Theory and Applications of Categories, Vol. 8, No. 10, 2001, pp. 284–312

LOCALIZATION OF V-CATEGORIES

BJØRN IAN DUNDAS

Abstract. Let V be a symmetric monoidal closed category with a suitably compatible simplicial model category structure. We show how to extend Dwyer and Kan’s notion of simplicial localization to V -categories. This may for instance be applied to the case where our categories are enriched in suitable models for spectra.

If M is a monoid, we may “group complete”, or “localize”, it by adding formal inverses. If M is a simplicial monoid, we may still do this in every degree, but this is a very crude completion, destroying much valuable homotopy information in M. Therefore, when homotopy theorists talk about group completion, they mean some “total derived functor” of the naïve group completion, for instance loops on the classifying space.

Dwyer and Kan [DK] explained how such homotopy acceptable localizations ought to be interpreted when “there are many objects”; i.e. what happens if you want to invert some of the maps in a category? Naïvely, you may simply invert them: in particular if W is a small category, you can consider W [W^{−1} ] where you have left the objects undisturbed, but formally inverted all the morphisms. If you want to make a homotopy invariant version of this, you have to derive this construction. We will come back to a concrete description of such a construction in section 0 which also covers the special case of ordinary categories.

In the case the category is enriched, things become a bit more delicate. As an example which may serve as a motivation and which captures the essential point, one might consider a ring A. In particular, if A is commutative there is a nice notion of localization, but even then there are some restrictions. One considers a subset M ⊂ A, closed under multiplication, but most certainly, M will not be closed under addition (because then 0 ∈ M, and only very rarely do we want to invert zero), and so M is blind to the “enrichment” of A in abelian groups. What we do is to consider the ring homomorphism Z[M] → A, and form the tensor product Z[M[M^{−1} ]] ⊗_{Z[M]} A, which is exactly A localized at M. There is nothing hindering us from pursuing a similar approach for non commutative rings: if M ⊆ A is a submonoid under multiplication, then we may define the localization of A at M to be the pushout of Z[M[M^{−1} ]] ← Z[M] → A. However,

Received by the Editors 2000 November 27, and in revised form 2001 March 20. Transmitted by Ieke Moerdijk. Published on 2001 May 9. 2000 Mathematics Subject Classification: 18D20; 18G55. ©Bjørn Ian Dundas 2001. Permission to copy for private use granted. 284

if we are concerned about homotopy properties, we should modify this in the standard fashion.

The analog of this for categories enriched in spectra is this. A category C enriched in spectra may be localized with respect to a “subcategory” W which is only enriched in spaces. As a first approximation, the localization for commutative rings is very illustrating, when one remembers that tensor product is really pushout. One considers the map Σ[W] → C, where Σ[W] is closely analogous to the monoid ring above, and performs the pushout Σ[W[W^{−1} ]] ∐ Σ[W] C The aim is to give a modification of this construction with good homotopy properties. The construction presented below achieves this by associating to a category enriched in spectra with a choice of weak equivalences (C, w) another such pair L(C, w) whose properties among other things are: (see section 0 for details)

(1) The “weak equivalences” in L(C, w) are isomorphisms (see 0.3) (2) L is a homotopy functor (see 0.4) (3) There is a chain of natural transformations (C, w) ← B(C, w) → L(C, w) where (C, w) ← B(C, w) is a weak equivalence (see 0.3) (4) If (C, w) is “groupoid-like” (see 0.5) then B(C, w) → L(C, w) is a weak equivalence (see 0.6) There also are more technical results, such as closure properties, and an analysis of what happens if the weak equivalences already are isomorphisms.

The reason for writing this paper is that if one wants to apply functors to enriched categories with weak equivalences, one usually can not expect these functors to behave well with respect to natural transformations consisting of weak equivalences. This problem is resolved if we localize before applying our functors, and the results in this paper show that in many situations this gives a good theory. In particular, the author was interested in questions about algebraic K-theory of such categories, and localization turned out to be the natural answer to a technical problem relating to trace maps see [D].

Although the intended applications are to categories enriched in spectra, the construction and its general properties are fairly context independent, and are applicable in other situations. For this reason, and because of the many competing versions of closed categories of spectra, we work with “V -categories”, where V is any sufficiently nice symmetric monoidal closed category with a compatible model structure. This will also prove to be useful when one wants to compare with more algebraic situations. Plan. In section 0 we give the main construction postponing some technical points. This section also contains the main results about the localization functor. If you are unfamiliar with enriched categories, you may choose to take a peek at the beginning of section 1 before starting to read section 0. The constructions of section 0 logically depend on some results referred away to later sections, but we have chosen this ordering so as to present the main results immediately. This hopefully will serve as a motivation for the more tiresome work in the later sections. Since most readers are not machines, it is hoped that they can deal with this without a system failure.

In section 1 we discuss the categorical problems about enriched categories that pop up in the constructions, in particular colimits deserve some special care. In section 2 we discuss how much of the enrichment that survives to the category of enriched categories. The third section finally deals with homotopy issues. We do not claim any particular originality, and we have become aware that similar structures have been obtained by Shipley and Schwede, [SS].

Although it is true that V O-categories are monoids in the monoidal category of V Ographs, we will not use this, and the difficulties pointed out by Shipley and Schwede relating to fact that the category of V O-graphs is not symmetric is not relevant to this paper.

In addition to the usual homotopical structure, we need for our constructions in section 0 homotopy invariance of pushouts under certain flatness conditions on the underlying graphs. This is provided in section 3 using the description of the pushout given in section 1.

For certain applications, we must allow our functors to actually do things on objects too, and section 3 ends with few critical points related to this.

The last section makes more precise some notions pertaining to the category of pairs which was used in the localization functor.

Notation. This paper is written simplicially, meaning that the category of “spaces” S is the category of simplicial sets. If C is a V -category and c and d are two objects in C, then we let C(c, d) ∈ obV denote the corresponding morphism object. Acknowledgment. The first draft of this paper was written while visiting Stanford University. I am grateful to Gunnar Carlson for the inviting me. I also want to thank Stefan Schwede for interesting discussions, and the referee for pointing out a missing assumption.

0. The general procedure

We start off with the general construction, postponing the technical noise which is bound to follow with statements on this level of generality.

Let (V, □, I) be a closed category (which is short for closed symmetric monoidal category, see [McL] or [B]). Then we may talk about V -categories or “categories enriched in V ” (which instead of morphism sets have “morphism objects” in V , see next section for some more details).

Assume furthermore that V has a structure of a closed simplicial model category [Q] and that the two structures are suitably compatible and have certain reasonable properties (see section 3 where the terminology used in this section is explained, and where the “compatibility” and “reasonable properties” are made explicit). Such a V will be called a monoidal simplicial model category. The data are:

(1) a monoidal model category (V, □, I) with I cofibrant

(2) a monoidal Quillen adjunction

(V, □, I)^Σ⇆_R (S, ×, ∗)

where S is the category of simplicial sets.

0.0 Examples. Examples of monoidal simplicial model categories include:

(1) simplicial sets, (2) symmetric spectra [HSS], (3) Γ-spaces and simplicial functors [L1], [L2] and [S] (4) simplicial k-modules (for k a simplicial ring). That V^Σ⇆_R S

is a monoidal Quillen adjunction implies that the left adjoint Σ preserves weak equivalences and cofibrations, and that both functors are lax monoidal. This last point is only to ensure that they define functors between V -categories and S-categories by applying Σ and R to the morphism spaces. In particular, if W is a S-category ΣW is the V -category with the same objects as W, but with morphism object Σ(W(c, c^′)) ∈ obV for c, c^′ ∈ obW.

Presumably this close connection to simplicial sets could be relaxed, and, indeed, part of what was interesting about Dwyer and Kan’s construction was that it provided a simplicial structure. However, trying to avoid simplicial sets in the current construction seemed not to be worth the while. In most cases the input comes naturally with such a structure, and if not, one should be able to provide one.

The constructions we are going to present have the pleasant property that they leave the objects in our categories untouched.

0.1. Definition. Let O be a set. A V O-category is a V -category C with obC = O, and a V O-functor C^F→ D between two V O-categories is a V -functor which is the identity on objects. A V O-functor C^F→ D is a weak equivalence (resp. fibration) if C(c, c^′) → D(c, c^′) are weak equivalences (resp. fibrations) in V for all c, c^′ ∈ O. We call a V Ofunctor a cofibration if it has the left lifting property with respect to all V O-functors that are both weak equivalences and cofibrations.

In many examples the following is true (for definitions and the precise statement, see theorem 3.3. and the discussion preceding it). We list it as a pre-theorem since it guides the mind in the right direction, although the actual constructions use less structure.

0.2. Pre-theorem. If V has a monoidal fibrant replacement functor, then the category of V O-categories is a cofibrantly generated simplicial model category.

However, apart from the existence of pushouts, the only consequence of this we actually need is that we can choose a functorial factorization such that any map f is factored as p∘i where i is a cofibration and p is both a weak equivalence and a fibration. Both these statements can be had with much less effort and fewer assumptions.

Let us list the properties we actually use:

0.3. Facts. Let V be a monoidal simplicial model category. Then

(1) the functor Σ: S → V preserves weak equivalences and cofibrations. The unit I of the monoidal structure on V is cofibrant.

(2) Corollary 1.2: The category of V O-categories is small-cocomplete. (3) Lemma 3.4: The category of V O-categories has functorial factorizations into cofibrations followed by maps that are both fibrations and weak equivalences.

(4) Lemma 3.5: the gluing lemma (under certain flatness hypotheses pushouts V Ocategories of preserve weak equivalences).

(5) Lemma 3.6: under certain assumptions on the domain, a cofibration of V Ocategories induces cofibrations on morphism objects.

0.4. The localization. Begin construction. The localization depends on the choice of weak equivalences, and so is really a functor of pairs (C, w) where C is a V Ocategory, C an SO-category and w: ΣW → C is a V O-functor See section 4 for more details on these pairs.

For any small O-category W you may formally invert all morphisms and get a groupoid W[W^{−1} ] which is universal with respect to all functors from W into groupoids. If W is a SO-category we let W[W^{−1} ] be what you get by inverting all morphisms in every degree.

To construct the localization L(C, w) of the pair (C, w), we first let QW q_W ∼ ↠W be the functorial cofibrant replacement of W within the category of SO-categories (which exists by lemma 3.4. since S satisfies all properties we require of V ).

Then, let ΣQW^{Bw w}↣ B_wC^∼↠ C

be the functorial factorization (3.4) in V O-categories of the composite ΣQW^{Σq W}−→ ΣW^w→ C. This defines the pair B(C, w) = (B_wC, B_ww) and a natural map of pairs B(C, w) → (C, w) which is a weak equivalence of pairs (i.e. both B_wC^∼↠ C and QW^∼↠ W are weak equivalences, see section 4).

Then the localization L(C, w) = (L_wC, L_ww) of (C, w) is defined by the pushout

ΣQW^{Bw w} � � B_wC � Σ(QW[QW^{−1} ])^{Lw w} � L_wC in V -categories with set of objects O. End construction. The construction is homotopy invariant:

0.5. Proposition. If (C, w) → (C^′, w^′) is a weak equivalence, then L(C, w) → L(C^′, w^′) is a weak equivalence.

Proof. The relevant diagram looks as follows: ΣW � � � � �

�

ΣQW � � � � �

�

ΣQW[QW^{−1} ] � � � �

� C

�

B_wC �

�

� L_wC

� ΣW^′ � � � ΣQW^′ � � � � � ΣQW ′[(QW′)−1 ]

� � � � C^′ Bw^′ C^′

� � L_{w′} C′

The four horizontal maps pointing leftward are all weak equivalences (Σ preserves weak equivalences). The fact that the two leftmost vertical maps are weak equivalences imply that the two vertical maps in the middle are weak equivalences.

Since QW → QW^′ is a weak equivalence of cofibrant SO-categories, we get by [DK, 9.4] that QW[QW^{−1} ] → QW^′[(QW^′)^{−1} ] is a weak equivalence and injective on morphism spaces. Hence, ΣQW[QW^{−1} ] → ΣQW^′[(QW^′)^{−1} ] is a weak equivalence and a cofibration on all morphism objects (Σ preserves cofibrations and weak equivalences). By the definition of L_wC by means of the pushout the two rightmost vertical maps must then also be weak equivalences (using lemma 3.6, the conditions of lemma 3.5 are readily checked in the current application).

The importance of this construction is that we have replaced W by a simplicial groupoid, or loosely: we have “inverted all the morphisms in C coming from W”. This is important in many applications. For instance, Dwyer and Kan show that if V = S and C is a simplicial model category with weak equivalences W, then π_0L_wC is nothing but the homotopy category of C, and L_wC is equivalent to the full subcategory of C whose objects are both fibrant and cofibrant.

0.6. Definition. Let B be a S-category. The category π_0B is the category with the same objects as B, but with morphism sets from a to b the set of path components π_0B(a, b). We say that a S-category B is groupoid-like if π_0B is a groupoid.

0.7. Theorem. Let (C, w) be as above. If W is groupoid-like, then

(C, w) ← B(C, w) → L(C, w) are weak equivalences. In particular

C ← B_wC → L_wC

are weak equivalences.

Proof. By construction (C, w) ← B(C, w) is a weak equivalence (this is is always true). If W is groupoid-like, then QW is groupoid-like and by [DK, 9.5] the functor QW → QW[QW^{−1} ] is a weak equivalence, and an inclusion (i.e. cofibration) on every morphism space. Since Σ: S → V preserves cofibrations and weak equivalences, and since by lemma 3.6 ΣQW → B_wC is a cofibration on morphism objects, the gluing lemma 3.5 assures that B_wC → L_wC is a weak equivalence.

It is important for various applications that if W already consists of isomorphisms, then the localization does not mess up things too badly. The theorem assures that localization does not change the homotopy type, and the following corollary says that there actually is a map between them (and not just in the homotopy category).

0.8. Corollary. On the category of pairs (C, w : ΣW → C) such that W is a (simplicial) groupoid there is a natural weak equivalence

L(C, w)^∼→ (C, w)

such that L(C, w) � � � � B(C, w) �

� (C, w)

commutes.

Proof. Note that since all the morphisms in W are isomorphisms QW → W factors naturally through QW → QW[QW^{−1} ], and so by the universal property of the pushout

ΣQW^{Bw w} � � B_wC � Σ(QW[QW^{−1} ])^{Lw w} � L_wC

we get the desired map. The map is a weak equivalence by theorem 0.7.

This construction also inherits the “closure properties” of [DK]. Recall that if E is a small category, a subcategory F ⊆ E is said to be closed if F consists of exactly those morphisms in E that are mapped to isomorphisms under the functor E → E[F^{−1} ]. The closure F of a subcategory F ⊆ E is the smallest closed subcategory of E containing F.

0.9. Theorem. Let C be a V O-category, let W_1^f→ W_2^g→ RC be SO-functors (R is the right adjoint of Σ), let w_2: ΣW_2 → C be the adjoint of g and let w_1: ΣW_1 → C be the adjoint of gf. Then f defines a map (C, w_1) → (C, w_2). The induced functor

L_{w1} C → L_{w2} C

is a weak equivalence if and only if

im{π_0g: π_0W_2 → π_0RC} ⊆ im{π_0gf: π_0W_1 → π_0RC}

Proof. Let QW_1 ↣ P^∼↠ QW_2 be the functorial factorization of QW_1^{Qf}→ QW_2 (where Q is the cofibrant replacement functor in SO-categories). Then P is cofibrant and P^∼↠ W_2 is a weak equivalence. Let QW_i ↣ T_i^∼↠ RC (resp. P ↣ T^∼↠ RC) be the functorial factorization of QW_i^∼↠ W_i → RC (resp. P^∼↠ QW_2^∼↠ W_2^g→ RC). Then we have a sequence of pushouts

QW_1[QW^{−1}_1 ] ∐ QW_1

T_1 → QW_1[QW^{−1}_1 ] ∐ QW_1 T → P [P^{−1} ] ∐ P T → QW_2[QW^{−1}_2 ] ∐ QW_2

T_2

induced from QW_1 ↣ P^∼↠ QW_2 and T_1^∼→ T^∼→ T_2 (from the functoriality of the factorizations). The outer maps are weak equivalences by the gluing lemma (which is true in SO-categories) and the middle map is an equivalence by [DK, 10.5].

Let ΣT_i ↣ B_i^∼↠ C be the functorial factorization of ΣT_i^∼→ ΣRC → C. This induces a weak equivalence B_{wi} C^∼→ B_i under ΣQW_i. Define L_i by the pushouts

ΣQW_i � � ΣT_i � � B_i � Σ(QW_i[QW^{−1}_i ]) � ΣL i � Li

(the leftmost square is a pushout since Σ is left adjoint). The induced map L_{wi} C → L_i is a weak equivalence by the gluing lemma. That L_1 → L_2 is a weak equivalence now follows since L^s_1 → L^s_2 is a weak equivalence.

This theorem implies that we may assume without loss of generality that the adjoint of w is an inclusion of a subcategory W ⊆ RC such that π_0W is closed in π_0RC. 0.10. Further functoriality. The construction above may seem restrictive, due to the fact that we do not allow our set of objects to vary. This is superficial due to the following considerations.

Let P be the category whose objects are pairs (C, w) where C is a small V -category and w : ΣW → C is a V (obC)-functor. A morphism (C, w) → (C^′, w^′) is a S-functor W F : W → W^′ and a V -functor F : C → C^′ such that F w = w^′ΣW F . See section 4 for further details.

0.11. Lemma. The localization extends to functors

B, L: P → P

connected by natural transformations

id ← B → L

On the subcategory of pairs (C, w : ΣW → C) such that W consists of isomorphisms there is a natural weak equivalence L(C, w) → (C, w) such that

(C, w) � � � � B(C, w) �

� (C, w)

commutes.

Proof. This follows by the construction of the localization, plus lemma 1.5 and lemma 3.8.

1. V O-categories and graphs

To set the notation we briefly recall the relevant definitions of enriched categories, and make the relationship to graphs explicit.

Let V be a category. A V -graph G is a class of “objects” obG together with a choice of “morphism spaces” G(c, d) ∈ obV for each ordered pair (c, d) of elements in obG. A map of V -graphs F : G → H is a function F : obG → obH, together with maps G(c, d) → H(F (c), F (d)) in V .

If V is furthermore equipped with a monoidal structure, (V, □, I), we may talk about V -categories. A V -category C is a V -graph together with units I → C(c, c) and composition C(c, d)□C(b, c) → C(b, d) satisfying the usual unital and associativity conditions. A V -functor F from C to D is an assignment obC → obD together with maps C(c, c^′) → D(F (c), F (c^′)) preserving unit and composition. A V -natural transformation between two V -functors F, G: C → D is a collection of maps η_c: F (c) → G(c) ∈ D indexed by the objects of C such that the following diagram in V commutes

C(c, c^′) � � D(F (c), F (c^′))

(η_c′ )_∗ � D(G(c), G(c^′))^{(η c)} ∗ � D(F (c), G(c′))

1.0. The free/forgetful adjoint pair. If V has finite coproducts (which we will call ∨), and the monoidal product (which we will call □) is naturally distributive over the coproduct, then the forgetful functor

U: V -categories → V -graphs has a left adjoint, namely the free functor F which on an V -graph G is the V -category F G with the same objects as G, but with morphism spaces given by

F G(c, d) = { ⋁ q≥0 ⋁ c_1,...,c_q ∈obG G(c1, d)□G(c 2, c1) . . . □G(c, c q) if c ≠ d I ∨ ⋁ q≥0 ⋁ c_1,...,c_q ∈obG G(c1, c)□G(c 2, c1) . . . □G(c, c q) if c = d

The composition is given by concatenation of terms, with the I ⊆ F G(d, d) acting as the unit via I□G(c, d) ∼= G(c, d). The units of adjunction G → UF G and F UC → C are given by the obvious inclusion and composition. Note that the requirement that □ is distributive over ∨ is automatic if V is closed (symmetric monoidal), since −□v is a left adjoint and so preserve all colimits, and likewise in the other factor because of symmetry.

Let O be a set. A V O-graph G is simply a V -graph with obG = O, but a map of V O-graphs is a map of V -graphs which is the identity on objects. Otherwise said, a morphism G → H of V O-graphs is a collection of morphisms G(c, d) → H(c, d) ∈ V . This forms a category we will call V O-graphs (which is isomorphic to V^{O×O} ).

Likewise, if V is monoidal, a V O-category is a V -category C with obC = O, and V O-functors are demanded to be the identity on objects. This forms a category we will call V O-categories. A natural transformation η: F → G (or rather, a V O-natural transformation) between two V O-functors is the same as a V -natural transformation (note however that η_c is always an endomorphism since F (c) = G(c) = c).

Note that the above free and forgetful functors restrict to an adjoint pair of functors between V O-categories and V O-graphs.

Limits of V O-categories are limits in V -categories and are formed at each morphism object, i.e. if X: J → V O-categories is a functor, then lim←−_{j∈J} X_j (if it exists) is the V O-category with morphism objects ( lim_{←−j∈J} X_j ) (c, c^′) = lim_{←−j∈J} (X_j (c, c^′))

Hence the category of V O-category is closed if V is closed. 1.1. Lemma. If V is a closed category, then the forgetful functor U: V O − categories → V O − graphs preserves and creates filtered colimits.

Proof. Let J be filtered and X a functor from J to V O-categories. Then we define the composition on the graph lim−→_{j∈J} UX_j via ( lim_{−→j∈J}X_j (c, d) ) □ ( lim_{−→j∈J}X_j (b, c) ) lim −−−−−−−→ (i,j)∈J×J

(X_i(c, d)□X_j (b, c)) ∼= �

lim_{−→j∈J}X_j (b, d) lim_{−→j∈J} (X_j (c, d)□X_j (b, c)) � ∼= � where the first isomorphism is due to the fact that V is closed, and the second is an isomorphism since J is filtered and hence the diagonal J → J × J is final. The unit is induced by I → X_j (c, c) → lim−→_{j∈J} X_j (c, c).

1.2. Corollary. If V is a cocomplete closed category, then the category of V Ocategories is cocomplete.

Proof. This follows by [B, 4.3.6] and lemma 1.1, since the triple UF preserves filtered colimits and V O-categories are the UF -algebras in the category of V O-graphs.

Another application of lemma 1.1 is the following observation 1.3. Lemma. Let F : C → D be a functor from a category C to a category D. Assume F has a right adjoint which preserves filtered colimits. Let d ∈ obD be an object which is small relative to D. Then F (d) is small relative to C.

Proof. Let U be the right adjoint. Let X: K → C be a functor and K filtering. Then C(F d, lim_{−−→k∈K} X_k) ∼= D(d, U lim_{−−→k∈K} X_k) ∼= D(d, lim_{−−→k∈K} UX_k)

Since d is small relative to D, there is a regular cardinal κ such that for every regular cardinal λ ≥ κ and any functor Y : λ → D the canonical map

D(d, lim_{−→λ} Y )^{∼=}→ lim_{−→λ} D(d, Y )

is an isomorphism. Hence for every functor X: λ → C for λ ≥ κ the map

D(d, lim_{−→λ} UX)^{∼=}→ lim_{−→λ} D(d, UX) ∼= lim_{−→λ} C(F d, X)

is an isomorphism, and we are done.

1.4. Pushouts. This paper relies heavily on a close control over the pushouts in the category of V O-categories. Before we start to describe these in detail, we note the following fact which is useful for extending the functoriality of the localization 1.5. Lemma. The forgetful functor V O-categories → V -categories preserves pushouts. Proof. Let C_0^{fY} �

f_X � C_Y

g_X � ∈ V O-categories

C_X^{gY} � C_{XY} be a pushout square in V O-categories, and let

C_0^{fY} �

f_X � C_Y

h_X � ∈ V -categories

C_X^{hY} � C

be a commutative diagram in V -categories. We must show that there is a unique C_{XY}^h→ C with hg_Y = h_Y and hg_X = h_X .

Let D ∈ V O-categories be given by D(c, d) = C(h_X c, h_X d). This is clearly well defined, and we have a factorization

C_X^{h′X}→ D^i→ C

of h_X with i induced by D(c, d) = C(h_X c, h_X d). Since h_X and h_Y are equal on objects (since the diagram is commutative, and f_X and f_Y are both the identity on objects) we also get a factorization

C_Y^{h′Y}−→ D^i→ C

of h_Y such that

C_0^{fY} �

f_X � C_Y

h^′_X � ∈ V O-categories

C_{X h′Y} � D

commutes. Hence there is a unique map C_{XY}^{h′}→ D ∈ V O-categories such that h^′g_X = h^′_X and h^′g_Y = h^′_Y . The desired universal map is thus C_{XY}^{h′}→ D^i→ C. This is universal since any map C_{XY} → C must factor through D^i→ C.

We also need an explicit description of the pushout in V O-categories. We do this by describing the morphism objects of a pushout by means of the colimit over a quite unruly diagram in V . The diagram is not directed, but it is a “Reedy” diagram which still makes it possible to get homotopical control over the pushout.

Remember what the “amalgamated product” looks like: if A_X ← A_0 → A_Y is a diagram of rings, we could try to model the pushout as the colimit of a diagram of abelian groups. It certainly should contain “words” in A_X and A_Y , where adjacent letters from the same ring should be multiplied, and elements from A_0 should be free to choose whether they wanted to be imaged in A_X or A_Y . Thus the pushout is going to be a colimit of a diagram of large tensor products of A_X , A_Y and A_0. Hence the need for an indexing category codifying multiplication, insertion of units and the maps

A_X ← A_0 → A_Y . This is our next task, complicated by the fact that we must allow many objects (which is kind of nice since “insertion of units” are clearly marked by repetition of objects) 1.6. The indexing category. The rest of section 1 deals with the technical details of how best to describe the pushout. All of it is used in the proof of lemma 3.5 and 3.6 below, but is not needed elsewhere in this paper.

We use the usual notation with Δ the category of nonempty finite ordered sets. For every natural number q we let [q] ∈ Δ be the ordered set {0 < 1 < · · · < q}, and for every 0 ≤ i ≤ q we let d^i ∈ Δ([q − 1], [q]) be the monomorphism that skips i ∈ [q]. We consider Δ as a full subcategory of the category of categories: a finite ordered set S is identified with the category whose objects are the elements of S, and which has a morphism i ← j whenever i < j.

Let O be a set, c, d ∈ O, and let O^{c,d} be the following category. The objects of O^{c,d} are triples (i, C, q) where q is a natural number and i and C are functions (the ordering is not used yet!)

i: [q] → {0, X, Y }, C: Δ([q], [1]) → O

such that Δ([0], [1]) → Δ([q], [1])^C→ O

sends d^0 : [0] → [1] to d and d^1 : [0] → [1] to c. In other words

obO^{c,d} = ∐ q≥0 {0, X, Y }^{[q]} × O^{Δ([q],[1])} ×_OΔ([0],[1]) {c, d}

We will often refer to the values i_k = i(k) as the “indices” of α = (i, C, q) and the values of C as the “objects”.

To each object α = (i, C, q) we attach a number

deg(α) = q∑ k=1 deg(i_k)

which we call the degree of α, where deg(0) = 1 and deg(X) = deg(Y ) = 2. In fact, we consider {0, X, Y } to be the objects of the category

X ← 0 → Y

and for two functions i, j : [q] → {0, X, Y } we write i ≤ j if for all k ∈ [q] there is a map from i_k to j_k in X ← 0 → Y . Note that X and Y are not commensurable.

Let α = (i, C, q) and β = (j, D, p) be objects of O^{c,d}. Then the set of morphisms from α to β is the set of weakly monotone maps ϕ: [q] → [p] having the property that D is the composite Δ([p], [1])^{ϕ ∗}→ Δ([q], [1])^C→ O and for all k ∈ [q] we have that i_k ≤ j_{ϕ(k)} . For the record we display this as

O^{c,d}(α, β) = {ϕ ∈ Δ([q], [p]) | D = Cϕ^∗ , i ≤ jϕ }

Note that this last condition implies that for every j ∈ [p] all the i_k’s with k ∈ ϕ^{−1} (j) must be commensurable (X and Y do not both appear).

The category O^{c,d} enjoys the property that all morphisms can be uniquely factored into the composition of one map coming from a subcategory^←O^{c,d} followed by a map in a subcategory^→O^{c,d}. We proceed to describe these subcategories.

Restricting our attention to the epimorphisms in Δ we get the inverse category^←O^{c,d} if we do not allow any degrees to rise. More precisely, a map from α = (i, C, q) to β = (j, D, p) in O^{c,d} is in the inverse category if

(1) the corresponding ϕ ∈ Δ([q], [p]) is an epimorphism and (2) i_k = j_{ϕ(k)} for all k ∈ [q]

All non-identities in^←O^{c,d}(α, β) decrease the degree (since some i_k’s are deleted). The inverse category is going to control the multiplications in the coproduct.

Likewise, restricting to the monomorphisms in Δ we get the direct category^→O^{c,d} (here there are no further conditions on the behavior of the maps). It is worthwhile to notice that the maps that are identities when just considered as maps in Δ need not be so in → O^{c,d}: source and target may still disagree and the map may just increase the degree of the indices i_k. These maps correspond to the maps C_X ← C_0 → C_Y in the coproduct. The other maps in the direct category will involve insertion of units as well. All the non-identities in the direct category increase the degree.

Given a map g: α → β ∈ O^{c,d} we get a unique factorization g =^→g ∘^←g where^→g ∈^→O^{c,d} and^←g ∈^←O^{c,d} (first delete all repetitions that are to be deleted to get from α to β, and then expand the length and raise the degrees).

For homotopical reasons the connectivity of under categories of the inverse category is important. The following obvious lemma will later be interpreted as “O^{c,d} has fibrant constants”.

1.7. Lemma. Let α ∈ obO^{c,d}. Then the under category α/^←O^{c,d} has a final object given by deleting all possible repetitions of indices in α.

1.8. The direct subcategory. We also need to understand the over categories → O^{c,d}/α. What objects can map to α = (i, C, q) via non-identity maps in the direct categories? For sure, they must have lower degree than α, and can leave a trace in α in the form of a repetition of c_k’s or an index i_k ≠ 0. In fact, for most practical purposes, the most important thing about^→O^{c,d}/α is a manageable subcategory which we call F^{c,d}_α . This can be described as follows: Let S(α) = [q] − i^{−1} (0), T (α) = i^{−1} (0) ∩ {k ∈ [q]|C = C(d^ks^k)^∗ } and U(α) = S(α) ∪ T (α) ⊆ [q]. Given a subset u ⊆ U(α) let u_S = u ∩ S(α) and u_T = u ∩ T (α) = {k_1 < · · · < k_t}. Define p, ψ_u: [q] → [p] and ϕ_u: [p] → [q] by (1) [p] ∼= [q] − u_T ,

(2) ψ_u = s^{k1} . . . s^{kt} and (3) ϕ_u: [p] ∼= [q] − u_T ⊆ [q]. Let β_u = (iψ_u, C(ψ_u)^∗ , p)^{fu}→ α ∈^→O^{c,d} where f_u corresponds to ϕ_u. By the definition of T (α) this is well defined since ψ_uϕ_u = id_{[p]}. The increases in indices is encoded in u_S .

Furthermore, if v ⊂ u, there is a unique map f^u_v : β_v → β_u ∈^→O^{c,d} such that f_v = f_uf^u_v . Now, let F^{c,d}_α ⊂^→O^{c,d}/α be the subcategory with the f_u’s as objects and the f^u_v ’s as maps. We see that F^{c,d}_α is isomorphic to the opposite of the category of subsets of U(α).

If U(α) = ∅ we see that F^{c,d}_α =^→O^{c,d}/α = id_α , but if U(α) ≠ ∅ then any non-identity map γ^g→ α ∈^→O^{c,d} defines a proper subset u = u_S ∪u_V ⊆ U(α) where u_S are the indices that are increased (either from zero, or from not originally being there) and u_V are the objects that are repeated. Note that the indices corresponding to u_V may be nonzero. However, g factors as γ^{g1}→ β_u^{fu}→ α, and this factorization is unique in the sense that for any other factorization γ^{g2}→ β_v^{fv}→ α with ∅ ≠ v ⊂ U(α) we have that v ⊂ u and g_1 = f^v_u g_2: γ^{g1} �

g_2 � β_u

f^u_v � � � � f^u � β_v^{fv} � α The important outcome of all this is 1.9. Lemma. Let α ∈ O^{c,d}. Then

F^{c,d}_α − id_α ⊆^→O^{c,d}/α − id_α

is a final subcategory [McL, p 213], and F^{c,d}_α isomorphic to a cube with id_α as the final object.

1.10. An explicit description of the morphism objects in a pushout of V O-categories. Given a diagram

C_X ← C_0 → C_Y

of V O-categories, we now give an interpretation of the morphism objects from c to d of the pushout category C_X ∐ C_0 CY in terms of a functor C

c,d from O^{c,d} to V . Let IO be the initial V O-category with

IO(c, d) = { I, if c = d the initial object ∗ ∈ V , otherwise

If α = (i, C, q) ∈ obO^{c,d}, let C_k = C(ϕ_k) where ϕ_k: [q] → [1] which takes the value 0 exactly k times. Then C^{c,d}(α) = □^q_{k=0}C_{ik} (C_{k+1}, C_k) with the maps in O^{c,d} being sent to maps induced by the insertion of the unit I, the maps C_X ← C_0 → C_Y and composition (when made possible by repetitions of indices). Let C_{XY} (c, d) = lim_{−−−−→}

α∈O^{c,d}

C^{c,d}(α) ∈ V We must show that this defines a V O-category C_{XY} , and that C_{XY} ∼= C_X ∐ C_0 CY . The

identity of C_{XY} is given by the canonical map IO(c, d) → C_0(c, d) = C^{c,d}(0, (c, d), 0) and the composition is given by concatenation C^{c,d}(α)□C^{b,c}(β)^{∼=}→ C^{b,d}(α ⊔ β) where (i, C, q) ⊔ (j, D, p) = (i ⊔ j, C ⊔ D, q + p + 1), [q] ⊔ [p] ∼= [q + p + 1] is concatenation (each element of [p] is greater than each element in [q]), i ⊔ j: [q] ⊔ [p] → {0, X, Y } is i on [q] and j on [p] and C ⊔ D: Δ([q] ⊔ [p], [1]) → O is induced by the map Δ([q] ⊔ [p], [1]) → Δ([q], [1]) ∨ Δ([p], [1]) gotten by observing that any weakly monotone map [q] ⊔ [p] → [1] must be constantly equal to 0 on [q] or be constantly equal to 1 on [p] (so the ∨ is over two different constant maps) and the fact that C and D both equal to c on the critical spot.

The associativity and unital axioms for C_{XY} are be fairly obvious, and likewise that C_{XY} actually describes the pushout.

2. Inheritance of enrichment

In the following section we will establish some properties of the free/forgetful pair between graphs and categories which will assure that the category of V O-categories is an S-category. This is used only in theorem 3.3. and theorem 4.1, and so is not a prerequisite for the localization construction given in section 0.

The category of monoids in a monoidal category (V, □, I) will usually not form a V -category. For instance, the category of associative rings is not enriched over abelian groups. However, in the cartesian closed situation the enrichment survives. The obvious example is (V, □, I) sets with cartesian product (monoids do form a category), and this captures the essence in the statements below.

If (V, □, I) and (V^′, □^′, I^′) are two monoidal categories, a monoidal adjunction

(V, □, I)^L⇆_R (V^′, □^′, I^′)

is a pair of (lax) monoidal functors such that L is left V^′-adjoint to R; that is, there is a natural isomorphism in V^′

RV (LX, v) ∼= V^′(X, Rv)

For the rest of the section we fix a complete and cocomplete closed category (V, □, I), a cartesian closed category (V^′, ×, ∗) and a monoidal adjunction

(V, □, I)^L⇆_R (V^′, ×, ∗)

such that L is strong monoidal (that is, the natural transformations I → L∗ and La□Lb → L(a × b) are natural isomorphisms).

The reason to mess up the theory with V^′ is the canonical V^′-functor

RV × RV → R(V □V )

Composing this with

R(V □V )^{R□}−→ RV

we get a “square” □: RV × RV → RV

sending (v_1, v_2) ∈ obV × V to v_1□v_2. The square is essential for the enrichment on monoids and V -categories.

2.1. Lemma. Let O be a set and R, V and V^′ as above. The free/forgetful triple on V O-graphs lifts to a V^′-functor.

Proof. Let G and H be V O graphs. The V^′-object of morphisms from G to H is given by ∏

c,d∈O

RV (G(c, d), H(c, d))

We have to show that there is a map in V^′ ∏ c,d∈O

RV (G(c, d), H(c, d)) → ∏ c,d∈O

RV (UF G(c, d), UF H(c, d))

lifting the morphism we get when forgetting all the way down to sets, but this is clear using the same formula (which is messy when you write it out, explanations of the various terms follow): ∏ c,d∈O RV (G(c, d), H(c, d)) Δ � ∏ c,d∈O ∏ q≥0 ∏ c=c_0,c_1,...c_q =d∈O ∏ 1≤i≤q RV (G(ci, ci−1 ), H(ci, ci−1 )) □ � ∏ c,d∈O ∏ q≥0 ∏ c=c_0,c_1,...c_q =d∈O RV (□ 1≤i≤q G(ci, ci−1 ), □ 1≤i≤q H(ci, ci−1 )) � ∏ c,d∈O ∏ q≥0 ∏ c=c_0,c_1,...c_q =d∈O RV (□ 1≤i≤q G(ci, ci−1 ), UF H(ci, ci−1 )) ∼= � ∏ c,d∈O RV (UF G(c, d), UF H(c, d))

The first map is the obvious diagonal (the empty product is given by ∗), the second is the square (the empty square is given by I, and the corresponding maps from the empty products are given by the structure map ∗ → RI ∼= RV (I, I)). The third map is induced by the maps □_{1≤i≤q} H(c_i, c_{i−1} ) → UF H(c, d) and the last map is the isomorphism given by the formula for UF G(c, d).

2.2. Corollary. The category of V O-categories is naturally a tensored and cotensored V^′-category.

Proof. To simplify the notation, let the V -object of morphisms from a V O-graph G to another H be written {G, H}. The previous lemma says that the free/forgetful triple induces a map R{G, H} → R{UF G, UF H} in V^′. If C and D are V O-categories, then we define the V^′-object of morphisms from C to D as the equalizer of

R{UC, UD} � � � � � R{UF UC, UF UD} � R{UF UC, UD}

(using the structure of C and D as UF -algebras and lemma 2.1.).

If X ∈ obV^′ then the cotensor C^X is the V O-category with morphism objects

C^X (c, c^′) = V (LX, C(c, c^′))

This commutes with the monoidal structure (due to the fact that the diagonal map X → X × X is a V^′-map: there is no guarantee that there is a diagonal in (V, □, I) which explains why we can’t expect an enrichment in V ), and so defines a V O-category, and the natural isomorphism

V^′(X, RV (D(c, c^′), C(c, c^′))) ∼= RV (D(c, c^′), V (LX, C(c, c^′)))

gives that it actually is a cotensor.

The category of V O-graphs is tensored over V^′ by letting X ⊗ G be the V O-graph with morphisms (X ⊗ G)(c, d) = LX□G(c, d). The tensor in V O-categories of X and C is defined as the coequalizer of

F (X ⊗ UF UC) ⇒ F (X ⊗ UC)

where the upper map is induced by UF U^{U(unit of adjunction)}� U and the lower map is induced by the identity through

R{X ⊗ UC, X ⊗ UC} ∼= V^′(X, R{UC, X ⊗ UC}) → V^′(X, R{UF UC, UF (X ⊗ UC)}) ∼= R{X ⊗ UF UC, UF (X ⊗ UC)} ∼= [F (X ⊗ UF UC), F (X ⊗ UC)]

which makes sense since UF is a V^′-functor.

3. The model structure

We will be working with enriched model categories by which we mean the following:

Let (V, □, I) be a closed category. Assume given a model structure on V . We say that V is a (discrete) monoidal model category if the following condition holds: if i: A ↣ B is a cofibration in V and p: X ↠ Y is a fibration in V then

V (B, X) → V (B, Y ) ∏ V (A,Y )

V (B, Y ) ∈ V is a fibration in V which is a weak equivalence if either i or p is a weak equivalence.

By adjointness this is equivalent to the axiom which Schwede and Shipley call the

pushout product axiom and which says that if A^i↣B and C^j↣D are cofibrations in V , then the canonical map (A□D) ∐ A□C (B□C)^{(i,j)}−→ B□D

is a cofibration, and if in addition one of the maps i and j is a weak equivalence, then (i, j) is a weak equivalence.

By induction and the fact that □ commutes with colimits we immediately get the following lemma:

3.1. Lemma. Given cofibrations j_i : A^i_0 ↣ A^i_1 ∈ V for i = 1, . . . , n. Consider the n-cube obtained by considering all n-fold square products A^1_{i1} □ . . . □A^n_{in} . Then the canonical map (j_1, . . . , j_n) from the colimit of the punctured cube to A^1□ . . . □A^n_1 is a cofibration, and if one of the A^i_0 ↣ A^i_1 is a weak equivalence then so is (j_1, . . . , j_n).

A V -model category is a tensored and cotensored V -category C with a model structure such that if i: A ↣ B is a cofibration in C and p: X ↠ Y is a fibration in C then

C(B, X) → C(B, Y ) ∏ C(A,Y )

C(B, Y ) ∈ V

is a fibration in V which is a weak equivalence if either i or p is a weak equivalence.

If (V, □, I) and (V^′, □^′, I^′) are two monoidal model categories, a monoidal Quillen adjunction

(V, □, I)^L⇆_R (V^′, □^′, I^′)

is a pair of (lax) monoidal functors such that L preserves cofibrations and trivial cofibrations and L is V^′-adjoint to R, that is there is a natural isomorphism

RV (LX, v) ∼= V^′(X, Rv)

In our intended applications (V^′, □^′, I^′) will be simplicial sets with cartesian product (S, ×, ∗), and I will equal L∗ (and so I will be cofibrant). The importance of this relation to the simplicial world is that the simplicial structure will survive even when restricting to subcategories of monoids or V O-categories due to the results in the previous section. The fact that I is cofibrant will simplify many arguments regarding homotopy invariance of certain colimit constructions.

Formalizing this, we say that a monoidal simplicial model category is (1) a monoidal model category (V, □, I) with I cofibrant (2) a monoidal Quillen adjunction

(V, □, I)^Σ⇆_R (S, ×, ∗)

If O is a set, the category of V O-categories is a tensored and cotensored S-category (corollary 2.2.).

If V is a model category and O is a set, then the category of V O-graphs has a model structure given by declaring that a map G → H of V O-graphs is a weak equivalence (resp. (co)fibration)) if G(c, c^′) → H(c, c^′) ∈ V is a weak equivalence (resp. (co)fibration)) for every c, c^′ ∈ O.

3.2. Definition. Let O be a set and V a monoidal model category. The fibrations (resp. weak equivalences) in the category of V O-categories are the maps that induce fibrations (resp. weak equivalences) of V O-graphs (i.e. on all morphism objects). The cofibrations are the V O-functors having the left lifting property with respect to V Ofunctors that are both weak equivalences and fibrations.

If v ∈ obV and c_0, c_1 ∈ O, then O_{v,c0,c1} is the V O-graph that has morphism objects

O_{v,c0,c1} (c^′, c^{′′}) = { v if c_0 = c^′ and c_1 = c^{′′} ∗ otherwise

where ∗ is the initial object in V . If f: v → w ∈ V , then O_{f,c0,c1} : O_{v,c0,c1} → O_{w,c0,c1} is the obvious map of V O-graphs. If I is a set of maps in V , we let O_I be the corresponding set of maps in V O-graphs, and F O_I be its image in V O-categories under the free functor F (see section 1.0).

We say that a simplicial closed model category V has a monoidal fibrant replacement functor T_0 if there is a lax monoidal functor T_0: V → V with a natural transformation

v → T_0(v)

consisting of weak equivalences with T_0(v) fibrant.

3.3. Theorem. Let O be a set and V be a locally presentable cofibrantly generated monoidal simplicial model category with a monoidal fibrant replacement functor.

Then the category of V O-categories is a cofibrantly generated simplicial model category where the weak equivalences, fibrations and cofibrations are specified in the definition above.

If I (resp. J) is a set of generating cofibrations (resp. cofibrations that are weak equivalences) in V , then F O_I (resp. F O_J ) is a set of generating cofibrations (resp. cofibrations that are weak equivalences) in V O-categories.

Proof. By Beck’s theorem we have that V O-categories are UF -algebras, where UF is the triple deriving from the free/forgetful adjoint pair between V O-categories and V O-graphs. By section 2 the category of V O-categories is a tensored and cotensored S-category. Since UF is simplicial (lemma 2.1), and the monoidality of the fibrant replacement functor assures that it lifts to a fibrant replacement functor for V O-categories, the theorem follows from the arguments of [S, corollary B2].

The condition that V is locally presentable is just there to assure that the small object argument will not run into any problems: all objects are small with respect to the entire category. This condition is in practice satisfied by models stemming from the simplicial world, but not by topological examples.

Since the arguments involving the factorization we actually use do not depend on the fibrant replacement functor, but only the small object argument, we get immediately

3.4. Lemma. Let O be a set and V be a locally presentable cofibrantly generated monoidal model category.

If I is a set of generating cofibrations in V , then there is a functorial replacement functor which to every V O-functor f: C → D assigns a factorization C ↣ E^∼↠ D into a cellular F O_I -cofibration i: C ↣ E followed by p: E^∼↠ D which is both a weak equivalence and a fibration.

We have not assumed that V was left proper, so we can not expect left properness for V O-categories. However, we do have the following gluing lemma.

3.5. Lemma. Let V be a monoidal model category with I cofibrant. Let

C_X ≃ � C_0 � � ≃ � C_Y ≃ � D_X D_0

� � D_Y

be a diagram in V O-categories where the units IO → C_0 and IO → D_0 and all the horizontal maps are cofibrations when considered as morphisms of V O-graphs and the vertical maps are weak equivalences. Then the map of pushouts

C_X ∐ C_0

C_Y → D_X ∐ D_0

D_Y

is a weak equivalence of V O-categories.

Proof. Consider the description of the morphism objects of the pushout categories given in section 1.10. The morphism objects from c to d in C_{XY} was described as the colimit over a certain category O^{c,d} of a functor C^{c,d}: O^{c,d} → V which on the object α = (i, C, q) ∈ obO^{c,d} has the value C^{c,d}(α) = □^q_{k=0}C_{ik} (C_{k+1}, C_k). We define the morphism objects of D_{XY} in the exact same way, except that we call the functor O^{c,d} → V induced in the same way with D’s instead of C’s D^{c,d} instead of C^{c,d}. The map of pushouts C_{X,Y} → D_{XY} is then induced by the obvious natural transformation

C^{c,d}(α) = □^q_{k=1}C_{ik} (C_k, C_{k−1} ) → □^q_{k=1}D_{ik} (C_k, C_{k−1} ) = Dc, d(α)

The strategy is to prove that C^{c,d} is Reedy cofibrant (see [H, 17.3.2.2]), and so since lemma 1.7. claims that O^{c,d} has “fibrant constants”, that

holim −−→ O^{c,d}

C^{c,d} → lim_{−−→}

O^{c,d}

C^{c,d} = C_{XY} (c, d) is a weak equivalence by [H, 20.7.2.1] (and likewise for D) and using that in this case the homotopy colimit is a homotopy invariant [H, 20.4.3].

To prove that C^{c,d} is Reedy cofibrant, we have to consider the latching category

L_α =^→O^{c,d}/α − id_α

for all objects α = (i, C, q) in O^{c,d} and show that the map

lim_{−→Lα} C^{c,d} → C^{c,d}_α

is a cofibration in V . This can conceivably be proven directly, but our task is simplified greatly by restricting our attention to the final subcategory

F^{c,d}_α − id_α = ℓ_α ⊆ L_α

Note that C^{c,d}|F^{c,d}_α is a cube, and lemma 3.1. will guarantee that the map from the punctured cube to the final node is a cofibration. In its simplest form it may look like

C_0(c, d)□C_0(b, c) � � C_0(c, d)□C_Y (b, c) � C_0(d, d)□C_0(c, d)□C_0(b, c) � C_0(d, d)□C_0(c, d)□C_Y (b, c)

where the vertical maps are given by insertion of a unit I → C_0(d, d) and horizontal maps are induced by 0 → Y . Discarding the C_0(c, d)□ which commutes with colimits anyhow, we see that we have an example of the square product axiom, since both I → C_0(d, d) and C_0(b, c) → C_Y (b, c) are cofibrations in V . The general case is similar: the cube C^{c,d}|F^{c,d}_α is a cube of successively more square product factors (maps induced by units) or increase in indices (maps in the pushout). Discarding the square product factors being constant throughout the cube and inserting I’s where units are to be inserted later on, we are left with a cube of the form given in lemma 3.1, and so

lim_{−→ℓ} α C^{c,d} → C^{c,d}_α

is a cofibration in V . Since ℓ_α ⊆ L_α is final, the map

lim_{−→Lα} C^{c,d} → lim_{−→ℓ} α C^{c,d}

is an isomorphism and so C^{c,d} is Reedy cofibrant.

3.6. Lemma. Let V be a monoidal model category with I cofibrant and with generating set of cofibrations I. Then every cellular F O_I -cofibration C ↣ D of V O-categories where the morphism objects of C are cofibrant in V induces cofibrations C(c, d) ↣ D(c, d) of morphism objects.

Proof. It is enough to prove that if c, d ∈ O and f: v → w ∈ I, then for a pushout in V O-categories F O_{v,c,d} � � F O_{w,c,d} � C_1 � C_2

with C_1(x, y) ∈ V cofibrant for all x, y ∈ O we have that the induced maps C_1(x, y) → C_2(x, y) are cofibrations. But this follows by an analysis of the diagrams defining the pushout as in the previous lemma, since the freeness of two of the categories imply that the multiplication part can be ignored, and we are left with a colimit of cobase changes, each of which are cofibrations since cofibrations are preserved by □-ing with cofibrant objects.

3.7. Moving the objects. In many applications, it is convenient and sufficient to do the constructions solely within V O-categories if we are only concerned with just one category at the time. However, we will have the occasion to use a wider functoriality which is the consequence of the following lemma.

3.8. Lemma. The functorial factorizations coming from the cofibrant generation of the category of V O-categories is functorial in the category of V -functors. More precisely, let O^1 and O^2 be two sets and consider the commutative diagram in V -categories

C^{1 f} 1 � F � D^1 G � C^{2 f} 2 � D2

where f^i ∈ V O^i-categories. Let

C^i ↣ Z_f i^∼↠ D^i

be the functorial factorization of lemma 3.4 in V O^i-categories, coming from a choice of generation of the cofibrantly generated model category V . Then there is a map Z_f 1^{Z(F,G)}−→ Z_f 2 such that

C^1 � F � Z_f 1^∼ �

Z_{(F,G)} � D^1 G � C^2 � Zf^{2 ∼} � D^2 commutes. Furthermore, if O^3 is yet another set, and

C^{2 f} 2 � D � D^2 E � C^{3 f} 3 � D3

is a commutative diagram in V -categories with f^3 in V O^3-categories, then

Z_{(DF,EG)} = Z_{(D,E)}Z_{(F,G)}

Proof. Consider the way the functorial factorizations are gotten in cofibrantly generated model categories via the small object argument (see e.g. [H, 13.4.14]). Let K be a set of maps in V permitting the small object argument. Recall the set O^i_K of maps in V O^i-graphs introduced just before theorem 3.3. Furthermore, let F^i be the free functor from V O^i-graphs to V O^i-categories. Note that a map F^1(O^1_{v,c,d}) → C^1 is the same as a map v → C^1(c, d) in V , which induces a map v → C^1(c, d) → C^2(F c, F d) which is the same as a map F^2(O^2_{v,F c,F d}) → C^2. If σ : v → w ∈ V , then a diagram

F^1(O^1_{v,c,d})^F

1((O^1)_{σ,c,d} ) �

� F^1(O^1_{w,c,d}) � C^{1 f} 1 � D1

induces a diagram v^σ � � w � C^1(c, d)^f 1 � F � D^1(c, d) G � C^2(F c, F d)^f 2 � D2(Gc, Gd)

since F equals G on objects, which again gives a diagram

F^2(O^2_{v,F c,F d})^F

2(O^2_{σ,F c,F d} ) �

� F^2(O^2_{w,F c,F d}) � C^{2 f} 2 � D2

Now, since the free functor commutes with coproducts, and the coproduct in V O^igraphs is just the coproduct in V of each morphism object we get a map of squares from ∐

t∈X^1 F

1(O^1_{σ(t),v(t),w(t)} ) � �

∐ t∈X^1 F

1(O^1_{τ(t),v(t),w(t)}) � C^1 � D^1

to ∐

t∈X^2 F

2(O^2_{σ(t),v(t),w(t)} ) � �

∐ t∈X^2 F

2(O^2_{τ(t),v(t),w(t)}) � C^2 � D^2

By 1.5 this induces a map of the corresponding pushouts, and since filtered colimits are computed on each morphism object, the result is clear.

4. The category P of pairs

In this section we develop some machinery pertaining to the category of pairs used in the localization functor. Note that the representation of the category of pairs used in section 0 is only isomorphic to the one we use here.

Let V be a closed category, and let R be a lax monoidal functor (V □, I) → (S, ×, ∗). Let P^{free} be the category whose objects are pairs

(C, W^w→ RC)

where C is a (small) V -category and W → RC a S-functor of (small) S-categories. In section 0 we used that in that context R had a left adjoint Σ: S → V , and represented the pair (C, W → RC) by means of the adjoint (C, ΣW → C). That was convenient at the time (less notational burden at the time of the definition of the localization), but here it is simpler to stick with our current definition.

A morphism (C, w) → (C^′, w^′)

in P^{free} is a pair F : C → C^′, W F : W → W^′

where F is a V -functor such that

W^w � W F � RC RF � W^{′ w′} � RC^′ commutes.

In other words: P^{free} is defined by the pullback

P^{free} � � V -categories � S-functors^{target}�S-categories

4.0. The subcategories P^{fix} ⊆ P ⊆ P^{free}. The localization as we have defined it eventually turned out to live in the full subcategory P ⊆ P^{free} whose objects (C, w) have the property that w : W → RC is the identity on objects (see lemma 0.11.).

However, at the outset it was not clear that one could allow all the morphisms: the localization construction was originally performed in the much smaller subcategory P^{fix} ⊆ P whose morphisms are morphisms

(C, w)^{F,W F}−→ (C^′, w^′)

where F (and hence W F ) is the identity on objects.

The inclusion functor P ⊆ P^{free} has a right adjoint ϕ: P^{free} → P which is important for many applications. If (C, w : W → RC) ∈ obP^{free}, then ϕ(C, w) = (ϕ_wC, ϕw) each of whose factors are defined below. The first factor ϕ_wC is the V -category with objects obW and with morphism object from c ∈ obW to d ∈ obW given by

ϕ_wC(c, d) = C(wc, wd)

The second factor ϕw : W → Rϕ_wC is induced by w

W(c, d) → RC(wc, wd) = Rϕ_wC(c, d)

This is a functor, since if (C, w)^{F,W F}−→ (C^′, w^′) is a map in P^{free}, then we get a map ϕ(C, w)^{ϕ(F,W F )}−→ ϕ(C^′, w^′) in P with first factor

ϕ_wC(c, d) = C(wc, wd)

F→ C^′(F wc, F wd) = C^′(w^′W F c, w^′W F d) = ϕ_w′ C^′(W F c, W F d)

and second factor W F as before.

Note that the composite P ⊆ P^{free ϕ}→ P is the identity. When considered as an endofunctor on P^{free} ϕ is idempotent (ϕ^2 = ϕ) and there is a natural transformation ϕ → id_Pfree given by the obvious map ϕ_wC → C which is the identity on morphisms.

Using this we get that ϕ is right adjoint to the inclusion as promised. We say that a morphism (C, w)^{F,W F}−→ (C^′, w^′) in P^{fix} is a weak equivalence (resp.

fibration) if both F and W F are. The following easy lemma is not needed in the text above, but is good for the intuition.

4.1. Lemma. Let V be a locally presentable cofibrantly generated monoidal simplicial model category with a monoidal fibrant replacement functor. Then the category of fixed pairs P^{fix} is a disjoint union of simplicial model categories.

Proof. Let O be a set, and consider the component of P^{fix} of pairs with set of objects O. The limit, two out of three, retract and half of the lifting axiom are obvious. A cofibration is a map with the left lifting property with respect to maps that are both fibrations and weak equivalences. Note that a map

(A, w_a : W_a → RA) → (B, w_b : W_b → RB)

is a cofibration if and only if both W_a → W_b and A ∐ ΣW_a

ΣW_b → B

are cofibrations.

Hence the map is a weak equivalence and a cofibration if and only if W_a → W_b and A ∐ ΣW_a ΣW b → B are cofibrations and weak equivalences (by the two out of three

axiom since cofibrations that are weak equivalences are stable under pushout). Thus the other part of the lifting axiom is true too.

The factorization axiom is proven by first factoring

W_a ↣ Z_{W F} ↠ W_b

(where either the first or the latter is a weak equivalence), and then letting P_F = A ∐ ΣW_a ΣZ W F , and lastly factoring PF → B as PF ↣ Z F ↠ B. Let w F : ZW F → RZF

be the adjoint of ΣZ_{W F} → P_F → Z_F . By construction (A, w_a) → (Z_F , w_F ) is a cofibration and (Z_F , w_F ) → (B, w_b) a fibration, and by proper choices we can make one of them a weak equivalence as well.

The simplicial structure is given by the simplicial structure on V O-categories and SO-categories.

We see that in this structure, the map B(C, w) → (C, w) constructed for use in the localization is a weak equivalence and a fibration, whereas B(C, w) → L(C, w) is a weak equivalence but not a cofibration since QW → QW[QW^{−1} ] is not a cofibration of S-categories (only a cofibration of S-graphs).

References

[B] Francis Borceux, Handbook of categorical algebra, Vol. 2, Encyclopedia of Mathematics and its Applications, 51, Cambridge University Press, Cambridge, 1994.

[D] Bjørn Ian Dundas, The cyclotomic trace for S-algebras, Preprint, 1999. [DK] William G. Dwyer and Daniel M. Kan, Simplicial localization of categories, J. Pure and Appl.

Alg. 17 (1980).

[EKMM] Anthony D. Elmendorf, Igor Kriz, Michael A. Mandell and J. Peter May, Rings, modules, and algebras in stable homotopy theory. With an appendix by M. Cole. Mathematical Surveys and Monographs, vol. 47., American Mathematical Society, Providence, RI, 1997.

[H] Phillip S. Hirschhorn, Localization of model categories, Draft: February 22, 2000. [HSS] Mark Hovey, Brooke Shipley and Jeff Smith, Symmetric spectra., J. Amer. Math. Soc. 13 (2000), 149–208.

[L1] Manos Lydakis, Smash products and Γ-spaces, Math. Proc. Cambridge Philos. Soc 126 (1999), 311–328.

[L2] Manos Lydakis, Simplicial functors and stable homotopy theory, Preprint. [McL] Saunders MacLane, Categories for the working mathematician, Springer GTM 5. [Q] Daniel G. Quillen, Homotopical Algebra, Springer LNM 43 (1967). [SS] Brooke E. Shipley and Stefan Schwede, Classification of stable model categories, Preprint, updated 00/01/24.

[S] Stefan Schwede, Stable homotopical algebra and Γ-spaces, Math. Proc. Camb. Phil. Soc. 126 (1999), 329–356.

Dept. of Mathematics, Norwegian University of Science and Technology, N-7491 Trondhjem, NORWAY

Email: dundas@math.ntnu.no

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/8/n10/n10.{dvi,ps}.

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as they

are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is T_EX, and LaT_EX is the preferred

flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to tac@mta.ca to receive details by e-mail.

Editorial board.

John Baez, University of California, Riverside: baez@math.ucr.edu Michael Barr, McGill University: barr@barrs.org, Associate Managing Editor Lawrence Breen, Université Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Andrew Pitts, University of Cambridge: Andrew.Pitts@cl.cam.ac.uk Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca, Managing Editor Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: walters@fis.unico.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca