ISSN 1472-2739 (on-line) 1472-2747 (printed) 1079

Algebraic & Geometric Topology ATG Volume 3 (2003) 1079–1088 Published: 22 October 2003

Rigidity of graph products of groups

David G. Radcliffe

Abstract We show that if a group can be represented as a graph product of finite directly indecomposable groups, then this representation is unique. AMS Classification 20E34; 20F65 Keywords Graph products of groups, modular decomposition

1 Introduction

Given a simple graph with nontrivial groups as vertices, a group is formed by taking the free product of the vertex groups, with added relations implying that elements of adjacent groups commute. This group is said to be the graph product of the vertex groups. If the graph is discrete then the graph product is the free product of the vertex groups; while if the graph is complete then the graph product is the restricted direct product^1 of the vertex groups. Graph products were first defined in Elisabeth Green’s Ph.D. thesis [8], and have been studied by other authors [9, 10, 11].

Important special cases of graph products arise when we specify the vertex groups. If all vertex groups are infinite cyclic, then the graph product is called a graph group or a right-angled Artin group. Graph groups have been studied by many authors [7, 16, 17]. If all vertex groups have order two, then the graph product is called a right-angled Coxeter group. These groups were first studied by Ian Chiswell [2], and they have been studied by many other authors [4, 5, 6]. In this article we investigate the question of uniqueness for graph product decompositions. Carl Droms [7] proved that two graph products of infinite cyclic groups are isomorphic if and only if their graphs are isomorphic. Elisabeth Green [8] proved that if a group can be represented as a graph product of cyclic groups of prime order, then this representation is unique. This result was extended to primary cyclic groups by the present author [14]. Our main result is the following: If a group can be represented as a graph product of directly indecomposable finite groups, then this representation is unique.

1By “restricted” we mean that all but finitely many entries are the identity.

© Geometry & Topology Publications

2 Graphs and modular partitions

A graph is an ordered pair of sets (V, E) where E is a set of two-element subsets of V . Elements of V are called vertices, and elements of E are called edges. For the remainder of this paper we shall assume that V is finite. A clique is a maximal complete subgraph, or (by abuse of terminology) the set of vertices of a maximal complete subgraph.

A module of a graph (V, E) is a subset X of V such that for every v ∈ V − X , either v is adjacent to every element of X or v is adjacent to no element of X . A modular partition is a partition of V into non-empty modules. A modular partition induces a quotient graph (V̄ , Ē) where V̄ is the set of partition classes and {α, β} ∈ Ē if and only {u, v} ∈ E for some (and hence for all) u ∈ α and v ∈ β . We may regard (V̄ , Ē) as a compressed version of the original graph. Given the quotient graph and the subgraphs induced by the partition classes, it is possible to reconstruct the original graph. For this reason, modular partitions have been studied extensively by computer scientists [12].

We say that a graph (V, E) is T_0 if no edge is a module. This means that for all {u, v} ∈ E , there exists w ∈ V − {u, v} so that w is adjacent to u or v but not both. A graph is T_0 if and only if vertices are distinguished by the cliques to which they belong. That is, a graph is T_0 if and only if the following condition holds: for every pair of distinct vertices, there exists a clique which contains exactly one of them.

Let us say that two vertices are equivalent if they cannot be distinguished by the cliques. Then the set of equivalence classes is a modular partition. The quotient graph resulting from this partition satisfies the T_0 condition, and it will be called the T_0 quotient.

Similarly, a graph (V, E) is T_1 if for all {u, v} ∈ E there exists w ∈ V − {u, v} so that {u, w} ∈ E and {v, w} ∉ E . Equivalently, a graph is T_1 if and only if every vertex is the intersection of the set of cliques to which it belongs. Note that this condition is stronger than the T_0 condition.

3 Graph products of groups

Let Γ = (V, E) be a graph, and let {G_v}_{v∈V} be a collection of groups which is indexed by the vertex set of Γ. We say that (Γ, G_v) is a graph of groups.^2 Two

2This differs from the usual definition, which has vertex groups and edge groups, together with monomorphisms from the edge groups to the vertex groups [1].

Algebraic & Geometric Topology, Volume 3 (2003) graphs of groups, (Γ, G_v) and (Γ^′, G^′_v), are isomorphic if there exists a graph isomorphism ϕ: Γ → Γ^′ so that G_v and G^′_{ϕ(v)} are isomorphic for all v ∈ V .

The graph product G of a graph of groups is the quotient of the free product of the vertex groups by the normal subgroup generated by all commutators of elements taken from pairs of adjacent groups. That is, G = F/N where F = ∐ v∈V G_v and N is the normal closure in F of {g^{−1}h^{−1}gh : g ∈ G_u, h ∈ G_v, {u, v} ∈ E}. The canonical monomorphism from G_v to F induces a monomorphism from G_v to G. We may thus identify each vertex group G_v with its image in G, in which case we say that G is an internal graph product.

The graph product can also be described in terms of generators and relations. Choose a presentation (γ_v; ρ_v) for each vertex group, so that the generating sets γ_v are pairwise disjoint. Then G has a presentation ( ⋃ γ_v; ⋃ ρ_v ∪ σ) where σ = {a^{−1}b^{−1}ab: a ∈ γ_u, b ∈ γ_v, {u, v} ∈ E}. If A is a subset of V , then we denote by Γ_A the subgraph of Γ that is induced by A, and we denote by G(A) the subgroup of G that is generated by ⋃ a∈A G_a . Theorem 3.1 [8, 14] If A is a subset of V then G(A) is the internal graph product of (Γ_A, G_a).

Corollary 3.2 If A is complete then G(A) is the (restricted) direct product of the G_a , and if A is discrete then G(A) is the free product of the G_a .

Theorem 3.3 If A ⊆ V then there is a homomorphism ρ_A : G → G(A) so that ρ_A(x) = x for all x ∈ G(A) and ρ_A(x) = 1 for all x ∈ G(V − A). We call ρ_A a retraction homomorphism.

Proof For each a ∈ A let h_a : G_a → G(A) be the inclusion homomorphism, and for b ∈ V − A let h_b : G_b → G(A) be the trivial homomorphism. Then there exists a homomorphism ρ_A which extends h_v for all v ∈ V . It is clear that ρ_A(x) = x for all x ∈ G(A), since ρ_A(x) = x for all x ∈ ⋃ a∈A G_a , and likewise that ρ_A(x) = 1 for all x ∈ G(V − A).

Theorem 3.4 If A and B are subsets of V then G(A∪B) = ⟨ G(A) ∪ G(B) ⟩.

Proof G(A) = ⟨ ⋃ a∈A G_a ⟩ and G(B) = ⟨ ⋃ b∈B G_b ⟩ , thus ⟨ G(A) ∪ G(B) ⟩ = ⟨ ⋃ c∈A∪B G_c ⟩ = G(A ∪ B).

Algebraic & Geometric Topology, Volume 3 (2003)

Theorem 3.5 If A and B are subsets of V then G(A) ∩ G(B) = G(A ∩ B).

Proof It is clear that G(A ∩ B) ⊆ G(A) ∩ G(B). For the reverse inclusion, let ρ_A : G → G(A) be the retraction homomorphism of Theorem 3.3, and let x ∈ G(A) ∩ G(B). It remains to prove that x ∈ G(A ∩ B). If b ∈ A ∩ B then ρ_A(y) = y for all y ∈ G_b . If b ∈ B − A then ρ_A(y) = 1 for all x ∈ G_b . In either case ρ_A(y) ∈ G(A ∩ B) for all y ∈ G_b and all b ∈ B . Therefore ρ_A(x) ∈ G(A ∩ B). But ρ_A(x) = x since x ∈ G(A). Therefore x ∈ G(A ∩ B) as claimed.

Theorem 3.6 Let A, B ⊆ V be complete. If x ∈ G(A) and x is conjugate to an element y ∈ G(B), then x ∈ G(A ∩ B).

Proof Let ρ: G → G(V − B) be the retraction homomorphism of Theorem 3.3. Then ρ(y) = 1, so ρ(x) = 1 as well, since the kernel is a normal subgroup.

By Corollary 3.2, we may express x uniquely as x = ∏ a∈A x_a , where x_a ∈ G_a for all a ∈ A. Then ρ(x) = ∏ a∈A ρ(x_a) = ∏ a∈A−B xa . But ρ(x) = 1, so x_a = 1 for all a ∈ A − B . Therefore x ∈ G(A ∩ B).

Corollary 3.7 If A, B ⊆ V are complete and G(A) is conjugate to G(B) then A = B .

The proof of the following theorem is left to the reader.

Theorem 3.8 Let Γ̄ = (V̄ , Ē) be the quotient graph resulting from a modular partition of Γ = (V, E). Then G is the graph product of (Γ̄, G(A)), where A varies over the modules of Γ.

Since the partition of a graph into its components (or co-components) is modular, we obtain the following corollary. (Recall that a co-component of a graph is a component of the complement.)

Corollary 3.9 If the components of Γ are A_1, . . . , A_n then G ∼= ∐ i G(A_i). If the co-components of Γ are B_1, . . . , B_m then G ∼= ⨁ i G(B_i). We also require the following result, which is proved in [8].

Theorem 3.10 For every finite subgroup F of G there exists a complete subgraph C so that F is conjugate to a subgroup of G(C).

Algebraic & Geometric Topology, Volume 3 (2003)

Corollary 3.11 If all vertex groups are finite, then F is a maximal finite subgroup of G if and only if there exists a clique C so that F is conjugate to G(C). Proof Let F be a maximal finite subgroup of G. By the previous theorem, there exists a clique C so that F is conjugate to a subgroup of G(C). However, G(C) itself is a finite subgroup of G. Therefore F is conjugate to G(C).

Conversely, let C be a clique, and let F be a conjugate of G(C). Let F^′ be a finite subgroup of G so that F^′ ⊇ F . By the previous theorem there exists a clique D so that F^′ is conjugate to a subgroup of G(D). Therefore G(C) is conjugate to a subgroup of G(D). It follows from Theorem 3.6 that C is a subset of D. But C is a clique, hence C = D and F^′ = F . Consequently F is a maximal finite subgroup.

Remark 3.12 An alternate proof of this corollary can be obtained by considering the action of G on the CAT(0) cube complex defined by John Meier and other authors [13, 3, 11]. Any finite group acting on cellularly on a CAT(0) complex fixes some cell. Since stabilizers of cubes in this complex are conjugates of the groups G(C), the corollary follows.

4 Conjugacy classes of finite subgroups

Let G be the internal graph product of (Γ, G_v). We assume for the remainder of this article that Γ = (V, E) is a finite graph, and that each vertex group G_v is finite.

Let F denote the set of conjugacy classes of finite subgroups of G. We write [F ] to denote the set of subgroups of G which are conjugate to a given finite subgroup F . We define a partial ordering on F as follows: If A and B are finite subgroups of G, then [A] ⪯ [B] if and only if there exists g ∈ G so that A ⊆ gBg^{−1} . Theorem 4.1 The relation ⪯ is a well-defined partial ordering on F .

Proof ⪯ is well defined: Let A and B be finite subgroups of G, and suppose that there exists g ∈ G so that A ⊆ gBg^{−1} . Let A^′ and B^′ be subgroups of G which are conjugate to A and B respectively. There exist h, k ∈ G so that A^′ = hAh^{−1} and B^′ = kBk^{−1} . Now A^′ ⊆ h(gBg^{−1})h^{−1} = hgk^{−1}B^′kg^{−1}h^{−1} , so A^′ ⊆ mB^′m^{−1} where m = hgk^{−1} .

Algebraic & Geometric Topology, Volume 3 (2003)

⪯ is transitive: Let A, B, C be finite subgroups of G so that [A] ⪯ [B] and [B] ⪯ [C]. There exist g, h ∈ G so that A ⊆ gBg^{−1} and B ⊆ hCh^{−1} . Then A ⊆ ghC(gh)^{−1} , hence [A] ⪯ [C].

⪯ is irreflexive: Let A and B be finite subgroups of G so that [A] ⪯ [B] and [B] ⪯ [A]. Then there exist g, h so that A ⊆ gBg^{−1} and B ⊆ hAh^{−1} . Since A and B are finite, it follows that |A| = |B| and A = gBg^{−1} . Therefore [A] = [B].

Recall that if A is a subset of a partially ordered set (X, ≤) then the least upper bound of A, denoted ⋁ A, is an element x ∈ X so that a ≤ x for all a ∈ A, and if a ≤ y for all a ∈ A then x ≤ y. The least upper bound is unique when it exists. Similarly, the greatest lower bound of A, denoted ⋀ A, is an element x ∈ X so that x ≤ a for all a ∈ A, and if y ≤ a for all a ∈ A then y ≤ x.

Theorem 4.2 If A, B ∈ C then [G(A ∩ B)] = [G(A)] ∧ [G(B)].

Proof It is obvious that [G(A ∩ B)] ⪯ [G(A)] and [G(A ∩ B)] ⪯ [G(B)]. Suppose that F is a finite subgroup of G so that [F ] ⪯ [G(A)] and [F ] ⪯ [G(B)]. We need to show that [F ] ⪯ [G(A ∩ B)].

We may assume without loss of generality that F ⊆ G(A). If x ∈ F then x is conjugate to an element of G(B), hence x ∈ G(B) by Theorem 3.6. Therefore F ⊆ G(A) ∩ G(B) = G(A ∩ B) by Theorem 3.5, so we are done.

Theorem 4.3 Let A, B ∈ C . If A∪B ∈ C then [G(A∪B)] = [G(A)]∨[G(B)]. If A ∪ B ∉ C , then [G(A)] and [G(B)] do not have a common upper bound.

Proof Suppose that A ∪ B ∈ C . Then [G(A ∪ B)] is an upper bound for [G(A)] and [G(B)]. We wish to show that it is the least upper bound.

Let [F ] be another upper bound of [G(A)] and [G(B)]. By Theorem 3.10, there exists C ∈ C and h ∈ G so that hF h^{−1} ⊆ G(C). Then C ⊇ A ∪ B by Theorem 3.6.

Now hF h^{−1} contains conjugates of G(A) and G(B), so hF h^{−1} contains both G(A) and G(B) by Theorem 3.6. Therefore hF h^{−1} ⊇ G(A ∪ B), and hence [G(A ∪ B)] ⪯ [F ]. Now suppose that A ∪ B ∉ C . If [F ] is an upper bound for [G(A)] and [G(B)], then (since F is finite) there exists a complete subgraph D so that F ⊆ G(D). By Theorem 3.6, D contains A ∪ B . But A ∪ B is not complete, and this is a contradiction.

Algebraic & Geometric Topology, Volume 3 (2003)

5 Uniqueness of graph product decompositions

Let Γ = (V, E) and Γ^′ = (V^′, E^′) be finite graphs so that V ∩ V^′ = ∅. Let G be a group, and suppose that G_v is a nontrivial finite subgroup of G for each v ∈ V ∪ V^′ . Finally, suppose that G is the internal graph product of both (Γ, G_v) and (Γ^′, G_v′ ).

Theorem 5.1 For each clique C of Γ there is a unique clique C^′ of Γ^′ so that [G(C)] = [G(C^′)].

Proof If C is a clique of Γ then G(C) is a maximal finite subgroup of G by Corollary 3.11. Again by Corollary 3.11, G(C) is conjugate to G(C^′) for some clique C^′ of Γ^′ . Therefore [G(C)] = [G(C^′)].

Uniqueness of C^′ follows from Corollary 3.7.

Theorem 5.2 If Γ and Γ^′ are T_1 then there is a graph isomorphism ϕ: Γ → Γ^′ so that [G_v] = [G_{ϕ(v)}] for all v ∈ V . In particular, (Γ, G_v) and (Γ^′, G_v′ ) are isomorphic graphs of groups.

Proof Let v ∈ V , and let {C_1, . . . , C_n} be the set of all cliques of Γ which contain v. Then {v} = ⋂_n i=1 C_i since Γ is T_1 .

For each i there exists a clique C^′_i of Γ^′ so that [G(C_i)] = [G(C^′_i)] by Theorem 5.1. Now [G_v] = ⋀ i[G(C_i)] = ⋀ i[G(C^′_i)] = [G(C^′)], where C^′ = ⋂ i C^′_i . In particular, C^′ is not empty since [G(C^′)] is non-trivial.

I claim that C^′ has only one element. Suppose that C^′ contains two distinct elements r^′, s^′ . Since Γ^′ is T_1 , there is a clique D^′ of Γ^′ which contains r^′ but not s^′ , and by Theorem 5.1 there is a corresponding clique D of Γ so that [G(D)] = [G(D^′)].

Now D ∩ ⋂_n i=1 C_i = ∅, since v ∉ D. But r^′ ∈ D^′ ∩ ⋂_n i=1 C^′_i , which is a contradiction. Therefore C^′ has a unique element v^′ = ϕ(v) as claimed, and so [G_v] = [G_v′ ].

Similarly, there is a function ϕ^′ : V^′ → V so that [G_v] = [G_{ϕ(v)}] for all v ∈ V^′ . Then ϕ^′ ∘ ϕ = id_V and ϕ ∘ ϕ^′ = id_V ′ , so ϕ is a bijection and ϕ^′ = ϕ^{−1} .

If {u, v} ∈ E then there is a clique C of Γ so that {u, v} ⊆ C . Then {ϕ(u), ϕ(v)} ⊆ C^′ , therefore {ϕ(u), ϕ(v)} ∈ E^′ . Conversely, if {ϕ(u), ϕ(v)} ∈ E^′ then there exists a clique C^′ of Γ^′ so that {ϕ(u), ϕ(v)} ⊆ C^′ . Hence {u, v} ⊆ C and so {u, v} ∈ E . Therefore ϕ is an isomorphism of graphs, as claimed.

Algebraic & Geometric Topology, Volume 3 (2003)

Theorem 5.3 If Γ and Γ^′ are T_0 graphs, then (Γ, G_v) and (Γ^′, G_v′ ) are isomorphic graphs of groups.

Proof Let v ∈ V . Let {C_1, . . . , C_n} be the set of cliques of Γ which contain v, and let {D_1, . . . , D_m} be the set of cliques of Γ which do not contain v. It follows from the T_0 hypothesis that {v} = ⋂ i C_i − ⋃ i D_i .

For each C_i and each D_i there are cliques C^′_i and D^′_i of Γ^′ so that [G(C_i)] = [G(C^′_i)] and [G(D_i)] = [G(D^′_i)]. Observe that C − {v} = ⋃ i(C ∩ D_i). Let C^′ = ⋂ i C^′_i and D^′ = ⋃ (C^′ ∩ D^′_i). Now [G(C)] = [G( ⋂ i C_i)] = ⋀ i[G(C_i)] = ⋀ i[G(C^′_i)] = [G( ⋂ i C^′_i)] = [G(C^′)] and [G(C − {v})] = [G( ⋃ i(C ∩ D_i))] = ⋁ i[G(C ∩ D_i)] = ⋁ i([G(C)] ∧ [G(D_i)]) = ⋁ i ([G(C^′)] ∧ [G(D^′_i)]) = ⋁ i[G(C^′ ∩ D^′_i)] = [G( ⋃ i(C^′ ∩ D^′_i))] = [G(D^′)].

Choose h ∈ G so that G(C) = hG(C^′)h^{−1} . Then hG(C − {v})h^{−1} is a subgroup of G(C^′) that is conjugate to G(D^′). Theorem 3.6 implies that hG(C − {v})h^{−1} = G(D^′). Therefore, G_v ∼= G(C)/G(C − {v}) ∼= G(C^′)/G(D^′) ∼= G(C^′ − D^′). In particular, C^′ − D^′ is nonempty. But the T_0 hypothesis prevents C^′ − D^′ from having more than one element, since two elements of C^′ −D^′ would belong to the same cliques of Γ^′ . So C^′ − D^′ has a unique element v^′ = ϕ(v).

In a similar manner, we can associate to each v^′ ∈ V^′ a unique element v = ϕ^′(v^′) of V . Now ϕ^′ ∘ ϕ(v) belongs to the same cliques that v does, so ϕ^′ ∘ ϕ = id_V , and likewise ϕ ∘ ϕ^′ = id_V ′ .

Therefore ϕ is a bijection from V to V^′ such that G_v ∼= G_{ϕ(v)} for all v ∈ V . It remains only to prove that ϕ is a graph isomorphism. Now, if {u, v} ∈ E then there exists a clique C so that {u, v} ⊂ C . Then {ϕ(u), ϕ(v)} ⊂ C^′ , where C^′ is a clique of Γ^′ and [G(C)] = [G(C^′)]. Therefore {ϕ(u), ϕ(v)} ∈ E^′ . A similar argument shows that if {ϕ(u), ϕ(v)} ∈ E^′ then {u, v} ∈ E . So ϕ is a graph isomorphism, and we are done.

Theorem 5.4 If G_v is directly indecomposable for all v ∈ V ∪V^′ then (Γ, G_v) and (Γ^′, G_v′ ) are isomorphic graphs of groups.

Algebraic & Geometric Topology, Volume 3 (2003)

Proof Let Γ̄ = (V̄ , Ē) and Γ̄^′ = (V̄^′, Ē^′) be the T_0 quotients of Γ = (V, E) and Γ^′ = (V^′, E^′) respectively. Then G is the internal graph product of both (Γ̄, G(A)) and (Γ̄^′, G(A^′)).

If A ∈ V̄ then G(A) = ⊕_{a∈A}G_a , so G(A) is a finite group. Likewise each G(A^′) is a finite group. By the previous theorem, there exists a graph isomorphism ϕ̄: V̄ → V̄ ′ so that G(A) ∼= G(ϕ̄(A)) for all A ∈ V̄ .

It is well-known that every finite group has a unique factorization as a direct product of directly indecomposable groups, up to isomorphism and order of factors [15]. Thus, for each A ∈ V̄ there is a bijection ϕ_A : A → ϕ̄(A) so that G_v ∼= G_{ϕA(v)} for all v ∈ A.

Let ϕ: V → V^′ be the union of the ϕ_A ’s. Then ϕ is clearly a graph isomorphism between Γ and Γ^′ , and G_v ∼= G_{ϕ(v)} for all v ∈ V . Therefore ϕ is an isomorphism between the two graphs of groups.

References

[1] Gilbert Baumslag, Topics in combinatorial group theory, Lectures in Mathematics ETH Zürich, Birkhäuser Verlag, Basel (1993) [2] I M Chiswell, Right-angled Coxeter groups, from: “Low-dimensional topology and Kleinian groups (Coventry/Durham, 1984)”, London Math. Soc. Lecture Note Ser. 112, Cambridge Univ. Press, Cambridge (1986) 297–304 [3] Michael W Davis, Buildings are CAT(0), from: “Geometry and cohomology in group theory (Durham, 1994)”, London Math. Soc. Lecture Note Ser. 252, Cambridge Univ. Press, Cambridge (1998) 108–123 [4] Michael W Davis, Tadeusz Januszkiewicz, Right-angled Artin groups are commensurable with right-angled Coxeter groups, J. Pure Appl. Algebra 153 (2000) 229–235 [5] Michael W Davis, Boris Okun, Vanishing theorems and conjectures for the ℓ^2 -homology of right-angled Coxeter groups, Geom. Topol. 5 (2001) 7–74 (electronic) [6] A N Dranishnikov, Boundaries of Coxeter groups and simplicial complexes with given links, J. Pure Appl. Algebra 137 (1999) 139–151 [7] Carl Droms, Isomorphisms of graph groups, Proc. Amer. Math. Soc. 100 (1987) 407–408 [8] Elisabeth Green, Graph products of groups, Ph.D. thesis, The University of Leeds (1990) [9] Susan Hermiller, John Meier, Algorithms and geometry for graph products of groups, J. Algebra 171 (1995) 230–257

Algebraic & Geometric Topology, Volume 3 (2003)

[10] Tim Hsu, Daniel T Wise, On linear and residual properties of graph products, Michigan Math. J. 46 (1999) 251–259 [11] Tadeusz Januszkiewicz, Jacek Świa̧tkowski, Commensurability of graph products, Algebr. Geom. Topol. 1 (2001) 587–603 [12] Ross M McConnell, Jeremy P Spinrad, Modular decomposition and transitive orientation, Discrete Math. 201 (1999) 189–241 [13] John Meier, When is the graph product of hyperbolic groups hyperbolic?, Geom.

Dedicata 61 (1996) 29–41 [14] David Radcliffe, Unique presentation of Coxeter groups and related groups, Ph.D. thesis, University of Wisconsin-Milwaukee (2001) [15] Joseph J Rotman, An introduction to the theory of groups, volume 148 of Graduate Texts in Mathematics, fourth edition, Springer-Verlag, New York (1995) [16] Herman Servatius, Automorphisms of graph groups, J. Algebra 126 (1989) 34–60 [17] Leonard VanWyk, Graph groups are biautomatic, J. Pure Appl. Algebra 94 (1994) 341–352

1924 Ford Parkway #10 Saint Paul MN 55116, USA Email: radcliffe@xirr.com Received: 17 March 2002 Revised: 25 August 2003

Algebraic & Geometric Topology, Volume 3 (2003)