Theory and Applications of Categories, Vol. 8, No. 14, 2001, pp. 391–407.

A CATEGORICAL GENEALOGY FOR THE CONGRUENCE DISTRIBUTIVE PROPERTY

DOMINIQUE BOURN

ABSTRACT. In the context of Mal’cev categories, a left exact root for the congruence distributive property is given and investigated, namely the property that there is no non trivial internal group inside the fibres of the fibration of pointed objects. Indeed, when moreover the basic category C is Barr exact, the two previous properties are shown to be equivalent.

Introduction

A Mal’cev category is a category C in which any reflexive relation is an equivalence relation [7]. When moreover it is regular, the congruence modular law holds. Accordingly, this categorical Mal’cev condition appears as a left exact root for the congruence modular property in the categorical context.

The definition of arithmetical category was introduced by M.C.Pedicchio in [13], as a Barr exact Mal’cev category with coequalizers such that the congruence distributive property holds. Significant examples are the categories of Boolean rings, of von Neumann regular rings, of Heyting algebras, or the dual of any (elementary) topos. Varietal examples are characterized by the existence of a ternary operation satisfying: 1) p(x, y, y) = x and p(x, x, y) = y (Mal’cev axiom) , 2) p(x, y, x) = x (Pixley axiom), see [15].

Pedicchio showed that the previous definition is equivalent to that of a Barr exact Mal’cev category with coequalizers in which any internal groupoid is actually an equivalence relation. This characterization incites to investigate the significance and the strength of its left exact part (*): any internal groupoid is an equivalence relation, which will be the aim of this article. We shall then call protoarithmetical a Mal’cev category satisfying (*). Induced examples of this situation are given by the categories of any internal structures of the previous kind inside a left exact category, as the categories of topological Boolean rings, or of topological von Neumann regular rings for instance.

Once again, the fibration π of pointed objects, whose fibres are the split epimorphisms with fixed codomain, will show its powerful classification potential [3]: a category is protoarithmetical if and only if the fibres of π are antiadditive, i.e. unital and such that there is no non trivial internal group structure, this terminology being justified by the fact that an additive and antiadditive category degenerates, up to equivalence, into the

Received by the editors 2000 February 1 and, in revised form, 2001 May 17. Transmitted by Walter Tholen. Published on 2001 July 9. 2000 Mathematics Subject Classification: 18C99, 08B10, 18D30, 08B05. Key words and phrases: congruence distributivity, Mal’cev, arithmetical and protomodular categories.

©Dominique Bourn, 2001. Permission to copy for private use granted. 391 singleton category.

Other significant characterizations will come from the notion of connector between equivalence relations which gives a left exact way to control centrality, see [5], and also [8] and [13]. Indeed we shall see that a category is protoarithmetical if and only if any map with abelian kernel is a monomorphism, or if and only if the following property holds: two equivalence relations R and S on a same object X are commuting if and only if R ∩ S = disX.

When furthermore the given category is regular, we shall prove that it is protoarithmetical if and only if it satisfies a kind of congruence distributive precondition, namely: given any triple T, S, S^′ of equivalence relations on X, the equalities T ∩ S = disX and T ∩S^′ = disX imply T ∩(S ∨S^′) = disX. When it is Barr exact, we get a characterization which improves Pedicchio’s original result (we drop here the existence of coequalizers): it is protoarithmetical if and only if the congruence distributive property holds. So that this article could appear as an investigation about a categorical genealogy for the congruence distributive law.

All but the varietal examples of arithmetical categories given above are actually protomodular categories, in which there is an intrinsic notion of normal monomorphism [3]. The last section is devoted to the proof that, in an arithmetical protomodular category, a normal monomorphism has at most one retraction.

I am greatly indebted to M.Gran for having drawn Pedicchio’s article to my attention, for many stimulating discussions and for his contribution to Theorem 3.13.

1. Unital and antiadditive categories

The point of this section is to set some categorical notions which the fibres of the fibration π of pointed objects will be later on assumed to possess.

1.1. Unital categories. Let us recall that a map f : X → Y is a strong epimorphism when any monomorphism whose pullback along f is an isomorphism is itself an isomorphism. In the same way, a family of coterminal maps is jointly strongly epic when any monomorphism whose pullback along all the maps of this family are isomorphisms is itself an isomorphism.

A unital category (see [3]) is a left exact pointed (i.e. with a zero object) category C such that for each pair of objects (X, Y ), the canonical pair of maps is jointly strongly epic:

X^{iX} � X × Y Y^{iY}�

1.2. Example. The category Mag of unitary magmas is unital.

When it is applied to the pair (X, X), the previous axiom implies that in a unital category C there is, on a given object X, at most one internal binary operation with unit, which is necessarily associative and commutative. And a fortiori at most one group structure. In this very case, X is said abelian.

A double zero sequence in a pointed category is a diagram:

X^s � Z f � g � Y t � where the two sequences are zero sequences (i.e. sequences factorized through the zero object 1) which, moreover, satisfy f.s = Id_X and g.t = Id_Y .

1.3. Proposition. Given a double zero sequence in a unital category, then the induced factorization h = [f, g] : Z → X × Y is a strong epimorphism.

Proof. Consider a monomorphism j : R → X × Y whose pullback along h is an isomorphism. Then its pullbacks along h.s = i_X and h.t = i_Y are isomorphisms, and consequently, C being unital, the map j is an iso. 1.4. Antiadditive categories.

1.5. Definition. A category C is said antiadditive when it is unital and such that the only abelian object is the terminal object.

1.6. Remark. The terminology is justified by the fact that any additive and antiadditive category is equivalent to the terminal category 1.

1.7. Example. The category Imag of unitary idempotent magmas is antiadditive. 1.8. Naturally antidditive category. Suppose now C only pointed with products. Suppose moreover that for each object X the following square is a pushout:

X × X^{τX×X} � 1

X s_0 �

τ_X � 1 �

1.9. Proposition. In such a category C, the only object X endowed with a group structure is the terminal object 1.

Proof. Let X be an object endowed with a group structure, and d : X × X → X denote the division map d(x, y) = x^{−1} .y. Now consider the following commutative square:

X × X^d � X

X s_0 �

τ_X � 1 �

According to the given property of C, the initial map α_X : 1 → X is such that α_X .τ_{X×X} = d. But d is a split epi, and we can check that: α_X .τ_X .d = α_X .τ_{X×X} = d. Consequently α_X .τ_X = Id_X and X is isomorphic to 1.

1.10. Definition. A category C is naturally antiadditive when it is unital and such that, for each object X, the following square is a pushout:

X × X^{τX×X} � 1

X s_0 �

τ_X � 1 �

1.11. Example. The category Imon of unitary idempotent monoids is naturally antiadditive.

Of course, a naturally antiadditive category is antiadditive.

2. Mal’cev and protoarithmetical categories

2.1. Mal’cev categories and fibration of pointed objects. Let us recall the following:

2.2. Definition. (see [7]) A category C is said Mal’cev when it is left exact and such that any reflexive relation is an equivalence relation.

Now let us consider any left exact category C. We denote by P tC the category whose objects are the split epimorphisms in C with a given splitting and morphisms the commutative squares between these data. We denote by π: P tC → C the functor associating its codomain with any split epimorphism. Since the category C has pullbacks, the functor π is a fibration which is called the fibration of pointed objects.

This fibration π has important classification properties; we shall be, here, particularly interested by the following one [3]:

2.3. Theorem. A category C is Mal’cev if and only if the fibration π is unital, i.e. if and only if each fibre of π is unital.

In the Mal’cev context, let us recall that, given two reflexive relations R and S on the same object X, then if R ×_X S is defined by the following pullback :

R ×_X S^{p1} �

p_0 � S d_0 � R_{d1} � X

there is at most one map p: R ×_X S → X ,which satisfies p(x, x, y) = y and p(x, y, y) = x whenever these terms are defined.

When such a map p exists, it is called the connector between R and S or, equivalently, R and S are said commuting [5], see also [8] and [13].

2.4. Remark. 1) An object X is endowed with an internal Mal’cev operation if and only if the coarse relation grX (i.e. the kernel equivalence of the terminal map τ_X : X → 1) is commuting with itself. This is, in particular, the case for any object endowed with an internal group structure.

2) The category C being Mal’cev, when R and S are commuting, we have necessarily: xSp(x, y, z) and zRp(x, y, z). If we define π_0 : R ×_X S → S and π_1 : R ×_X S → R by π_0(x, y, z) = (x, p(x, y, z)) and π_1(x, y, z) = (p(x, y, z), z) we obtain a double relation in C, see [5]:

R ×_X S^{p1} � π_0 � p_0 � π_1 � S d_0 � d_1 � R d_1 �

d_0 � X Because of the unicity of the connector in the Mal’cev context, we are allowed to give the following:

2.5. Definition. A map f : X → Y in a Mal’cev category C is said to have an abelian kernel when its kernel equivalence R[f] is commuting with itself:

R[f]^{p0} �_{p1} � X^f � Y

We shall derive now a significant property:

2.6. Theorem. In a Mal’cev category C, if we have R ∩ S = disX, then the relations R and S are commuting.

Proof. Let us define R□S by the following pullback: R□S � � S × S

[d_0×d_0,d_1×d_1] � R × R_{[d0,d1]×[d 0,d1]}� X × X × X × X

it corresponds to the subobject of X^4 consisting of the quadruples (x, x^′, y, y^′) such that xRx^′, yRy^′, xSy and x^′Sy^′ and determines a double relation on X: R□S p_1 � p_0 � p_0 � p_1 � S d_0 � d_1 � R d_1 �

d_0 � X

Let us denote by α : R□S → R×_X S the induced factorization, and by (π, σ) the following split epi: π : R□S^{p1}−→ S^{d0}−→ X.Then the following commutative square: R□S p_0 � S d_0 �

s_0�

R X s_0 � determines a zero sequence in the fibre P t_X C:

(S, (d_0, d_1))^{s0} �(R□S, (π, σ))^{p0} �(R, (d_1, s_0)) and the following one:

R□S^{p1} � S

R_{d1} �

s_0 � X s_0 �

completes a double zero sequence in P t_X C:

(S, (d_0, d_1))^{s0} �(R□S, (π, σ))^{p0} �

p_1

� (R, (d_1, s_0))

s_0 � Consequently, the category C being Mal’cev and the fibre P t_X C unital, the factorization α is a strong epi. It is a mono since R ∩ S = disX. Accordingly, the following square is a pullback:

R□S^{p1} �

p_0 � S d_0 � R_{d1} � X

and the map d_1.p_0 : R□S → S → X produces the expected connector. 2.7. Protoarithmetical categories. Let us get now to the heart of the matter: 2.8. Definition. A category C is protoarithmetical when it is left exact and such that the fibration π of pointed objects is antiadditive, i.e. when any of its fibres is antiadditive . 2.9. Remark. A protoarithmetical category is consequently Mal’cev.

2.10. Example. The categories Bool of Boolean algebras (or Boolean rings), VoN of von Neumann regular rings and Hey of Heyting algebras are protoarithmetical. The dual of any elementary topos E is protoarithmetical. A variety V is protoarithmetical if and only if there is a ternary operation p such that: 1) p(x, y, y) = x and p(x, x, y) = y (V Mal’cev) , 2) p(x, y, x) = x (Pixley axiom), see [15].

Let F : C → D be a pullback preserving and conservative functor, then if D is protoarithmetical, such is C. Consequently any slice or coslice of a protoarithmetical category is protoarithmetical. Any category of algebras A lg T associated with a monad (T, λ, μ) on a protoarithmetical category is protoarithmetical.

2.11. Theorem. Given a Mal’cev category C, the following conditions are equivalent :

1) it is protoarithmetical 2) any map with abelian kernel is a monomorphism. 3) any internal groupoid is an equivalence relation 4) two equivalence relations R and S on a same object X are commuting if and only if R ∩ S = disX.

Proof. 1)⇒2) : Suppose C protoarithmetical. Let f : X → Y be a map with abelian kernel. The connector p : X ×_Y X ×_Y X → X between R[f] and R[f] determines an internal group structure on the object (p_0, s_0), p_0: X ×_Y X → X in the fibre P t_X C above X, by setting : (x, y) ∗ (x, z) = (x, p(y, x, z)), see [2]. The fibre P t_X C being antiadditive, p_0 is an isomorphism and f is a mono.

2)⇒3) : Consider a groupoid in C whose object of objects is X and object of morphisms W . The kernel equivalence R[[d_0, d_1]] of the map [d_0, d_1] : W → X × X is given by the object of ”pairs of parallel arrows”. The object R[[d_0, d_1]]×_W R[[d_0, d_1]] is just the object of ”triple of parallel arrows”. Now the groupoid structure determines a canonical connector between R[[d_0, d_1]] and itself, which is given by the map p representing the operation associating α.β^{−1} .γ with any triple (α, β, γ) of parallel arrows. Consequently, in any left exact category C, the map [d_0, d_1] has always an abelian kernel. When C satisfies condition 2, this map is then a monomorphism, and the given groupoid is an equivalence relation.

3)⇒4) : Consider R and S two commuting equivalence relations on X, and their connector p : R ×_X S → X . It determines a groupoid structure whose object of objects is X and object of morphisms is R ×_X S, with d_0(x, y, z) = z, d_1(x, y, z) = x and (u, v, x).(x, y, z) = (u, p(y, x, v), z). This groupoid is thus an equivalence relation, which means that when we have xRySz and xRy^′Sz, this implies y = y^′. In particular xRy and xSy imply xRySy and xRxSy , and consequently x = y . Whence R ∩ S = disX.

4)⇒1) : Consider an internal group structure on an object (f, s), f : X → Z in the fibre P t_Z C above Z. According to Remark 2.4, this means that R[f] is commuting with itself in this fibre. Consequently R[f] ∩ R[f] = disX. Then R[f] = disX and f is a mono which, being split, is an iso. The fibre P t_Z C above Z is then antiadditive.

2.12. Remark. The proof of 1)⇒2) emphasizes the fact that the protoarithmetical axiom appears to be strongly related to idempotency. Indeed, consider any ternary operation p on a set X, and define on X × X a binary operation ∗ (see [2]) on the model of the one given in the proof of 1)⇒2). Then the ternary operation p satisfies the Pixley axiom p(x, y, x) = x if and only if (x, y) ∗ (x, y) = (x, p(y, x, y)) = (x, y), i.e. if and only if this binary operation ∗ is idempotent.

In any category, if we are given a product X×Y, then the kernel equivalences R[p_X ] and R[p_Y ] of the projections are canonically linked by a connector given by p(x, x^′, y, y^′) = (x^′, y), see [5] . In any pointed protoarithmetical category C, we have the remarkable result following which this is a characteristic property of the product:

2.13. Theorem. If C is a pointed protoarithmetical category, then a double zero sequence:

X^s � Z g � f � Y_t�

is isomorphic to the canonical double zero sequence associated with the product X × Y if and only if the equivalence relations R[f] and R[g] are commuting.

Proof. According to Proposition 1.3, the map [f, g] : Z → X × Y is a strong epimorphism. It is also a mono since R[[f, g]] = R[f] ∩ R[g] = disZ, according to the previous theorem. Consequently it is an isomorphism.

2.14. Naturally Mal’cev and protoarithmetical categories. A Naturally Mal’cev category is a left exact category C such that each object X is endowed with a natural Mal’cev operation p_X : X × X × X → X, see [11]. Once again, the fibration π is classifying: a left exact category C is Naturally Mal’cev if and only if the fibration π is additive, i.e. if it has its fibres additive [3]. This implies, in particular, C is Mal’cev.

2.15. Proposition. (See also [13]) A Mal’cev C category is Naturally Mal’cev if and only if any pair R and S of equivalence relations on the same object X is commuting.

Proof. Let R and S be two equivalence relations on the same object X. Then R ×_X S is a subobject of X × X × X and the following map produces the connector:

R ×_X S � � � X × X × X^{pX} �X

Conversely, the coarse relation grX on any object X being commuting with itself, X is naturally endowed with a Mal’cev operation, see Remark 2.4.

2.16. Theorem. A category C which is Naturally Mal’cev and protoarithmetical is a poset.

Proof. The fibres P t_X C, being additive and antiadditive, are equivalent to the terminal category, which means that the only split epimorphisms in C are the isomorphisms. Now the kernel relation of any map f is trivial, and thus f is a monomorphism. This is the case in particular for the terminal map. Consequently C is a poset

3. Regular and exact protoarithmetical categories

Let us recall that the category C is regular [1] when the regular epimorphisms are stable by pullback and any effective equivalence relation admits a quotient. It is Barr exact when moreover any equivalence relation is effective.

3.1. Regular Mal’cev categories. In the Mal’cev context, regular epimorphisms have a strong stability property:

3.2. Theorem. Let C be a regular Mal’cev category. Given two commutative squares of (vertical) split epimorphisms:

A^g � α � B β � X_f � Y

C^h � γ � D δ � X_f � Y

when the maps f, g and h are regular epimorphisms, then the induced factorization k : A ×_X C → B ×_Y D is a regular epimorphism.

Proof. Consider R[f], R[g] and R[h] the kernel relations of the maps f, g and h. Then the kernel relation R[k] is nothing but R[g]×_{R[f]}R[h]. Now let us denote by ρ : A×_X C → Q the quotient of R[k] and i : Q → B ×_Y D the monomorphic factorization of k, satisfying k = i.ρ.

On the other hand, when the maps f, g and h are regular epimorphisms, the following double zero sequence in the fibre P t_X C : A � A ×_X C � � C � is naturally extended into a double zero sequence in the fibre P t_Y C: B � Q � � D � But the category C is Mal’cev, the fibre P t_Y C is unital, and consequently the factorization i : Q → B ×_Y D of this double zero sequence is a regular epi. Thus i is an isomorphism and k a regular epi.

From that, we can deduce:

3.3. Theorem. Given a regular epimorphism f : X → Y in a regular Mal’cev category C, if two equivalence relations T and S on X are commuting, then their images f(T ) and f(S) are commuting.

Proof. Let us denote by f_T : T → f(T ) and f_S : S → f(S) the induced maps. According to the previous result and the notations of Remark 2.4, the factorization φ : T ×_X S → f(T ) ×_Y f(S) is a regular epimorphism. Let p denote the connector between T and S. We are now going to prove that the map f.p : T ×_X S → Y factorizes through φ, and thus produces a connector q between f(T ) and f(S) . We must show that the map f.p coequalizes the kernel relation R[φ]. But the following square is a pullback of split epimorphisms, and, the category C being Mal’cev, the induced sections σ and σ^′ of R(p_0) and R(p_1) are jointly strongly epic :

R[f_T ] ×_{R[f]} R[f_S] = R[φ]^{R(p1)} �

R(p_0) � R[f_S]

R(d_0) � R[f_T ]_{R(d1)} �R[f]

It is then sufficient to check that (f.p.p_0).σ = (f.p.p_1).σ and (f.p.p_0).σ^′ = (f.p.p_1).σ^′. But f.p.p_0.σ = f.p.s_{R,0}.p_0 = f.d_0.p_0 since p(x, y, y) = x means p.s_{R,0} = d_0. And f.d_0.p_0 = d_0.f_R.p_0 = d_0.f_R.p_1 = f.d_0.p_1 = f.p.s_{R,0}.p_1 = f.p.p_1.σ. The same equalities hold for σ^′.

In addition, when the equivalence relation T is such that R[f] ⊂ T , then f^{−1} .f(T ) = T , see [6] for instance. As a consequence, we have:

3.4. Proposition. In a regular Mal’cev category, when R[f] ⊂ T and R[f] ⊂ S, we have f(T ∩ S) = f(T ) ∩ f(S).

Proof. The relation T ∩ S is nothing but the inverse image s^{−1}_0 (T × S) where s_0 : X → X × X is the diagonal. Now, since we have R[f] ⊂ T and R[f] ⊂ S, then f^{−1} .f(T ) = T , f^{−1} .f(S) = S and consequently (f × f)^{−1} (f(T ) × f(S)) = T × S. Therefore we obtain: T ∩S = s^{−1}_0 (T ×S) = s^{−1}_0 (f×f)^{−1} (f(T )×f(S)) = f^{−1} s^{−1}_0 (f(T )×f(S)) = f^{−1} (f(T )∩f(S)) and, accordingly, f(T ∩ S) = f(T ) ∩ f(S).

On the other hand, as soon as C is regular Mal’cev, the composite T.S of two equivalence relations T and S is an equivalence relation, and moreover we have T ∨ S = T.S = S.T . More precisely the object T ∨ S is given by the canonical epi-mono factorization of the map [d_0.p_0, d_1.p_1] : T ×_X S → X × X, where T ×_X S is defined as in Remark 2.4. We have moreover the following result, see [5]:

3.5. Proposition. In a regular Mal’cev category, when the pairs (T, S) and (T, S^′) of equivalence relations are commuting, then the pair (T, S ∨ S^′) is commuting.

Now Theorem 3.2 gives us the following:

3.6. Proposition. Given a regular epimorphism f : X → Y in a regular Mal’cev category C, T and S two equivalence relations on X, then f(T ∨ S) = f(T ) ∨ f(S). Proof. Consider the following commutative square, where the vertical maps are the regular epimorphisms defining the joins:

T ×_X S^φ � � f(T ) ×_Y f(S) � T ∨ S � f(T ) ∨ f(S)

then the fact that the lower map is a regular epi is a consequence of the fact that the upper factorization φ : T ×_X S → f(T ) ×_Y f(S) is a regular epi.

3.7. Regular protoarithmetical categories. We have then the following characterization:

3.8. Theorem. Given a regular category C, it is protoarithmetical if and only if the fibration π is naturally antiadditive.

Proof. This comes from the fact that in any pointed regular Mal’cev category, the object A is the abelian object associated with X if and only if the following square is a pushout, see [4]:

X × X^h � A

X s_0 �

τ_X � 1 �

And also the following link with a kind of congruence distributive precondition:

3.9. Theorem. Given a regular Mal’cev category C, it is protoarithmetical if and only if, given any triple T, S, S^′ of equivalence relations on X, the equalities T ∩ S = disX and T ∩ S^′ = disX imply T ∩ (S ∨ S^′) = disX.

Proof. Suppose that T ∩ S = disX and T ∩ S^′ = disX. Then, the category C being Mal’cev, the pairs (T, S) and(T, S^′) are commuting, therefore the pair (T, S ∨ S^′) is commuting. Now C is protoarithmetical, thus T ∩ (S ∨ S^′) = disX.

Conversely, consider any internal group structure on an object (f, s), f : X → Z in the fibre P t_Z C above Z, and denote m : X ×_Z X → X the multiplication, p_0 and p_1 the projections. Then we have R[m] ∩ R[p_0] = dis(X ×_Z X) and R[m] ∩ R[p_1] = dis(X ×_Z X), as for any internal group structure. Consequently we have: R[m] = R[m] ∩ gr(X ×_Z X) = R[m]∩(R[p_0]∨R[p_1]) = dis(X ×_Z X). Thus the multiplication m is a mono, and therefore an iso, which implies the same result for p_0 and p_1. Accordingly, the map f is a mono, and, as a split epi, an iso. The only group structure in P t_Z C is therefore the terminal object, and P t_Z C is antiadditive.

3.10. Arithmetical categories. In the Barr exact context, improving the original result of [14] (we drop here the existence of coequalizers), we shall prove a particularly significant characterization, namely the congruence distributive property.

3.11. Theorem. A Barr exact Mal’cev category is protoarithmetical if and only if the lattice of equivalence relations on any object X is distributive.

Proof. Suppose the Barr exact Mal’cev category C satisfies the congruence distributive property. Then it satisfies the conditions of the previous theorem, and thus it is protoarithmetical.

Conversely, let T, S, S^′ be three equivalence relations on the same object X in any regular Mal’cev category. We have always (T ∩ S) ∨ (T ∩ S^′) ⊂ T ∩ (S ∨ S^′).

Suppose moreover C Barr exact. Then any equivalence relation has an effective quotient. Suppose now it is protoarithmetical. Consider φ : X → Q, ρ : X → D and ρ^′ : X → D^′ the effective quotients of (T ∩ S) ∨ (T ∩ S^′), T ∩ S and T ∩ S^′. Of course, there are epimorphic factorizations τ and τ^′ , such that τ.ρ = φ = τ^′.ρ^′ .

Now, since T ∩ S ⊂ T and T ∩ S ⊂ S, we have ρ(T ) ∩ ρ(S) = ρ(T ∩ S) = disD. The same equality holds for the pair (T, S^′). Therefore the pairs (ρ(T ), ρ(S)) and (ρ^′(T ), ρ^′(S^′)) are commuting. Consequently the pairs (τ.ρ(T ), τ.ρ(S)) and (τ^′.ρ^′(T ), τ^′.ρ^′(S^′)) are commuting. The category C being protoarithmetical, we have τ.ρ(T ) ∩ τ.ρ(S) = disQ and τ^′.ρ^′(T ) ∩ τ^′.ρ^′(S^′) = disQ and thus φ(T ) ∩ φ(S) = disQ and φ(T ) ∩ φ(S^′) = disQ . The category C being regular protoarithmetical, we have then disQ = φ(T )∩(φ(S)∨φ(S^′)) = φ(T ) ∩ φ(S ∨ S^′). Thus certainly φ(T ∩ (S ∨ S^′)) = disQ, since φ(T ∩ (S ∨ S^′)) ⊂ φ(T ) ∩ φ(S ∨ S^′). Consequently T ∩ (S ∨ S^′) ⊂ R[φ] = (T ∩ S) ∨ (T ∩ S^′).

Following M.C.Pedicchio, see [14], and according to the previous improvement, we shall propose the following straightened up definition:

3.12. Definition. A category C is said arithmetical when it is Barr exact Mal’cev and satisfies the congruence distributive property. In other words, an arithmetical category is a Barr exact protoarithmetical category

On the other hand, when C is Barr exact and Mal’cev, the category RelC of internal equivalence relations in C is not generally Barr exact. This is precisely the case when C is arithmetical.

3.13. Theorem. Let C be a Barr exact Mal’cev category. It is arithmetical if and only if RelC is Barr exact.

Proof. Consider an internal groupoid X_1 in any category C:

X_{1 d0} �^{d1} � X_0 �

It determines canonically an exact sequence in the category GrdC of internal groupoids in C (in the following diagram, the groupoids are vertical):

R[[d_0]]^{d3} �_{p2} �

p_0 � p_1 � R[d_0]

p_0 � p_1 �

d_2 �

X_1

d_0

�^{d1}�

R[d_0]^{d2} �_{p1} � X_{1 d1} � X_0

where the map d_2 : R[d_0] → X_1 represents the division map d_2(φ, ψ) = ψ.φ^{−1} . Consequently the induced internal functor δ_1 : R[d_0] →X_1 is a regular epi in GrdC. But observe that R[d_0] and R[[d_0]] lie in RelC and determine an equivalence relation R[[d_0]] ⇒ R[d_0] in this category. In other words, any object of GrdC can be presented as the coequalizer of an equivalence relation in RelC.

On the other hand, the category C being Barr exact and Mal’cev, the category GrdC is always Barr exact, see [9].

Suppose now RelC is Barr exact. Let us denote by q_1 :R[d_0] → Σ its effective quotient in RelC. But Σ, being an equivalence relation in C, is a particular kind of groupoid and produces a factorization f_1 :X_1→ Σ in GrdC such that f_1.δ_1 = q_1. But the equivalence relation R[[d_0]] ⇒ R[d_0] in GrdC is the kernel relation of q_1 and of δ_1 . Consequently f_1 :X_1→ Σ is a mono, and X_1 is an equivalence relation since Σ is an equivalence relation.

Conversely suppose C arithmetical. Then the category RelC is equivalent to the category GrdC of internal groupoids in C. We recall that the category C being Barr exact and Mal’cev, the category GrdC is always Barr exact. Consequently RelC ⋍ GrdC is Barr exact.

3.14. Remark. Accordingly, when C is Barr exact and arithmetical, so is RelC.

3.15. Arithmetical protomodular categories. A left exact category C is protomodular when the fibration π has its change of base functors conservative, i.e. reflecting the isomorphisms, see [3]. A protomodular category is necessarily Mal’cev. The main fact is that, in a protomodular category, there is an intrinsic notion of normal subobject.

Let us recall, indeed, that in any left exact category C a map j : I → X is normal to an equivalence relation R when j^{−1} (R) is the coarse relation grI on I and when moreover the induced map grI → R in RelC is fibrant, i.e. when any commutative square in the following diagram is a pullback:

I × I^j �

p_1 � p_0 � R d_1 � d_0 � I_j � X

This implies that j is necessarily a monomorphism. This definition gives an intrinsic way to express that I is an equivalence class of R. But when C is moreover protomodular, the map j is normal to at most one equivalence relation and consequently the fact to be normal, in this kind of category, becomes a property [3].

All but the varietal examples above are not only protoarithmetical, but also protomodular. This is the case in particular for the dual E^{op} of any elementary topos E, in the same way as for the dual (Pt_1E)^{op} of the category of pointed objects in the given topos E. We are now going to prove in full generality a very strong property which holds in the dual of the category Sets^∗ of pointed sets, for instance.

3.16. Theorem. In any regular protoarithmetical protomodular category C, a normal monomorphism has at most one retraction.

Proof. Let f_0 and f_1 be two retractions of the normal monomorphism j, and R the equivalence relation to which j is normal. As a fibrant morphism, the induced map grI → R in the category RelC of equivalence relations in the protomodular category C is cocartesian with respect to the forgetful functor RelC → C , see [5]. Thus f_0 and f_1 extend to morphisms in RelC which are themselves fibrant, and produce the following diagram which determines an internal reflexive graph in RelC:

R f̃_1 � f̃_0 � d_1 � d_0 � I × I

p_1 � p_0 � j̃�

X f_1 � f_0 � I j �

Now consider the following epi-mono factorizations of the maps [f_0, f_1] and [ ~f_0, ~f_1]: X^ϕ � S^{[d0,d1]} � I × I

R^{ϕ̃} � S̃^{[d̃0,d̃1]}� I × I × I × I These factorizations produce the following double relation, where S, as a reflexive relation, is an equivalence relation: S̃ d̃_1 � d̃_0 � d_0 � d_1 � I × I � p_0 � p_1 � S d_1 � d_0 � I �

Assume now that the following square is a pullback: S̃^{d̃1} �

d_0 � I × I

p_0 � S_{d1} � I then the relations S and grI are commuting by means of the following connector: p_1. ~d_0 : ~S → I × I → I, whence S = S ∩ grI = disI according to Theorem 2.11. Consequently S is the discrete equivalence on I, and : f_0 = d_0.ϕ = d_1.ϕ = f_1

The fact that the square in question is a pullback is a consequence of the following lemma:

3.17. Lemma. Let C be a regular Mal’cev category. Given any reflexive graph in RelC (in the following diagram the relations are vertical and the graph horizontal): R f̃_1 � f̃_0 � d_0 � d_1 � T � d_0 � d_1 � X f_1 � f_0 � I � consider the canonical epi-mono factorizations of the maps [f_0, f_1] and [ ~f_0, ~f_1]; X^ϕ � S^{[d0,d1]} � I × I

R^{ϕ̃} � S̃^{[d̃0,d̃1]}� T × T and the associated double relation: S̃ d̃_1 � d̃_0 � d_0 � d_1 � T � d_0 � d_1 � S d_1 � d_0 � I � When the map f_0 : R → T in RelC is fibrant, then the map d_0 : ~S → T in RelC is also fibrant.

Proof. It will be sufficient to prove that the following square is a pullback: R^{ϕ̃} �

d_0 � S̃ d_0 � X_ϕ � S Indeed, since the category C is regular and the following rectangle is a pullback (the map f_0 : R → T being fibrant in RelC), the right hand side square will be a pullback: R^{ϕ̃} �

d_0 � S̃ d_0 �

d̃_0 � T d_0 � X_ϕ � S_{d0} � I Now, on the one hand, the pair (d_0, ϕ̃) is jointly monic since the previous rectangle is a pullback. On the other hand the factorization ψ towards the pullback of d_0 along ϕ induced by this same pair is a regular epimorphism. Indeed C is Mal’cev regular and, in the square in question, the vertical maps are split epis and the horizontal ones are regular epis, see [10]. Consequently ψ is an isomorphism, and the square in question a pullback.

The meaning of the previous theorem culminates when the basic category is pointed:

3.18. Proposition. When a pointed regular protomodular category C is protoarithmetical, then the canonical injections i_A : A → A × B have the projections as only retractions.

Proof. Clearly, in any pointed category C, the canonical injections i_A : A → A × B are normal to the kernel relations associated to the projections p_B : A × B → B. According to the previous theorem, when moreover C is protomodular, they have the projections as only retractions.

On the other hand, the pair (i_A, i_B) being jointly strongly epic, a map φ : A × B → Z is uniquely determined by the pair of maps (g, h), g : A → Z and h : B → Z, with g = φ.i_A and h = φ.i_B. When such a map φ exists, let us say that the maps g and h commute, see [12] and [5]. Accordingly, the previous theorem means that, in any pointed regular protoarithmetical and protomodular category, the only maps which commute with Id_A are the null maps (i.e. the maps that factorize through the zero object).

3.19. Remark. The property involved in the last proposition is very strong and timely dealing with the beginning of this article: in any pointed category C such that the canonical injections i_A : A → A × B have the projections as only retractions, the only monoid object is the terminal object. Indeed the multiplication μ : X × X → X of this monoid is a retraction of the two canonical injections and consequently p_0 = μ = p_1. The terminal map τ_X : X → 1 is then a mono and thus an iso.

References

[1] Barr, M, Exact categories, Springer L.N. in Math., 236, 1971, 1-120.

[2] Bourn, D., Baer sums and fibered aspects of Mal’cev operations, Cahiers Topologie Géom. Différentielle Catégoriques, 40, 1999, 297-316.

[3] Bourn, D., Normal subobjects and abelian objects in protomodular categories, Journal of Algebra, 228, 2000, 143-164.

[4] Bourn, D., Denormalized 3×3 lemma and Σ-regular categories, Cahiers LMPA n^∘133, Université du Littoral, sept. 2000.

[5] Bourn, D. and Gran, M., Centrality and connectors in Maltsev categories, preprint 01-05, Universidade de Coimbra, march 2001.

[6] Carboni, A., Kelly, G.M. and Pedicchio, M.C., Some remarks on Maltsev and Goursat categories, Appl. Categorical Structures, 1, 1993, 385-421.

[7] Carboni, A., Lambek, J. and Pedicchio, M.C., Diagram chasing in Mal’cev categories, J. Pure Appl. Algebra, 69, 1991, 271-284.

[8] Carboni, A., Pedicchio, M.C. and Pirovano, N., Internal categories in Mal’cev categories, Canadian Math.Soc.Conference proceedings, vol.13, 1991, 97-109.

[9] Gran, M., Internal categories in Mal’cev categories, J.Pure Appl. Algebra, 143, 1999, 221-229.

[10] Gran, M., Central extensions and internal groupoids in Maltsev categories, J.Pure Appl. Algebra, 155, 2001, 139-166.

[11] Johnstone, P.T., Affine categories and naturally Mal’cev categories, J. Pure Appl.

Algebra, 61, 1989,251-256.

[12] Huq, S.A., Commutator, nilpotency and solvability in categories, Quart. J. Math.

Oxford, 19, 1968, 363-389.

[13] Pedicchio, M.C., A categorical approach to commutator theory, Journal of Algebra, 177, 1995, 647-657.

[14] Pedicchio, M.C., Arithmetical categories and commutator theory, Appl. Categorical Structures, 4, 1996, 297-305.

[15] Pixley, A.F., Distributivity and permutability of congruences in equational classes of algebras, Proc. Amer. Math. Soc. , 14, 1963, 105-109.

Université du Littoral BP699 62228 Calais Cedex France Email: bourn@lmpa.univ-littoral.fr

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/8/n14/n14.{dvi,ps}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as

they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,

rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and L^ATEX is the

preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to an appropriate Editor. They are listed below. Please obtain detailed information on submission format and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write to

tac@mta.ca to receive details by e-mail.

Editorial board.

John Baez, University of California, Riverside: baez@math.ucr.edu Michael Barr, McGill University: barr@barrs.org, Associate Managing Editor Lawrence Breen, Université Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: r.brown@bangor.ac.uk Jean-Luc Brylinski, Pennsylvania State University: jlb@math.psu.edu Aurelio Carboni, Università dell Insubria: aurelio.carboni@uninsubria.it P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au Anders Kock, University of Aarhus: kock@imf.au.dk F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Andrew Pitts, University of Cambridge: Andrew.Pitts@cl.cam.ac.uk Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca, Managing Editor Jiri Rosicky, Masaryk University: rosicky@math.muni.cz James Stasheff, University of North Carolina: jds@math.unc.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: walters@fis.unico.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca