ_N ) with (g, M, λ_M ) if there exists α : N → M such that X f ––www www

  www g

##HH

     HHH

  HHH

H

Y ⊗ N_{1⊗α} // Y ⊗ M and F (N)^{F (α)} // λ_N ””D

   DDD

 DD

DDD

F (M) λ_M ——yyy yy

 yyy

   y

I commute. The functor i_F sends [f, N, λ_N ] : X • // Y into

F (X)^{F (f)} // F (Y ⊗ N) ≃ F (Y ) ⊗ F (N)^{1⊗λN}// F (Y ) ⊗ I ≃ F (Y ).

• i_F is faithful : consider two parallel arrows in CoimF, [f, N, λ_N ], [g, M, λ_M ] : X • // Y and suppose i_F [f, N, λ_N ] = i_F [g, M, λ_M ]. Using f : X → Y ⊗ N and g : X → Y ⊗ M, we obtain β = f^{−1} · g : Y ⊗ N → Y ⊗ M and α : N ≃ I ⊗ N^ϵ −1 Y ⊗1// Y^∗ ⊗ Y ⊗ N^β // Y^∗ ⊗ Y ⊗ M^{ϵY ⊗1} // I ⊗ M ≃ M It remains to check the two conditions on α :

- the first one, that is the equation f · (1 ⊗ α) = g, becomes β = 1 ⊗ α, which follows from a diagram chase ;

- as far as the second one is concerned, consider the following diagram F (Y ⊗ N)

F (1⊗α) fflffl

// F (Y ) ⊗ F (N)

1⊗F (α) fflffl

1⊗λ_N // F (Y ) ⊗ I

1 fflffl

%%KK

     KKK

  KKK

KK

F (X) F (f) 88rr

     rrr
  rrr
rr

F (g) &&LLL

     LLL

  LLL

L F (Y )

F (Y ⊗ M) // F (Y ) ⊗ F (M)_{1⊗λM} // F (Y ) ⊗ I

99ss

     sss
  sss
ss

The left-hand triangle commutes because f · (1 ⊗ α) = g, the first square commutes because F is monoidal, and the hypothesis i_F [f, N, λ_N ] = i_F [g, M, λ_M ] precisely means that the outer diagram is commutative. Since all the arrows are isomorphisms, it follows that the second square is commutative. Finally, this commutativity implies the second condition on α, that is F (α) · λ_M = λ_N , because F (Y ) is invertible, so that tensoring with F (Y ) is an autoequivalence of H .

• i_F is full : recall that we have a natural transformation

π_{eF} : e_F · F^′ ⇒ 0

and that F^′ is the identity on objects. Consider two objects X, Y in CoimF and an arrow h : i_F (X) = F (X) → F (Y ) = i_F (Y ) in H . We can build up an object (Y^∗ ⊗ X, λ) of KerF with λ defined by

λ : F (Y^∗ ⊗ X) ≃ F (Y^∗) ⊗ F (X)^{1⊗h} // F (Y^∗) ⊗ F (Y ) ≃

≃ F (Y^∗ ⊗ Y )^{F (ϵY )} // F (I) ≃ I

Using the component at (Y^∗ ⊗ X, λ) of the transformation π_{eF} , we obtain the following arrow in CoimF k : X^• // I ⊗ X^• // Y ⊗ Y^∗ ⊗ X^{•1⊗πeF (Y} ∗⊗X,λ) // Y ⊗ I^• // Y.

Finally, using the triangular identities of the duality (Y^∗ ⊣ Y, η_Y , ϵ_Y ), one checks that i_F (k) = h.

2.4. Corollary. Let F : G → H be a morphism of symmetric cat-groups; the following conditions are equivalent:

1) F is a cokernel;

2) F is the cokernel of its kernel; 3) F is essentially surjective.

Proof. If F is essentially surjective, then i_F is an equivalence.

3. Factorization systems in a 2-category

The notion of factorization system in a category is a well-established one. To give its natural 2-categorical version, and to prove some elementary facts, we closely follow the review of factorization systems given in [3] (see also [12]).

In this section, C is a 2-category with invertible 2-cells. Given two arrows f : A → B and g : C → D, we say that f has the fill-in property with respect to g, in symbols f ↓ g, if for each pair of arrows u : A → C, v : B → D and for each 2-cell φ : f · v ⇒ u · g A^f // u fflffl B v fflffl φ z� ~~

  ~~

   ~~

    ~
~~

 ~~

   ~~

    ~

C_g // D there exists an arrow w : B → C and two 2-cells α : f · w ⇒ u , β : w · g ⇒ v such that the following diagram commutes f · w · g^{f ·β} +3 α·g !)J

     JJJ

  JJJ

JJ
     JJJ

   JJJ

 JJJ

f · v φ w¨ ww

  www

    www
www

  www

    ww

u · g (we say that (α, w, β) is a fill-in for (u, φ, v)); moreover, if (α^′, w^′, β^′) is another fill-in for (u, φ, v), then there exists a unique ψ : w ⇒ w^′ such that f · w^{f ·ψ} +3 α Œ&D

   DD

  DDD

DD
    DD

  DDD

DDD

f · w^′ α^′ x� yy

  yyy

    yyy
yyy

  yyy

    yy

u and w · g^{ψ·g} +3

β Æ%D

    DD

   DD

 DD

D
     DD

   DD

  DD

DD

w^′ · g β^′ x� yy

  yy

   yyy

     y
yy

 yyy

   yyy

v commute. (See [4] for an interpretation of this conditions in terms of bilimits.) If H is a class of arrows of C, we use the following notations : H^↓ = {g s.t. h ↓ g for each h in H} H^↑ = {f s.t. f ↓ h for each h in H} Clearly, if H_1 ⊂ H_2 then H^↓_1 ⊃ H^↓_2 and H^↑_1 ⊃ H^↑_2 3.1. Definition. A factorization system (E, M) in C is given by two classes E and M of arrows in C such that :

1) E and M contain equivalences and are closed under composition with equivalences ; 2) E and M are stable under 2-cells (this means that if e is in E and there is a 2-cell e^′ ⇒ e, then also e^′ is in E, and the same holds for M) ;

3) for each arrow f of C, there exist e ∈ E , m ∈ M and a 2-cell φ I m ØØ?

    ??

  ??

 ??

?

φ ff´ A e ??Γ

   ΓΓ
 ΓΓ
ΓΓ

f // B (we say that (e, φ, m) is a (E, M)-factorization for f) ;

4) for each e ∈ E and for each m ∈ M, one has e ↓ m. 3.2. Proposition. Let (E, M) be a factorization system in C ;

1) if f is in E and in M, then f is an equivalence ; 2) E = M^↑ and M = E^↓ ;

3) E and M are closed under composition ;

4) E is stable under bi-pushout and M is stable under bi-pullback ; 5) if (E^′, M^′) is another factorization system in C, then E ⊂ E^′ iff M ⊃ M^′.

Proof. The proof is a quite long but essentially straightforward 2-categorical version of that of the corresponding 1-categorical properties. To give the flavor of the proof, we check that M^↑ is closed under composition. Consider the following diagram

A^f // u fflffl B^g // C v fflffl φ s– nnn

   nnn

     nnn

        nnn

           nn
nnn

   nnn

     nnn

        nnn

          nn

D_m // E with f, g ∈ M^↑ and m ∈ M. Since f ↓ m, there exists a fill-in (α, w, β) for (u, φ, g · v). Since g ↓ m, there exists a fill-in (ϵ, z, μ) for (w, β^{−1}, v). In this way we obtain a fill-in ( f · g · z^{f ·ϵ} +3 f · w^α +3 u , z, μ) for (u, φ, v). Now suppose that (η, z, μ) is another fill-in for (u, φ, v). This implies that (η, g · z, g · μ) is a fill-in for (u, φ, g · v), so that there exists a unique ψ : w ⇒ g · z such that the following diagrams commute f · w^{f ·ψ} +3 α Œ&D

    DD

   DDD

 DD
     DD

   DDD

 DD

D f · g · z

η w¨ ww

  ww

   ww

     ww
ww

  ww

   ww

     ww

u w · m^{ψ·m} +3 β (H

     HHH

  HHH

HH
     HHH

   HHH

 HHH

g · z · m g·μ u˝ ttt

  ttt

     ttt
ttt

  ttt

     ttt

g · v This implies that (ψ^{−1}, z, μ) is a fill-in for (w, β^{−1}, v), so that there exists a unique σ : z ⇒ z such that the following diagrams commute g · z^{g·σ} +3 ϵ Œ&D

    DD

   DD

 DD

D
     DD

   DD

  DD

DD

g · z ψ^−1

x� zz

  zz

   zz

     z
zz

  zz

   zz

     z

w z · m^{σ·m} +3 μ Œ&E

    EE

   EE

 EE

E
     EE

   EE

  EE

EE z · m

μ x� yy

  yy

   yyy

     y
yy

 yy

   yy

    yy

v and then commutes also f · g · z^{f ·g·σ} +3 f ·ϵ ff´ f · g · z η ff´ f · w_α +3 u It remains to check that if σ^′ : z ⇒ z is another 2-cell making commutative f · g · z^{f ·g·σ′} +3 f ·ϵ ff´ f · g · z η ff´ f · w_α +3 u z · m^{σ′·m} +3 μ Œ&E

    EE

   EE

 EE

E
     EE

   EE

  EE

EE z · m

μ x� yy

  yy

   yy

     yy
yy

 yyy

    yy

     y

v then σ = σ^′. For this, it suffices to prove the commutativity of g · z^{g·σ′} +3 ϵ Œ&D

    DD

   DD

 DD

D
     DD

   DD

  DD

DD

g · z ψ^−1

x� zz

  zz

   zz

     z
zz

  zz

   zz

     z

w that is to prove that w^{ϵ−1} +3 g · z^{g·σ′} +3 g · z satisfies the conditions which characterize ψ. The first one coincides with the first assumption on σ^′, the second one follows from the fact that (ϵ, z, μ) is a fill-in for (w, β^{−1}, v).

We leave it as an exercise for the reader to formulate the correct notion of functoriality and uniqueness for the (E, M)-factorization. To end this section, observe that in general a factorization system in C does not induce a factorization system (in the usual sense) neither in the underlying category of C, nor in the homotopy category of C.

4. Factorization systems in SCG

In this section we show that the factorizations of a morphism between symmetric catgroups constructed in section 2 satisfy the axioms introduced in section 3.

First factorization: we need two simple lemmas. 4.1. Lemma. Consider the following morphisms in SCG

L^{G //} K^{K //}_H // H

and assume that G is full and essentially surjective ; for each 2-cell μ : G · K ⇒ G · H there exists a unique 2-cell μ : K ⇒ H such that G · μ = μ.

Proof. Let X be an object of K and choose an object A_X in L and a morphism x : X → G(A_X ) ; we can put

μ_X : K(X)^{K(x)} // K(G(A_X ))^{μAX} // H(G(A_X ))^{H(x−1)} // H(X)

This definition does not depend on the choice of A_X and x because G is full: if x^′ : X → G(A^′_X ) is another choice, there exists a z : A_X → A^′_X such that G(z) = x^{−1} · x^′; now the naturality of μ implies that K(x) · μ_{AX} · H(x^{−1}) = K(x^′) · μ_A′_X · H(x^{′−1}). In particular, if X = G(A), we can choose A_X = A and x = 1_A, so that μ_{G(A)} = μ_A, that is G·μ = μ. Now let f : X → Y be a morphism in K and choose x : X → G(A_X ) , y : Y → G(A_Y ). Once again, the fullness of G gives us a morphism φ : A_X → A_Y such that G(φ) = x^{−1} · f · y. The following diagram commutes in each part, so that μ is natural

K(X)^{K(x)} // K(f) fflffl K(G(A_X ))^{μAX} // K(G(φ)) fflffl H(G(A_X ))^{K(x−1)} // H(G(φ)) fflffl H(X) H(f) fflffl K(Y )_{K(y)} // K(G(A_Y ))_{μAY} // H(G(A_Y ))_{H(y−1)}// H(Y )

As far as the uniqueness of μ is concerned, observe that its naturality implies the commutativity of

K(X)^{μX} // K(x) fflffl H(X) H(x) fflffl K(G(A_X ))_{μG(AX )}// H(G(A_X ))

so that the condition G · μ = μ forces our definition of μ. Finally, it is easy to check that if μ is monoidal, then also μ is monoidal.

4.2. Lemma. Consider three morphisms H, K and F in SCG and the kernel of F, as in the diagram G λ_F ff´ F ØØ@

   @@

 @@

@@

L^{K //}_H // KerF e_F ;;ww

    www
  www
w

0 // H

let ρ : K · e_F ⇒ H · e_F be a 2-cell in SCG such that K · e_F · F^{ρ·F} +3 K·λ_F ff´ H · e_F · F H·λ_F ff´ K · 0 +3 H · 0

commutes. There exists a unique 2-cell ρ: K ⇒ H such that ρ · e_F = ρ. Proof. It suffices to check the particular case where H = 0, and this case follows easily from the universal property of the kernel.

4.3. Proposition. Consider the following classes of morphisms in SCG :

E_1 = full and essentially surjective morphisms ;

M_1 = faithful morphisms.

(E_1, M_1) is a factorization system in the sense of Definition 3.1.

Proof. Clearly, E_1 and M_1 contain equivalences, are closed under composition with equivalences and are stable under 2-cells. The existence of an (E_1, M_1)-factorization has been proved in Proposition 2.1, so that it remains to prove the fill-in condition. For this, consider G : L → K in E_1 and let

G_F ØØ@

   @@

 @@

@@

λ_F ff´ KerF e_F ;;ww

    www
  www
w

0 // H

be the kernel of a morphism F. We start showing that G ↓ e_F . Consider two morphisms

U : L → KerF , V : K → G and a 2-cell φ : G · V ⇒ U · e_F . We obtain a new 2-cell μ : G · V · F^{φ·F} +3 U · e_F · F^{U ·λF} +3 U · 0 +3 G · 0 and, by Lemma 4.1, there exists a unique 2-cell μ : V · F ⇒ 0 such that G · μ = μ. Now the universal property of the kernel gives us a morphism W : K → KerF and a 2-cell β : W · e_F ⇒ V such that W · e_F · F^{β·eF} +3 W ·λ_F ff´ V · F μ ff´ W · 0 +3 0 commutes. We obtain a 2-cell ρ : G · W · e_F^{G·β} +3 G · V^φ +3 U · e_F making commutative the following diagram G · W · e_F · F^{ρ·F} +3 G·W ·λ_F ff´ U · e_F · F U ·λ_F ff´ G · W · 0 +3 U · 0 By Lemma 4.2, there exists a unique 2-cell ρ: G · W ⇒ U such that ρ · e_F = ρ. This means that (ρ, W, β) is a fill-in for (U, φ, V ). Suppose now that (α, W , β) is another fill-in for (U, φ, V ). The condition to be a fill-in implies the commutativity of G · W · e_F · F^{G·β·F}+3 G·W ·λ_F ff´ G · V · F G·μ ff´ G · W · 0 +3 G · 0 By Lemma 4.1, this implies the commutativity of W · e_F · F^{β·F} +3 W ·λ_F ff´ V · F μ ff´ W · 0 +3 0 so that, by the universal property of the kernel, there exists a unique ψ : W ⇒ W such that W · e_F^{ψ·eF} +3 β Ø’F

    FFF

  FFF

FF
     FFF

   FFF

FFF

W · e_F β x� xx

  xx

   xx

     xx
xx

 xx

   xx

    xx

U commutes. It remains only to check the commutativity of G · W^{G·ψ} +3 ρ Œ&F

     FF

   FF

  FF

F
     FF

    FF

  FF

FF G · W

α x� xx

  xx

   xx

     xx
xx

 xx

   xx

    xx

U and to do this we use once again the universal property of the kernel. Consider the 2-cell U · e_F · F^{U ·λF} +3 U · 0 +3 0 ;

it factors through the kernel of F in two ways : the obvious one, that is (U, U · e_F ), but also (G · W, ρ · e_F ). By the universal property, there exists a unique σ : G · W ⇒ U such that G · W · e_F^{σ·eF} +3 ρ·e_F ”*MMM

     MMM

   MMM

M

       MMM

     MMM

  MMM

M U · e_F

U ·e_F v~ ttt

  ttt

     ttt
ttt

  ttt

    ttt

U · e_F commutes. Clearly, we can take ρ as σ, but also G · W^{G·ψ} +3 G · W^α +3 U can be taken as σ. By uniqueness of σ, we have finished.

Now we turn to the general case. Let G be in E_1 and F in M_1 ; we have to prove that G ↓ F. For this we consider the factorization of F

G^{F //}

F̂ ””E

     EE

   EE

  EE

E H

ImF j_F ¡¡y

     yy
   yy
  yy
y

By Proposition 2.1, F̂ is an equivalence. By a general argument (see [11]) we can choose a quasi-inverse F : ImF → G and two natural transformations ϵ : F̂ ·F ⇒ Id , η : Id ⇒ F ·F̂ in such a way that (F , F̂ , η, ϵ) is an adjoint equivalence in SCG. By the first part of the proof, we have G ↓ j_F ; it is now straightforward, even if quite long, to prove G ↓ F.

Second factorization: as for the first factorization, we need two preliminary lemmas.

4.4. Lemma. Consider the following morphisms in SCG

H^{K //}_H // K^{G //} L

and assume that G is full and faithful ; for each 2-cell μ : K · G ⇒ H · G there exists a unique 2-cell μ : K ⇒ H such that μ · G = μ.

Proof. For each object A in H , there exists a unique μ_A : K(A) → H(A) such that G(μ_A) = μ_A. The naturality of μ as well as its uniqueness follows from the faithfulness of G. It is easy to check that if μ is monoidal, then also μ is monoidal.

4.5. Lemma. Consider three morphisms H, K and F in SCG and the cokernel of F, as in the diagram H π_F ff´ P_F $$II

    III

  III

II

G F ??~

   ~~
 ~~
~~

0 // CokerF^K // H // L

let ρ : P_F · K ⇒ P_F · H be a 2-cell in SCG such that F · P_F · K^{F ·ρ} +3 π_F ·K ff´ F · P_F · H π_F ·H ff´ 0 · K +3 0 · H commutes. There exists a unique 2-cell ρ: K ⇒ H such that P_F · ρ = ρ. 4.6. Proposition. Consider the following classes of morphisms in SCG :

E_2 = essentially surjective morphisms ; M_2 = full and faithful morphisms.

(E_2, M_2) is a factorization system in the sense of Definition 3.1.

Proof. The proof follows the same lines as the proof of Proposition 4.3. Once again, it is easier to start showing that, if G is in M_2 and F is any morphism, then P_F ↓ G. The general case follows from this using that, by Proposition 2.3, the morphism i_F in the second factorization of F

G^{F //}

F^′ $$HH

    HHH

  HH

HH H

CoimF i_F ::vv

    vv
  vvv
vv

is an equivalence if F is essentially surjective.

5. More on morphisms in SCG

In this section we want to invert Lemma 4.1 and Lemma 4.4.

5.1. Lemma. Let F : G → H be a morphism in SCG ; the following conditions are equivalent :

1) F is faithful ;

2) for each symmetric cat-group K, the functor induced by F − · F : SCG(K, G ) → SCG(K, H ) is faithful ;

3) given two morphisms K, H : L → G and a 2-cell ρ : K · F ⇒ H · F such that K · F · P_F^{ρ·PF} +3 K·π_F ff´ H · F · P_F H·π_F ff´ K · 0 +3 H · 0 commutes, then there exists a unique 2-cell ρ : K ⇒ H such that ρ · F = ρ.

Proof. 1) ⇒ 2) : This follows from Lemma 4.2 because, by Corollary 2.2, F is the kernel of P_F .

3) ⇒ 2) : If ρ is of the form α · F for a 2-cell α : H ⇒ H, then the condition on ρ holds and then β · F = ρ = α · F implies β = ρ = α.

2) ⇒ 1) : Consider the abelian group Zand take K = Z!, so that − · F becomes π_1(F ). Now − · F faithful means π_1(F ) injective, so that F is faithful by point 6) in Proposition 1.3.

5.2. Proposition. Let F : G → H be a morphism in SCG ; the following conditions are equivalent :

1) F is full and faithful ;

2) for each symmetric cat-group K, the functor induced by F − · F : SCG(K, G ) → SCG(K, H ) is full and faithful ;

Proof. 1) ⇒ 2) : This is exactly Lemma 4.4.

2) ⇒ 1) : By Lemma 5.1, we already know that F is faithful. Now take K = D(Z), and the fullness of − · F means that F is full.

5.3. Proposition. Let G : L → K be a morphism in SCG ; the following conditions are equivalent :

1) G is full and essentially surjective ;

2) for each symmetric cat-group H , the functor induced by G G · − : SCG(K, H ) → SCG(L, H ) is full and faithful ;

Proof. 1) ⇒ 2) : This is exactly Lemma 4.1.

2) ⇒ 1) : Consider the class E^′_1 of the morphisms which satisfy condition 2). Since E_1 ⊂ E^′_1 (because 1) ⇒ 2)), each morphism in SCG has a (E^′_1, M_1)-factorization. Moreover, clearly E^′_1 contains equivalences, it is closed under composition with equivalences and it is stable under 2-cells. To prove that E_1 = E^′_1, it remains to show that, for each G in E^′_1 and for each F in M_1, one has G ↓ F. But this is exactly what we have done in the proof of Proposition 4.3.

Let us close this section with a point of terminology. In view of Proposition 5.2, it is reasonable to call “monomorphism” a full and faithful morphism (and, dually, “epimorphism” a full and essentially surjective morphism). This is because in any 2-category C with invertible 2-cells, the following conditions on an arrow f : A → B are equivalent :

i) for each object C of C, the functor − · f : C(C, A) → C(C, B) is full and faithful ;

ii) the diagram

A^{1A} //

1_A fflffl A f fflffl f –� ~~

  ~~

   ~~

    ~

~~

 ~~

   ~~

    ~

A_f // B

is a bi-pullback ;

iii) there exist two morphisms f_0, f_1 : P → A and a 2-cell φ : f_0 ⇒ f_1 such that the diagram

P^{f0} // f1 fflffl A f fflffl φ·f –� ~~

  ~~

   ~~

    ~

~~

 ~~

   ~~

    ~

A_f // B

is a bi-pullback.

In the introduction, we say that SCG can be seen as the 2-dimensional analogue of the category of abelian groups. The results stated in this paper follow this idea, and in fact cokernels coincide with strong epis (= morphisms orthogonal to monos) and kernels coincide with strong monos (= morphisms orthogonal to epis), each morphism can be factorized as an epi followed by a kernel or as a cokernel followed by a mono, each mono is a kernel and each epi is a cokernel. The surprise is that in this 2-dimensional world a kernel fails to be a mono and a cokernel fails to be an epi (the failure being measured respectively by π_1 and π_0).

6. Exact sequences

In order to study some classical exact sequences of abelian groups associated with a morphism of commutative unital rings, in [24] the notion of 2-exact sequence of symmetric cat-groups has been introduced.

For a sequence of morphisms of abelian groups, the notion of exactness can be stated in several equivalent ways, and this is a relevant fact to make exact sequences easy to use. We want to show here that the same can be done in the framework of symmetric cat-groups, but using in the appropriate way both the factorizations we have.

We need some preliminary constructions. Consider two morphisms in SCG together with their factorizations as in the following diagram

KerG^0 // e_G ##F

    FFF

  FFF

FF CoimG

G^′ $$II

    III

  III

II

g ff´ A^{F //}

F̂ ##F

    FFF

  FFF

FF B_G^{//}

P_F $$II

    III

  III

II

λ_{PF} ff´

Pe_G ::uu

    uuu
  uuu
uu πe_G KS C ImF e_{PF} ;;xx

    xxx
 xx
xx f KS

0 // CokerF with the following commutative diagrams F̂ · e_{PF} · P_F^{f ·PF} +3 F̂ ·λ_{PF} ff´ F · P_F π_F ff´ F̂ · 0 +3 0 e_G · P_{eG} · G^{′ eG·g} +3 πe_G ·G^′ ff´ e_G · G λ_G ff´ 0 · G^′ +3 0

Now fix a 2-cell φ : F · G ⇒ 0 and consider the factorizations given by the universal properties of KerG and CokerF A^{0 //}

F ØØ?

   ??

 ??

?? CokerF_~

G $$II

    III

  III

II

φ̃ ff´ B π_F KS

G // P_F ::uu

    uuu
  uuu
uu

C A^{F //}

F ##FF

    FFF

 FF

FF B_G

ØØ?

   ??

 ??

??

λ_G ff´ KerG φ KS

0 // e_G ;;xx

    xx
  xxx
xx

C with the following commutative diagram F · e_G · G^{φ·G} +3 F ·λ_G ff´ F · G φ ff´ F · P_F · G̃ F ·φ̃ ks π_F ·G̃ ff´ F · 0 +3 0 0 · G̃ ks Consider the 2-cell

β : F̂ · e_{PF} · G^{f ·G} +3 F · G^φ +3 0 +3 F̂ · 0 ;

since F̂ is full and essentially surjective, by Lemma 4.1 there exists a unique α : e_{PF} ·G ⇒ 0 such that F̂ · α = β. The universal property of KerG gives us a factorization KerG_e G ##FF

    FF

  FFF

FF

μ ff´ ImF P 99tt

     ttt
  ttt
t

e_{PF} // B

such that the following diagram commutes P · e_G · G^{μ·G} +3 P ·λ_G ff´ e_{PF} · G α ff´ P · 0 +3 0 Since the diagram F̂ · P · e_G · G^{F̂ ·μ·G}+3 F̂ ·P ·λ_G ff´ F̂ · e_{PF} · G^{f ·G} +3 F · G φ ff´ F̂ · P · 0 +3 0 commutes, the universal property of KerG gives a unique 2-cell ν : F ⇒ F̂ · P such that the following diagram commutes F · e_G φ ff´

ν·e_G +3^ F · P · e_G F̂ ·μ ff´ F F̂ · e_{PF} f ks Analogously, start with the 2-cell δ : F · P_{eG} · G^{′ F ·g} +3 F · G^φ +3 0 +3 0 · G^′ ;

since G^′ is full and faithful, by Lemma 4.4 there exists a unique γ : F · P_{eG} ⇒ 0 such that γ · G^′ = δ. The universal property of CokerF gives a factorization CokerF_Q &&NN

     NNN

   NNN

NN

θ ff´ B P_F ::uu

    uuu
  uuu
uu

Pe_G // CoimG with the commutative diagram F · P_F · Q π_F ·Q ff´

F ·θ +3 F · P e_G γ ff´ 0 · Q +3 0 Furthermore, the universal property of CokerF gives a unique η : G̃ ⇒ Q · G^′ with the commutative diagram P_F · G̃ φ̃ ff´

P_F ·η +3 P_F · Q · G^′ θ·G^′ ff´ G Pe_G · G^′ g ks

Finally, consider the 2-cell x : F̂ · e_{PF} · P_{eG}^{f ·PeG} +3 F · Pe_G^γ +3 0 +3 F̂ · 0 ; since F̂ is full and essentially surjective, there exists a unique u : e_{PF} · P_{eG} ⇒ 0 such that F̂ · u = x. In the same way, consider

y : e_{PF} · P_{eG} · G^{′ ePF ·g} +3 e_{PF} · G^α +3 0 +3 0 · G^′ ;

since G^′ is full and faithful, there exists a unique v : e_{PF} · P_{eG} ⇒ 0 such that v · G^′ = y. 6.1. Lemma. With the previous notations, u = v.

Proof. Since F̂ is full and essentially surjective and G^′ is full and faithful, by Lemmas 4.1 and 4.4 it is enough to check that F̂ · u · G^′ = F̂ · v · G^′. This easily follows from the previous commutative diagrams.

6.2. Proposition. With the previous notations, the following conditions are equivalent : 1) F : A → KerG is full and essentially surjective ;

2) P : ImF → KerG is an equivalence ;

3) Q : CokerF → CoimG is an equivalence ;

4) Ĝ : CokerF → C is full and faithful.

Proof. 1) ⇒ 2) : Using μ : P · e_G ⇒ e_{PF} , we can deduce the faithfulness of P from that of e_{PF} . Using ν : F ⇒ F̂ · P, we can deduce the essential surjectivity of P from that of F , and the fullness of P from the fact that F is full and F̂ is essentially surjective. 2) ⇒ 1) : Since F̂ is full and essentially surjective, if P is an equivalence, then the composite F̂ · P is full and essentially surjective. But then also F is full and essentially surjective because of ν : F ⇒ F̂ · P.

In a similar way, one can prove the equivalence of conditions 3) and 4). 3) ⇒ 4) : Consider the following diagram in SCG KerP_F^{ePF} // P fflffl B Id_B fflffl

P_F // CokerF Q fflffl KerG^{eG} // fflffl B^{PeG //} G $$II

       III

     III

  III

I Coker(e_G)

KerP_{eG} e_{PeG} ;;xx

    xxx
  xxx
xx

C since e_G is faithful, by Corollary 2.2 we know that the comparison KerG → KerP_{eG} is an equivalence. Now if Q is an equivalence, also P is an equivalence. 2) ⇒ 3) : Similar to 3) ⇒ 2), but using Corollary 2.4.

6.3. Definition. A sequence in SCG B φ ff´ G ØØ?

   ??

 ??

??

A F ??¨

   ¨¨
 ¨¨
¨¨

0 // C

is 2-exact if it satisfies one of the equivalent conditions of the previous proposition.

Observe that the first condition in Proposition 6.2 is the definition of 2-exact sequence used in [24].

6.4. Proposition. (with the previous notations) Consider the following sequences in SCG B φ ff´ G ØØ?

   ??

 ??

??

A F ??¨

   ¨¨
 ¨¨
¨¨

0 // C B u=v ff´ Pe_G $$HH

     HH

   HH

  HH

H

ImF e_{PF} ¡¡y

    yyy
  yyy
yy

0 // CoimG B α ff´ G ØØ?

   ??

 ??

??

ImF e_{PF} ¡¡yy

    yyy
  yyy
y

0 // C B γ ff´ Pe_G $$HH

     HH

   HH

  HH

H

A F ??¨

   ¨¨
 ¨¨
¨¨

0 // CoimG The following conditions are equivalent :

1) the sequence (F, φ, G) is 2-exact ;

2) the sequence (e_{PF} , α, G) is 2-exact ;

3) the sequence (F, γ, P_{eG} ) is 2-exact ;

4) the sequence (e_{PF} , u = v, P_{eG}) is 2-exact.

Proof. 1) ⇐⇒ 2) : Same argument as in 1) ⇐⇒ 2) of Proposition 6.2, because P is always faithful.

1) ⇐⇒ 3) : Same argument as in 3) ⇐⇒ 4) of Proposition 6.2.

1) ⇐⇒ 4) : Come back to the diagram in the proof of Proposition 6.2 and consider the factorization H : KerP_F → KerP_{eG} of e_{PF} through e_{PeG} . We have: (F, φ, G) is 2- exact iff P is full and essentially surjective iff H is full and essentially surjective (because KerG → KerP_{eG} is an equivalence) iff (e_{PF} , u, P_{eG} ) is 2-exact.

References

[1] D. Bourn, The shift functor and the comprehensive factorization for internal groupoids, Cahiers Topologie Géométrie Différentielle 28 (1987) 197-226.

[2] L. Breen, Théorie de Schreier supérieure, Ann. scient. Ec. Norm. Sup. 25 (1992) 465-514.

[3] A. Carboni, G. Janelidze, G.M. Kelly, R. Pare, On localization and stabilization for factorization systems, Appl. Categ. Struct. 5 (1997) 1-58.

[4] A. Carboni, S. Johnson, R. Street, D. Verity, Modulated bicategories, J. Pure Appl.

Algebra 94 (1994) 229-282.

[5] P. Carrasco, A.M. Cegarra, (Braided) tensor structures on homotopy groupoids and nerves of (braided) categorical groups, Communications in Algebra 24 (1996) 3995- 4058.

[6] P. Carrasco, A.M. Cegarra, Schreier theory for central extensions of categorical groups, Communications in Algebra 24 (1996) 4059-4112.

[7] A. Frohlich, C.T.C. Wall, Graded monoidal categories, Compositio Mathematica 28 (1974) 229-285.

[8] A.R. Garzon, J.G. Miranda, Homotopy theory for (braided) cat-groups, Cahiers Topologie Géométrie Différentielle Catégoriques 38 (1997) 99-139.

[9] M. Grandis, Homotopical algebra in homotopical categories, Appl. Categ. Struct. 2 (1994) 351-406.

[10] A. Joyal, R. Street, Braided tensor categories, Advances in Mathematics 102 (1993) 20-78.

[11] G.M. Kelly, R. Street, Review of the elements of 2-categories, Lecture Notes Math.

420 (1974) 5-103.

[12] M. Korostenski, W. Tholen, Factorization systems as Eilenberg-Moore algebras, J.

Pure Appl. Algebra 85 (1993) 57-72.

[13] J.-L. Loday, Spaces with finitely many non-trivial homotopy groups, J. Pure Applied Algebra 24 (1982) 179-202.

[14] M. Mather, Pull-backs in homotopy theory, Can. J. Math. 28 (1976) 225-263.

[15] T. Porter, Crossed modules, crossed n-cubes and simplicial groups, Bull. Soc. Math.

Belg. 41 (1989) 393-415.

[16] H.X. Sinh, Gr-catégories, Thèse de Doctorat d’Etat, Université Paris VII (1975).

[17] R. Street, Fibrations in bicategories, Cahiers Topologie Géométrie Différentielle 21 (1980) 111-160.

[18] R. Street, Two-dimensional sheaf theory, J. Pure Appl. Algebra 23 (1982) 251-270.

[19] R. Street, Characterization of bicategories of stacks, Lect. Notes Math. 962 (1982) 282-291.

[20] R. Street, R.F.C. Walters, The comprehensive factorization of a functor, Bull. Am.

Math. Soc. 79 (1973) 936-941.

[21] M. Takeuchi, On Villamayor and Zelinsky’s long exact sequence, Memoirs Am. Math.

Soc. 249 (1981).

[22] O.E. Villamayor, D. Zelinsky, Brauer groups and Amitsur cohomology for general commutative ring extensions, J. Pure Applied Algebra 10 (1977) 19-55.

[23] E.M. Vitale, The Brauer and Brauer-Taylor groups of a symmetric monoidal category, Cahiers Topologie Géométrie Différentielle Catégoriques 37 (1996) 91-122.

[24] E.M. Vitale, A Picard-Brauer exact sequence of categorical groups, submitted.

[25] E.M. Vitale, On the categorical structure of H^2, submitted.

Dipartimento di Matematica, Università di Milano, Via Cesare Saldini 50, 20133 Milano, Italy and Département de Mathématique, Université catholique de Louvain, Chemin du Cyclotron 2, 1348 Louvain-la-Neuve, Belgium Email: Stefano.Kasangian@mat.unimi.it and vitale@agel.ucl.ac.be

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/7/n5/n5.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and LATEX is the

preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to

tac@mta.ca to receive details by e-mail.

Editorial board.

John Baez, University of California, Riverside: baez@math.ucr.edu Michael Barr, McGill University: barr@barrs.org Lawrence Breen, Université Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: carboni@fis.unico.it P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Andrew Pitts, University of Cambridge: Andrew.Pitts@cl.cam.ac.uk Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: walters@fis.unico.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca