Theory and Applications of Categories, Vol. 7, No. 6, 2000, pp. 71–147.

BALANCED COALGEBROIDS

PADDY MCCRUDDEN

Transmitted by L. Breen

ABSTRACT. A balanced coalgebroid is a V^{op}-category with extra structure ensuring that its category of representations is a balanced monoidal category. We show, in a sense to be made precise, that a balanced structure on a coalgebroid may be reconstructed from the corresponding structure on its category of representations. This includes the reconstruction of dual quasi-bialgebras, quasi-triangular dual quasi-bialgebras, and balanced quasi-triangular dual quasi-bialgebras; the latter of which is a quantum group when equipped with a compatible antipode. As an application we construct a balanced coalgebroid whose category of representations is equivalent to the symmetric monoidal category of chain complexes. The appendix provides the definitions of a braided monoidal bicategory and sylleptic monoidal bicategory.

Contents

1 Introduction 71 2 Pseudomonoids 76 3 Braided pseudomonoids 84 4 Symmetric pseudomonoids 89 5 Balanced pseudomonoids 91 6 Monoidally bi-fully-faithful homomorphisms 94 7 The symmetric monoidal 2-category V-Act 99 8 Gray-limits and symmetric monoidal 2-categories 112 9 The weak monoidal 2-functor Comod 119 10 Reconstruction of balanced coalgebroids 127 11 An example 129 A Braided monoidal bicategories 133 B Sylleptic monoidal bicategories 143

1. Introduction

This article is the sequel to [McC99b] and reports on the results of the author’s doctoral thesis [McC99a].

The classification and reconstruction of mathematical objects from their representations is a broad and significant field of mathematics. For example, a locally compact abelian group can be reconstructed from its character group, and this is the subject of

The author acknowledges the support of the Australian Postgraduate Award and the Mathematics department of McGill University.

Received by the editors 2000 January 7 and, in revised form, 2000 April 10. Published on 2000 June 8.

2000 Mathematics Subject Classification: 18D20, 18D05, 16W50, 81R50.

Key words and phrases: Symmetric monoidal bicategories, balanced V^{op}-categories, coalgebras, quantum groups.

cfl Paddy McCrudden, 2000. Permission to copy for private use granted. 71

Pontrjagin duality. Tannaka duality shows that a compact group can be reconstructed from its continuous representations in the category of finite dimensional, complex vector spaces. See [Che46] and [JS91] for a good exposition of Pontrjagin and Tannaka duality. Morita theory shows that a commutative ring is determined up to Morita equivalence by its category of modules; see for example [DI71]. More generally, an algebraic theory in the sense of Lawvere may be reconstructed from its semantics [Law63], and this is the subject of the celebrated theory of structure and semantics.

This article studies the reconstruction of balanced coalgebroids. A balanced coalgebroid equipped with a compatible antipode is a quantum opgroupoid [DS97] which generalizes the quantum groups of [Dri87]. The reconstruction theorem presented in this article includes the reconstruction of dual quasi-bialgebras, quasi-triangular dual quasi-bialgebras, and balanced quasi-triangular dual quasi-bialgebras, and improves on a number of results on the reconstruction of such objects; see for example [HO97, JS91, Maj92, Maj93, Par81, Par96, Sch92b, Sch92a].

The approach to the reconstruction of balanced coalgebroids taken in [McC99b] and in this article parallels the approach to the reconstruction of coalgebras, bialgebras, cobraided bialgebras and balanced bialgebras taken in Tannaka duality. The theorems of the latter may be loosely divided into three areas: the reconstruction of coalgebras from their categories of representations; the characterization of those categories which are equivalent to the category of representations of some coalgebra; and the reconstruction of extra structure on a coalgebra from the corresponding extra structure on its category of representations. We will discuss these aspects in turn.

For a coalgebra C in the category of vector spaces, a representation of C, or a Ccomodule, is a vector space M equipped with a coassociative, counital coaction δ : M → M ⊗ C. There is a category Comod(C) of representations of C, and a small category Comod_f (C) of finite dimensional representations of C, which has a forgetful functor ω : Comod_f (C) → Vect_f into the category Vect_f of finite dimensional vector spaces. Conversely, given a small category C equipped with a functor σ : C → Vect_f , one may form the coalgebra End^∨(σ) in the category of vector spaces [JS91, Section 3]. A fundamental result [JS91, Section 6, Proposition 5] of Tannaka duality is that when σ is the forgetful functor ω : Comod_f (C) → Vect_f , the coalgebra End^∨(ω) is canonically isomorphic to C, and this has been called the reconstruction theorem.

As coalgebras and their representations have been studied in categories more general than the category of vector spaces, variants of the reconstruction theorem have been considered for coalgebras in an arbitrary cocomplete braided monoidal category V. In this more general case, a coalgebra cannot be reconstructed from its ordinary category of representations equipped with its forgetful functor, and so a more sensitive theory must be employed. Indeed, Pareigis [Par96] uses the theory of V-actegories to facilitate reconstruction. If C is a coalgebra in V, M is a C-comodule and V is an object of V, then the arrow V ⊗ δ : V ⊗ M → V ⊗ M ⊗ C equips V ⊗ M with the structure of a C-comodule. This is the value at the object (V, M) of a functor ⊗ : V × Comod(C) → Comod(C) which is associative and unital up to coherent isomorphism. A category equipped with such an action is called a V-actegory, and is an object of a 2-category V-Act. Arrows of V-Act are called morphisms of V-actegories, and the forgetful functor ω : Comod(C) → V is an example of such. Conversely, given a morphism of V-actegories σ : C → V, there is a coalgebra coend_V (σ) in V, existing if a certain smallness condition is satisfied. As in the case of the preceding paragraph, when σ is the forgetful functor ω : Comod(C) → V, the coalgebra coend_V (ω) is canonically isomorphic to C [Par96, Corollary 4.3]. Similar results may be found in [Sch92b, Sch92a, Maj92].

Another generalization of the reconstruction theorem considers the several-object case. A one-object category is just a monoid and so one sometimes speaks loosely of categories as being several-object monoids. One may thus ask what should be several-object coalgebras; several possible definitions have been given in [DS97, CF94, BM94]. Day and Street [DS97] define a several-object coalgebra in V to be a V^{op}-enriched category, and indeed a V^{op}- category with exactly one object is a coalgebra in V. The category of representations Comod(C) of a V^{op}-category C is also defined there, agreeing with the usual category of representations of a coalgebra in the one-object case. There is a family of forgetful functors ω_c : Comod(C) → V indexed by the objects of C. It is observed in [McC99b] that as in the case for coalgebras, the category Comod(C) is a V-actegory and the forgetful functors are morphisms of V-actegories. Conversely, given a V-actegory A and a family of morphisms of V-actegories σ_x : A → V, there is a V^{op}-category E(σ), existing if a certain smallness condition is satisfied, and when the family σ_x is the family of forgetful functors ω_c : Comod(C) → V, the V^{op}-category E(ω) is canonically isomorphic to C [McC99b, Proposition 4.7]. Other results on the reconstruction of V^{op}-categories may be found in [DS97, Section 9].

We now recall results on the characterization of those categories which are equivalent to the category of representations of some coalgebra. If C is a small category and σ : C → Vect_f is a functor, then there is a canonical factorization of σ as a functor η : C → Comod_f (End^∨(σ)) followed by the forgetful functor Comod_f (End^∨(σ)) → Vect_f . Joyal and Street [JS91, Section 7, Theorem 3] show that η is an equivalence if and only if C is an abelian category and σ is an exact and faithful functor, and this has been called the representation theorem.

A several-object variant of the representation theorem is considered in [McC99b]. If A is a V-actegory and σ_x : A → V is a family of morphisms of V-actegories, then there is a canonical morphism of V-actegories η : A → Comod(E(σ)). Then η is an equivalence if and only if each σ_x has a right adjoint in the 2-category V-Act, the underlying category of A has a certain class of limits, and each functor σ_x preserves and reflects these limits [McC99b, Theorem 5.11, Corollary 5.16].

We now recall results on the reconstruction of extra structure on a coalgebra from the corresponding extra structure on its category of representations. A bialgebra is a coalgebra C in the category of vector spaces equipped with coalgebra morphisms μ : C ⊗C → C and η : C → C that make the underlying vector space of C into an algebra. If C is a bialgebra, then it is well-known that Comod_f (C) is a monoidal category and the forgetful functor is a strong monoidal functor. In detail, if M and N are finite dimensional C-comodules then, using the string calculus of [JS93], the arrow

/.-,

()*+δ /.-,

()*+δ

M N

/.-,

()*+μ M N C ¨¨¨ ¨¨ ¨¨ ??? @ ?? ?? ?? ? @ ??? CD ¨ ?

equips M ⊗ N with the structure of a C-comodule. Similarly, the unit η : C → C equips the vector space C with a C-coaction. Joyal and Street [JS91, Section 8] show the converse is also true; that is, if σ : C → Vect_f is a strong monoidal functor out of a small monoidal category, then End^∨(σ) is canonically a bialgebra. This procedure induces a bijection between bialgebra structures on a coalgebra C, and those monoidal structures on Comod_f (C) for which the forgetful functor is strong monoidal.

If C is a bialgebra, then a cobraiding for C is a linear map R : C ⊗ C → C satisfying various axioms. If C is a bialgebra equipped with a cobraiding then Comod_f (C) becomes a braided monoidal category: the braiding at a pair of finite dimensional C-comodules M and N is given by the following string diagram.

/.-,

()*+δ /.-,

()*+δ

/.-,

()*+R

N M

M N

¨¨ ¨¨ ¨¨ ¨ ??? @ ??? D ??? @ ?? ?? ?? ?

G

C ¨¨ ¨¨¨ ¨¨ ¨

CD ¨ ?

@ ???

Again the converse is true, and there is a bijection between cobraidings on C and braidings on the monoidal category Comod_f (C) [JS91, Section 10, Propostion 3].

Majid [Maj92] considers a variant of the above reconstruction of extra structure motivated by the theory of quantum groups. A dual quasi-bialgebra is a coalgebra C in the category of vector spaces, equipped with arrows μ : C ⊗ C → C and η : C → C, along with an arrow Φ : C ⊗ C ⊗ C → C , called the Drinfeld associator, satisfying seven axioms; notably, μ is not associative. If C is a dual quasi-bialgebra then Comod_f (C) is a monoidal category, however, the forgetful functor is a multiplicative functor rather than a strong monoidal functor. Majid also shows that the converse is true, so concluding that there is a bijection between dual quasi-bialgebra structures on a coalgebra C and those monoidal structures on Comod_f (C) for which the forgetful functor is multiplicative [Maj92, Theorem 2.8].

This article examines the reconstruction of certain extra structures on a V^{op}-category from the corresponding extra structures on its category of representations. These structures are called pseudomonoidal, braided pseudomonoidal and balanced pseudomonoidal structures, and the reconstruction theorem given includes the reconstruction of dual-quasi bialgebras, quasi-triangular dual-quasi bialgebras, and balanced dual-quasi bialgebras.

We proceed as follows. In Section 2, the definition of a pseudomonoid in a monoidal 2-category is given. A pseudomonoid monoidal 2-category Comon(V) of comonoids in V is a dual quasi-bialgebra, and a pseudomonoid in the monoidal 2-category Cat/V of categories over V is a monoidal category equipped with a multiplicative functor. Other examples of pseudomonoids include bialgebras, quasi bialgebras, pseudomonads multiplicative functors and of course monoidal categories. For a monoidal 2-category K, there is a 2-category PsMon(K) of pseudomonoids in K and a forgetful 2-functor U : PsMon(K) → K. If F : K → L is a weak monoidal 2-functor, then there is an induced 2-functor PsMon(F ) : PsMon(K) → PsMon(L) and the following diagram commutes.

PsMon(K) U fflffl

PsMon(F ) //

PsMon(L) U fflffl K_F // L (1)

For example, there is a weak monoidal 2-functor Comod_f : Comon(V) → Cat/Vect_f whose value on a comonoid C is its category of finite dimensional representations Comod_f (C) equipped with the forgetful functor ω : Comod_f (C) → Vect_f [Str89]. The commutativity of (1) then states that if a comonoid C is equipped with the structure of a dual quasibialgebra, then Comod_f (C) is canonically a monoidal category and the forgetful functor is multiplicative. This article addresses the converse of this statement.

In Sections 3, 4 and 5, the definitions of braided pseudomonoid, symmetric pseudomonoid, and balanced pseudomonoid are given. These notions include, among others, that of a braided monoidal category, a symmetric monoidal category, a quasi-triangular quasi-bialgebra, and a quasi-triangular dual quasi-bialgebra. A balanced pseudomonoid in V^{op}-Cat^{op} equipped with an antipode satisfying one axiom is a quantum opgroupoid [DS97], generalizing the quantum groups of [Dri87].

In Section 6, monoidally bi-fully-faithful weak monoidal 2-functors are defined, and it is shown that if F : K → L is such a 2-functor, then (1) is a bi-pullback in the 2-category of 2-categories, 2-functors and 2-natural transformations. This makes precise the idea that there is a bijection between pseudomonoid structures on an object A of K and on the object F A of L.

Section 7 provides a novel example of a symmetric monoidal 2-category: V-Act. Section 8 shows that the 2-category V-Act//V studied in [McC99b] is also a symmetric monoidal 2-category. In Section 9, we recall the 2-functor Comod : V^{op}-Cat → V-Act//V described in [McC99b] whose value on a V^{op}-category is its category of representations. We then show that this 2-functor may be equipped with the structure of a symmetric weak monoidal 2-functor. We show in Section 10 that it is monoidally bi-fully-faithful which allows us to conclude that the following diagram is a bi-pullback in the 2-category of 2-categories, 2-functors and 2-natural transformations.

PsMon(V^{op}-Cat^{op}) U fflffl

PsMon(Comod) //

PsMon(V-Act//V) U fflffl V^{op}-Cat^{op}_{Comod} // V-Act//V

Similarly, the diagram

BalPsMon(V^{op}-Cat^{op}) U fflffl

BalPsMon(Comod) //

BalPsMon(V-Act//V) U fflffl V^{op}-Cat^{op}_{Comod} // V-Act//V

is a bi-pullback, and this implies that balanced pseudomonoidal structures on a V^{op}- category are characterized by balanced pseudomonoidal structures on its category of representations. This allows us to construct a balanced coalgebra in Section 11 whose category of representations is equivalent to the symmetric monoidal category of chain complexes. This coalgebra was first described in [Par81].

There are two appendices to this article; the first defines braided monoidal bicategories and the second defines sylleptic monoidal bicategories.

Ordinary and enriched category theory are assumed throughout this article; as usual, [Mac71] and [Kel82] are references for these subjects respectively. Familiarity with 2- dimensional algebra is assumed and the reader may wish to consult [Bén67] or [KS74] for general theory on this subject; in particular we shall use the theory of mates [KS74]. We use the string calculus of [JS93], and the definition of a monoidal bicategory [GPS95]. The approach taken, and terminology used in this article follows [DS97] and [McC99b], the latter being heavily drawn upon.

The author thanks R. Street for his mathematical advice and inspiration, and thanks S. Lack for his patience and advice. Thanks is also due to C. Butz, G. Katis, C. Hermida and M. Weber.

2. Pseudomonoids

In this section the definition of a pseudomonoid in a monoidal 2-category is provided. This definition mildly generalizes that of a pseudomonoid in a Gray-monoid [DS97, Section 3] and may be considered a categorification [BD98] of the definition of a monoid in a monoidal category. Motivating examples are provided.

Recall that a monoidal bicategory is a tricategory [GPS95, Section 2.2] with exactly one object and that a monoidal 2-category is a monoidal bicategory whose underlying bicategory is a 2-category [GPS95, Section 2.6]. A monoidal bicategory (K, ⊗, I, a, l, r, π, ν, λ, ρ) will be denoted simply by K; this notation is that of [GPS95, Section 2.2], except that we denote the invertible modification μ of [GPS95, Section 2.2] by ν. We shall often write ⊗ as juxtaposition without comment, and leave unlabelled the 2-cells expressing the pseudonaturality of a, l and r. We shall restrict our attention to monoidal 2-categories, rather than the more general monoidal bicategories, although the latter are monoidally biequivalent to the former [GPS95, Section 3.7]. If K is a monoidal 2-category then the 2- categories K^{op}, K^{co} and K^{rev}, obtained by reversing 1-cells, 2-cells and the tensor product respectively, are monoidal 2-categories in a canonical manner.

We now recall some well-known examples of monoidal 2-categories. A 2-category is called locally discrete if its only 2-cells are identities, and thus may be identified with a category. It is easy to see that a monoidal 2-category whose underlying 2-category is locally discrete may be identified with a monoidal category. A Gray-monoid [DS97, Section 1] may be considered to be a monoidal 2-category, and in fact every monoidal 2-category is biequivalent to a Gray-monoid [GPS95, Section 8.1]; indeed this is the coherence theorem for tricategories in the one-object case. For a 2-category K, the 2- category [K, K] of 2-functors, pseudonatural transformations and modifications from K to K is a Gray-monoid with composition as tensor product, a fortiori, a monoidal 2-category. If a 2-category admits finite products or finite bi-products, then it is a monoidal 2-category in a canonical manner. For a braided monoidal category V, there is a 2-category V-Cat of V-enriched categories and the usual tensor product of V-categories equips V-Cat with the structure of monoidal 2-category [Kel82, Section 1.4]. Of course, the 2-category Cat of categories, functors and natural transformations is a monoidal 2-category by the previous two examples. For a braided monoidal category V, the opposite category V^{op} is a braided monoidal category with the same tensor product and the inverse of the associativity, unit and braiding isomorphisms, and thus the 2-category V^{op}-Cat of V^{op}-enriched categories is a monoidal 2-category. The full sub-2-categories of V-Cat and V^{op}-Cat^{op} consisting of those enriched categories with exactly one object are monoidal 2-categories, and are usually called the monoidal 2-categories of monoids in V and comonoids in V respectively; these shall be denoted by Mon(V) and Comon(V) respectively.

Street uses a monoidal 2-category Cat/V in the analysis of the categories of representations of quantum groups [Str89]. The 2-category Cat/V has objects (A, U) consisting of a category A equipped with a functor U : A → V. A 1-cell (F, φ) : (A, U) → (B, V ) consists of a functor F : A → B and a natural isomorphism φ : V ∘ F ⇒ U, and a 2-cell α : (F, φ) ⇒ (G, ψ) is simply a natural transformation α : F ⇒ G. The evident compositions make Cat/V into a 2-category. Given two objects (A, U) and (B, V ) of Cat/V define an object (A, U) ⊗ (B, V ) of Cat/V to be (A × B, ⊗ ∘ (U × V )) where ⊗ : V × V → V is the tensor product on V. This is the value at the pair ((A, U), (B, V )) of a 2-functor ⊗ : Cat/V × Cat/V → Cat/V. The unit for this tensor product is (1, I) where 1 is the terminal category and I : 1 → V is the functor whose value on the only object of 1 is the unit object I of V. With the evident associativity and unit equivalences, and coherence modifications, Cat/V is a monoidal 2-category. In Section 8 we shall provide a construction for monoidal 2-categories which includes Cat/V as a special case.

For a symmetric monoidal category V, the 2-category V-Act of V-actegories [McC99b,

Section 3] maybe equipped with the structure of a monoidal 2-category. An object A of

V-Act consists of a category A equipped with a functor ⊗ : V ×A → A which is associative and unital up to coherent isomorphism. The tensor product of V-actegories is analogous

to the tensor product of modules over a commutative ring. This example is of pivotal

importance to this article and a complete description is provided in Section 7.

For monoidal 2-categories K and L a weak monoidal homomorphism is a homomor-

phism of bicategories T : K → L equipped with pseudonatural transformations

K^{2 T 2} // ⊗ fflffl L^2 ⊗ fflffl K_T // L

χz� ———— 1 I ¨¨¨¨¨ ¨¨¨ ¨¨ I ØØ¿ ¿¿ ¿¿ ¿¿ K_T // L ι ks

and invertible modifications

L^{3 ⊗1} // L^2_⊗ ØØ? ?? ?? K^3

T^3 ??¨¨¨

¨¨_{⊗1} // 1⊗ ØØ? ??? ? L^{2 T} 2 ??¨ ¨¨ ¨¨ ⊗ ØØ? ?? ?? L

K^2_⊗ // K T ??¨ ¨¨ ¨¨

χ1 œ#? ?? χff´ a–� ¨¨¨¨

L^{3 ⊗1} // 1⊗ ØØ? ??? ? L^2_⊗ ØØ? ?? ?? K^3

T^3 ??¨¨¨ ¨¨

1⊗ ØØ? ??? ? L^2_⊗ // L

K^2_⊗ //

T^2 ??¨ ¨¨¨ ¨ K^T ??¨ ¨¨ ¨¨ a–� ¨¨¨¨ χ œ#? ?? 1χff´ ω˙*4

L^2_⊗ !!C CC CC CC C L I1 ==– –– –– –– – K^2_⊗ !!D DD DDD DD T^2 OO L

K I1 ==z zzz zzz z 1 // T OO K T OO ι1 +3 χ +3 lff´

L^2_⊗ !!D DD DD DD D L I1 ==z zz zzz zz 1 // L K T OO

1 // K T OO lff´ γ ˙*4

L^1 // L K T OO 1 //

1I !!D DDD DDD D K T OO

K^2 ⊗ ==z zz zzz zz rff´

L^1 // 1I !!D DDD DD DD L

K T OO

1I !!C CC CC CC C L^2 ⊗ ==z zz zz zz z K T OO

K^2

T^2 OO ⊗ ==– –– –– –– – rff´ 1ι+3 χ +3 κ ˙*4

subject to two coherence axioms [GPS95, Section 3.1]; this notation is that of [GPS95,

Section 3.1] except the modification δ of [GPS95, Section 3.1] is denoted here by κ. Opweak

monoidal homomorphisms may be similarly defined where the sense of the pseudonatural

transformations χ and ι are reversed. A weak monoidal 2-functor is of course a weak

monoidal homomorphism whose underlying homomorphism is a 2-functor. A monoidal homomorphism is a weak monoidal homomorphism where the pseudonatural transfor-

mations χ and ι are equivalences, and is sometimes referred to as a strong monoidal

homomorphism. Note that if T : K → L is a weak monoidal homomorphism, then its

underlying homomorphism is canonically equipped with the structure of a weak monoidal

homomorphism T^{rev} : K^{rev} → L^{rev}.

If S and T are parallel weak monoidal homomorphisms then a monoidal pseudonatural

transformation θ : S → T consists of a pseudonatural transformation θ : S → T equipped

with invertible modifications

K^2

S^2 ’’ T^2 77 ⊗ fflffl L^2 ⊗ fflffl K T 88 L

θ^2ff´

χff´ K^2

S^2 ’’ ⊗ fflffl L^2 ⊗ fflffl K S && T 88 L θff´ χff´ θ_2 ˙*4

K S ’’ T 77 L

1 I ^^¿¿ ¿¿ ¿¿ ¿¿ I @@� � � � � θff´ ι ff´ K S ’’ L

1 I ^^¿¿ ¿¿ ¿¿ ¿¿ I @@� � � � � ι ff´

θ_0 ˙*4

satisfying three coherence axioms [GPS95, Section 3.3]. A monoidal modification between

parallel monoidal pseudonatural transformations is a modification satisfying two coher-

ence axioms [GPS95, Section 3.3]. With the evident compositions, there is a 2-category

WMon(K, L) whose objects are weak monoidal homomorphisms, whose arrows are mon-

oidal pseudonatural transformations and whose 2-cells are monoidal modifications from K to L. When K and L are Gray-monoids, this 2-category agrees with the 2-category of weak monoidal homomorphisms given in [DS97, Section 1].

The terminal 2-category 1 is a monoidal 2-category in a unique way. For any monoidal

2-category K, define PsMon(K) to be the full sub-2-category of WMon(1, K) whose objects

consist of the weak monoidal 2-functors. An object of PsMon(K) is called a pseudomonoid

in K, and it amounts to an object A of K equipped with arrows μ : A ⊗ A → A and

η : I → A, called the multiplication and unit respectively, and invertible 2-cells, A ⊗ A A (A ⊗ A) ⊗ A

A ⊗ A A ⊗ (A ⊗ A) a ``$ $ $ $ μ⊗1 ;;vv vvv vv μ ##HH HHH HHH

1⊗μ // μ LLæ æ æ æ aff´ A ⊗ A μ fflffl I ⊗ A η⊗1 99tt ttt ttt t

l %%KK KKK KKK KK A

l�ff ffiffi

A^r // 1 fflffl

A ⊗ I A⊗η fflffl A A ⊗ A μ oo r ks

called the associativity, left unit and right unit isomorphisms respectively, such that the

following two equations hold. AA

(AA)A A(AA) (A(AA))A A((AA)A)

A

AA

A(AA) A(A(AA))

(AA)A

((AA)A)A

(AA)(AA)

μ ((RRR

RRRR

RRRR R μ1 OO

a ØØ? ???

1a fflffl

1(μ1) ??¨ ¨¨¨

1(1μ)

66lll llll

μ VV,, ,, ,, ,, ,, ,, ,

1μ

HH` `` `` `` `` `` `

1μ // μ1 66lll

llll ll

(μ1)1 HH` `` `` `` `` `` ` a_1 //

a ¯¯, ,, ,, ,, ,, ,, ,

a ((RRR RRR

(1μ)1 ??¨¨ ¨¨

a ØØ? ???

a1 œ#? ?? ăÆ 222

ff´

1afiˇ !! π–� ¨¨¨¨

AA

A(AA)

(AA)A

AA

A

AA

A(AA) A(A(AA))

(AA)A

((AA)A)A

(AA)(AA)

μ ((RRR

RRRR

RRRR R

1(1μ)

66lll llll

μ VV,, ,, ,, ,, ,, ,, ,

1μ

HH` `` `` `` `` `` ` μ1 66lll

llll ll

(μ1)1 HH` `` `` `` `` `` `

a ¯¯, ,, ,, ,, ,, ,, ,

a ((RRR RRR

a ¯¯, ,, ,, ,, ,, ,, ,

μ(11) HH` `` `` `` `` `` `

1μ 66lll llll ll

(11)μ

66lll llll a ((RRRRRR R

μ1

HH` `` `` `` `` `` `

μ ??¨ ¨¨ ¨¨ ¨¨ ¨ a�` ÆÆ

ff´

ff´ affi¯ %% œ#? ??

AA r1 yysss sss sss s_1

$$HH HHH HHH HH (AI)A a fflffl (1η)1

%%JJ JJJ JJJ J AA

μ

fflffl A(IA) 1 fflffl 1(η1)

%%JJ JJJ JJJ J (AA)A μ1 ;;ww www www w a fflffl A(IA) 1l %%KK KKK KKK KK A(AA) 1μ fflffl A

AA μ ::vv vvv vvv vv rv~ uuuu

ks

l ks aw¨ wwww

AA r1 ––vvv vvv vvv_1

””DD DDD DDD D

1

fflffl

(AI)A a fflffl AA

μ

fflffl A(IA) 1 fflffl A(IA) 1l ##HH HHH HHH H A

AA μ ¡¡z zzz zzz zz

a ks

Note that some canonical invertible 2-cells are omitted; for example, in the top left pentagon of the first diagram of the first axiom, we have written as if ⊗ : K × K → K is a 2-functor. A pseudomonoid is called strict if a, r and l are identity 2-cells, and strict pseudomonoids are also called monoids. A pseudomonoid in the opposite monoidal 2- category K^{op} is called a pseudocomonoid in K and a strict pseudomonoid in K^{op} is called a comonoid in K.

2.1. Example. Bialgebras. A monoid in the monoidal 2-category Comon(V) of comonoids in V is called a bialgebra in V, and it amounts to a 5-tuple (B, δ, ε, μ, η) such that (B, δ, ε) is a comonoid in V, (B, μ, η) is a monoid in V and μ and η are comonoid morphisms. The fact that μ and η are comonoid morphisms is equivalent to the fact that δ and ε are monoid morphisms.

2.2. Example. Quantum matrices. We now provide an example of a bialgebra from the theory of quantum groups; this example is from [Str89]. Let n be a natural number, and q be a non-zero complex number. We shall describe the bialgebra M_q(n) of quantum n×n matrices. Let X = {x_{ij}|i, j = 1, . . . , n} be a set of cardinality n^2, and let A be the free non-symmetric complex algebra generated by X. Let M_q(n) be the quotient algebra of A by the ideal of generated by the following elements. x_{ir}x_{jk} − x_{jk}x_{ir} for i < j and k < r x_{ir}x_{jk} − x_{jk}x_{ir} − (q − q^{−1})x_{ik}x_{jr} for i < j and r < k x_{ik}x_{jk} − qx_{jk}x_{ik} for i < j x_{ir}x_{ir} − qx_{ir}x_{ik} for k < r The algebra M_q(n) becomes a coalgebra when equipped with the comultiplication and counit δ(x_{ij}) = ∑_n r=1 x_{ir} ⊗ x_{rj} ε(x_{ij}) = δ_{ij} respectively, where δ_{ij} denotes the Kronecker delta. The multiplication and unit are coalgebra morphisms, and so M_q(n) is a bialgebra. This bialgebra is called the algebra of quantum matrices. We shall see in Example 5.1 that M_q(n) may be equipped with the structure of a balanced coalgebra.

2.3. Example. Quasi-bialgebras. Drinfeld [Dri87, Dri89] defines a quasi-bialgebra to be an algebra A in the symmetric monoidal category of vector spaces equipped with arrows δ : A → A ⊗ A and ε : A → C , along with an arrow Φ : C → A, called the Drinfeld coassociator, satisfying seven axioms; notably, δ is not coassociative. A quasi-bialgebra is precisely a pseudocomonoid in the monoidal 2-category Mon(Vect) such that the left and right unit isomorphisms are identities.

Dually, Majid [Maj92] defines dual quasi-bialgebras, and these are precisely pseudomonoids in the monoidal 2-category Comon(Vect) such that the left and right unit isomorphisms are identities.

2.4. Example. Monoidal categories. A pseudomonoid in the monoidal 2-category Cat is of course a monoidal category. In this context, the second axiom is sometimes called Mac Lane’s Pentagon [Mac71, Chapter VII]. We now provide an example of a monoidal category pertinent to this article. Joyal and Street [JS93] define the braid category B . The objects of B are natural numbers and the hom-sets are given by

B (n, m) = { B_n if m = n; ∅ otherwise,

where B_n is the n-th braid group [Art47]. Composition is given by multiplication in B_n . An element of B_n is called a braid on n strings and may be visualised as an ambient isotopy class of progressive embeddings [0, 1] + · · · + [0, 1] → R^3 with fixed end points. The following diagram is an example of a braid on 5 strings.

G

CD ¨¨ ¨¨

@ ??

G ¨¨ C ¨¨ G ¨¨ C ¨¨

D

?? ?? ?? ?? ?

@G ¨¨ C ¨¨¨

G ¨¨ CD

@ ?? ?? ?? ?? ?? ?

D

@G ?? ??

C ¨¨

Composition may be visualised as putting one braid on top of another. The category B is equipped with a strict monoidal structure ⊕ : B_n × B_m → B_{n+m} given by addition of braids, which may be visualised as placing braids next to each other. 2.5. Example. Multiplicative functors. Majid [Maj92] defines the notion of a multiplicative functor. If W and V are monoidal categories, then a multiplicative functor F : W → V is a functor F : W → V equipped with invertible natural transformations as in the following diagrams.

W^{2 F 2} // ⊗ fflffl V^2 ⊗ fflffl W_F // V

χy� zzzz 1 I ~~~~ ~~~ ~~ ~ I ØØ¿ ¿¿ ¿¿ ¿¿ W_F // V ι ks

These data are not subject to any coherence conditions. The 2-cell ι is required to be the identity in [Maj92]. A pseudomonoid in Cat/V is precisely a monoidal category A equipped with a multiplicative functor U : A → V.

2.6. Example. The unit of a monoidal 2-category. The unit of a monoidal 2-category is a pseudomonoid in a canonical way. The multiplication I ⊗ I → I is the left unit equivalence and the unit I → I is the identity. Of course the multiplication could also be taken to be the pseudoinverse of the right unit equivalence, and these pseudomonoids are isomorphic.

2.7. Example. Pseudomonads. A pseudomonad in a Gray-category T is exactly an object X of T equipped with a pseudomonoid in the monoidal 2-category T (X, X). See [Lac98, Mar97] for theory of pseudomonads.

An arrow of PsMon(K) is called a monoidal morphism. A monoidal morphism from A to B amounts to an arrow f : A → B of K and 2-cells A ⊗ A^{f ⊗f} // μ fflffl B ⊗ B μ fflffl A_f // B

χu˝ ssss I η ¨¨� � � � η ØØ? ??? ??? ? A_f // B ι ks

satisfying three axioms axioms [GPS95, Section 3.3]. A monoidal morphism is said to be strong if χ and ι are invertible, and is said to be strict if χ and ι are the identity 2- cells. A 2-cell of PsMon(K) is called a monoidal transformation between parallel monoidal morphisms is a 2-cell of K satisfying two axioms [GPS95, Section 3.3].

Evaluation at the only object of 1 provides a 2-functor U : PsMon(K) → K called the forgetful 2-functor. If F : K → L is a weak monoidal homomorphism, then there is an evident homomorphism PsMon(F ) : PsMon(K) → PsMon(L) and the following diagram of 2-functors commutes; compare to [DS97, Proposition 5].

PsMon(K) U fflffl

PsMon(F ) //

PsMon(L) U fflffl K_F // L

2.8. Example. Multiplicative functors. Let V be the symmetric monoidal category of vector spaces, and V_f the full subcategory of V consisting of the finite dimensional vector spaces. There is a 2-functor Comod_f : Comon(V) → Cat/V_f whose value on a comonoid C in V is its category of finite dimensional representations Comod_f (C) equipped with the forgetful functor ω : Comod_f (C) → V_f . Street [Str89] equips this 2-functor with the structure of a weak monoidal 2-functor. By Examples 2.3 and 2.5, we obtain the result [Maj92, Theorem 2.2] that if B is a dual quasi-bialgebra then Comod_f (B) is a monoidal category and the forgetful functor ω : Comod_f (B) → V is multiplicative.

Variants of the converse of Example 2.8 has been considered. Let V be the symmetric monoidal category of modules over a commutative ring, and V_f denote the full subcategory of V consisting of the finitely generated, projective modules. For a coalgebra C in V, let Comod_f (C) denote the full subcategory of Comod(C) consisting of those C-comodules whose underlying module is an object of V_f . Majid [Maj92, Theorem 2.2] shows that if C is a small category, and σ : C → V_f is a multiplicative functor, then there is a dual quasi-bialgebra C which is unique with the property that σ factorizes as a monoidal functor C → Comod_f (C) followed by the forgetful functor. Other results may be found in [JS91, Par81, Par96, Sch92b, Sch92a].

The converse of Example 2.8 is not true for an arbitrary braided monoidal category [McC99c, Proposition 2.6] and consideration of this problem is one of the main motivations of this article.

3. Braided pseudomonoids

In this section, the definition of a braided pseudomonoid in a braided monoidal 2-category is provided, generalizing that of a braided pseudomonoid in a braided Gray-monoid [DS97, Section 4]. First, the definition of a braided monoidal 2-category is given, generalizing that of a braided Gray-monoid [KV94, BN96, DS97, Cra98].

Recall that an equivalence in a 2-category K may be replaced with an adjoint equivalence. That is, if f is an equivalence in K then f has a right adjoint g with invertible counit and unit ε and η respectively. Of course, g is also the left adjoint of f with invertible unit and counit ε^{−1} and η^{−1} respectively. We call g the adjoint pseudoinverse of f.

Suppose K is a monoidal 2-category. Let σ : K^2 → K^2 denote the symmetry 2-functor. Let a^∗ be the adjoint pseudoinverse of the associativity equivalence a in the 2-category hom(K^3, K) of homomorphisms, pseudonatural transformations and modifications from K^3 to K. A braiding for K consists of a pseudonatural equivalence

K^{2 ⊗} //

σ !!B BBB BBB B K

K^2 ⊗ ¿¿˝ ˝˝˝ ˝˝˝ ˝ ρfiˇ

in hom(K^2, K), together with invertible modifications R and S in hom(K^3, K) whose components at an object (A, B, C) of K^3 are exhibited in the following diagrams respectively, A(BC)^ρ // (BC)A a %%KK KKK KKK KK (AB)C a 99ss sss sss s

ρC %%KK KKK KKK KK B(CA)

(BA)C_a // B(AC) Bρ 99ss sss sss s Rff´

(AB)C^ρ // C(AB) a^∗

%%KK KKK KKK KK A(BC) a^∗

99ss sss sss s

Aρ %%KK KKK KKK KK (CA)B

A(CB)_{a∗} // (AC)B ρB 99ss sss sss s Sff´

satisfying the four coherence axioms (BA1), (BA2), (BA3) and (BA4) of Appendix A. A braided monoidal 2-category is a monoidal 2-category equipped with a braiding. When K is in fact a Gray-monoid, the associativity equivalence a is the identity and so we may take a^∗ to be the identity also. In this case the definition of a braided monoidal 2-category agrees with that of a braided Gray-monoid as given in [BN96, DS97]. It differs from that given in [Cra98] in that we require no further axioms on the braiding of the unit, as [Cra98] does. If K is a braided monoidal category, then the monoidal 2-categories K^{op}, K^{co} and K^{rev}, obtained by reversing 1-cells, 2-cells and the tensor product respectively, are equipped with a braiding in a canonical manner.

There are many well-known examples of braided monoidal 2-categories. Indeed every braided monoidal category may be considered to be a locally discrete braided monoidal 2-category. Every braided Gray-monoid may be considered to be a braided monoidal 2- category, although it is yet to be shown that every braided monoidal 2-category is braided monoidally biequivalent to a braided Gray-monoid. If a 2-category has finite products or finite bi-products then it is a braided monoidal 2-category in a canonical manner. For a braided monoidal category V, one expects the monoidal 2-category V-Cat to be a braided monoidal 2-category, however, for V-categories A and B the natural map A ⊗ B → B ⊗ A is not even a V-functor. When V is in fact symmetric it is a V-functor and is the component at the pair (A, B) of a 2-natural isomorphism. With this 2-natural isomorphism, V-Cat becomes a braided monoidal 2-category with the invertible modifications R and S taken to be identities. Since the opposite V^{op} of a symmetric monoidal category is again symmetric, we deduce that the 2-category V^{op}-Cat is canonically braided when V is symmetric. The braidings on V-Cat and V^{op}-Cat^{op} restrict to the full sub-2-categories Mon(V) and Comon(V) of monoids and comonoids in V respectively. The monoidal 2-category Cat/V is canonically braided when V is a braided monoidal category. The braiding ρ : (A, U) ⊗ (B, V ) → (B, V ) ⊗ (A, U) is (σ, φ) where σ : A × B → B × A is the usual symmetry on Cat and φ is given by the braiding on V. The invertible modifications R and S are identities. This example will be generalized in Section 8. For a symmetric monoidal category V the 2-category V-Act of V-actegories is canonically equipped with a braiding; a description is provided in Section 7.

Now suppose K and L are braided monoidal 2-categories and T : K → L is a weak monoidal homomorphism. A braiding for T consist of an invertible modification

L^2_⊗ A AA AAA AA L^2 σ ==— ——— ——— — K^2

T^2 OO

⊗ A AA AAA AA L

K^2

T^2 OO σ ==— ——— ——— — ⊗ // K T OO χ ˇø 00 ρff´ ŒŒ

L^2_⊗ @ @@ @@@ @@ L^2 σ ¿¿— ——— ——— — ⊗ // L

K^2

T^2 OO

⊗ // K T OO ρff´ ŒŒ χ $,PPP u ˙*4

in hom(K^2, L) subject to the axioms (BHA1) and (BHA2) of Appendix A. A braided weak monoidal homomorphism is a weak monoidal morphism equipped with a braiding. Braided opweak monoidal homomorphisms may be defined similarly. A braided weak monoidal 2-functor is of course a braided weak monoidal homomorphism whose underlying homomorphism is a 2-functor. A braided monoidal pseudonatural transformation between parallel braided weak monoidal homomorphisms is a monoidal pseudonatural transformation satisfying the axiom (BTA1) of Appendix A. A braided monoidal modification between parallel braided monoidal pseudonatural transformations is a simply a monoidal modification. With the evident compositions, there is a 2-category BrWMon(K, L) whose objects are braided weak monoidal homomorphisms, whose 1-cells are braided monoidal pseudonatural transformations and whose 2-cells are braided monoidal modifications. When K and L are Gray-monoids, this 2-category agrees with the 2-category of braided weak monoidal homomorphisms given in [DS97].

The terminal 2-category 1 is a braided monoidal 2-category in a unique way. For any braided monoidal 2-category K, define BrPsMon(K) to be the full sub-2-category of BrWMon(1, K) consisting of the braided weak monoidal 2-functors. An object of BrPsMon(K) is called a braided pseudomonoid in K, and it amounts to a pseudomonoid A in K equipped with an invertible 2-cell,

A ⊗ A^ρ // μ ##GG GGG GGG G A ⊗ A μ ––xxx xxx xxx A γ +3

called the braiding on A, satisfying the following two axioms. (AA)A A(AA)

AA

A

A(AA)

(AA)A AA AA

AA

a ’’PP P μ1 ˚˚. .. .. .. .

1μ ´´& && && && &

μ � � � �

μ // μ1 øø9 99 99 99 9

a KK¸ ¸¸ ¸¸ ¸¸ ¸ 1μ ˚˚. .. .. .. . ρ 77nn n

μ !!C CC CC CC CC CC ρ 77nnn nnnn μ ıı! ! ! ! ! ! !

a =E� � γ CK ffiffi

FN ˇˇ a .6ee ee

(AA)A A(AA)

AA

A

A(AA)

(AA)A A(AA) (AA)A

AA

a ’’PP P

1μ ´´& && && && &

μ � � � �

μ // μ1 øø9 99 99 99 9

a KK¸ ¸¸ ¸¸ ¸¸ ¸ ρ 77nn n

μ1 �ˇˇ ˇˇ ˇˇ ρ1..^̂ a ¿¿˝ ˝˝˝_1 μ %%LL LLL 1ρ ¡¡z zz

γ1 3;oooo

a 3;nnnn

1γ GO ¯¯ R QY++

A(AA) (AA)A

AA

A

(AA)A

A(AA) AA AA

AA

a^∗

’’PP P 1μ ˚˚. .. .. .. .

1μ ´´& && && && &

μ � � � �

μ // 1μ øø9 99 99 99 9

a^∗ KK¸ ¸¸ ¸¸ ¸¸ ¸ μ1 ˚˚. .. .. .. . ρ 77nn n

μ !!C CC CC CC CC CC ρ 77nnn nnnn μ ıı! ! ! ! ! ! !

a^∗ =E� � γ CKffi ffiffi

FN ˇˇ a∗ .6ee ee

A(AA) (AA)A

AA

A

(AA)A

A(AA) (AA)A A(AA)

AA

a^∗

’’PP P

μ1 ´´& && && && &

μ � � � �

μ // 1μ øø9 99 99 99 9

a^∗ KK¸ ¸¸ ¸¸ ¸¸ ¸ ρ 77nn n

1μ �ˇˇ ˇˇ ˇˇ 1ρ..^̂ a^∗ ¿¿˝ ˝˝˝ μ1 %%LL LLL ρ1 ¡¡z zz

1γ 3;oooo

a^∗ 3;nnnn γ1 GO ¯¯ S^{−1} QY++

Here, the 2-cell a^∗ is defined using mates. Observe that some canonical isomorphisms are

omitted; for example, ⊗ is written as a 2-functor in the diagrams on the right.

3.1. Example. Commutative bialgebras. Suppose B is a bialgebra in a symmetric monoidal category, whose underlying algebra is commutative. Then the identity 2-cell equips

B with a braiding.

3.2. Example. Dual quasi-triangular quasi-bialgebras. Majid [Maj92] defines a dual quasi-triangular quasi-bialgebra to be a dual quasi-bialgebra C equipped with an arrow

R : C ⊗ C → C satisfying four axioms. A braided pseudomonoid in Comon(Vect) is

precisely a dual quasi-triangular quasi-bialgebra whose left and right unit isomorphisms

are the identity 2-cells.

Dual quasi-triangular quasi-bialgebras have appeared under many names in the liter-

ature. For example, when the associativity isomorphism is the identity, they are called

coquasi-triangular bialgebras in [Mon93, Sch92a], braided bialgebras in [LT91] and co-

braided bialgebras in [Kas95]. When equipped with an antipode, they have been called

quasi-quantum groups [Dri87]. At the risk of creating further confusion, the author prefers

braided pseudomonoidal comonoids.

3.3. Example. Quantum matrices. Recall the bialgebra M_q(n) of Example 2.2. The linear map R : M_q(n) ⊗ M_q(n) → C defined by

R(x_{ij} ⊗ x_{kl}) = 1 for i ≠ k, j = k, and l = i;

q − q^{−1} for i < k, j = i, and l = k;

q for i = j = k = l; 0 otherwise,

equips M_q(n) with a braiding [Str89].

3.4. Example. Braided monoidal categories. A braided pseudomonoid in Cat is of course a braided monoidal category. The braid category B described in Example 2.4 is naturally equipped with a braiding. For objects n and m of B , the braiding c : n+m → m+n may be visualised as passing m strings across n strings. For example, the diagram

D

@ ?? ?? ?? ?? ?? ??_D

@ ?? ?? ?? ?? ?? ??_D

@ ?? ?? ?? ?? ?? ??

G ¨¨ ¨¨ ¨¨

C ¨¨

G ¨¨ ¨¨

C ¨¨ ¨¨ ¨¨¨ ¨ ¨¨¨ ¨ ¨¨¨ ¨ ¨¨¨ ¨

is the braiding c : 2 + 3 → 3 + 2.

3.5. Example. Braided monoidal categories equipped with a multiplicative functor. For a braided monoidal category V, a braided pseudomonoid in Cat/V is precisely a braided monoidal A category equipped with a multiplicative functor U : A → V.

3.6. Example. The unit of a braided monoidal 2-category. Example 2.6 shows that the unit of a monoidal 2-category K is a pseudomonoid in K. When K is braided, this pseudomonoid is canonically equipped with a braiding.

An arrow of BrPsMon(K) is called a braided monoidal morphism, and it amounts to a monoidal morphism satisfying one axiom. A 2-cell of BrPsMon(K) is called a braided monoidal transformation and it is simply a monoidal transformation between the corresponding monoidal morphisms. There is a forgetful 2-functor U : BrPsMon(K) → K and if F : K → L is a weak braided monoidal homomorphism then there is an evident homomorphism BrPsMon(F ) : BrPsMon(K) → BrPsMon(L) and the following diagram commutes; compare to [DS97, Propositon 11].

BrPsMon(K) U fflffl

BrPsMon(F ) //

BrPsMon(L) U fflffl K_F // L

3.7. Example. Dual quasi-triangular quasi-bialgebras. Let V be the symmetric monoidal category of vector spaces. Street shows that the 2-functor Comod_f : Comon(V) → Cat/V_f is a weak braided monoidal 2-functor in a natural way [Str89]. By Examples 3.2 and 3.5, we obtain the result [Maj92, Theorem 2.8] that if B is a braided pseudomonoidal comonoid (that is to say, a quasi-triangular dual quasi-bialgebra) then Comod_f (B) is a braided monoidal category and the forgetful functor ω : Comod_f (B) → V_f is multiplicative.

As for the case of pseudomonoids, variants of the converse of Example 3.7 have been considered. As at the conclusion of Section 2, let V be the symmetric monoidal category of modules over a commutative ring and let V_f be the full subcategory of V consisting of the finitely generated, projective modules. Majid [Maj92, Theorem 2.8] shows that if C is a braided monoidal category, and σ : C → V_f is a multiplicative functor, then the dual quasi-bialgebra C with the universal property described at the conclusion of Section 2, is equipped with a dual quasi-triangular structure. Other results may be found in [JS91, Par81, Par96, Sch92b, Sch92a].

4. Symmetric pseudomonoids

In this section, the definition of a symmetric pseudomonoid in a sylleptic monoidal 2- category is provided. First, the definition of a sylleptic monoidal 2-category is given, generalizing that of a sylleptic gray monoid [KV94, BN96, DS97, Cra98]. Then symmetric monoidal 2-categories are defined, and it is observed that the examples developed so far in this article are symmetric.

If K is a braided monoidal 2-category, then a syllepsis for K is an invertible modification K^2 ⊗ fflffl K^2

1 --

⊗ 11 K

K^2 ⊗ fflffl K^2

1 --

⊗ 22 σ // K2 σ ==— ——— ——— —

⊗ !!C CCC CCC C K

ρ�fl ´´

ρ�ı ßß v ˙*4

in hom(K^2, K), satisfying the axioms (SA1) and (SA2) of Appendix B. A sylleptic monoidal 2-category is a braided monoidal 2-category equipped with a syllepsis. When the underlying braided monoidal 2-category K is a braided gray monoid this definition agrees with that of [DS97]. If K is a sylleptic monoidal category, then the braided monoidal 2- categories K^{op}, K^{co} and K^{rev}, obtained by reversing 1-cells, 2-cells and the tensor product respectively, are equipped with a syllepsis in a canonical manner.

The examples of braided monoidal 2-categories given in Section 3 give rise to examples of sylleptic monoidal 2-categories. The identity syllepsis makes a braided monoidal category V into a locally discrete sylleptic monoidal 2-category precisely when V is symmetric. If a 2-category has finite products or finite bi-products then it is a sylleptic monoidal

2-category in a canonical manner. For a symmetric monoidal category V, the braided monoidal 2-category V-Cat is sylleptic with identity syllepsis. Thus the braided monoidal 2-categories V^{op}-Cat, V^{op}-Cat^{op}, Mon(V) and Comon(V) are also sylleptic with identity syllepsis. When V is a symmetric monoidal category, the identity modification is a syllepsis for the braided monoidal 2-category Cat/V. Finally, the identity modification is a syllepsis for the braided monoidal 2-category V-Act; this will be shown in Section 7.

Now suppose K and L are sylleptic monoidal 2-categories. A sylleptic weak monoidal homomorphism from K to L is a braided weak monoidal homomorphism satisfying the axiom (SHA1) of Appendix B. Sylleptic opweak monoidal homomorphisms may be similarly defined. A sylleptic weak monoidal 2-functor is of course a sylleptic weak monoidal homomorphism whose underlying homomorphism is a 2-functor. Sylleptic monoidal pseudonatural transformations and sylleptic monoidal modifications are simply braided monoidal pseudonatural transformations and braided monoidal modifications respectively. With the evident compositions, there is a 2-category SyllWMon(K, L) whose objects are sylleptic weak monoidal homomorphisms, whose arrows are sylleptic monoidal pseudonatural transformations and whose 2-cells are sylleptic monoidal modifications. It is a full sub-2-category of BrWMon(K, L).

The terminal 2-category 1 is a sylleptic monoidal 2-category in a unique way. For any sylleptic monoidal 2-category K, define SymPsMon(K) to be the full sub-2-category of SyllWMon(1, K) consisting of the sylleptic weak monoidal 2-functors. An object of SymPsMon(K) is called a symmetric pseudomonoid in K, and it amounts to a braided pseudomonoid A in K such that the following equation holds.

A ⊗ A^ρ // μ %%KK KKK KKK KKK A ⊗ A μ fflffl ρ // A ⊗ A μ yysss sss sss ss A γ +3 γ +3

A ⊗ A^ρ //

1 %%KK KKK KKK K A ⊗ A ρ fflffl A ⊗ A^μ // A

v +3

4.1. Example. Cosymmetric bialgebras. A cosymmetric bialgebra is a symmetric strict pseudomonoid in Comon(V). It amounts to a bialgebra B equipped with a braiding R : B ⊗ B → I such that the following equations holds.

/.-,

()*+δ /.-,

()*+δ

/.-,

()*+R

/.-,

()*+R

B B

CD ¨¨ ¨¨ ¨¨ ¨¨ ¨¨

?

??? ??? @G ? ¨_{CD} ¨ ?? @G ?? ¨

/.-,

()*+ε /.-,

()*+ε

B B If B is a bialgebra whose underlying algebra is commutative, then the braiding for B given in Example 3.1 is a symmetry. In Section 11, a non-trivial example of a cosymmetric bialgebra will be given.

4.2. Example. Symmetric monoidal categories. A symmetric pseudomonoid in Cat is of course a symmetric monoidal category.

4.3. Example. The unit of a sylleptic monoidal 2-category. When K is a sylleptic monoidal 2-category, the unit braided pseudomonoid of Example 3.6 is a symmetric pseudomonoid.

An arrow of SymPsMon(K) is called a symmetric monoidal morphism and a 2-cell is called a symmetric monoidal transformation. There is an inclusion SymPsMon(K) → BrPsMon(K) which is 2-fully-faithful. There is a forgetful 2-functor U : SymPsMon(K) → K, and if F : K → L is a weak sylleptic monoidal homomorphism, then there is an evident homomorphism SymPsMon(F ) : SymPsMon(K) → SymPsMon(L) and the following diagram commutes.

SymPsMon(K) U fflffl

SymPsMon(F )//

SymPsMon(L) U fflffl K_F // L

A symmetric monoidal 2-category is a sylleptic monoidal 2-category satisfying the following equation for all objects A and B.

A ⊗ B^1 //

ρ $$II III III I A ⊗ B^ρ // B ⊗ A

B ⊗ A ρ ::uu uuu uuu u uff´ A ⊗ B^ρ // B ⊗ A

A ⊗ B 1 ::uu uuu uuu u ρ // B ⊗ A 1 ::uu uuu uuu u ρ // A ⊗ B ρ ddIII III III ff´ vff´

All the examples of sylleptic monoidal 2-categories given above are in fact symmetric monoidal 2-categories. For symmetric monoidal 2-categories K and L, there is a 2-category SymWMon(K, L) which is equal to the 2-category SyllWMon(K, L).

5. Balanced pseudomonoids

In this section we present the definition of a balanced monoidal 2-category and that of a balanced pseudomonoid. These are the main objects of study of this article, and generalize the balanced pseudomonoids in a balanced Gray-monoid of [DS97, Section 6].

When K is a braided monoidal 2-category the braiding on K equips the identity homomorphism with the structure of a monoidal homomorphism S : K → K^{rev}. Similarly, the adjoint pseudoinverse of the braiding on K equips the identity homomorphism with the structure of a monoidal homomorphism T : K → K^{rev}. These monoidal homomorphisms are pseudonatural in the sense that if F : K → L is a braided weak monoidal homomorphism, then there are canonical monoidal pseudonatural transformations

K^S // F fflffl K^{rev}

F^{rev} fflffl K_S // L^{rev} ff´ K^T // F fflffl K^{rev}

F^{rev} fflffl K_T // L^{rev} ff´

which are isomorphisms in WMon(K, L). A twist for a braided monoidal category K is a monoidal pseudonatural equivalence t : S → T where S and T are described above. The data for a twist consists of an equivalence t : A → A for each object A of K, along with invertible 2-cells as in the following diagrams, where f is any arrow of K.

A^t // f fflffl A f fflffl B_t // B

;C̃~~ ~ A ⊗ B^t // ρ fflffl A ⊗ B

B ⊗ A_{t⊗t} // B ⊗ A ρ OO 5=ssss

I^t // 1 fflffl I 1 fflffl I_t // I ¡D� �

A balanced monoidal 2-category is a braided monoidal 2-category equipped with a twist. As for the case of Gray-monoids [DS97, Section 6], the identity monoidal transformation with the syllepsis equips a sylleptic monoidal 2-category with a twist. All examples of balanced monoidal 2-categories considered in this article will be of this form.

A balanced weak monoidal homomorphism is a braided weak monoidal homomorphism F : K → L equipped with an invertible monoidal modification

K S )) T 55 F fflffl K^{rev}

F^{rev} fflffl K T 66 L^{rev}

tff´

ff´ K S )) F fflffl K^{rev}

F^{rev} fflffl L S (( T 66 L^{rev} tff´ ff´ τ ˙*4

in WMon(K, L). The data for τ consists of a family of invertible 2-cells τ_A : F t_A ⇒ t_A. If F : K → L is a sylleptic weak monoidal homomorphism, the for each object A of K, the unit isomorphism F 1_A ⇒ 1_A equips F with the structure of a balanced weak monoidal homomorphism. If (F, τ ) and (G, τ ) are parallel balanced weak monoidal homomorphisms then a balanced monoidal pseudonatural transformation from (F, τ ) to (G, τ ) is a braided monoidal pseudonatural transformation θ : F ⇒ G such that

F A F t (( t 66 θ fflffl F A θ fflffl GA t 66 GA

τff´

θff´ F A F t (( θ fflffl F A θ fflffl GA Gt (( t 66 GA tff´ θff´

for all objects A of the domain. A balanced monoidal modification is simply a braided monoidal modification. With the evident compositions, there is a 2-category BalWMon(K, L) whose objects are balanced weak monoidal homomorphisms, whose 1-cells are balanced monoidal pseudonatural transformations and whose 2-cells are balanced monoidal modifications. A balanced weak monoidal 2-functor is of course a balanced weak monoidal homomorphism whose underlying homomorphism is a 2-functor. For sylleptic monoidal 2-categories, there is a functor SyllWMon(K, L) → BalWMon(K, L) whose value on objects is described above, and whose value on arrows and 2-cells is the identity.

The terminal 2-category 1 is a balanced monoidal 2-category in a unique way. For any balanced monoidal 2-category K, define BalPsMon(K) to be the full sub-2-category of BalWMon(1, K) consisting of the balanced weak monoidal 2-functors. An object of BalPsMon(K) is called a balanced pseudomonoid in K and it amounts to a braided pseudomonoid A in K equipped with an invertible 2-cell

A 1 && 1 88 A τff´

called a twist such that two axioms hold. A 1-cell in BalPsMon(K) is called a balanced monoidal morphism and it amounts to a braided monoidal morphism satisfying one further axiom.

5.1. Example. Quantum matrices. Recall the braided bialgebra M_q(n) of Example 3.3. The linear map τ : M_q(n) → C defined by τ (x_{ij}) = q^nδ_{ij} equips M_q(n) with the structure of a balanced monoid on Comon(Vect).

5.2. Example. Balanced monoidal categories. Joyal and Street [JS93, Section 6] define the notion of a balanced monoidal category, and a balanced pseudomonoid in Cat is of course a balanced monoidal category. The braid category B may be equipped with a twist. For each object n of B , the twist τ_n can be viewed as taking the identity braid on n-strings with ends on two parallel rods, then twisting the top rod through one revolution anti-clockwise.

5.3. Example. Symmetric pseudomonoids. The identity 2-cell determines a twist for a braided pseudomonoid if an only if the braiding is a symmetry [JS93, Example 6.1].

5.4. Example. Quantum groups. Street [Str89] defines a quantum group to be a balanced pseudomonoid equipped with an antipode in the symmetric monoidal 2-category Comon(Vect), satisfying one further axiom. This notion includes the classical quantum groups of [Dri87]; see [Str89, Dri90, JS91, Kas95] for examples.

In light of Example 5.4, one might refer to a balanced pseudomonoid in Comon(V) as a quantum comonoid and a balanced pseudomonoid in V^{op}-Cat^{op} as a quantum V^{op}- category. The latter and their categories of representations are the main object of study of this article.

6. Monoidally bi-fully-faithful homomorphisms

In this section monoidally bi-fully-faithful weak monoidal homomorphisms are defined. It is shown that if F : K → L is a monoidally bi-fully-faithful weak monoidal 2-functor, then

PsMon(K) U fflffl

PsMon(F ) //

PsMon(L) U fflffl K_F // L

is a bi-pullback in the 2-category of 2-categories, 2-functors and 2-natural transformations. This makes makes precise the idea that there is essentially a bijection between pseudomonoid structures on an object A of K and pseudomonoid structures on F A. It will be shown that a corresponding statement is true for braided pseudomonoids, symmetric pseudomonoids and balanced pseudomonoids.

Suppose T : K → L is a weak monoidal homomorphism. Say T is monoidally bi-fully-faithful when it is bi-fully-faithful as a homomorphism, and the functors χ^∗ : L(F (A ⊗ B), F C) −→ L(F A ⊗ F B, F C) ι^∗ : L(F I, F C) −→ L(I, F C) are equivalences for all objects A, B and C of K. Clearly a (strong) monoidal homomorphism which is bi-fully-faithful is monoidally bi-fully-faithful.

We now recall the definition of a bi-pullback in a 2-category K. Let D be the locally discrete 2-category whose underlying category is the free category on the graph 1 → 2 ← 3. Let J : D → Cat be the constant 2-functor at the terminal category. Suppose that R : D → K is a homomorphism of bicategories. Then a bi-pullback of R is a J-weighted bilimit [Str80] of R, and it amounts to an object {J, R} of K equipped with a pseudonatural equivalence K(A, {J, R}) ≃ hom(D, Cat)(J, K(A, R)). Any homomorphism R : D → K is isomorphic to a 2-functor R^′ : D → K and so may be identified with a diagram k : K → L ← M : m in K; we thus assume R to be a 2- functor. For each object X of K define a category Cone(X, R) as follows. An object of Cone(X, R) is a triple (f, g, α), where f : X → K and g : X → M are arrows of K and α : m ∘ f ⇒ k ∘ g is an invertible 2-cell of K. An arrow (β_1, β_2) : (f, g, α) → (f^′, g^′, α^′) is a pair of 2-cells β_1 : f ⇒ f^′ and β_2 : g ⇒ g^′ satisfying (k ∘ β_2)α = (m ∘ β_1)α^′. The obvious composition makes Cone(X, R) into a category, and there is an evident 2-functor Cone(−, R) : K^{op} → Cat whose value on an object X of K is Cone(X, R). It is not difficult to construct a pseudonatural equivalence Cone(−, R) ≃ hom(D, Cat)(J, K(−, R)) and so the bi-pullback of R is characterized by a bi-representation of Cone(−, R) : K^{op} → Cat.

6.1. Proposition. Suppose F : K → L is a monoidally bi-fully-faithful weak monoidal 2-functor. Then the following diagram is a bi-pullback in the 2-category of 2-categories,

2-functors and 2-natural transformations.

PsMon(K) U fflffl

PsMon(F ) //

PsMon(L) U fflffl K_F // L

Proof. Suppose P : X → K and Q : X → PsMon(L) are 2-functors, and φ : U ∘Q ⇒ F ∘P is an invertible 2-natural transformation. Then for all objects x of X the object Qx of L is equipped with the structure (Qx, μ, η, a, r, l) of a pseudomonoid in L. Define arrows μ : F P x ⊗ F P x → F P x and η : I → F P x by the following diagrams respectively. Qx ⊗ Qx μ fflffl F P x ⊗ F P x φ^{−1}⊗φ^{−1} oo μ fflffl Qx_φ // F P x

I_η !!C CCC CCC CC η ~~~~ ~~~ ~~ ~ Qx_φ // F P x Similarly, there are invertible 2-cells a, r and l equipping F P x with the structure of a pseudomonoid in L. Observe that there is an invertible 2-cell χ given by Qx ⊗ Qx φ⊗φ ””F FFF FFF F 1 // Qx ⊗ Qx μ // Qx φ ——xx xxx xxx F P x ⊗ F P x_μ // φ^{−1}⊗φ^{−1} ¡¡xx xxx xxx F P x ff´

making φ = (φ, χ, 1) : Qx → F P x is an isomorphism of pseudomonoids. Note that the 2-cell in the above diagram is not necessarily the identity as ⊗ : L × L → L is a homomorphism and not necessarily a 2-functor. Now since K(P x ⊗ P x, P x)^F // L(F (P x ⊗ P x), F P x)^{χ∗} // L(F P x ⊗ F P x, F P x) and K(I, P x)^F // L(F I, F P x)^{ι∗} // L(I, F P x) are equivalences, they are essentially surjective on objects, and so there exist arrows μ : P x ⊗ P x → P x and η : I → P x and invertible 2-cells exhibited by the following diagram. F P x ⊗ F P x χ ˝˝zzz zzz zz μ

!!DD DDD DDD D F (P x ⊗ P x)_{F μ} // F P x α_1 ks I ι ——xxx xxx xxx η ””FF FFF FFF F F I_{F η} // F P x α_2 ks

Next notice that the invertible modification γ which is given as part of the data of F (see Section 2) provides a natural isomorphism in the following diagram. K(P x, P x)^{l∗} // F fflffl K(I ⊗ P x, P x) F fflffl L(F P x, F P x) l^∗ fflffl L(F (I ⊗ P x), F P x) χ^∗ fflffl L(I ⊗ F P x, F P x) L(F I ⊗ F P x, F P x) (ι⊗1)∗ oo

+3

Since the left leg of this diagram is an equivalence, the right leg is, and since the functor l^∗ : K(P x, P x) → K(I ⊗ P x, P x) is an equivalence, the composite (ι ⊗ 1) ∘ χ^∗ ∘ F : K(I ⊗ P x, P x) → L(I ⊗ F P x, F P x) is an equivalence. In particular, it is fully-faithful, so there exists a unique invertible 2-cell I ⊗ P x l ””E EEE EEE E η⊗1 ——yyy yyy yy P x ⊗ P x_μ // P x l ks

such that (ι ⊗ 1) ∘ χ ∘ F l is equal to the following diagram. F I ⊗ F P X^χ // F (I ⊗ 1) F l fflffl I ⊗ F P x ι⊗1 OO

l //

ι⊗1 fflffl

η⊗1 ((QQQ

QQQQ

QQQQ QQ F P x

F P x ⊗ F P x μ 66lll llll llll lll χ ((QQQ

QQQQ

QQQQ QQ F I ⊗ F P x_χ // F η⊗1 66mmm mmmm mmmm mm χ // F (I ⊗ P x)_{F (η⊗1)}// F (P x ⊗ P x)

F μ

OO γ^{−1} KS

α_2⊗1+3 l KS Œ Œ α_1 ks KS

Similarly, there is an associativity isomorphism a and a right unit isomorphism r, and it is not difficult to show that and (P x, μ, η, a, r, l) is a pseudomonoid in K. Observe that the identity arrow 1 : F P x → F P x equipped with the 2-cells F P x ⊗ F P x^{1⊗1} //

μ

fflffl

F P x ⊗ F P x χ fflffl F (P x ⊗ P x) F μ fflffl F P x_1 // F P x

α_1

y� zzzz

I^η // ι fflffl F P x 1 fflffl F I_{F η} // F P x α_2

w¨ wwww

described above, is a strong monoidal isomorphism F P x → PsMon(F )(P x); denote this morphism by ψ.

Now suppose f : x → y is an arrow in X . Thus Qf : Qx → Qy is equipped with the structure (Qf, χ, ι) of a monoidal morphism. There are 2-cells F P x ⊗ F P x^{F P f ⊗F P f} // φ^{−1}⊗φ^{−1} &&MM MMM MMM MMM

μ

fflffl

F P y ⊗ F P y

μ

fflffl

Qx ⊗ Qx^{Qf} // μ fflffl Qy ⊗ Qy μ fflffl

φ⊗φ 88qq qqq qqq qq

Qx_{Qf} // Qy φ &&MM MMM MMM MMM F P x φ^{−1} 88qq qqq qqq qqq q F P f // F P y

ff´

χu˝ ssss

ff´

F P x

F P f

fflffl

Qx φ 77oo ooo o Qf fflffl I

η --

η 99rr rrr r η %%LL LLL L

η 11 Qy_φ ’’NN NNN N F P y

� � ι� flfl

making F P f into a monoidal morphism. Since K(P x ⊗ P x, P y)^F // L(F (P x ⊗ P x), F P y)^{χ∗} // L(F P x ⊗ F P x, F P y) is an equivalence, it is fully-faithful, so there exists a unique 2-cell P x ⊗ P x^{P f ⊗P f}// μ fflffl P y ⊗ P y μ fflffl P x_{P f} // P y χt— pppp

such that composing F χ with χ : F P x ⊗ F P x → F (P x ⊗ P x) is the following 2-cell. F P x ⊗ F P x χ ——xxx xxx xxx μ

fflffl

F P f ⊗F P f ””FF FFF FFF F χ // F (P x ⊗ P x) F (P f ⊗P f ) ””FF FFF FFF F (P x ⊗ P x) F μ ##FF FFF FFF F F P y ⊗ F P y^χ // μ ##FF FFF FFF F F (P y ⊗ P y) F μ ——xxx xxx xx F P x_{F P f} // F P y

x� xxxx

α_1 ks χx� xxxx α1ff´

Similarly, there is a 2-cell ι : P f ∘ η ⇒ η, and (P f, χ, ι) is a monoidal morphism. Finally if α : f ⇒ g is a 2-cell in X , then P α : (P f, χ, ι) ⇒ (P g, χ, ι) is a monoidal transformation. This assignment respects compositions and so defines a 2-functor R_φ = R_{(P,Q,φ)} : X → PsMon(K). Clearly, the composite of R_φ with the forgetful 2-functor U : PsMon(K) → K is P : X → K. Also, for any object x of X there is a monoidal isomorphism ψ ∘ φ : Qx →

F P x → PsMon(F )R_φx which is the component at x of a 2-natural isomorphism Q ⇒ PsMon(F ) ∘ R_φ. Note that the following equation holds.

PsMon(L) U !!C CCC CCC CC X

Q //

Rφ //

P 11

PsMon(K) ==– ––– ––– – U ””D DDD DDD D L

K F ¡¡z zz zzz zzz

˚Ø 777 PsMon(L) U ””D DD DD DD D X Q ¡¡z zzz zzz z

P ””FF FFF FFF F L K F ¡¡xx xxx xxx x φff´

Similarly, if (P, Q, φ) and (P^′, Q^′, φ^′) are objects of Cone(X , R), and (β_1, β_2) : (P, Q, φ) → (P^′, Q^′, φ^′) is an arrow, then there exists a unique 2-natural transformation R_{(β1,β2)} : R_φ ⇒ R_φ′ satisfying U ∘ R_{(β1,β2)} = β_1 and PsMon(F ) ∘ R_{(β1,β2)} = β_2. It follows that

PsMon(K) U fflffl

PsMon(F ) //

PsMon(L) U fflffl K_F // L

is bi-universal among cones to the diagram F : K → L ← PsMon(L) : U, and is hence a bi-pullback.

In a manner similar to the proof of Proposition 6.1, the following Proposition may be proved.

6.2. Proposition. Suppose that F : K → L is a sylleptic weak monoidal 2-functor, whose underlying weak monoidal 2-functor is monoidally bi-fully-faithful. Then the following diagrams are bi-pullbacks in the 2-category of 2-categories, 2-functors and 2-natural transformations.

BrPsMon(K) U fflffl

BrPsMon(F ) //

BrPsMon(L) U fflffl K_F // L

SymPsMon(K) U fflffl

SymPsMon(F ) //

SymPsMon(L) U fflffl K_F // L

BalPsMon(K) U fflffl

BalPsMon(F ) //

BalPsMon(L) U fflffl K_F // L

7. The symmetric monoidal 2-category V-Act

In this section, the symmetric monoidal 2-category V-Act of V-actegories for a symmetric monoidal category V is defined. Objects of V-Act are called V-actegories, and are categories A equipped with an action ⊗ : V × A → A, which is associative and unital up to coherent isomorphism. Thus V-actegories may be considered to be a categorification of an R-module for a commutative ring R. Indeed the tensor product of V-actegories given here is analogous to the tensor product of R-modules. There is another description of the monoidal structure using the tricategory of bicategories and bimodules, however, this description is inconvenient for the applications needed in this article. For the remainder of this article, V denotes a symmetric monoidal category with symmetry isomorphism c : X ⊗ Y → Y ⊗ X. Detailed proofs in this section are often omitted, however, these may be found in [McC99a].

For a monoidal category V, the 2-category V-Act is the 2-category hom(ΣV, Cat) of homomorphisms, pseudonatural transformations and modifications from the suspension ΣV of V to Cat; see [McC99b, Section 3]. An object A of V-Act is called a (left) Vactegory, and it amounts to a category A equipped with a functor ⊗ : V × A → A, called the action of V on A, along with invertible natural transformations

VVA^{⊗1} // 1⊗ fflffl VA ⊗ fflffl VA_⊗ // A

aw¨ vvvv

A^{I1} // 1 fflffl VA ⊗ fflffl A_1 // A

ly� ––––

called the associativity and unit isomorphisms respectively, satisfying two coherence axioms. An arrow in V-Act is called a morphism of V-actegories, and if A and B are V-actegories, then a morphism F = (F, f) : A → B amounts to a functor F : A → B equipped with a natural isomorphism,

VA^⊗ // 1F fflffl A F fflffl VB_⊗ // B

fy� ––––

called the structure isomorphism of F , satisfying two coherence axioms. A 2-cell in V-Act is called a transformation of V-actegories and it amounts to a natural transformation satisfying one axiom. For an explicit description of V-actegories, their morphisms and 2- cells, along with a variety of examples, see [McC99b]. The 2-category of right V-actegories is of course the 2-category hom((ΣV)^{op}, Cat).

For a (left) V-actegory A, define a right V-actegory Â = (Â, ^⊗, â, r̂) as follows. The underlying category of Â is the underlying category of A, and the tensor product is the composite ⊗ ∘ σ : A × V → V × A → A, where σ is the symmetry on Cat. The symmetry for V and the associativity isomorphism for A provide the associativity isomorphism for

Â, and the unit isomorphism for A provides the unit isomorphism for Â. These data

are coherent, so Â is a right V-actegory. Also, if (F, f) : A → B is a morphism of V-

actegories, then (F̂ , f̂) = (F, f) : Â → B̂ is a morphism of right V-actegories, and if

α : (F, f) ⇒ (G, g) is a transformation of V-actegories then α̂ = α is a transformation

of right V-actegories. This assignment defines a 2-functor from the 2-category of (left)

V-actegories to the 2-category of right V-actegories, which is an isomorphism.

For V-actegories A and B, define a V-actegory AB as follows. The underlying category

of AB is the cartesian product of the underlying categories of A and B. The action of V is

⊗×B, and the associativity and unit isomorphisms for AB are a×B and l×B respectively.

The assignment (A, B) → AB defines a 2-functor V-Act × V-Act → V-Act which is

associative up to canonical isomorphism, but not unital. The associativity isomorphism

for A and the symmetry for V provide an isomorphism that makes ^⊗ : AV → A into a

morphism of V-actegories.

Let A, B and C be V-actegories. A descent diagram from (A, B) to C is a pair (L, λ)

where L is a morphism of V-actegories L : AB → C and λ is an invertible transformation

of V-actegories

AVB ^⊗1 ??¨ ¨¨ ¨¨

1⊗ ØØ? ?? ?? AB_L ØØ? ?? ??

AB^L ??¨ ¨¨ ¨¨ C λff´

satisfying the following two axioms. AVB^{^⊗1} // AB L ÆÆ; ;; ;; ;; AVVB ^⊗11 AA� � � �_{1⊗1} // 11⊗ ÆÆ; ;; ;; ;; AVB ^⊗1 AA� � � � 1⊗ ÆÆ; ;; ;; ;; C AVB_{1⊗} // AB L AA� � � � â1ß! ;;; λff´ a̋� �

AVVB^{^⊗1} // 1⊗ ÆÆ; ;; ;; ;; AB L ÆÆ; ;; ;; ;; AVVB ^⊗11 AA� � � �

11⊗ ÆÆ; ;; ;; ;; AB_L // C

AVB_{1⊗} // ^⊗1 AA� � � � AB L AA� � � � λ̋� �

λß! ;;;

AVB^{^⊗1} // AB L ÆÆ; ;; ;; ;; AB 1I1 AA� � � �_1

I1 //

1 ÆÆ; ;; ;; ;; AVB ^⊗1 AA� � � � 1⊗ ÆÆ; ;; ;; ;; C

AB_1 // AB L AA� � � � λff´ l̋� �

AVB^{^⊗1} // ^⊗1 ÆÆ; ;; ;; ;; AB L ÆÆ; ;; ;; ;; AB 1I1 AA� � � �

1 ÆÆ; ;; ;; ;; AB_L // C

AB_1 // 1 AA� � � � AB L AA� � � � rff´

If (L, λ) and (L^′, λ^′) are descent diagrams from (A, B) to C, then a descent arrow from

(L, λ) to (L^′, λ^′) is a transformation of V-actegories β : L ⇒ L^′ satisfying the following axiom.

AVB ^⊗1 ??¨ ¨¨¨ ¨¨¨

1⊗ ++

AB_L ȷȷ L^′ --

AB L^′ ??¨ ¨¨¨ ¨¨ ¨ C β–� ¨¨¨¨ λ^′ –� ¨¨¨¨ AVB

^⊗1 33

1⊗ ØØ? ??? ???

AB_L ØØ? ??? ???

AB

L 11

L^′ MMC λ œ#? ?? β œ#? ??

With the evident compositions, there is a category Desc(A, B; C) whose objects are descent diagrams from (A, B) to C and whose arrows are descent arrows. The objects and arrows of this category are related to the V-bifunctors and V-bimorphisms of [Par96] respectively. More precisely, a descent diagram (L, λ) from (A, B) to C gives rise to a V-bifunctor, and each descent morphism gives rise to a V-bimorphism in a canonical manner. This assignment, however, is not an equivalence of categories. In particular, V-bifunctors are not coherent with respect to the unit, and extra data and axioms are required of Vbifunctors.

If F : C → C^′ is a morphism of V-actegories, then composition with F defines a functor Desc(A, B; F ) : Desc(A, B; C) → Desc(A, B; C^′), and similarly if α : F ⇒ G is a transformation of V-actegories then composition with α defines a natural transformation Desc(A, B; α) : Desc(A, B; F ) ⇒ Desc(A, B; G). This assignment preserves compositions and hence defines a 2-functor Desc(A, B; −) : V-Act → Cat.

7.1. Definition. If A and B are V-actegories, then a tensor product of A and B is a Vactegory A ⊗ B equipped with a 2-natural isomorphism Desc(A, B; −) ∼= V-Act(A ⊗ B, −).

7.2. Proposition. For V-actegories A and B, the 2-functor Desc(A, B; −) : V-Act → Cat is 2-representable.

Proof. The 2-category V-Act is pseudo-cocomplete and admits splittings of idempotents [McC99b, Proposition 3.6], and it is shown in [McC99a, Section 2.3] that the existence of a 2-representation of Desc(A, B; −) follows from these colimits.

The universal descent diagram from (A, B) to A⊗B will usually be denoted by (K, κ). We now describe explicitly the 2-functoriality of this tensor product. If (F, f) : A → A^′ and (G, g) : B → B^′ are morphisms of V-actegories, then AB^{F G} // AB K ÆÆ; ;; ;; ;; AVB ^⊗1 AA� � � � F 1G //

1⊗ ÆÆ: :: :: :: A^′VB^′ ^⊗1 AA� � � � 1⊗ ÆÆ: :: :: :: A^′ ⊗ B^′

A^′B^′_{F G} // A^′B^′ K AA� � � �

f 1 ß! ;;; κff´ 1g−^1 ~� �

is a descent diagram from (A, B) to A^′ ⊗ B^′, and so there exists a unique arrow F ⊗ G : A ⊗ B → A^′ ⊗ B^′ such that Desc(A, B; F ⊗ G)(K, κ) is equal to the above diagram.

Similarly, if α : (F, f) → (G, g) and α^′ : (F^′, f^′) ⇒ (G^′, g^′) are transformations of Vactegories, then AB F G )) F^′G^′ 55 A^′B^{′ K} // A^′ ⊗ B^′ αα^′ff´ is a descent arrow, so that there exists a unique 2-cell α ⊗ α^′ : F ⊗ G ⇒ F^′ ⊗ G^′ such that Desc(A, B; α ⊗ α)(K, κ) is equal to the above diagram. This assignment respects compositions, and so defines a 2-functor ⊗ : V-Act × V-Act → V-Act.

We now proceed to the unit equivalences. For any V-actegory A, define a descent diagram (P, ρ) from (V, A) to A as follows. The underlying functor of P : VA → A is ⊗, and the associativity isomorphism provides P with the structure of a morphism of V-actegories, which is easily seen to be coherent. The isomorphism ρ is given by the following diagram. VA^1 // VA_⊗ ÆÆ; ;; ;; ;; VVA ^⊗1 AA� � � �_{⊗1} // 1⊗ ÆÆ; ;; ;; ;; VA 1 AA� � � � ⊗ ÆÆ; ;; ;; ;; A

VA_⊗ // A 1 AA� � � � c1ß! ;;;

a̋� �

It is straightforward to show that ρ is a transformation of V-actegories and the two coherence conditions that make (P, ρ) into a descent diagram hold, so by the universal property of V ⊗ A, there exists a unique morphism of V-actegories l_A : V ⊗ A → A such that Desc(V, A; l)(K, κ) is equal to (P, ρ). Similarly, if F : A → B is a morphism of V-actegories, then it is straightforward to construct a 2-cell

V ⊗ A^{lA} // 1⊗F fflffl A F fflffl V ⊗ B_{lB} // B

l_Fx�

xxxx

using the universal property of V ⊗A, and verify that this data constitutes a pseudonatural transformation V-Act V×V-Act ––xxx xxx xx_1

##FF FFF FFF F V-Act^2_⊗ // V-Act l +3

where V : 1 → V-Act is the 2-functor whose value on the only object of 1 is V.

7.3. Lemma. The pseudonatural transformation l described above is an equivalence.

Proof. First note that to show that l is an equivalence, it suffices to show that for each V-actegory A, the morphism of V-actegories l_A : V ⊗ A → A is an equivalence. Next, to show show each l_A is an equivalence it suffices to show that the functor V-Act(A, −) →

Desc(V, A; −) given by composition with (P, ρ) is the component of a 2-natural equiv-

alence. This may be done by explicitly constructing its pseudoinverse; see [McC99a,

Lemma 2.4.2] for details.

A similar construction provides the right unit equivalence which is a pseudonatural

equivalence as in the following diagram.

V-Act V-Act×V ––xxx xxx xx_1

##FF FFF FFF F V-Act^2_⊗ // V-Act r +3

Observe that the sense of this pseudonatural transformation is the opposite to that given

in the usual definition of a monoidal bicategory. We shall return to this point later.

To construct the associativity equivalence, it is expedient to use a multiple tensor

product. Suppose n ≥ 2 is a natural number and A_1, A_2, . . . , A_n and C are V-actegories.

A descent diagram from (A_1, A_2, . . . , A_n) to C is a pair (L, λ) where L is a morphism of

V-actegories L : A_1A_2 . . . A_n → C and λ is an invertible transformation of V-actegories A_1VA_2V . . . VA_n^{^⊗... ^⊗1}// 1⊗···⊗ fflffl A_1A_2 . . . A_n L fflffl A_1A_2 . . . A_{n L} // C λ qy kkkk

satisfying the following two axioms. A_1V . . . VA_n^{^⊗... ^⊗1} // A_1 . . . A_n L ””EE EEE EEE E A_1VV . . . VVA_n ^⊗1... ^⊗11 ¡¡y yyy yyy y_{1⊗1}..._{1⊗1} // 11⊗...1⊗ ””EEE EEE EE A_1V . . . VA_n ^⊗... ^⊗1 ¡¡y yyy yyy y 1⊗···⊗ ””EE EEE EEE C

A_1V . . . VA_{n 1⊗···⊗} // A_1 . . . A_n L ¡¡y yyy yyy yy

â...â1Œ&EEE λff´ 1a...a x� yyyy

A_1V . . . VA_n^{^⊗... ^⊗1} // 1⊗···⊗ ””EE EEE EEE A_1 . . . A_n L ””EE EEE EEE E A_1VV . . . VVA_n ^⊗11... ^⊗11 ¡¡yy yyy yyy

11⊗...11⊗ ””EEE EEE EE A_1 . . . A_{n L} // C

A_1V . . . VA_{n 1⊗···⊗} // ^⊗... ^⊗1 ¡¡yy yyy yyy A_1 . . . A_n L ¡¡y yyy yyy yy λx� yyyy

λŒ&E EE

A_1V . . . VA_n^{^⊗1...^⊗1} // A_1 . . . A_n L ””E EEE EEE EE A_1 . . . A_n 1I1...1I1 ¡¡yy yyy yyy 1I1...1I1 //

1 ””E EEE EEE E A_1V . . . VA_n ^⊗1... ^⊗1 ¡¡yy yyy yyy 1⊗...1⊗ ””E EEE EEE E C

A_1 . . . A_{n 1} // A_1 . . . A_n L ¡¡yy yyy yyy y λff´ 1l...l x� yyyy

A_1V . . . VA_n^{^⊗1...^⊗1}// ^⊗1... ^⊗1 ””E EEE EEE E A_1V . . . VA_n L ””EE EEE EEE E A_1 . . . A_n 1I1...1I1 ¡¡y yyy yyy y

1 ””E EEE EEE E A_1 . . . A_{n L} // C

A_1 . . . A_{n 1} // 1 ¡¡y yyy yyy y AB L ¡¡y yyy yyy yy r...rff´

If (L, λ) and (L^′, λ^′) are descent diagrams from (A_1, . . . , A_n) to C, then a descent ar-

row from (L, λ) to (L^′, λ^′) is a transformation of V-actegories β : L ⇒ L^′ satisfying the

following axiom.

A_1V . . . VA_n ^⊗1... ^⊗1 ??¨ ¨¨ ¨¨ ¨¨ ¨

1⊗...1⊗ $$

A_1 . . . A_{n L} ´´ L^′ ,,

A_1 . . . A_n L^′ ??¨ ¨¨ ¨¨ ¨¨ ¨¨ C β–� ¨¨¨¨

λ^′ –� ¨¨¨¨ A_1V . . . VA_n ^⊗1... ^⊗1 ::

1⊗...1⊗ ØØ??? ?? ?? ?

A_1 . . . A_n L ØØ? ?? ?? ?? ?

A_1 . . . A_n L 33

L^′ KKB λ œ#? ?? β œ#? ??

Much as in the case n = 2, there is a category Desc(A_1, . . . , A_n; C) of descent diagrams

from (A_1, . . . , A_n) to C and arrows between them, and this is the value at C of a 2-functor

Desc(A_1, . . . , A_n; −) : V-Act → Cat.

7.4. Definition. An n-fold tensor product of V-actegories A_1, . . . , A_n is a V-actegory

A_1 ⊗· · ·⊗A_n equipped with a a 2-natural isomorphism Desc(A_1, . . . , A_n; −) ∼= V-Act(A_1 ⊗ · · · ⊗ A_n, −). Clearly when n = 2 this agrees with the definition of the binary tensor product given

above. As with the binary tensor product, the n-fold tensor product exists, and extends

to a 2-functor − ⊗ − · · · − ⊗− : V-Act^n → V-Act. Now suppose A, B and C are V-

actegories and (K_1, κ_1) and (K_2, κ_2) are universal descent diagrams from (A, B) to A ⊗ B

and from (A ⊗ B, C) to (A ⊗ B) ⊗ C respectively. Then define a descent diagram from

(A, B, C) to (A ⊗ B) ⊗ C to be ABC_K 11 ’’PP PPP PPP PPP ABVC 1 ^⊗1

88pp ppp ppp ppp_{^⊗1} // K_111

&&MM MMM MMM MMM ABC^{K1 1} // (A ⊗ B)C K_2

’’PPP

PPPP

PPPP P AVBVC

^⊗ ^⊗1 ..

1⊗⊗ 00

^⊗11

99ss sss sss sss

1⊗11 %%KKKK KKK KKK K (A ⊗ B)VC ^⊗1 77oo ooo ooo ooo 1⊗ ’’OO OOO OOO OOO (A ⊗ B) ⊗ C,

ABVC K_111

88qq qqq qqq qqq

1⊗ &&NN NNN NNN NNN (A ⊗ B)C K_2

77nn nnnn nnnn nn

ABC K_11

77ooo oooo oooo o

κ^{−1}_1 1 ff´

k_1 1ff´

κ_111

ff´ κ^2ff´

where k_1 is the structure isomorphism of K_1; denote this descent diagram by (K^′, κ^′).

The proof of the following proposition may be found in [McC99a, Section 2.5]

7.5. Proposition. For any V-actegories A, B and C, the above diagram exhibits (A ⊗

B) ⊗ C as a triple tensor product.

Next, suppose that (K_3, κ_3) and (K_4, κ_4) are are universal descent diagrams from

(B, C) to B ⊗ C and from (A, B ⊗ C) to A ⊗ (B ⊗ C) respectively. Define a descent diagram

from (A, B, C) to (A ⊗ B) ⊗ C to be the following diagram. ABC_{1K} 3 ’’PP PPP PPP PPP AVBC ^⊗11

88pp ppp ppp ppp 11K_3

&&MM MMM MMM MMM A(B ⊗ C) K_4

’’OO OOO OOO OOO AVBVC

^⊗ ^⊗1 ..

1⊗⊗ 00

11 ^⊗1

99ss sss sss sss

111⊗ %%KKKK KKK KKK K AV(B ⊗ C) ^⊗1 77oo ooo ooo ooo 1⊗ ’’OO OOO OOO OOO A ⊗ (B ⊗ C)

AVBC 11K_3

88qq qqq qqq qqq

1⊗1 &&NN NNN NNN NNN A(B ⊗ C) K_4

77oo ooo ooo ooo

ABC 1K_3

77oo oooo oooo oo

11κ_3

ff´ κ^4ff´

k^{−1}_3ff´

Here k is the structure isomorphism of K. By Proposition 7.5, there exists a unique

morphism of V-actegories a : (A ⊗ B) ⊗ C → A ⊗ (B ⊗ C) such that Desc(A, B, C; a)(K^′κ^′)

is equal to the above descent diagram.

7.6. Proposition. The arrow a : (A ⊗ B) ⊗ C → A ⊗ (B ⊗ C) form the components of

a 2-natural isomorphism as in the following diagram.

V-Act^{3 ⊗×1} // 1×⊗ fflffl V-Act^2 ⊗ fflffl V-Act^2_⊗ // V-Act

au˝ ssss

Proof. In a manner similar to Proposition 7.5, A ⊗ (B ⊗ C) is a triple tensor product, so

that the arrow a : (A ⊗ B) ⊗ C → A ⊗ (B ⊗ C) is an isomorphism. This isomorphism is

2-natural which completes the proof.

We now proceed to the invertible modification π of the definition of a monoidal bicat-

egory.

7.7. Proposition. For V-actegories A, B, C and D, the following diagram commutes. (A ⊗ (B ⊗ C)) ⊗ D

A ⊗ ((B ⊗ C) ⊗ D) ((A ⊗ B) ⊗ C) ⊗ D

A ⊗ (B ⊗ (C ⊗ D)) (A ⊗ B) ⊗ (C ⊗ D)

a⊗1 88pp ppp ppp pp a &&NN NNN NNN NN

1⊗a fifi¸ ¸¸ ¸¸ ¸¸ a ``& && & && &

a // Proof. In a manner similar to the proof of Proposition 7.5, it can be shown that ((A ⊗

B) ⊗ C) ⊗ D is a 4-fold tensor product. Thus, in order to show that the above diagram

commutes, it suffices to show that it commutes after composing with the universal arrow

ABCD → ((A ⊗ B) ⊗ C) ⊗ D, and this is a long but straightforward calculation.

It follows from Proposition 7.7 that the modification

V-Act^{3 ⊗1} // V-Act^2 ⊗ øø: :: :: :: V-Act^4 ⊗11 BB� � � �_{1⊗1} //

11⊗ øø: :: :: :: V-Act^3 ⊗1 BB� � � � 1⊗ øø: :: :: :: V-Act

V-Act^3_{1⊗} // V-Act^2 ⊗ BB� � � � a1ß! ::: aff´ 1ã� �

V-Act^{3 ⊗1} // 1⊗ øø: :: :: :: V-Act^2 ⊗ øø: :: :: :: V-Act^4 ⊗11 BB� � � �

11⊗ øø: :: :: :: V-Act^2_⊗ // V-Act

V-Act^3_{1⊗} // ⊗1 BB� � � � V-Act^2 ⊗ BB� � � � ã� �

aß! ::: π ˙*4

in the definition of a monoidal bicategory may be taken to be the identity.

We now consider the modification ν in the definition of a monoidal bicategory. Let

(K^′, κ^′) be the universal descent diagram from (A, V, B) to (A ⊗ V) ⊗ B as constructed immediately before Proposition 7.5. Then (A ⊗ V)B

K fflffl

r1 &&NN NNN NNN NNN N AVB K1 oo ^⊗1 zzvvv vvv vvv v ⊗ fflffl 1K %%KK KKK KKK KK K1 // (A ⊗ V)B K fflffl AB K fflffl AB K zzvvv vvv vvv v A(V ⊗ B) 1l oo

K ’’PPP

PPPP

PPPP P (A ⊗ V) ⊗ B a fflffl (A ⊗ V) ⊗ B_{r⊗1} // A ⊗ B A ⊗ (V ⊗ B) 1⊗l oo κ +3

is an isomorphism of descent diagrams Desc(A, V, B; r ⊗ 1)(K^′, κ^′) → Desc(A, V, B; (1 ⊗

l) ∘ a)(K^′, κ^′), and so there exists a unique invertible 2-cell

(A ⊗ V) ⊗ B^a //

r⊗1 ’’NN NNN NNN NNN A ⊗ (V ⊗ B) 1⊗l wwppp ppp ppp pp A ⊗ B νff´

such that Desc(A, V, B; ν)(K^′, κ^′) is equal to this morphism of descent diagrams.

7.8. Proposition. The 2-cell ν forms the component at (A, B) of an invertible modifi-

cation

V-Act^2_1

&&MM MMM MMM MM 1V1 xxqqq qqq qqq q V-Act^3_{⊗1} // ⊗1 fflffl V-Act^2 ⊗ fflffl V-Act^2_⊗ // V-Act

KS r1 V-Act^2_1

&&MM MMM MMM MM 1V1 xxqqq qqq qqq q V-Act^3_{1⊗} // ⊗1 fflffl V-Act^2 ⊗ fflffl V-Act^2_⊗ // V-Act

KS_1 l

a 08hhhh ν ˙*4

in hom(V-Act^2, V-Act).

Similar constructions provides invertible modifications

V-Act^3_{⊗1}

&&MM MMM MMM MM V-Act^2 V11 88qq qqq qqq qq 1 // ⊗ fflffl V-Act^2 ⊗ fflffl V-Act_1 // V-Act

l1ff´

V-Act^3_{⊗1}

&&MM MMM MMM MM 1⊗ fflffl V-Act^2 V11 88qq qqq qqq qq ⊗ fflffl V-Act^2_⊗

&&NN NNN NNN NN V-Act^2 ⊗ fflffl V-Act V1 88pp ppp ppp pp 1 // V-Act a ks λ ˙*4

V-Act^3_{⊗1}

&&MM MMM MMM MM ⊗1 fflffl V-Act^2 11V 88qq qqq qqq qq ⊗ fflffl V-Act^2_⊗

&&NN NNN NNN NN V-Act^2 ⊗ fflffl V-Act 1V 88pp ppp ppp pp 1 // V-Act rff´

V-Act^3_{⊗1}

&&MM MMM MMM MM ⊗1 fflffl V-Act^2 11V 88qq qqq qqq qq ⊗ fflffl V-Act^2_⊗

&&NN NNN NNN NN V-Act^2 ⊗ fflffl V-Act 1 88pp ppp ppp pp 1 // V-Act

1r˝� � aks ρ ˙*4

in hom(V-Act^2, V-Act).

As remarked above, the sense of the pseudonatural equivalence r given above is con-

trary to the sense of the right unit equivalence as given in [GPS95, Section 2.2]. As a

consequence, the invertible modifications domain and codomain of ν and ρ given above

are mates of the domain and codomain of ν and ρ as in [GPS95, Section 2.2]. We shall

now use the calculus of mates to transform the data given above into the form of [GPS95,

Section 2.2]. Let r^∗ be the adjoint pseudoinverse of r in the 2-category hom(V-Act, V-Act)

with invertible unit and counit η and ε respectively. Now, for any pair of objects A and

B of V-Act, define ν^∗ to be the following 2-cell. (A ⊗ V) ⊗ B a ((QQQ

QQQQ

QQQQ Q

r⊗1 fflffl A ⊗ B 1 ’’NN NNN NNN NNN N

r^∗⊗1

88pp ppp ppp ppp A ⊗ (V ⊗ B) 1⊗l vvmmmm mmmm mmmm m A ⊗ B

ν^{−1}ks ε⊗1ks

Then ν^∗ forms the component at (A, B) of an invertible modification as in the following

diagram.

V-Act^{2 1} // V-Act^2 ⊗ øø: :: :: :: V-Act^2 1 BB� � � �_{1V1} //

1 øø: :: :: :: V-Act^3 ⊗1 BB� � � � 1⊗ øø: :: :: :: V-Act

V-Act^2_1 // V-Act ⊗ BB� � � �

1lß! ::: aff´ 1r∗~� �

V-Act^1 ⊗ øø: :: :: :: V-Act^2 1 BB� � � �

1 øø: :: :: :: V-Act

V-Act^2 ⊗ BB� � � � ν^∗˙*4

Similarly, for each pair of objects A and B of V-Act, define ρ^∗ to be the following 2-cell. (A ⊗ B) ⊗ V

r

fflffl a // A ⊗ (B ⊗ V)

1r fflffl

1 ((QQQ

QQQQ

QQQQ QQ A ⊗ B 1 ’’OO OOO OOO OOO O r^∗

77pp ppp ppp ppp p A ⊗ (B ⊗ V)

A ⊗ B_1 // A ⊗ B 1r∗ 66lll llll llll ll

ε^{−1}+3 ρ +3 η^{−1} +3

Then ρ^∗ forms the component of an invertible modification as in the following diagram.

V-Act^1 // V-Act

V-Act^2 ⊗ OO

1 //

11V &&MM MMM MMM MM V-Act^2 ⊗ OO

V-Act^3 1⊗ 88qq qqq qqq qq 1r∗ff´

V-Act^1 // 1V &&NN NNN NNN NN V-Act.

V-Act^2 ⊗ OO

11V &&MM MMM MMM MM V-Act^2 ⊗ 88pp ppp ppp pp V-Act^2 ⊗ OO

V-Act^3 ⊗1 OO 1⊗ 88qq qqq qqq qq

r^∗ff´

a +3

ρ^∗˙*4

Thus (V-Act, ⊗, V, a, l, r^∗, π, ν^∗, λ, ρ^∗) defines data for a monoidal 2-category.

7.9. Theorem. With data as defined above (V-Act, ⊗, V, a, l, r^∗, π, ν^∗, λ, ρ^∗) is a monoidal 2-category.

Proof. Since the associativity equivalence a is 2-natural, and the modification π is the identity, both sides of the non-abelian cocycle condition [GPS95, Section 2.2, (TA1)]

equation are the identity, and so trivially satisfied.

Next, one may show using the calculus of mates that the left normalization axiom

[GPS95, Section 2.2, (TA2)] holds if and only if the following equation holds for all V-

actegories A, B and C, where juxtaposition denotes tensor. (AB)C

A(BC)

A(V(BC)) (AV)(BC)

((AV)B)C ((A(VB))C A((VB)C)

a %%LL LLL LLL LLL L (r1)1

99rr rrr rrr rrr r

a

ȷȷ$ $ $ $ $ $ $ $ $ $

a //

1l

MMœ œ œ œ œ œ œ œ œ œ

a1 ((RRRR

a %%LL L

1a øø8 88 88 88 88 8

1(l1) ¡¡z zzz zz zz zz

(1l)1 JJ˘ ˘˘ ˘˘ ˘˘ ˘˘ ˘˘ ˘ ν1ˇø 11

π–� ~~~~

1λ*2““““

(AB)C

A(BC)

A(V(BC)) (AV)(BC)

((AV)B)C a %%LL LLL LLL LLL L (r1)1

99rr rrr rrr rrr r

a

ȷȷ$ $ $ $ $ $ $ $ $ $

a //

1l

MMœ œ œ œ œ œ œ œ œ œ

r(11)

;;vv vvv vvv vvv vvv vvv vvv vvv vvv vvv v ν Æ%B BB

Since ((A ⊗ V) ⊗ B) ⊗ C is a 4-fold tensor product, it suffices to show that the above

equation holds after composing with the universal arrow AVBC → ((A ⊗ V) ⊗ B) ⊗ C and

this is a long, but straightforward calculation with pasting diagrams. Similarly, the right

normalization axiom [GPS95, Section 2.2, (TA3)] holds if and only if for all V-actegories

A, B, and C the following equation holds, where juxtaposition denotes tensor. (AB)C

A(BC)

A(B(VC)) (AB)(VC)

((AB)V)C (A(BV))C A((BV)C)

a %%LL LLL LLL LLL L r1 99rr rrr rrr rrr r

a

ȷȷ$ $ $ $ $ $ $ $ $ $

a //

1(1l)

MMœ œ œ œ œ œ œ œ œ œ

a1 ((RRRR

a %%LL L

1a øø8 88 88 88 88 8

1(r1) ¡¡z zz zz zz zz z

(1r)1 JJ˘ ˘˘ ˘˘ ˘˘ ˘˘ ˘˘ ˘ ρ1ˇø 11

π–� ~~~~

1μ*2““““

(AB)C

A(BC)

A(B(VC)) (AV)(BC)

((AV)B)C a %%LL LLL LLL LLL L (r1)1

99rr rrr rrr rrr r

a

ȷȷ$ $ $ $ $ $ $ $ $ $

a //

1l

MMœ œ œ œ œ œ œ œ œ œ

(11)l

HHȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷȷ ȷ ν”*LLL

Again, it suffices to show that the above equation holds after composing with the universal

arrow ABVC → ((A ⊗ B) ⊗ V) ⊗ C and this is a long, but straightforward calculation with

pasting diagrams.

We now proceed to the braiding on V-Act. Suppose that A and B are V-actegories

and (K_5, κ_5) and (K_6, κ_6) are are universal descent diagrams from (A, B) to A ⊗ B and

from (B, A) to B ⊗ A respectively. There is a morphism of V-actegories P : AB → B ⊗ A whose underlying functor is the composite K_6 ∘ σ : AB → BA → B ⊗ A, and whose structure isomorphism has component at an object (V, A, B) of VAB given by the

composite k_6 ∘ κ^{−1}_6 : K_6(B, V ⊗ A) → K_6(V ⊗ B, A) → V ⊗ K_6(B, A), where k_6 is the

structure isomorphism of K_6. For each pair of objects A and B of A and each object

V of V, there is an arrow P (V ⊗ A, B) → P (A, V ⊗ B) given by κ^{−1}_6 : K_6(B, V ⊗ A) →

K_6(V ⊗ B, A) which is the component at (A, V, B) of an invertible transformation of V-actegories

AVB ^⊗1 ??¨ ¨¨¨ ¨¨

1⊗ ØØ? ?? ??

AB_P ØØ? ?? ??

AB^P ??¨ ¨¨ ¨¨ B ⊗ A. pff´

and (P, p) is a descent diagram. By the universal property of A ⊗ B, there exists a unique

morphism of V actegories ρ : A ⊗ B → B ⊗ A such that Desc(A, B; ρ)(K_5, κ_5) is equal to

(P, p). It is straightforward to show that the arrow ρ : A ⊗ B → B ⊗ A constitutes the

component at (A, B) of a 2-natural transformation

V-Act^{2 ⊗} //

σ %%KK KKK KKK KK V-Act

V-Act^2 ⊗ 99ss sss sss ss ρfiˇ

in hom(V-Act^2, V-Act).

7.10. Lemma. For all V-actegories A and B the composite ρ∘ρ : A⊗B → B⊗A → A⊗B is the identity.

The following proposition is an immediate consequence.

7.11. Proposition. The arrow ρ : A ⊗ B → B ⊗ A constitutes the component at (A, B) of a 2-natural isomorphism in hom(V-Act^2, V-Act).

7.12. Lemma. For all V-actegories A, B and C, the diagrams A ⊗ (B ⊗ C)^ρ // (B ⊗ C) ⊗ A a ((QQ

QQQQ

QQQQ QQ (A ⊗ B) ⊗ C a 66mmm mmmm mmmm m

ρ⊗1 ((QQQ

QQQQ

QQQQ Q B ⊗ (C ⊗ A)

(B ⊗ A) ⊗ C_a // B ⊗ (A ⊗ C) 1⊗ρ 66mmm mmmm mmmm m

(A ⊗ B) ⊗ C^ρ // C ⊗ (A ⊗ B) a^{−1}

((QQQ

QQQQ

QQQQ Q A ⊗ (B ⊗ C) a^{−1}

66mmm mmmm mmmm m

1⊗ρ ((QQQ

QQQQ

QQQQ Q (C ⊗ A) ⊗ B

A ⊗ (C ⊗ B)_{a−1} // (A ⊗ C) ⊗ B ρ⊗1 66mmm mmmm mmmm m commute.

It follows from Lemma 7.12 that the modifications R and S of the definition of a braided monoidal 2-category may be taken to be the identity 2-cells.

7.13. Proposition. When equipped with the 2-natural isomorphism ρ, and the modifications R and S the monoidal 2-category V-Act is braided.

Proof. The axioms (BA1), (BA2), (BA3) and (BA4) of Appendix A hold trivially because in each case both sides of the equation are the identity 2-cell.

We now consider the syllepsis for V-Act. By Lemma 7.10 the modification

V-Act^2 ⊗ fflffl V-Act^2

1 //

⊗ 00 V-Act

V-Act^2 ⊗ fflffl V-Act^2

1 ..

⊗ 00 σ // V-Act2 σ 99ss sss sss ss

⊗ %%LL LLL LLL LL V-Act

ρ� flfl

ρ�ȷ ææ v ˙*4

in the definition of a sylleptic monoidal 2-category may be taken to be the identity.

7.14. Proposition. When equipped with the modification v, the braided monoidal bicategory V-Act is symmetric.

Proof. The axioms (SA1) and (SA2) of Appendix B hold trivially because in each case, both sides of the equation are the identity 2-cell, so that V-Act is sylleptic. Also,the axiom of Section 4 holds trivially because both sides of the equation are the identity 2-cell.

8. Gray-limits and symmetric monoidal 2-categories

In [McC99b], a 2-category V-Act//V is constructed whose objects (A, X, σ) consist of a V-actegory A, a set X and an X-indexed family σ_x : A → V of morphisms of V-actegories. For example, if C is a V^{op}-category, then the category Comod(C) of C-comodules is a Vactegory, and there is a family ω_c : Comod(C) → V of morphisms of V-actegories indexed by the objects of C. Indeed this is the value at the object C of a 2-functor

Comod : V^{op}-Cat^{op} → V-Act//V.

This 2-functor was studied in [McC99b]; it was shown to be bi-fully faithful and its image was characterized in elementary terms. In this section we shall equip the 2-category V-Act//V with the structure of a symmetric monoidal 2-category, and in Section 9, we shall equip the 2-functor Comod with the structure of a symmetric weak monoidal 2- functor. We shall show that this weak monoidal 2-functor is monoidally bi-fully-faithful in Section 10, which allows us to conclude our main result on the reconstruction of balanced coalgebroids.

The 2-category V-Act//V is constructed by Gray-categorical means [McC99b, Section 3]. Indeed, it is formed by taking a Gray-limit followed by a certain factorization. The objects and arrows involved in these constructions are in fact symmetric monoidal, and we shall show that these constructions “lift” to make V-Act//V a symmetric monoidal 2-category. These techniques also allow make the 2-category Cat/V, as described in Section 2, into a symmetric monoidal 2-category. We thank S. Lack for suggesting this approach. The following description of the construction of V-Act//V is taken from [McC99b, Section 2] and [McC99a, Section 1.1].

We first recall the symmetric monoidal closed category Gray. Let Gray_0 denote the category of 2-categories and 2-functors, and let Gray denote the symmetric monoidal closed category whose underlying category is Gray_0 and whose tensor product is the Gray tensor product; see for example [DS97]. A Gray-category is a Gray-enriched category in the sense of [Kel82], and may be considered to be a semi-strict tricategory [GPS95]. In particular, every 3-category may be considered to be a Gray-category. There is a factorization system (E, M) on the category Gray_0. The class E consists of those 2- functors that are bijective on objects and bijective on arrows, and the class M consists of those 2-functors that are locally fully faithful.

Let D be the free category on the graph 1 → 2 ← 3. Every category may be considered as a 3-category with no non-identity 2-cells or 3-cells, and every 3-category may be considered as a Gray-category, and we now consider D as a Gray-category in this way. To give a Gray-functor S : D → Gray amounts to giving a diagram F : K → L ← M : G of 2-categories and 2-functors. Let 1 denote the terminal 2-category, and let 2 denote the locally discrete 2-category with two objects x and y, and with exactly one non-identity arrow x → y. Let J : D → Gray be the Gray-functor defined by x : 1 → 2 ← 1 : y, where x and y are named by their value on the only object of 1. If T : D → Gray is a Gray-functor, then we may consider the limit of T weighted by J in the usual sense of enriched category theory [Kel82, Chapter 3]; this is a 2-category {J, T } equipped with a Gray-natural isomorphism Gray(K, {J, T }) ∼= [D, Gray](J, Gray(K, T )). The universal property of {J, T } provides 2-functors p : {J, T } → K and q : {J, T } → M.

The 2-category {J, T } has the following description [McC99a, Section 1]. An object (x, σ, y) of {J, T } consists of an object x of K, an object y of M, and an arrow σ : F x → Gy of L. An arrow (r, φ, s) : (x, σ, y) → (x^′, σ^′, y^′) consists of arrows r : x → x^′ of K and s : y → y^′ and an invertible 2-cell

F x^σ // F r fflffl Gy Gs fflffl F x^′_{σ′} // Gy^′ φy� zzzz

in L. A 2-cell (α_1, α_2) of {J, T } is a pair of two cells α_1 : r ⇒ r^′ and α_2 : s ⇒ s^′ in K and M respectively, satisfying the following equation.

F x σ ??¨ ¨¨ ¨¨ ¨¨

F r^′ **

F r ``

Gy_{Gs} ``

F x^′ σ^′ ??¨ ¨¨ ¨¨ ¨¨ Gy^′ φ–� ¨¨¨¨

α_1–� ¨¨¨ ¨ F x σ ??¨ ¨¨ ¨¨ ¨¨

F r^′ **

Gy_{Gs} `` Gs^′ ++

F x^′ σ^′ ??¨ ¨¨ ¨¨ ¨¨ Gy^′ φ^′–�

¨¨¨¨

α_2–� ¨¨¨ ¨

There are evident projection 2-functors p : {J, T } → K and q : {J, T } → M.

We now define the 2-category V-Act//V. Let Set be the locally discrete 2-category whose underlying category is the category of sets and let D : Set → Cat be the evident 2-functor whose value on a set X is the discrete category with X as its set of objects. Let T : D → Gray be defined by the following diagram^1,

V-Act^{V-Act(−,V)}// Cat^{op} Set^{op}D^{op}oo

and let p : {J, T } → V-Act be the induced 2-functor. Define a 2-category V-Act//V to be

1Here we are taking the liberty of ignoring issues of size. This can be rectified by an appropriate change of universe.

the 2-category appearing in the factorization {J, T }^p // E %%LL LLL LLL LL V-Act

V-Act//V M 99rr rrr rrr rrr

with E bijective on objects and bijective on arrows, and M locally fully faithful. Using the description of {J, T } given above, we may describe V-Act//V explicitly as follows. An object (A, X, σ) of V-Act//V consists of a V-actegory A, a set X and an X-indexed family σ_x : A → V of morphism of V-actegories. An arrow (F, t, φ) : (A, X, σ) → (B, Y, σ) consists of a morphism of V-actegories F : A → B, a function t : Y → X and a family φ_y : σ_y∘F ⇒ σ_{ty} of invertible transformations of V-actegories. A 2-cell (F, t, φ) ⇒ (G, s, ψ) is simply a transformation of V-actegories from F to G.

The same construction serves to define the 2-category Cat/V. Indeed, let T^′ : D → Gray be defined by the following diagram,

Cat^{Cat(−,V)} // Cat^{op} 1^1oo

where 1 : 1 → Cat^{op} is the 2-functor whose value on the only object of 1 is the discrete category with one object. Let p^′ : {J, T^′} → Cat be the induced 2-functor. One may show that the 2-category K appearing in the factorization {J, T^′}^{p′} // E^′ ##FFF FFF FFF Cat

K M^′ ¿¿— —— —— —— — with E^′ bijective on objects and bijective on arrows, and M^′ locally fully faithful is isomorphic to Cat/V.

We now show that taking the J-limit of a 2-functor T : D → Gray “lifts” to monoidal 2- categories. More precisely, suppose K, L and M are monoidal 2-categories and F : K → L and G : M → L are opweak and weak monoidal 2-functors respectively. Let T : D → Gray be the Gray-functor defined by the diagram F : K → L ← M : G, by taking the underlying 2-categories and 2-functors, and let {J, T } be the J-weighted limit of T . We shall show that {J, T } inherits a monoidal structure such that the canonical projections p : {J, T } → K and q : {J, T } → L are strict monoidal 2-functors. We shall not, however, analyze the universal property of this construction. As the details of this construction are straightforward much will be omitted. We use the description of {J, T } given above.

Suppose that (a, σ, b) and (a^′, σ^′, b^′) are objects of {J, T }. Define (a, σ, b) ⊗ (a^′, σ^′, b^′) to be (a ⊗ a^′, σ^{′′}, b ⊗ b^′) where σ^{′′} is F (a ⊗ a^′)^χ // F a ⊗ F a^{′ σ⊗σ′} // F b ⊗ F b^{′ χ} // F (b ⊗ b^′) and the arrows χ : F (a ⊗ a^′) → F a ⊗ F a^′ and χ : F b ⊗ F b^′ → F (b ⊗ b^′) are part of the structure of F and G being opweak and weak monoidal 2-functors respectively. Suppose (r, φ, s) : (a, σ, b) → (c, σ, d) and (r^′, φ^′, s^′) : (a^′, σ^′, b^′) → (c^′, σ^′, d^′) are arrows in {J, T } Define (r, φ, s) ⊗ (r^′, φ^′, s^′) to be (r ⊗ r^′, φ^{′′}, s ⊗ s^′), where φ^{′′} is the 2-cell in the following diagram.

F (a ⊗ a^′)^χ // F (r⊗r^′) fflffl F a ⊗ F a^′ F r⊗F r^′ fflffl σ⊗σ // Gb ⊗ Gb′ Gs⊗Gs^′ fflffl χ // G(b ⊗ b^′) G(s⊗s^′) fflffl F (c ⊗ c^′)_χ // F c ⊗ F c^′_{σ′⊗σ′} // Gd ⊗ Gd^′_χ // G(d ⊗ d^′) t— pppp φ⊗φ^′ t— pppp t— pppp

It is straight forward to provide the remaining data for a homomorphism ⊗ : {J, T } × {J, T } → {J, T }, and verify that it satisfies the required coherence conditions. The unit object of {J, T } is defined to be (I, F I → I → GI, I). We now consider the associativity equivalence: if (a, σ, d), (b, σ, e) and (c, σ, f) are objects of {J, T }, then there is an invertible 2-cell φ in L given by the following diagram. F (ab)F c χF c ØØ? ?? ?? ?? F (de)F f χ ØØ? ?? ?? ?? F ((ab)c) F a fflffl

χ ??¨ ¨¨ ¨¨ ¨¨ (F aF b)F c^{(σσ)σ}// a fflffl (GdGe)Gf a fflffl

χGf ??¨ ¨¨ ¨¨ ¨¨ G((de)f) Ga fflffl F (a(bc)) χ ØØ? ?? ?? ?? F a(F bF c)_{σ(σσ)}// Gd(GeGf) Gdχ ØØ? ?? ?? ?? G(d(ef))

F a(F bF c) F aχ ??¨ ¨¨ ¨¨ ¨¨ GdG(ef) χ ??¨ ¨¨ ¨¨ ¨¨

ω_Fs– oo

oo s– oooo

ω_Gs– oo oo

Here, ω_F and ω_G are part of the structure of F and G being opweak and weak monoidal 2-functors respectively. Define an arrow ((a, σ, d) ⊗ (b, σ, e)) ⊗ (c, σ, f) → (a, σ, d) ⊗ ((b, σ, e) ⊗ (c, σ, f)) of {J, T } to be (a, φ, a). This arrow is the component at the object ((a, σ, d), (b, σ, e), (c, σ, f)) of a pseudonatural equivalence as in the following diagram. {J, T }^{3 ⊗1} // 1⊗ fflffl {J, T }^2 ⊗ fflffl {J, T }^2_⊗ // {J, T } av~ tttt

It is straightforward to construct the remaining data in order to make {J, T } into a monoidal 2-category, and verify that the axioms hold. Clearly the projections p : {J, T } → K and q : {J, T } → M are strict monoidal 2-functors. A similar argument proves the following.

8.1. Proposition. Suppose that K, L and M are symmetric monoidal 2-categories and F : K → L and G : M → L are opweak and weak symmetric monoidal 2-functors respectively. Let T : D → Gray be the Gray-functor defined by the diagram F : K → M ← L : G, by taking the underlying 2-categories and 2-functors. Then {J, T } inherits the structure of a symmetric monoidal 2-category such that the canonical projections p : {J, T } → K and q : {J, T } → L are strict symmetric monoidal 2-functors.

We now consider factorizations of strict monoidal 2-functors. Suppose K and L are monoidal 2-categories and F : K → L is a strict monoidal 2-functor. Let M ∘ E : K → M → L be a factorization of F in Gray_0, where E is bijective on objects and bijective on arrows and M is locally fully faithful. It is straightforward to make M into a monoidal 2-category such that the 2-functors E : K → M and M : M → L are strict monoidal 2-functors. Similarly one may prove the following proposition.

8.2. Proposition. Suppose that K and L are symmetric monoidal 2-categories and F : K → L is a strict symmetric monoidal 2-functor. Let M ∘ E : K → M → L be a factorization of F in Gray_0 where E is bijective on objects and bijective on arrows, and M is locally fully faithful. Then M inherits the structure of a symmetric monoidal 2- category such that E and M are strict symmetric monoidal 2-functors. 8.3. Proposition. If K is a symmetric monoidal 2-category, and A is a symmetric pseudomonoid in K, then the 2-functor K(−, A) : K → Cat^{op} is canonically equipped with the structure of a opweak symmetric monoidal 2-functor.

Proof. If B and C are objects of K, then define a functor χ : K(B, A) × K(C, A) → K(B ⊗ C, A) to be the following composite. K(B, A) × K(C, A)^⊗ // K(B ⊗ C, A ⊗ A)^{K(B⊗C,μ)}// K(B ⊗ C, A) It is straightforward to show that this arrow is the component at the pair (B, C) of a pseudonatural transformation K^{2 K(−,A)} 2 // ⊗ fflffl Cat^{op2} × fflffl K_{K(−,A)} // Cat^{op}

χ 3;nnnn

in hom(K^2, Cat^{op}). The unit η : I → A provides a functor ι : 1 → K(I, A) which is the only component of a pseudonatural transformation 1 I ¨¨¨¨ ¨¨¨ ¨¨¨ 1 ””EE EEE EEE E K_{K(−,A)} // Cat^{op} ι +3

in hom(1, Cat^{op}). The remaining data for the symmetric pseudomonoid A provide the remaining data making K(−, A) a symmetric weak monoidal 2-functor and the axioms that state that A is a symmetric pseudomonoid imply that K(−, A) is indeed a symmetric weak monoidal 2-functor.

We are now in a position to define the symmetric monoidal structure on the 2-category V-Act//V. By Example 4.3, the V-actegory V is a symmetric pseudomonoid in V-Act by virtue of it being the unit. Thus by Proposition 8.3, V-Act(−, V) : V-Act → Cat^{op} is canonically equipped with the structure of an opweak symmetric monoidal 2-functor. Clearly D^{op} : Set^{op} → Cat^{op} is a strict symmetric monoidal 2-functor, and so in particular, it is a weak symmetric monoidal 2-functor. By Proposition 8.1, {J, T } inherits the structure of a symmetric monoidal 2-category such that the induced 2-functors p : {J, T } → V-Act and q : {J, T } → Set are strict symmetric monoidal 2-functors. Thus by Proposition 8.2, V-Act//V inherits the structure of a symmetric monoidal 2-category such that 2-functors E : {J, T } → V-Act//V and M : V-Act//V → V-Act are strict symmetric monoidal 2-functors.

We now provide an explicit description of this structure. Let (A, X, σ) and (B, Y, σ) be objects of V-Act//V; thus A and B are V-actegories, X and Y are sets and σ_x : A → V and σ_y : B → V are families of morphisms of V-actegories indexed by X and Y respectively. Then (A, X, σ)⊗(B, Y, σ) is (A⊗B, X×Y, l∘(σ_x ⊗σ_y)). Let (F, f, φ) : (A, X, σ) → (C, Z, σ) and (G, g, ψ) : (B, Y, σ) → (D, W, σ) be arrows of V-Act//V; thus F : A → C and G : B → D are morphisms of V-actegories, f : Z → X and g : W → Y are functions and φ and ψ are families of invertible 2-cells φ_z : F ∘ σ_z ⇒ σ_{fz} and ψ_w : G ∘ σ_w ⇒ σ_{gw} indexed by Z and W respectively. The arrow (F, f, φ) ⊗ (G, g, ψ) : (A ⊗ B, X × Y, σ) → (C ⊗ D, Z × W, σ) is (F ⊗G, f ×g, l∘(φ⊗ψ)). Finally, if α : (F, f) ⇒ (F^′, f^′) and β : (G, g) ⇒ (G^′, g^′) are 2-cells in V-Act//V, then α⊗β : (F, f)⊗(G, g) ⇒ (F^′, f^′)⊗(G^′, g^′) is α⊗β. These data constitute the 2-functor ⊗ : V-Act//V × V-Act//V → V-Act//V. The unit object of V-Act//V is (V, 1, id) where 1 is the terminal set. If (A, X, σ), (B, Y, σ) and (C, Z, σ) are objects of V-Act//V, then the associativity isomorphism a : ((A, X, σ) ⊗ (B, Y, σ)) ⊗ (C, Z, σ) → (A, X, σ) ⊗ ((B, Y, σ) ⊗ (C, Z, σ)) is (a, a^{−1}, φ) where a : (A ⊗ B) ⊗ C → A ⊗ (B ⊗ C) is the 2-natural associativity isomorphism for V-Act, a : (X × Y ) × Z → X × (Y × Z) is the associativity isomorphism for the monoidal category of sets, and for each element (x, y, z) of X × Y × Z, φ is the invertible 2-cell exhibited by the following diagram.

(A ⊗ B) ⊗ C^a // (σx⊗σy )⊗σz fflffl A ⊗ (B ⊗ C) σx⊗(σy⊗σz) fflffl (V ⊗ V) ⊗ V^a // l⊗V fflffl V ⊗ (V ⊗ V) V⊗l fflffl V ⊗ V_l // V V ⊗ V l oo apx iiii

Here a is the associativity isomorphism for the pseudomonoid V. These data form the component of the 2-natural isomorphism for V-Act//V. The left unit equivalence l : (V, 1, id) ⊗ (A, X, σ) → (A, X, σ) is (l, l^{−1}, φ) where l : V ⊗ A → A is the left unit equivalence for V-Act, l : 1 × X → X is the left unit isomorphism for the category of sets, and φ is the following invertible 2-cell.

V ⊗ A^l // 1⊗σx fflffl A σx fflffl V ⊗ V^l //

l ##FF FFF FFF F V 1 ¨¨¨¨ ¨¨ ¨¨ ¨ V

rz mmmm

This data defines the component at (A, X, σ) of the left unit equivalence for V-Act//V; the isomorphisms expressing pseudonaturality of this equivalence are those expressing the pseudonaturality of the left unit equivalence for V-Act. The right unit equivalence is similar. The modification π for V-Act//V is the identity modification. Finally the modifications ν, λ and ρ for V-Act//V are the modifications ν, λ and ρ for V-Act. This completes the explicit description of the monoidal 2-category V-Act//V.

We now describe the braiding on V-Act//V. Let (A, X, σ) and (B, Y, σ) be objects of V-Act//V. The braiding ρ : (A, X, σ) ⊗ (B, Y, σ) → (B, Y, σ) ⊗ (A, X, σ) is (ρ, σ^{−1}, φ), where ρ : A ⊗ B → B ⊗ A is the braiding on V-Act, σ : X × Y → Y × X is the symmetry on the category of sets, and for each element (x, y) of X × Y , the 2-cell φ is given by the following diagram. A ⊗ B^ρ // σx⊗σy fflffl B ⊗ A σy⊗σx fflffl V ⊗ V^ρ //

l ##FF FFF FFF F V ⊗ V l ––xxx xxx xxx V cks

Here, c is the braiding on the braided pseudomonoid V. This arrow is the component of the 2-natural braiding isomorphism for V-Act//V. The modifications R and S in the definition of braided monoidal bicategory are the identity, as is the syllepsis, and so the explicit description of the symmetric monoidal 2-category V-Act//V is complete.

Similarly, the 2-category Cat/V is a symmetric monoidal 2-category. By definition, V is a symmetric pseudomonoid in Cat. Thus by Proposition 8.3, the 2-functor Cat(−, V) : Cat → Cat^{op} is canonically equipped with the structure of an opweak symmetric monoidal 2-functor. Clearly 1 : 1 → Cat^{op} is a strict symmetric monoidal 2-functor, and so in particular, it is a weak symmetric monoidal 2-functor. Thus by Proposition 8.1, {J, T^′} inherits the structure of a symmetric monoidal 2-category such that the induced 2- functors p^′ : {J, T^′} → Cat and q^′ : {J, T^′} → 1 are strict symmetric monoidal 2-functors. Thus by Proposition 8.2, Cat/V inherits the structure of a symmetric monoidal 2-category such that 2-functors E^′ : {J, T^′} → Cat/V and M^′ : Cat/V → Cat are strict symmetric monoidal 2-functors. This symmetric monoidal 2-category was first described in [Str89].

9. The weak monoidal 2-functor Comod

In this section, we describe the symmetric weak monoidal 2-functor Comod : V^{op}-Cat^{op} → V-Act//V. Its underlying 2-functor was defined and studied in [McC99b], to which we refer the reader for a complete description. In Section 10, we shall show that Comod is monoidally bi-fully faithful, which allows the reconstruction of balanced coalgebroids from their representations.

We first recall the 2-category V^{op}-Cat of V^{op}-categories. For a symmetric monoidal category V, the opposite category V^{op} of V is a symmetric monoidal category with the same tensor product as V, but with associativity, unit isomorphisms and symmetry taken to be the inverse of those of V. We may thus consider the symmetric monoidal 2-category V^{op}-Cat of categories enriched in V^{op} [Kel82, Section 1.2]. Objects, arrows and 2-cells of this 2-category are called V^{op}-categories, V^{op}-functors and V^{op}-natural transformations respectively. A V^{op}-category with exactly one object is a comonoid in V, and a V^{op}-functor between one object V^{op}-categories is a comonoid morphism in the opposite direction. We thus consider the 2-category V^{op}-Cat^{op} to be the appropriate context for the study of many object coalgebras, or coalgebroids.

For a V^{op}-category C, a C-comodule, or a representation of C, is an obj(C)-indexed family M_a of objects of V equipped with arrows δ : M_a → M_b ⊗ C(a, b) of V, called coactions, which are coassociative and counital; we shall denote such a C-comodule by M. The object M_a is called the component of M at a. There is a category Comod(C) of C-comodules, and for each object a of C, there is a functor ω_a : Comod(C) → V, called evaluation at a, whose value on a C-comodule M is the component of M at a. Observe that when C is a comonoid, that is, a V^{op}-category with one object, then Comod(C) is the usual category of C-comodules, and the only evaluation functor ω : Comod(C) → V is the usual forgetful functor. Now let M be a C-comodule and V be an object of V. The family V ⊗ M_a is a C-comodule with coactions V ⊗ δ : V ⊗ M_a → V ⊗ M_b ⊗ C(a, b), and this is the value of a functor V × Comod(C) → Comod(C) at the pair (V, M) which makes Comod(C) into a V-actegory. Indeed the V-actegory Comod(C) is the value at C of a 2-functor Comod : V^{op}-Cat^{op} −→ V-Act. As a space saving measure, let us denote this 2-functor by S.

We now equip the 2-functor S with the structure of a symmetric weak monoidal 2- functor. For V^{op}-actegories C and D, define a morphism of V-actegories L : S(C)S(D) → S(C ⊗ D) as follows. For C- and D-comodules M and N respectively, define L(M, N) to be the obj(C ⊗ D)-indexed family M_c ⊗ N_d, with coactions given by the following composite. M_c ⊗ N_d^{δ⊗δ} // M_c′ ⊗ C(c, c^′) ⊗ N_d′ ⊗ D(d, d^′) // M_c′ ⊗ N_d′ ⊗ C(c, c^′) ⊗ D(d, d^′) If f : M → M^′ and g : N → N^′ are C- and D-comodule morphisms respectively, then define L(f, g) to be the obj(C ⊗ D)-indexed family f_c ⊗ g_d. Clearly L is a strict morphism of V-actegories. The symmetry on V provides an invertible 2-cell

S(C)VS(D) ^⊗1 ??¨ ¨¨ ¨¨ ¨¨ ¨

1⊗ ØØ? ?? ?? ?? ?

S(C)S(D) L ØØ? ?? ?? ?? ?

S(C)S(D) L ??¨ ¨¨ ¨¨ ¨¨ ¨ S(C ⊗ D) λff´

and (L, λ) is a descent diagram from (S(C), S(D)) to S(C ⊗ D). The universal property of S(C) ⊗ S(D) provides a unique morphism of V-actegories χ : S(C) ⊗ S(D) → S(C ⊗ D) such that Desc(S(C), S(D); χ)(K, κ) is equal to the above descent diagram. 9.1. Lemma. The arrow χ : S(C) ⊗ S(D) → S(C ⊗ D) is the component at (C, D) of a 2-natural transformation

(V^{op}-Cat^{op})^{2 S2} // ⊗ fflffl V-Act^2 ⊗ fflffl V^{op}-Cat^{op}_S // V-Act

χt— pppp

in hom((V^{op}-Cat^{op})^2, V-Act).

Let I denote the unit object of V^{op}-Cat. Define a morphism of V-actegories ι : V → S(I) as follows. For an object V of V define ι(V ) to be (V, δ) where the coaction δ is the inverse of the right unit isomorphism V → V ⊗ I. The coherence theorem for monoidal categories shows that (V, δ) is an I-comodule. For an arrow f : V → W of V, define ι(f) to be f. Naturality of the unit isomorphism for V shows that ι(f) is indeed an I-comodule morphism. Clearly ι : V → S(I) is a strict morphism of V-actegories and provides the (only) component of a 2-natural transformation 1 I ––www www www_V

##GG GGG GGG G V^{op}-Cat^{op}_S // V-Act ι ks

in hom(1, V-Act). This 2-natural transformation is clearly an isomorphism. 9.2. Lemma. For all V^{op}-categories B, C and D, the diagram S(BC)S(D)^χ // S((BC)D) Sa ##HH HHH HHH H (S(B)S(C))S(D) χS(D) ;;vv vvv vvv v

a ##HH HHH HHH H S(B(CD))

S(B)(S(C)S(D))_{S(B)χ} // S(B)S(CD) χ ;;vv vvv vvv v

commutes.

It follows from Lemma 9.2 that the modification

V-Act^{3 ⊗1} // V-Act^2 ⊗ ŒŒ= == == == =

(V^{op}-Cat^{op})^3

S^3 @@� � � �_{⊗1} //

1⊗ ÆÆ¡ ¡¡ ¡¡ ¡¡ (V^{op}-Cat^{op})^2

S^2 @@� � � � ⊗ ÆÆ¡ ¡¡ ¡¡ ¡¡ ¡ V-Act

(V^{op}-Cat^{op})^2_⊗ // V^{op}-Cat^{op} S AA� � � � �

χ1 æ”= == χff´ a̋� �

V-Act^{3 ⊗1} // 1⊗ ŒŒ= == == == = V-Act^2 ⊗ ŒŒ= == == == =

(V^{op}-Cat^{op})^3

S^3 @@� � � �

1⊗ ÆÆ¡ ¡¡ ¡¡ ¡¡ V-Act^{2 ⊗} // V-Act

(V^{op}-Cat^{op})^2_⊗ //

S^2 AA� � � � V^{op}-Cat^{op} S AA� � � � � a—� �

χ æ” ¡¡¡ 1χff´ ω ˙*4

in the definition of a weak monoidal 2-functor may be taken to be the identity.

Now suppose C is a V^{op}-category, and V and M are objects of V and S(C) respectively.

There is a C-comodule M ⊗ V whose component at an object c of C is M_c ⊗ V , with

coactions given by the following. M_c ⊗ V^{δ⊗V} // M_d ⊗ C(c, d) ⊗ V // M_d ⊗ V ⊗ C(c, d) Clearly the symmetry M_c ⊗ V → V ⊗ M_c forms the component at c of a C-comodule

isomorphism M ⊗ V → V ⊗ M. This arrow is the component at (V, M) of an invertible

descent morphism exhibited by the following diagram.

S(C)V^K // K wwnnn nnn nnn nn_{^⊗}

’’NN NNN NNN NNN 1ι fflffl S(C) ⊗ V r fflffl S(C) ⊗ V 1⊗ι fflffl S(C)S(I) K wwnnn nnn nnn nn L

’’NN NNN NNN NNN S(C)

S(C) ⊗ S(I)_χ // S(C ⊗ I) Sr OO ks

The universal property of S(C) ⊗ V implies that there exists a unique 2-cell

S(C) ⊗ V^r // 1⊗ι fflffl S(C)

S(C) ⊗ S(I)_χ // S(C ⊗ I) S(r) OO δff´

such that Desc(S(C), V); δ)(K, κ) is the above descent morphism.

9.3. Lemma. The 2-cell δ is the component at C of an invertible modification

V-Act^2_⊗

&&NN NNN NNN NN V-Act 1I 88pp ppp ppp pp 1 // V-Act

V^{op}-Cat^{op} S OO

1 // V^{op}-Cat^{op} S OO rff´ V-Act_⊗

&&NN NNN NNN NNN V-Act 1I 88pp ppp ppp ppp V^{op}-Cat^{op2}

S^2 OO

⊗ &&MM MMM MMM MMM V-Act

V^{op}-Cat^{op} S OO_1 I 88qq qqq qqq qqq 1 // V^{op}-Cat^{op} S OO 1ι+3 χæ”¡¡¡ rff´ δ ˙*4

in hom(V^{op}-Cat^{op}, V-Act).

Observe that as the sense of the pseudonatural equivalence r is opposite to that given

in the usual definition of a weak monoidal 2-functor, the domain and codomain of the

above modification are mates of the domain and codomain of the modification δ in the

usual definition of a weak monoidal 2-functor. We shall to return to this point shortly.

9.4. Lemma. For all V^{op}-categories C, the diagram

V ⊗ S(C)^l // ι⊗1 fflffl S(C)

S(I) ⊗ S(C)_χ // S(I ⊗ C) S(l) OO

commutes.

It follows from Lemma 9.4 that the invertible modification

V-Act_⊗

&&NN NNN NNN NNN V-Act I1 88pp ppp ppp ppp V^{op}-Cat^{op2}

S^2 OO

⊗ &&MM MMM MMM MMM V-Act

V^{op}-Cat^{op} S OO I1 88qq qqq qqq qqq 1 // V^{op}-Cat^{op} S OO ι1+3 χæ”¡¡¡ lff´

V-Act^2_⊗

&&NN NNN NNN NN V-Act I1 88pp ppp ppp pp 1 // V-Act

V^{op}-Cat^{op} S OO

1 // V^{op}-Cat^{op} S OO lff´ γ ˙*4

in the definition of a weak monoidal 2-functor may be taken to be the identity.

We now return to the fact that the sense of the pseudonatural equivalence r is opposite

to that given in the usual definition of a monoidal 2-category. As in Section 7, let r^∗ be the

adjoint pseudoinverse of r in the 2-category hom(V-Act, V-Act) with invertible unit and

counit η and ε respectively. Similarly, let r be the inverse of the right unit isomorphism

r^∗ in the 2-category hom(V^{op}-Cat^{op}, V^{op}-Cat^{op}). For any V^{op}-category C, define δ^∗ to be

the following 2-cell.

S(C)^1 //

r^∗ fflffl S(C)^{Sr∗} // S(C ⊗ I)

S(C) ⊗ V r 77oo ooo ooo ooo 1⊗ι // S(C) ⊗ SI_χ // S(C ⊗ I) 1 OO Sr ggNNN NNN NNN NN ε ff´ δff´

Then δ^∗ forms the component at C of a modification

V-Act^1 // V-Act

V^{op}-Cat^{op} S OO 1 //

1I &&MM MMM MMM MM V^{op}-Cat^{op} S OO

(V^{op}-Cat^{op})^2 ⊗ 88qq qqq qqq qq r^∗ff´

V-Act^1 // 1I &&NN NNN NNN NN V-Act

V^{op}-Cat^{op} S OO

1I &&MM MMM MMM MM V-Act^2 ⊗ 88pp ppp ppp pp V^{op}-Cat^{op} S OO

(V^{op}-Cat^{op})^2

S^2 OO ⊗ 88qq qqq qqq qq

r^∗ff´ 1ι æ” ¡¡¡ χ +3

δ^∗˙*4

and (S, χ, ι, ω, γ, δ^∗) constitutes the data for a weak monoidal 2-functor S : V^{op}-Cat^{op} → V-Act. 9.5. Proposition. With data as described above, S : V^{op}-Cat^{op} → V-Act is a weak

monoidal 2-functor.

Proof. The axiom (AHTA1) of [GPS95, Section 3.1] is trivially satisfied as both sides are

the identity. Next, one may show using the calculus of mates that the axiom (AHTA2) of

[GPS95, Section 3.1] is satisfied if and only if the following equation holds for each pair of V^{op}-categories C and D,

(S(C)V)S(D)

S(C)S(D) S(CD)

S(CD)

S(C)(VS(D)) S(C)S(D)

(S(C)S(I))S(D)

S(CI)S(D) S(CI)D

S(C(ID))

S(C)(S(I)S(D)) S(C)S(ID)

r1 ¿¿— —— —— —— —— —— —— —— —— —— —— χ //

1

B BB BB BB BB BB BB BB BB BB BB

a B BB BB BB BB BB BB BB BB BB BB

1l //

χ

¿¿— —— —— —— —— —— —— —— —— —— ——

χ1 ¿¿— —— —— —— — χ // S(a) BBB BB BB B

a B BB BB BB B

1χ // χ ¿¿— —— —— —— —

(1ι)1//

S(r)1

‘‘BB BB BB BB S_(r_{1)} ¿¿— —— —— —— —

S(1l) //

1(ι1) ¿¿— —— —— —— — 1l B BB BB BB B δ1&.UU S(ν) ff´

ωff´

ff´ S(a)γ ff´ ff´

(S(C)V)S(D)

S(C)S(D) S(CD)

S(CD)

S(C)(VS(D)) S(C)S(D)

r1 ¿¿— —— —— —— —— —— —— —— —— —— —— χ //

1

B BB BB BB BB BB BB BB BB BB BB

a B BB BB BB BB BB BB BB BB BB BB

1l //

χ

¿¿— —— —— —— —— —— —— —— —— —— ——

1

B BB BB BB BB BB BB BB BB BB BB BB BB BB BB BB BB BB BB BB BB BB BB B

νff´

and to show this, it suffices to show that it holds after composing with the universal

S(C)VS(D) → (S(C) ⊗ V) ⊗ S(D). This is a calculation with pasting diagrams.

We now equip the weak monoidal 2-functor S : V^{op}-Cat^{op} → V-Act with the datum

necessary to make it into a weak symmetric monoidal 2-functor. Suppose C and D are

V^{op}-categories and M and N are C- and D-comodules respectively. There is D ⊗ C-

comodule whose component at an element (d, c) of obj(D ⊗ C) is N_d ⊗ M_c and whose

coaction is given by the following composite. N_d ⊗ M_c^{δ⊗δ} // N_d′ ⊗ D(d, d^′) ⊗ M_c′ ⊗ C(c, c^′) // N_d′ ⊗ M_c′ ⊗ D(d, d^′) ⊗ C(c, c^′) There is another D ⊗ C-comodule whose component at an element (d, c) of obj(D ⊗ C) is M_c ⊗ N_d and whose coaction is given by the following composite. M_c ⊗ N_d^{δ⊗δ} // M_c′ ⊗ C(c, c^′) ⊗ N_d′ ⊗ D(d, d^′) // M_c′ ⊗ N_d′ ⊗ D(d, d^′) ⊗ C(c, c^′) The symmetry σ : M_c ⊗ N_d → N_d ⊗ M_c constitutes the component at (d, c) of a D ⊗ Ccomodule morphism, and this comodule morphism is the component at (M, N) of an invertible descent morphism exhibited by the following diagram.

S(C)S(D)^K // K vvnnnn nnnn nnnn ⊗ ((PPP

PPPP

PPPP P σ fflffl S(C) ⊗ S(D) χ fflffl S(C) ⊗ S(D) ρ fflffl S(D)S(C) K vvnnnn nnnn nnnn L ((PPP

PPPP

PPPP P S(C ⊗ D) S(ρ) fflffl S(D) ⊗ S(C)_χ // S(D ⊗ C)

ks

The universal property of S(C) ⊗ S(D) implies that there exists a unique 2-cell

S(C) ⊗ S(D)^χ // ρ fflffl S(C ⊗ D) S(ρ) fflffl S(D) ⊗ S(C)_χ // S(D ⊗ C) us– nnnn

such that Desc(S(C), S(D); u)(K, κ) is the above descent morphism.

9.6. Lemma. The 2-cell u is the the component at (C, D) of an invertible modification

V-Act^2 σ &&MM MMM MMM MMM V-Act^2 σ 88qq qqq qqq qqq (V^{op}-Cat^{op})^2

S^2 OO

⊗ &&LL LLL LLL LLL V-Act

(V^{op}-Cat^{op})^2

S^2 OO σ 88rr rrr rrr rr ⊗ // V^{op}-Cat^{op} S OO χ ß! ::: ρff´

V-Act^2_⊗

&&MM MMM MMM MMM V-Act^2 σ 88qq qqq qqq qq ⊗ // V-Act

(V^{op}-Cat^{op})^2

S^2 OO

⊗ // V^{op}-Cat^{op} S OO ρff´

χff´ u ˙*4

in hom(V^{op}-Cat^{op2}, V-Act).

9.7. Proposition. With datum described above S : V^{op}-Cat^{op} → V-Act is a symmetric weak monoidal 2-functor.

The underlying functor of S : V^{op}-Cat^{op} → V-Act//V factors through the locally fullyfaithful 2-functor V-Act//V → V-Act; for each V^{op}-category C and each object a of C, the evaluation functor ω_a : Comod(C) → V is a strict morphism of V-actegories so that the triple (Comod(C), obj(C), ω) is an object of V-Act//V. This assignment may be extended to arrows and 2-cells, providing a 2-functor Comod: V^{op}-Cat^{op} −→ V-Act//V lifting S : V^{op}-Cat^{op} → V-Act; see [McC99b, Section 3] Let us denote this 2-functor by T . We shall now equip the 2-functor T : V^{op}-Cat^{op} → V-Act//V with the structure of a symmetric weak monoidal 2-functor. Suppose C and D are V^{op}-actegories. Composing with the universal S(C)S(D) → S(C) ⊗ S(D) shows for all elements c of obj(C) and all elements d of obj(D) that the following diagram commutes.

S(C) ⊗ S(D)^χ // ωc⊗ω_d fflffl S(C ⊗ D) ω_{(c,d)} fflffl V ⊗ V_l // V

Thus (χ, id: obj(C ⊗D) → obj(C)×obj(D), id) : (S(C), obj(C), ω)⊗(S(D), obj(D), ω) → (S(C ⊗ D), obj(C ⊗ D), ω) is an arrow in V-Act//V.

9.8. Lemma. The arrow χ is the component at (C, D) of a 2-natural transformation

(V^{op}-Cat^{op})^{2 T 2} // ⊗ fflffl (V-Act//V)^2 ⊗ fflffl V^{op}-Cat^{op}_T // V-Act//V

χs– nnnn

in hom((V^{op}-Cat^{op})^2, V-Act//V).

Clearly V^ι // id ##GG GGG GGG GG S(I)

ω_0

––www www www V commutes, so (ι, 1 → 1, id) : (V, 1, id) → (S(I), obj(I), ω) is an arrow in V-Act//V, and so provides the (only) component of a 2-natural transformation 1 I zzuuu uuu uuu uu_V

$$II III III II V^{op}-Cat^{op}_T // V-Act//V ι ks

in hom(1, V-Act//V). Now since the forgetful 2-functor V-Act//V → V-Act is locally-fully-faithful, one may take the modifications ω, γ, δ and u in the definition of a symmetric weak monoidal 2-functor to be those of S : V^{op}-Cat^{op} → V-Act.

9.9. Proposition. With data as described above, T : V^{op}-Cat^{op} → V-Act//V is a symmetric weak monoidal 2-functor.

Proof. The axioms hold because they hold in the 2-category V-Act and the forgetful 2- functor V-Act//V → V-Act is locally-fully-faithful.

10. Reconstruction of balanced coalgebroids

In this section, the symmetric weak monoidal 2-functor Comod: V^{op}-Cat^{op} → V-Act//V described in Section 9 is shown to be monoidally bi-fully-faithful. This allows the reconstruction of a balanced structure on a V^{op}-category from the corresponding structure on its representations. In Section 11, this will be used to construct a balanced coalgebra with the property that its category of representations is equivalent the symmetric monoidal category of chain complexes. This coalgebra was first described in [Par81]. We maintain the notation of Section 9.

Recall from [McC99b, Section 4] that an object (A, X, σ) of V-Act//V is said to be cotractable if for each pair x, y of elements of X, the left extension L_{xy} of σ_y along σ_x in V-Act exists. Recall also that for such an object, there is a V^{op}-category E(A, X, σ) with the X as a set of objects, and for each pair x, y of elements of X, the hom object from x to y is L_{xy}I. It is shown [McC99b, Section 4] that for any V^{op}-category C and any cotractable object (A, X, σ) of V-Act//V, there is an pseudonatural equivalence (V^{op}-Cat^{op})(E(A, X, σ), C) ≃ (V-Act//V)((A, X, σ), T (C)). For a V^{op}-category C and any object c of C, the morphism of V-actegories ω_c : S(C) → V has a right adjoint, so it follows that the the object (S(C), obj(C), ω) is cotractable. 10.1. Lemma. For any two V^{op}-categories C and D, the object T (C)⊗T (D) of V-Act//V is cotractable.

Proof. For each pair (c, d) in obj(C)×obj(D), let Q_{cd} be the composite l∘(ω_c⊗ω_d) : S(C)⊗ S(D) → V ⊗ V → V. Recall from Section 8 that the object T (C) ⊗ T (D) of V-Act//V is defined to be (S(C) ⊗ S(D), obj(C) × obj(D), ω) where for each pair (c, d) ∈ obj(C) × obj(D), the arrow ω_{(c,d)} is Q_{cd}. Since ⊗ : V-Act × V-Act → V-Act is a 2-functor, it preserves adjunctions, so that the morphism of V-actegories ω_c ⊗ω_d : S(C)⊗S(D) → V ⊗V has a right adjoint. Since l : V ⊗ V → V is an equivalence, it has a right adjoint. Since the composite of arrows with right adjoints has a right adjoint, it follows that Q_{cd} has a right adjoint. The result thus follows since the left extension of any arrow along an arrow with a right adjoint exists.

In fact, using the construction of left extensions by right adjoints, it is not difficult to show that S(C) ⊗ S(D) Q_{cd}

fflffl

χ fflffl Q_c′_d′

fflffl S(C ⊗ D) ω_{(c,d)} xxrrr rrr rrr rr ω_{(c}′_{,d}′_)

&&LL LLL LLL LLL V_{−⊗C(c,c′ )⊗D(d,d′)} // V δ ks

exhibits − ⊗ C(c, c^′) ⊗ D(d, d^′) as the left extension of Q_c′_d′ along Q_{cd}. It follows from Lemma 10.1 that E(T (C) ⊗ T (D)) is well defined. Now let ψ : E(T (C) ⊗ T (D)) → C ⊗ D be the transpose of the arrow χ : T (C) ⊗ T (D) → T (C ⊗ D) under the equivalence (V^{op}-Cat^{op})(E(T (C) ⊗ T (D)), C ⊗ D) ≃ (V-Act//V)(T (C) ⊗ T (D), T (C ⊗ D)).

10.2. Proposition. The arrow ψ : E(T (C) ⊗ T (D)) → C ⊗ D in V^{op}-Cat^{op} is an isomorphism.

Proof. Write E for E(T (C) ⊗ T (D)). By the construction in [McC99b], the arrow ψ is the identity on objects, and for all (c, d) and (c^′, d^′) in obj(C) × obj(D) the arrow ψ : E((c, d), (c^′, d^′)) → (C ⊗ D)((c, d), (c^′, d^′)) is the unique arrow such that the following equation holds. S(C) ⊗ S(D) Q_{cd}

flfl

Q_c′_d′

ȷȷ V −⊗E((c,d),(c′,d′)) ’’ −⊗C(c,c′ )⊗C(d,d′) 77 V

ks

−⊗ψ ff´

S(C) ⊗ S(D) Q_{cd}

flfl

χ fflffl Q_c′_d′

ȷȷ S(C ⊗ D) ω_{(c,d)} yysss sss sss ss ω_{(c}′_{,d}′_)

%%KK KKK KKK KKK V −⊗C(c,c′ )⊗D(d,d′) 77 V δ ks

But since the right diagram is a left extension, each arrow ψ : E((c, d), (c^′, d^′)) → (C ⊗ D)((c, d), (c^′, d^′)) is an isomorphism, and this completes the proof.

We may now state the main theorem of this article.

10.3. Theorem. For any symmetric monoidal category V, the symmetric monoidal 2- functor Comod : V^{op}-Cat^{op} → V-Act//V is monoidally bi-fully-faithful. Proof. It was shown in [McC99b, Proposition 4.7] that it is bi-fully-faithful as a 2-functor. Since the arrow ι : V → T (I) is an isomorphism, ι^∗ : (V-Act//V)(T (I), T (D)) → (V-Act//V)(V, T (D)) is an isomorphism for all V^{op}-categories D. Finally, for all V^{op}-categories B, C and D, χ^∗ : (V-Act//V)(T (B ⊗ C), T (D)) → (V-Act//V)(T (B) ⊗ T (C), T (D)) is canonically isomorphic to

(V-Act//V)(T (B ⊗ C), T (D)) ≃ (V^{op}-Cat^{op})(B ⊗ C, D) ≃ (V^{op}-Cat^{op})(E(T (B) ⊗ T (C)), D) ≃ (V-Act//V)(T (B) ⊗ T (C), T (D)) where the first, second and third equivalences are given by bi-fully-faithfullness of T , composition with the isomorphism ψ, and the bi-adjunction E ⊣ T respectively. Thus χ^∗ is an equivalence, and this completes the proof.

10.4. Corollary. The following diagrams are bi-pullbacks in the 2-category of 2-categories, 2-functors and 2-natural transformations.

PsMon(V^{op}-Cat^{op}) U fflffl

PsMon(Comod) //

PsMon(V-Act//V) U fflffl V^{op}-Cat^{op}_{Comod} // V-Act//V

BrPsMon(V^{op}-Cat^{op}) U fflffl

BrPsMon(Comod) //

BrPsMon(V-Act//V) U fflffl V^{op}-Cat^{op}_{Comod} // V-Act//V

SymPsMon(V^{op}-Cat^{op}) U fflffl

SymPsMon(Comod) //

SymPsMon(V-Act//V) U fflffl V^{op}-Cat^{op}_{Comod} // V-Act//V

BalPsMon(V^{op}-Cat^{op}) U fflffl

BalPsMon(Comod) //

BalPsMon(V-Act//V) U fflffl V^{op}-Cat^{op}_{Comod} // V-Act//V

Proof. This follows from Theorem 10.3, and Propositions 6.1 and 6.2.

Corollary 10.4 is a precise way of stating that there is a bijection between pseudomonoidal, braided pseudomonoidal, symmetric pseudomonoidal and balanced pseudomonoidal structures on a V^{op}-category and the corresponding structure on its category of representations.

11. An example

In this section, Corollary 10.4 is used to construct a balanced comonoid with the property that its category of representations is equivalent to the symmetric monoidal category of chain complexes.

Let R be a commutative ring, and let V be the symmetric monoidal category of Rmodules. Recall that Comon(V) is the full sub-2-category of V^{op}-Cat^{op} consisting of those V^{op}-categories with one object, and that the symmetric monoidal structure on V^{op}-Cat^{op} restricts to Comon(V).

Recall the V-actegory C of chain complexes as described in [McC99b, Section 6]. An object of C shall be denoted by (M, ∂) = (M_n, ∂_n : M_n → M_{n+1})_{n∈}Z. The R-module M_n is called the n-th component of (M, ∂) and ∂_n is called the n-th boundary map. An arrow f : (M, ∂) → (N, ∂) of C is called a chain map and it amounts to a Z-indexed family f_n : M_n → N_n of arrows that commute with the boundary maps. The arrow f_n will be call the n-th component of f. If V is an R-module, and (M_n, ∂_n) is a chain complex, then there is a chain complex V ⊗ (M, ∂) whose n-th component is V ⊗ M_n and whose n-th boundary operator is V ⊗ ∂_n. The chain complex V ⊗ (M, ∂) is the value at the pair (V, M) of a functor ⊗ : V × C → C making C into a V-actegory.

There is a functor L : C × C → C given by the usual tensor product of chain complexes; see [Rot79] for example. In detail, if (M, ∂) and (N, ∂) are complexes, then the n-th component of L((M, ∂), (N, ∂)) is given by ∑ i+j=nMi ⊗ Nj and the n-th boundary map is

given by ∑ i+j=n(−1) j∂_i ⊗N_j +M_i ⊗∂_j. For any object V of V, and any natural number n, the canonical isomorphism ∑ i+j=nV ⊗Mi ⊗Nj → V ⊗( ∑ i+j=nMi ⊗Nj) provides the n-th

component of an invertible chain map L(V ⊗ ((M, ∂), (N, ∂))) → V ⊗ L((M, ∂), (N, ∂)) which makes L into a morphism of V-actegories. The symmetry on V provides an invertible transformation of V-actegories CC_L @ @@@ @@@ @ CVC ^⊗1 ¿¿~ ~~ ~~ ~~

1⊗ @ @@ @@ @@ C CC L ¿¿~ ~~~ ~~~ ~ λff´

and (L, λ) is a descent diagram. Thus there exists a unique morphism of V-actegories μ : C ⊗ C → C such that Desc(C, C; μ)(K, κ) is equal to the above descent diagram. Next, let I be the chain complex whose n-th component is I if n = 0, and 0 otherwise. There is a morphism of V-actegories η : V → C whose value on an object V of V is V ⊗ I. For each object V of V, and each chain complex (M, ∂), the canonical isomorphism V ⊗ M_n → V ⊗I ⊗M_n → ∑ i+j=nV ⊗Ii ⊗Mj is the n-th component of an invertible chain map which

is the component at (V, M) of an invertible descent morphism exhibited by the following diagram.

VC^K // η1 B BB BB BBB ⊗ fflffl

K ~~——— ——— —— V ⊗ C_{η⊗1} B BBB BBB B V ⊗ C l !!B BB BB BB B CC^K // L !!B BB BB BB B C ⊗ C μ ˝˝—— —— —— —— C_1 // C

z� ————

Thus there exists a unique 2-cell C ⊗ C μ fflffl V ⊗ C η⊗C ::tt ttt ttt t

l %%JJ JJJ JJJ JJ C

l�ff fflffl

such that Desc(V, C; l)(K, κ) is equal to the above descent morphism. Similarly, one may construct the associativity isomorphism a and right unit isomorphism r, and (C, μ, η, a, r, l) is a pseudomonoid in V-Act.

For all n ∈ Zand chain complexes (M, ∂) and (N, ∂), define s : ∑ i+j=n Mi ⊗ Nj → ∑ k+l=n Nk ⊗ Ml to be the unique arrow of V such that the following diagram commutes for all i, j, k, l. ∑ i+j=nMi ⊗ Nj s // ∑k_+l_=nNk ⊗ Ml

M_i ⊗ N_j i_{jk} OO

s_{ijkl} // N_k ⊗ M_l i_{kl} OO

Here, s_{ijkl} is defined to be m ⊗ n → (−1)^{ij}n ⊗ m if j = k and i = l, and 0 otherwise; of course s is the usual symmetry on the category of chain complexes. The arrow s is the component at ((M, ∂), (N, ∂)) of an invertible descent morphism C ⊗ C^ρ // C ⊗ C μ fflffl CC K ==— ——— ——— — σ // K !!B BBB BBB B CC K ==— ——— ——— — L !!B BB BB BB B C ⊗ C_μ // C :B ————

and so there exists a unique invertible 2-cell

C ⊗ C^ρ // μ !!B BB BB BB B C ⊗ C μ ˝˝——— —— —— — C γ +3

such that Desc(C, C; γ)(K, κ) is equal to the above descent morphism. The 2-cell γ is a symmetry for the pseudomonoid C, so in particular, Example 5.3 shows that C is a balanced pseudomonoid in V-Act.

Recall [McC99b, Section 6] that V-Act/V is the full sub-2-category of V-Act//V consisting of those objects (A, X, σ) where X is the terminal set. Denote such an object by (A, σ). The symmetric monoidal structure on V-Act//V restricts to one on V-Act/V. We shall show that C may be equipped with the structure of a symmetric pseudomonoid in V-Act/V. Recall the morphism of V-actegories G : C → V described in [McC99b, Section 6]. The underlying functor of G is the functor whose value on an object (M, ∂) of C is ∑ n M_n. For each chain complex (M, ∂) and each object V of V the canonical isomorphism ∑ n V ⊗ M_n → V ⊗ ∑ n M_n is the component at (V, (M, ∂)) of the structure isomorphism of G. Thus (C, G) is an object of V-Act/V.

For complexes (M, ∂) and (N, ∂) define an arrow ∑ n ∑ i+j=nMi ⊗Nj → ∑ lM_l ⊗ ∑ kN_k to be the unique arrow such that the following diagram commutes for all i, j, k, l. ∑ n ∑ i+j=nMi ⊗ Nj // ∑ lM_l ⊗ ∑ kN_k

M_i ⊗ N_j i_{nij} OO

σ_{ijkl} // M_l ⊗ N_k i_{kl} OO

Here, σ_{ijkl} is the identity if i = k and j = l, and 0 otherwise. This arrow is the component at ((M, ∂), (N, ∂)) of an invertible descent morphism

CC^K // GG B BB BB BBB L fflffl

K ~~——— ——— —— C ⊗ C G⊗G B BBB BBB B C ⊗ C μ !!B BB BB BB B VV^K // ⊗ !!B BB BB BB B V ⊗ V l ˝˝——— ——— —— C_G // V :B ————

and so there exists a unique invertible 2-cell C ⊗ C^{G⊗G} // μ fflffl V ⊗ V l fflffl C_G // V

φ 6¿tttt

such that Desc(C, C; φ)(K, κ) is equal to the above descent morphism. Thus define an arrow μ : (C, G) ⊗ (C, G) → (C, G) in V-Act/V to be (μ, φ). Next, observe that for all objects V of V, the canonical arrow V → ∑ nV ⊗ I_n is an isomorphism, and it is the component of an invertible transformation of V-actegories as in the following diagram.

V^η //

1 ØØ? ?? ?? ?? C G ¨¨¨¨ ¨¨ ¨¨ ¨ V φks

Thus define an arrow η : (V, id) → (C, G) in V-Act/V to be (η, φ). Since the forgetful 2-functor V-Act/V → V-Act is locally-fully-faithful, one may take the invertible 2-cells a, r, l and γ in the definition of a symmetric pseudomonoid to be those described above, and then C = ((C, G), μ, η, a, r, l, γ) is a symmetric pseudomonoid in V-Act/V.

Let C be the comonoid of [McC99b, Example 6.9]. It was shown in this example that there is a canonical equivalence F : C → Comod(C) in V-Act/V. It follows that Comod(C) may be equipped with the structure of a symmetric pseudomonoid in V-Act/V such that F : C → Comod(C) is an equivalence of symmetric pseudomonoids. Thus there are 2-functors C : 1 → Comon(V) and Comod(C) : 1 → SymPsMon(V-Act/V) making the following diagram commute.

1^C // C fflffl SymPsMon(V-Act//V) U fflffl Comon(V)_{Comod} // V-Act/V

By Corollary 10.4, there exists an object D of SymPsMon(Comon(V)) and isomorphisms G : SymPsMon(Comod)(D) ∼= Comod(C) and f : D ∼= C in SymPsMon(V-Act/V) and Comon(V) respectively, such that Comod(f) = G. The proof of Proposition 6.1 shows that one may take f to be the identity. Thus C is equipped with the structure of a symmetric pseudomonoid in Comon(V) from the corresponding structure on its representations.

Pareigis [Par81] explicitly calculates this structure. Recall from [McC99b, Example 6.9], that the underlying R-module of C is R⟨x, y, y^{−1}⟩/(xy + yx, x^2), where R⟨a, b⟩ means the non-commutative R-algebra generated by a and b. Observe that C has a basis given by the set {y^ix^j|i ∈ Z, j ∈ Z_2}. The comultiplication and counit are algebra homomorphisms and defined by

δ(x) = x ⊗ 1 + y^{−1} ⊗ x ε(x) = 0 δ(y) = y ⊗ y ε(y) = 1 respectively. The algebra structure on R⟨x, y, y^{−1}⟩/(xy + yx, x^2) equips C with the structure of a strict pseudomonoid in V^{op}-Cat^{op}. Finally, the symmetry on C is the unique R-linear map γ : C ⊗C → R such that γ(y^i ⊗y^j) = (−1)^{ij} and γ(y^ix⊗y^j) = γ(y^i ⊗y^jx) = γ(y^ix ⊗ y^jx) = 0.

A. Braided monoidal bicategories

In this section we provide the definitions of a braided monoidal bicategory, a braided weak monoidal homomorphism, a braided monoidal pseudonatural transformation and a braided monoidal modification.

Let K = (K, ⊗, I, a, l, r, π, ν, λ, ρ) be a monoidal bicategory. This notation is that of [GPS95, Section 2.2], except that we denote the invertible modification μ of [GPS95, Section 2.2] by ν. We shall often write ⊗ as juxtaposition without comment, leave unlabelled the 2-cells expressing the pseudonaturality of a, l and r, and sometimes write as if ⊗ were

a 2-functor. Let a^∗ be the adjoint pseudoinverse of a in hom(K^3, K), with invertible unit

η and counit ε respectively.

A.1. Lemma. There exist canonical invertible modifications π^∗, π_1, π_2, π_3, and π_4 whose components at A, B, C, D are exhibited in the following diagrams. A((BC)D) (A(BC))D A(B(CD))

((AB)C)D (AB)(CD)

1a∗ ;;vv vvv v a^∗

##HH HHH H

a^∗1

fifiææ ææ ææ a^∗ ``$ $ $ $

a^∗ // π^∗ w¨ vvvv

(A(BC))D ((AB)C)D A((BC)D)

(AB)(CD) A(B(CD)) 1a ``$ $ $ $

a^∗ // a^∗ LLæ æ æ æ

a1 ccHHH HHH a^∗ ;;vvvv vv π_1

(HHH

A(B(CD)) A((BC)D) (AB)(CD)

(A(BC))D ((AB)C)D

a ;;vv vvv v 1a∗ ##HH HHH H

a^∗

fifiææ ææ ææ a^∗ ``$ $ $ $

a1 // π_2ff´

((AB)C)D (AB)(CD) (A(BC))D

A(B(CD)) A((BC)D)

a^∗1 ;;vvvv vv a ##HH HHH H

a^∗ LLæ æ æ æ a ``$ $ $ $

1a // π_3ff´

A((BC)D) A(B(CD)) (A(BC))D

(AB)(CD) ((AB)C)D

a ;;vv vvv v

a^∗1 ``$ $ $ $

a // a LLæ æ æ æ

1a∗ ccHHH HHH π_4

(HHH

Proof. One uses the calculus of mates and π.

A braiding for K consists of the data (BD1), (BD2) and (BD3) satisfying the axioms

(BA1), (BA2), (BA3) and (BA4) that follow.

(BD1) A pseudonatural equivalence

K^{2 ⊗} //

σ !!B BBB BBB B K

K^2 ⊗ ¿¿˝ ˝˝˝ ˝˝˝ ˝ ρfiˇ

in hom(K^2, K);

(BD2) an invertible R modification in hom(K^3, K) whose component at an object (A, B, C)

of K^3 is exhibited in the following diagram; A(BC)^ρ // (BC)A a %%KK KKK KKK KK (AB)C a 99ss sss sss s

ρC %%KK KKK KKK KK B(CA)

(BA)C_a // B(AC) Bρ 99ss sss sss s Rff´

(BD3) an invertible modification S in hom(K^3, K) whose component at an object (A, B, C)

of K^3 is exhibited in the following diagram; (AB)C^ρ // C(AB) a^∗

%%KK KKK KKK KK A(BC) a^∗

99ss sss sss s

Aρ %%KK KKK KKK KK (CA)B

A(CB)_{a∗} // (AC)B ρB 99ss sss sss s Sff´

(BA1) for all objects A, B, C and D of K the following equation holds; (A(BC))D

A((BC)D)

A(B(CD))

(B(CD))A ((BC)D)A

B((CD)A) (BC)(DA) B(C(DA))

B(C(AD))

((AB)C)D

(AB)(CD)

(BA)(CD) ((BA)C)D

B(A(CD)) (B(AC))D B((AC)D)

B((CA)D)

a1 55jjj jjjj jjjj j a %%LL LLL LLL LL

(ρ1)1

� � � � � � � � � �

a ))TTT

TTTT

TTTT T

1a yyrrr rrr rrr r

ρ

ææ4 44 44 44 44 44 44 44 44 44 4

a1 oo

a �ˇˇ ˇˇ ˇˇ ˇˇ ˇˇ ˇˇ ˇˇ

auukkkkk k

1(1ρ) DD� � � � � 1a // 1(ρ1) ææ4 44 44 44 44

1a DD� � � � � a ))SSS SSS

a1 ˘˘* ** ** ** ** ** ** * a //

ρ(11) � � � � � a // ρ ææ4 44 44 44 44

a ææ4 44 44 44 44 a � � � � �

1a ææ4 44 44 44 44 1ρ // πff´

em RRR rz llll

R s– oooo

π^{−1} iq [[[[ πmu cccc

1R s– oooo

(A(BC))D

((BC)A)D

A((BC)D) ((BC)D)A

(BC)(DA)

B(C(DA)) B(C(AD))

(BC)(AD)

((AB)C)D ((BA)C)D

(B(AC))D

B((AC)D) B((CA)D)

(B(CA))D

a1 ’’OO OOO OOO (ρ1)1

wwooo ooo oo ρ

’’OO OOO OOO

a fflffl

a fflffl

1(1ρ)

77oo ooo ooo 1a // 1(ρ1) ’’OO OOO OOO

a fflffl

(1ρ)1 ’’OO OOO OOO

a1 fflffl

a fflffl

a1 wwooo ooo oo a

’’OO OOO OOO

a fflffl

(11)ρ 77oooo ooo o

ρ1 fflffl a 77oo ooo ooo

R ks R ks

� � π^{−1} ow gggg s– oooo

(BA2) for all objects A, B, C and D of K the following equation holds; (A((BC)D)

(A(BC))D

((AB)C)D)

D((AB)C) D(A(BC))

(D(AB))C (DA)(BC) ((DA)B)C

((AD)B)C

A(B(CD))

(AB)(CD)

(AB)(DC) A(B(DC))

((AB)D)C A((BD)C) (A(BD))C

(A(DB))C

1a∗ 55jjj jjjj jjjj j a^∗

%%LL LLL LLL LL

1(1ρ)

� � � � � � � � � �

a^∗

))TTT

TTTT

TTTT T

a^∗1

yyrrr rrr rrr r

ρ

ææ4 44 44 44 44 44 44 44 44 44 4

1a∗ oo

a^∗ �ˇˇ ˇˇ ˇˇ ˇˇ ˇˇ ˇˇ ˇˇ

a^∗

uukkkkk k

(ρ1)1 DD� � � � � a^∗1 // (1ρ)1 ææ4 44 44 44 44

a^∗1 DD� � � � � a^∗ ))S

SSSSS

1a∗ ˘˘* ** ** ** ** ** ** * a^∗ //

(11)ρ � � � � � a^∗//

ρ ææ4 44 44 44 44

a^∗ ææ4 44 44 44 44 a^∗ � � � � �

a^∗1 ææ4 44 44 44 44 ρ1 //

π^∗ff´

em RRR rz llll

S s– oooo

π^{∗−1} iq [[[[ π^∗ mu cccc

S1 s– oooo

A((BC)D)

A(D(BC))

(A(BC))D D(A(BC))

(DA)(BC)

((DA)B)C ((AD)B)C

(AD)(BC)

A(B(CD)) A(B(DC))

A((BD)C)

(A(BD))C (A(DB))C

A((DB)C)

1a∗ ’’OO OOO OOO 1(1ρ)

wwooo ooo oo ρ

’’OO OOO OOO

a^∗ fflffl

a^∗ fflffl

(ρ1)1

77oo ooo ooo a^∗1 // 1(ρ1) ’’OO OOO OOO

a^∗ fflffl

1(ρ1) ’’OO OOO OOO

1a∗ fflffl

a^∗ fflffl

1a∗ wwooo ooo oo a^∗

’’OO OOO OOO

a^∗ fflffl

ρ(11) 77oooo ooo o

1ρ fflffl a 77oo ooo ooo

S ks S ks

� � π^{∗−1} ow gggg s– oooo

(BA3) for all objects A, B, C and D of K the following equation holds; (CD)(AB)

C(D(AB))

C((AB)D) C((DA)B)

C(A(BD))

C(A(DB))

C((AD)B)

(C(DA))B

((CA)D)B

(CA)(DB) ((CA)D)B

(CA)(BD)

(AC)(DB)

(AB)(CD)

((AB)C)D

(C(AB))D (A(BC))D

((CA)B)D

((AC)B)D

(A(CB))D

A((BC)D)

A((CB)D)

(AC)(BD) A(C(BD))

a ØØ? ?? ?? ?? ??

1a∗ ØØ? ?? ?? ?? ?? 1ρ ??¨ ¨¨ ¨¨ ¨¨ ¨¨ a^∗ ØØ? ?? ?? ?? ??

1a∗

OO

1(1ρ) ØØ? ?? ?? ?? ?? 1a∗ ??¨ ¨¨ ¨¨ ¨¨ ¨¨ a^∗ ØØ?? ?? ?? ?? ?

1(ρ1)

OO

(1ρ)1

OO

a^∗ // a ??¨ ¨¨ ¨¨ ¨¨ ¨¨ a^1 ??¨ ¨¨ ¨¨ ¨¨ ¨¨ (11)ρ ØØ? ?? ?? ?? ??

a ??¨ ¨¨ ¨¨ ¨¨ ¨¨

ρ(11) ??¨ ¨¨ ¨¨ ¨¨ ¨¨ ρ // a ??¨ ¨¨ ¨¨ ¨¨ ¨¨ ρ1 ØØ? ?? ?? ?? ??

a //

a^∗1

fflffl

a^∗1 ??¨ ¨¨ ¨¨ ¨¨ ¨¨

(1ρ)1

fflffl

a ¨¨¨¨ ¨¨ ¨¨ ¨¨ ¨

a ØØ? ?? ?? ?? ?? (ρ1)1 ??¨ ¨¨ ¨¨ ¨¨ ¨¨ a ØØ? ?? ?? ?? ??

a^∗1 ØØ? ?? ?? ?? ?? a ¨¨¨¨ ¨¨ ¨¨ ¨¨ ¨ 1(ρ1)

fflffl

1a ØØ? ?? ?? ?? ??

(11)ρ ØØ??? ?? ?? ?? (ρ1)1 ??¨ ¨¨ ¨¨ ¨¨ ¨¨ a^∗ //

Rff´

1Sȷß ** π_4ff´

S1�ffiˇ̌

[c??? ȷß**

π_3�ffiˇ̌ ff´

ff´ ff´ π_2ȷß**

(CD)(AB) C(D(AB)) C((DA)B)

((CD)A)B (C(DA))B

(A(CD))B (C(AD))B

((AC)D)B ((CA)D)B

(CA)(DB) (AC)(DB)

(AB)(CD) ((AB)C)D (A(BC))D

A(B(CD)) A((BC)D)

A((CD)B) A((CB)D)

A(C(BD)) A(C(DB))

(AC)(BD)

a 88qq qqq q a^∗ øø9 99 99 99 9 1a∗ ((RRR

RRRR

a^∗ �`` `` `` `

a1 // ρ1 BB� � � � � (1ρ)1)

““99 99 99 99

(ρ1)1 // a1 ““99 99 99 99 a1 BB� � � � �

a^∗

99ss sss sss sss ρ(11) // a^∗

99ss sss sss sss ρ // a &&MM MMM M a^∗1 66lllll ll

a ˘˘, ,, ,, ,, a^∗ BB� � � � �

1ρ øø9 99 99 99 9 1a //

1(ρ1) � � � � a^∗ // 1a � � � � 1a øø9 99 99 99 9

1(1ρ)//

a^∗ %%KKKK KKK KKK K a^∗ %%KKKK KKK KKK K

(11)ρ //

Sff´ π_2˝� � � π_3�ffl ˚˚

1R rz llll R^1%-RR

π_1ff´

ff´ ff´

(BA4) for all objects A, B and C of K the following equation holds. B(CA)

(CB)A

C(BA) C(BA)

C(AB) C(AB)

(CA)B

(AC)B

B(CA)

B(AC)

(BA)C (BA)C

(AB)C (AB)C

A(BC)

A(CB)

a^∗ ßß2 22 22 22

a^∗ EEfi fifi fifi fifi_1 // a^∗

bbDD DD DD DD D

1ρ OO

1 //

a^∗ ßß2 22 22 22

1ρ OO

a ¡¡z zz zz zz zz

ρB EEfi fifi fifi fifi

a^∗ // 1ρ EEfi fifi fifi fifi

a^∗ ßß2 22 22 22

ρ // a ¡¡z zz zz zz zz 1 // ρ1 OO

ρ // ρ1 OO

1 // a ””D DD DD DD DD a^∗ EEfi fifi fifi fifi

1ρ ßß2 22 22 22

a^∗ //

S^{∗−1} ff´ ε�ffi ˘˘ &.TT

”*MMM Œ&D DD ”*MMM

ε^{−1}ı¸)) Sff´ η�ffi ˘˘

B(AC)

B(CA)

(BC)A (BC)A

(CB)A (CB)A

C(BA)

C(AB)

(BA)C

(AB)C

A(BC) A(BC)

A(CB) A(CB)

(AC)B

(CA)B

1ρ ßß2 22 22 22

a^∗ ””D DD DD DD DD a EEfi fifi fifi fifi 1 // ρ1 fflffl ρ1 fflffl 1 // a ßß2 22 22 22 a^∗ ¡¡z zz zz zz zz

1ρ EEfi fifi fifi fifi a // ρ1 EEfi fifi fifi fifi

a ßß2 22 22 22 a ——zz zz zz zz z

1 // ρ // 1ρ fflffl 1ρ fflffl ρ // 1 // a^∗ ””DDD DD DD DD a EEfi fifi fifi fifi

ρ1 ßß2 22 22 22

a //

R^{−1} ff´ �ffi ˘˘

t— qqqq y� zzzz t— qqqq

ηı¸ )) Rff´ ε^{−1}�ffi ˘˘

εı¸ ))

A braided monoidal bicategory is a monoidal bicategory equipped with a braiding.

We now proceed to the definition of a braided weak monoidal homomorphism.

A.2. Lemma. Suppose K and L are monoidal bicategories, and T : K → L is a weak

homomorphism. Then there exists a canonical invertible modification ω^∗ whose component

at an object (A, B, C) of K^3 is exhibited by the following diagram. T AT (BC)^χ // T ((A(BC)) T a^∗ ’’PP PPP PPP PPP T A(T BT C) 1χ 66nn nnnn nnnn nn

a^∗ ((PPPP

PPPP

PPPP T ((AB)C)

(T AT B)T C_{χ1} // T (AB)T C χ 77ooo oooo oooo o ω^∗ff´

Suppose T : K → L is a weak homomorphism of monoidal bicategories. Then a

braiding for T consists of the datum (BHD1) satisfying the axioms (BHA1) and (BHA2)

that follow.

(BHD1) An invertible modification

L^2_⊗ A AA AAA AA L^2 σ ==— ——— ——— — K^2

T^2 OO

⊗ A AA AAA AA L

K^2

T^2 OO σ ==— ——— ——— — ⊗ // K T OO χ ˇø 00 ρff´ŒŒ

L^2_⊗ @ @@ @@@ @@ L^2 σ ¿¿— ——— ——— — ⊗ // L

K^2

T^2 OO

⊗ // K T OO ρff´ŒŒ

χff´ u ˙*4

in hom(K^2, L);

(BHA1) for all objects A, B and C of K the following equation holds;

(T BT C)T A T (BC)T A

T ((BC)A)

T B(T CT A

T BT (CA) T (B(CA))

T (B(AC))

T A(T BT C) T AT (BC)

T (A(BC))

(T AT B)T C

T (AB)T C T ((AB)C)

T ((BA)C)

χ1 uullll llll a ))RRR

RRRR R

χ fflffl T a ))RRR

RRRR R

1χ fflffl

1χ uullll llll

T (1ρ) ¡¡yy yyy yyy yyy yyy y

ρ ** 1χ ))RRR

RRRR R ρ //

χ fflffl T ρ // χ1 fflffl a 55lll llll l

χ ))RRR

RRRR R T a 55lll llll l

T (ρ1) ””EE EEE EEE EEE EEE E

T a // ω ¿F� � 8@yyyy

-5bbbb

ω +3

T R KS

(T BT C)T A

T B(T CT A)

T B(T AT C) T BT (CA) T BT (AC)

T (B(AC)) T (B(CA))

T A(T BT C)

(T AT B)T C

(T BT A)T C T (AB)T C T (BA)T C

T ((BA)C) T ((AB)C)

a ßß3 33 33 33 33 33

1χ

øø: :: :: :: :: :: :: :: :: :: : 1ρ EEff ffff ffff ffff ffff ffff

1χ ßß3 33 33 33 33 33

χ �ffff ffff ffff ffff ffff ff 1T ρ 55llll

llll

χ �ffff ffff ffff ffff ffff ff

T (1ρ) 55lll llll l ρ // a EEff ffff ffff ffff ffff ffff

ρ1 ßß3 33 33 33 33 33 χ1

� � � � � � � � � �

a // χ1 �ffff ffff ffff ffff ffff ff T ρ1 ))RRR

RRRR R χ ßß3 33 33 33 33 33

χ ßß3 33 33 33 33 33

T a // T (ρ1) ))RR

RRRR RR 8@yyy y ω 4¡pppp

8@yyy y

KS 08hhhh

R KS

(BHA2) for all objects A, B and C of K the following equation holds;

T C(T AT B) T CT (AB)

T (C(AB))

(T CT A)T B

T (CA)T B T ((CA)B)

T ((AC)B)

(T AT B)T C T (AB)T C

T ((AB)C)

T A(T BT C)

T AT (BC) T (A(BC))

T (A(CB))

1χ uullll llll a^∗ ))RRR

RRRR R

χ fflffl

T a^∗ ))RR

RRRR RR

χ1 fflffl χ uullll llll

T (ρ1) ¡¡yy yyy yyy yyy yyy y

ρ ** χ1 ))RRR

RRRR R ρ // χ fflffl T ρ // 1χ fflffl

a^∗ 55lllll lll

χ ))RRR

RRRR R T a^∗ 55lll llll l

T (1ρ) ””EE EEE EEE EEE EEE E

T a^∗ //

ω^∗ ¿F� � 8@yyy y

-5bbbb

ω^∗+3

T S^{−1} KS

T C(T AT B)

(T CT A)T B

(T AT C)T B T (CA)T B T (AC)T B

T ((AC)B)) T ((CA)B)

(T AT B)T C

T A(T BT C)

T A(T CT B) T AT (BC) T AT (CB)

T (A(CB)) T (A(BC))

a^∗ ßß3 33 33 33 33 33

χ1

øø: :: :: :: :: :: :: :: :: :: : ρ1 EEff ffff ffff ffff ffff ffff

χ1 ßß3 33 33 33 33 33

χ �ffff ffff ffff ffff ffff ff T ρ1 55llll

llll

χ �ffff ffff ffff ffff ffff ff

T (ρ1) 55lll llll l ρ //

a^∗ EEff ffff ffff ffff ffff ffff

1ρ ßß3 33 33 33 33 33 1χ

� � � � � � � � � �

a^∗ //

1χ �ffff ffff ffff ffff ffff ff 1T ρ ))RRR

RRRR R χ ßß3 33 33 33 33 33

χ ßß3 33 33 33 33 33

T a^∗ // T (1ρ) ))RR

RRRR RR 8@yyy y ω^∗ 4¡pppp

8@yyy y

KS 08hhhh

S KS

A braided weak monoidal homomorphism is a weak monoidal homomorphism equipped

with a braiding.

Suppose T, S : K → L are braided weak moniodal homorphisms, and θ : T → S is a

monoidal pseudonatural transformation. Then θ is called braided when the axiom (BTA1)

that follows is satisfied.

(BTA1) The following equation holds for all objects A and B of K. T BT A^χ // T (BA)_θ ŒŒ= == == T AT B ρ @@� � � � χ // θθ ŒŒ= == == = T (AB) T (ρ) @@� � � θ ŒŒ= == == S(BA) SASB_χ // S(AB) T ρ @@� � �

u Zb=== KS ¡D� �

T BT A^χ //_{θθ} ŒŒ= == == = T (BA) θ ŒŒ= == == T AT B ρ @@� � � �

θθ ŒŒ= == == = SBSA_χ // S(BA) SASB_χ // ρ @@� � � � S(AB) S(ρ) @@� � �

¡D� �

u Zb=== ρ KS

Suppose θ, ϕ : T → S are braided monoidal pseudonatural transformations. Then a

braided monoidal modification s : θ → ϕ is simply a monoidal modification s : θ → ϕ.

B. Sylleptic monoidal bicategories

In this section we provide the definitions of a sylleptic monoidal bicategory and a sylleptic

weak monoidal homomorphism.

Suppose K is a braided monoidal bicategory. A syllepsis for K is the datum (SD1)

satisfying the axioms (SA1) and (SA2) that follow.

(SD1) An invertible modification

K^2 ⊗ fflffl K^2

1 --

⊗ 11 K

K^2 ⊗ fflffl K^2

1 --

⊗ 22 σ // K2 σ ==— ——— ——— —

⊗ !!C CCC CCC C K

ρ�fl ´´

ρ�ı ßß v ˙*4

in hom(K^2, K);

(SA1) for all objects A, B and C of K the following equation holds; A(BC) A(BC)

(AB)C (AB)C A(CB)

(AC)B

(CA)B

C(AB)

C(AB)

1 //

a^∗

$$JJ JJJ JJJ JJJ 1ρ zzttt ttt ttt tt a XX11 11 11 11 11 11 11 1

a ::tt ttt ttt ttt 1 **UUUU

UUUUU

UUUUU UU ρ fflffl a^∗ fflffl

ρ1 $$JJ JJJ JJJ JJJ

a // a^∗

zzttt ttt ttt tt_1

$$JJ JJJ JJJ JJJ ρ 44iiii iiiii iiiii ii ρ

FFfl flfl flfl flfl flfl flfl flfl flfl ηff´ (HHH

S ks vz� ————

ffi¯ %% ηow ffff

A(BC) A(BC)

(AB)C A(CB) A(CB)

(AC)B

(AC)B

(CA)B

C(AB)

1 // 1ρ ’’OO OOO OOO OOO OO 1ρ

�flfl flfl flfl flfl flfl flfl flfl fl a ddJJJ JJJ JJJ JJ 1ρ ::tt ttt ttt ttt 1 33gggg gggggg gggggg gggg

a^∗ ¸¸1 11 11 11 11 11 11 11

1 77oo ooo ooo ooo oo ρ1 //

a OO

a^∗

++WWWWW

WWWWW

WWWWWW

WWWW

a ::tt ttt ttt ttt ρ ddJJJ JJJ JJJ JJ

ρ OO vff´

v (0YYYY

R^{−1}+3

u˝ ssss η Ø’G GG

�fl ´´

(SA2) for all objects A, B and C of K the following equation holds. (AB)C (AB)C

(BA)C (BA)C A(BC)

(BC)A

B(CA)

B(AC)

B(AC)

1 // ρ1 $$JJ JJJ JJJ J a zzttt ttt ttt ρ1 XX11 11 11 11 11 11 1

ρ1 ::tt ttt ttt t 1 **UUUU

UUUUU

UUUUU a fflffl ρ fflffl

a $$JJ JJJ JJJ J

1ρ // 1ρ zzttt ttt ttt 1

$$JJ JJJ JJJ J a^∗

44iiii iiiii iiiii

a^∗

FFfl flfl flfl flfl flfl flfl flfl vff´ (HHH

R^{−1} ks ε^{−1} z� ————

ffi¯ %% Bv ow ffff

(AB)C (AB)C

(BA)C A(BC) A(BC)

(BC)A

(BC)A

B(CA)

B(AC)

1 // a ’’OO OOO OOO OO a �flfl flfl flfl flfl flfl flfl ρC ddJJJ JJJ JJ a^∗

::tt ttt ttt 1 33ggggg gggggg ggggg

ρ ¸¸1 11 11 11 11 11 1

1 77oo ooo ooo oo a //

ρ OO ρ ++WWWWW

WWWWWW

WWWWW

1ρ ::tt ttt ttt a^∗

ddJJJ JJJ JJ

a^∗ OO ε^{−1}ff´

ε^{−1}(0YYYY

S +3 u˝ ssss

vØ’G GG

�fl ´´

A sylleptic monoidal bicategory is a braided monoidal bicategory equipped with a syllepsis.

If K and L are sylleptic monoidal bicategories, then a sylleptic weak monoidal homo-

morphism T : K → L is a braided weak monoidal homomorphism T : K → L such that

the axiom (SHA1) that follows holds.

(SHA1) For all objects A and B of K the following equation holds. T BT A_ρ &&LL LLL LLL LL T AT B ρ 88rr rrr rrr rr_1 // χ fflffl T AT B χ fflffl T (AB)^1 // T 1 88T (AB) KS 08iiii

v KS T BT A_ρ %%LL LLL LLL LL χ fflffl T AT B χ fflffl

ρ 99rr rrr rrr rr T (BA) T ρ %%KK KKK KKK K T AT B χ fflffl T (AB) T ρ 99ss sss sss s T_(ρρ_) //

T 1 88T (AB)

u ¿F� � u +3 KS

T v KS

If T and S are parallel sylleptic weak monoidal homomorphisms, then a ssylleptic monoidal pseudonatural transformation from T to S is simply a braided monoidal pseudonatural transformation from T to S. Also, a sylleptic modification is simply a braided modification.

References

[Art47] E. Artin. Theory of braids, Ann. of. Math., 48 (1947), 101–126.

[BD98] J. Baez and J. Dolan. Higher dimensional algebra III: n-categories and the algebra of opetopes, Adv. Math., 135 (1998), 145–206.

[Bén67] J. Bénabou. Introduction to bicategories, in Reports of the Midwest Categories Seminar, Lecture Notes in Math., vol. 47, 1–77, Springer-Verlag, 1967.

[BM94] A. Bruguières and G. Maltsiniotis. Quasi-groupöides quantiques, C. R. Acad. Sci. Paris Sèr.

I., 29 (1994), 933–936.

[BN96] J. Baez and M. Neuchl. Higher dimensional algebra I: Braided monoidal 2-categories, Adv. in Math., 121 (1996), 196–244.

[CF94] L. Crane and I. Frenkel. Four-dimensional topological quantum field theory, Hopf categories and canonical bases, J. Math. Phys., 35-10 (1994), 5136–5154.

[Che46] C. Chevalley. Theory of Lie Groups, Princeton University Press, 1946. [Cra98] S. Crans. Generalized centers of braided and sylleptic monoidal 2-categories, Adv. in Math., 136 (1998), 183–223.

[DI71] F. DeMeyer and E. Ingram. Separable Algebras over Commutative Rings, Lecture Notes in Math., vol. 181, Springer-Verlag, 1971.

[Dri87] V. G. Drinfeld. Quantum groups. In A. Gleason, editor, Proc. of the I.C.M., pages 789–820, A.M.S., 1987.

[Dri89] V. G. Drinfeld. Quasi-Hopf algebras, Algebra I. Analiz., 6 (1989). [Dri90] V. G. Drinfeld. Quasi-Hopf algebras, Lenigrad Math. J., 1 (1990), 1419–1457. [DS97] B. Day and R. Street. Monoidal bicategories and Hopf algebroids, Adv. in Math., 129 (1997), 99–157.

[GPS95] R. Gordon, A.J. Power, and R. Street. Coherence for tricategories, Mem. Amer. Math. Soc., 558, 1995.

[HO97] R. Häring-Oldenburg. Reconstruction of weak quasi-Hopf algebras. J. Alg., 194 (1997), 14–35. [JS91] A. Joyal and R. Street. An introduction to Tannaka duality and quantum groups, in Category Theory Proceedings, Como, 1990, Lecture Notes in Math., vol. 1488, 411–492, Springer-Verlag, 1991.

[JS93] A. Joyal and R. Street. Braided tensor categories, Adv. in Math., 102 (1993) 20–78. [Kas95] C. Kassel. Quantum Groups, Graduate Texts in Math., vol. 155, Springer-Verlag, 1995. [Kel82] G.M. Kelly. Basic Concepts of Enriched Category Theory, vol. 64 of London Math. Soc.

Lecture Note Series, Cambridge University Press, 1982.

[KS74] G.M Kelly and R. Street. Review of the elements of 2-categories, in Category Seminar, Sydney, 1972/73, Lecture Notes in Math., vol. 420, 75–103, 1974.

[KV94] M. Kapranov and V. Voevodovsky. 2-categories and Zamolodchikov tetrahedra equations, Proc. Symp. Pure. Math., 56-2 (1994), 177–260.

[Lac98] S. Lack. A coherent approach to pseudomonads, Advances in Mathematics, to appear. [Law63] F.W. Lawvere. Functorial semantics of algebraic theories, Proc. Nat. Acad. Sci. U.S.A., 50 (1963), 869–872.

[LT91] R. G. Larson and J. Towber. Two dual classes of bialgebras related to the concept of quantum group and quantum lie algebra, Comm. Alg., 19 (1991), 3295–3343.

[Mac71] S. Mac Lane. Categories for the Working Mathematician, Graduate Texts in Math., vol. 5, Springer-Verlag, 1971.

[Maj92] S. Majid. Tannaka-Krein theorem for quasi-Hopf algebras and other results, In Contemporary Math, Deformation theory and quantum groups with applications to mathematical physics, Amherst, MA, June 1990, pages 219–232. Amer. Math. Soc., 1992.

[Maj93] S. Majid. Transmutation theory and rank for quantum braided groups, Math. Proc. Camb.

Phil. Soc, 113 (1993), 45–70.

[Mar97] F. Marmolejo. Doctrines whose structure forms a fully-faithful adjoint string, Theory Appl.

Categories, 3 (1997), 24–44.

[McC99a] P. McCrudden. Categories of representations of balanced coalgebroids, PhD thesis, Macquarie University, February 1999.

[McC99b] P. McCrudden. Categories of representations of coalgebroids, Advances in Mathematics, to appear.

[McC99c] P. McCrudden. Tannaka duality for Maschkean categories, Submitted. [Mon93] S. Montgomery. Hopf algebras and their actions on rings, Regional conf. series in math., vol.

82. Providence R. I., 1993.

[Par81] B. Pareigis. A non-commutative, non-cocommutative Hopf algebra in “nature”, J. Alg., 70 (1981) 356–374.

[Par96] B. Pareigis. Reconstruction of hidden symmetries, J. Alg., 183 (1996), 90–154. [Rot79] J. J. Rotman. An Introduction to Homological Algebra, Academic Press, 1979. [Sch92a] P. Schauenberg. On coquasitriangular Hopf algebras and the quantum Yang-Baxter equation, Alg. Berichte, 67 (1992).

[Sch92b] P. Schauenberg. Tannaka duality for arbitary Hopf algebras, Alg. Berichte, 66 (1992). [Str80] R. Street. Fibrations in bicategories, Cah. Top. Géom. Diff., XXI - 2 (1980), 111–159. [Str89] R. Street. Quantum groups: An entrée to modern algebra, 1989, available at

http://www-texdev.mpce.mq.edu.au/Quantum/.

Department of Mathematics Macquarie University, Sydney NSW 2109 Australia Email: paddy@ics.mq.edu.au This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/7/n6/n6.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX is the

preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to

tac@mta.ca to receive details by e-mail.

Editorial board.

John Baez, University of California, Riverside: baez@math.ucr.edu Michael Barr, McGill University: barr@barrs.org Lawrence Breen, Université Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: carboni@fis.unico.it P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Andrew Pitts, University of Cambridge: Andrew.Pitts@cl.cam.ac.uk Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: walters@fis.unico.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca