ISSN 1472-2739 (on-line) 1472-2747 (printed) 785

Algebraic & Geometric Topology ATG Volume 5 (2005) 785–833 Published: 24 July 2005

Tight contact structures on Seifert manifolds over T^2 with one singular fibre

Paolo Ghiggini

Abstract In this article we classify up to isotopy tight contact structures on Seifert manifolds over the torus with one singular fibre.

AMS Classification 57R17; 57M50

Keywords Contact structure, tight, Seifert 3–manifold, convex surface

1 Introduction

A contact structure on a 3–manifold M is a tangent 2–plane field ξ which is the kernel of a differentiable 1–form α such that α ∧ dα is a nowhere vanishing 3–form. Contact structures on 3–manifolds split into two families. A contact structure ξ is overtwisted if there exists an embedded disc D ⊂ M such that T D|_{∂D} ≡ ξ|_{∂D} . A contact structure is tight if it is not overtwisted. The disc D is called, with an abuse of terminology, an overtwisted disc.

Overtwisted contact structures are much more common and flexible objects than the tight ones, in fact any 3–manifold admits an overtwisted contact structure and on a closed 3–manifold two overtwisted contact structures are isotopic if and only if they are homotopic as plane fields (Eliashberg [7]). On the contrary, the classification of tight contact structures is still at its beginning. For a survey of contact structures, see [1, 8, 10, 16].

In the last decade there has been a dramatic growth of the three–dimensional methods in contact topology starting from the definition of convex surfaces in Giroux’s paper [15]. Convex surfaces are the main tool to perform cutand-paste operations on contact manifolds. Applying this technique, Kanda [28] and, independently, Giroux, classified the tight contact structures on the three–torus T^3 . Later, Honda [22] and Giroux [18] classified the tight contact structures on lens spaces, the solid torus D^2 × S^1 and the thickened torus T^2 × I . In [22], Honda introduced the notion of bypass, a tool which allows one

© Geometry & Topology Publications to handle contact topological problems in a combinatorial way (see [22], Section 3.4). In this paper we will assume that the reader is familiar with the material in [15] and [22].

The solid torus and the thickened torus can be thought of as basic building blocks for a number of other three dimensional manifolds. In fact, shortly after, Honda [23] gave a complete classification of tight contact structures on T^2 –bundles over S^1 and S^1 –bundles over surfaces. At the same time Giroux [19] obtained almost complete results on the same manifolds.

Other classification results are partial or sporadic. The most important of them are the non existence of tight contact structures on the Poincaré homology sphere with opposite orientation −Σ(2, 3, 5) in [11] and the coarse classification which characterises the three–manifolds which carry infinitely many tight contact structures, [2, 3, 4, 26]. A complete classification is also known for the Seifert manifolds over S^2 with three singular fibres ±Σ(2, 3, 11), [13]. Moreover, there are partial results on fibred hyperbolic three–manifolds [27], which are the only non Seifert manifolds in the list so far. During the preparation of this article tight contact structures have been classified on small Seifert manifolds with integer Euler class e_0 ≠ −2, −1, [14, 32].

Our aim is to give a complete isotopy classification of tight contact structures on Seifert manifolds over the torus T^2 with one singular fibre. Fix e_0 ∈ Z and r ∈ (0, 1)∩Q , and let T (e_0) be the circle bundle over T^2 with Euler class e_0 . We denote by M(e_0, r) the Seifert manifold obtained by (−^1_r )–surgery along a fibre of T (e_0). The tight contact structures on M(e_0, r) and T (e_0) split into two families, according to their behaviour with respect to the finite coverings induced by a finite covering of T^2 . We will call generic those tight contact structures which remain tight after pulling back to such coverings, and exceptional those ones which become overtwisted. The set of isotopy classes of generic tight contact structures on M(e_0, r) splits into infinitely many sub-families parametrised by the isotopy classes of the generic tight contact structures on T (e_0). Each subfamily contains finitely many isotopy classes of tight contact structures which are obtained by Legendrian surgery on the generic tight contact structure on T (e_0) labelling the sub-family.

The isotopy classes of exceptional tight contact structures on M(e_0, r) form a finite family, whose cardinality depends on e_0 and r. If e_0 ≤ 0 there are no exceptional tight contact structures on M(e_0, r). If e_0 ≥ 2, all exceptional tight contact structures on M(e_0, r) are obtained by Legendrian surgery on the exceptional tight contact structures on T (e_0) which, however, are not fillable by [30]. If e_0 = 1, the exceptional tight contact structures on M(e_0, r) have

Algebraic & Geometric Topology, Volume 5 (2005) no tight analogue on T (e_0). They are obtained by Legendrian surgery on overtwisted contact structures and there seems to be no natural way to express them as Legendrian surgery on a tight contact structure. When e_0 = 1, 2 the exceptional tight contact structures show an unexpected interplay between the corresponding contact structure on T (e_0) and the surgery data. See Theorem 6.10.

Acknowledgements I would like to thank the American Institute of Mathematics and Stanford University for their support during the Special Quarter in Contact Geometry held in Autumn 2000, when this work moved its first steps. I also thank The University of Georgia at Athens for its support in the Spring 2002. I am very grateful to Emmanuel Giroux for suggesting this problem and to John Etnyre and especially to Ko Honda for their encouragement, many useful discussions, and for helping me to physically survive in my first days in Palo Alto during the Contact Geometry Quarter. A special thank you to Ko Honda for pointing out some gaps in the earlier version of this manuscript. Finally, I thank Riccardo Murri and Antonio Messina for their steady computer support.

The author is a member of EDGE, Research Training Network HPRN–CT– 2000–00101, supported by The European Human Potential Programme.

2 Statement of results

Let M be an oriented 3–manifold. The set of isotopy classes of tight contact structures on M will be denoted by Tight(M). If ∂M ≠ ∅, and F is a singular foliation on ∂M , Tight(M, F) will denote the set of tight contact structures on M which induce the characteristic foliation F on ∂M , modulo isotopies fixed on the boundary. If F and G are two singular foliations on ∂M adapted to the same dividing set Γ_{∂M} , then Tight(M, F) and Tight(M, G) are canonically identified, therefore we will write Tight(M, Γ_{∂M} ) in place of Tight(M, F) for any F adapted to Γ_{∂M} .

Recall that we denote by T (e_0), for e_0 ∈ Z, the S^1 –bundle over T^2 with Euler class e_0 , and by M(e_0, r), for r ∈ Q ∩ (0, 1), the Seifert manifold over T^2 obtained by (−^1_r )–surgery along a fibre R of T (e_0). Here the surgery coefficient is calculated with respect to the standard framing on R. More explicitly, consider a tubular neighbourhood νR ⊂ T (e_0) of R, and identify

−∂(T (e_0) \ νR) to R^2 /Z^2 so that ( 1 0 ) is the direction of the meridian of

Algebraic & Geometric Topology, Volume 5 (2005) νR and ( 0 1 ) is the direction of the fibres. Then M(e_0, r) is the manifold

obtained by gluing a solid torus D^2 × S^1 to T (e_0) \ νR by the map

A(r): ∂D^2 × S^1 → −∂(T (e_0) \ νR)

represented by the matrix A(r) = ( α α^′ −β −β^′ ) ∈ SL(2, Z) where r =^β_α and 0 ≤ α^′ < α. The image of {0} × S^1 ⊂ D^2 × S^1 in M(e_0, r) is called the singular fibre. The images of the fibres of T (e_0) are called regular fibres. See [12, 21, 31] for more about Seifert manifolds.

Let M be a Seifert manifold, possibly without singular fibres, with non simply connected base. Let R ⊂ M be a curve isotopic to a regular fibre. In the following such curve will be called a vertical curve. Following Kanda [28], we define the canonical framing of R as the framing induced by any incompressible torus T ⊂ M containing R. Unless stated otherwise, the twisting number of Legendrian vertical curves will be calculated with respect to the canonical framing.

Definition 2.1 Let M be a Seifert fibred manifold over an oriented non simply connected surface. Given a regular fibre R ⊂ M and a contact structure ξ on M , we define the maximal twisting number of ξ as t(ξ) = max_{L∈S} min{tb(L), 0} where S is the set of all Legendrian curves L ⊂ M isotopic to R.

It is clear that the number t(ξ) does not depend on the choice of R, and is an isotopy invariant of ξ , therefore it defines a function

t: Tight(M) → Z_{≤0}.

Seifert fibred manifolds over a surface of genus g > 0 have a distinguished family of coverings: namely, the coverings induced by a covering of the base.

Definition 2.2 A tight contact structure on a Seifert fibred manifold M is of generic type if it remains tight after pull-back with respect to any covering of M induced by a finite covering of the base. A tight contact structure on M is exceptional if it becomes overtwisted after pull-back with respect to any covering of M induced by a finite covering of the base.

Algebraic & Geometric Topology, Volume 5 (2005)

We denote the set of the isotopy classes of the generic tight contact structures on M by Tight_0(M).

In the following theorem Γ_s will be a dividing set on T^2 with #Γ_s = 2 and slope s. Every rational number −^p_q < −1 has a unique finite continued fraction expansion − p q = d_0 − 1 d_1 −^1.

.._− 1_{dn}

with d_i ≤ −2 for i > 0. We denote this expansion by −^p_q = [d_0, . . . , d_n].

Theorem 2.3 All tight contact structures on M(e_0, r) are either of generic type or exceptional. There exists a map bg : Tight_0(M(e_0, r)) −→ Tight_0(T (e_0)) such that, given ξ_0 ∈ Tight_0(T (e_0)),

• bg^{−1}(ξ_0) = ∅ if t(ξ_0) ≤ −^1_r , • bg^{−1}(ξ_0) is in natural bijection with Tight(D^2 × S^1, A(r)^{−1}Γ 1_{t(ξ0)} ) and has cardinality |(d_0 − t(ξ_0))(d_1 + 1) . . . (d_n + 1)|, where [d_0, . . . , d_n] is the continued fraction expansion of −^1_r , if t(ξ_0) > −^1_r .

The exceptional tight contact structures exist only when e_0 > 0 and all have maximal twisting number t = 0. Their number is always finite and is • 2|(d_0 + 1) . . . (d_k + 1)| if e_0 > 2, • |(d_0 − 1)(d_1 + 1) . . . (d_k + 1))| if e_0 = 2, • |d_1(d_2 + 1) . . . (d_k + 1)| if e_0 = 1.

The last expression has to be interpreted as 2 when −^1_r = d_0 ∈ Z.

The map bg is constructed by removing a tubular neighbourhood of the singular fibre V such that −∂(M(e_0, r) \ V ) is convex with slope^1_{t(ξ)} and gluing D^2 × S^1 with the unique tight contact structure with boundary slope 1 t(ξ) to −∂(M(e0, r) \ V ) via the identity map. The identification of bg

−1(ξ_0) with Tight(D^2 × S^1, A(r)^{−1}Γ 1_{t(ξ0)} ) is given by the restriction (M(e_0, r), ξ) → (V, ξ|_V ). The fact that the map bg and the restriction (M(e_0, r), ξ) → (V, ξ|_V ) are well defined up to isotopy is part of the statement. Theorem 2.3 exhibits each generic tight contact structure on M(e_0, r) as a contact surgery in the sense of [6] on a generic tight contact structure on T (e_0). Moreover, the condition t(ξ_0) > −^1_r implies that it is a negative contact surgery, which means

Algebraic & Geometric Topology, Volume 5 (2005) that the surgery coefficient, calculated with respect to the contact framing, is negative. The expression for the cardinality of bg^{−1}(ξ_0) is a consequence of the following lemma, which is simply the classification of tight contact structures on solid tori [22], Theorem 2.3 applied to ξ|_V after a change of coordinates. For benefit of the reader we sketch here how to deduce this lemma from Honda’s Theorem.

Lemma 2.4 Tight(D^2 × S^1, A(r)^{−1}Γ 1_{t(ξ0)} ) is a nonempty finite set with cardinality

|Tight(D^2 × S^1, A(r)^{−1}Γ 1_{t(ξ0)} )| = |(d_0 − t(ξ_0))(d_1 + 1) . . . (d_n + 1)|,

where [d_0, . . . , d_n] is the continued fraction expansion of −^1_r .

Proof Let r^′ =^1_{1r +t(ξ)+1} so, by a direct check, A(r)^{−1}Γ 1_{t(ξ0)} and A(r^′)^{−1}Γ_{−1}

have the same slope s^′ . By [6], proof of Proposition 3, if −^1_{r′} has the continued fraction expansion −^1_{r′} = [d^′_0, . . . , d^′_n], then s^′ has the continued fraction expansion s^′ = [r^′_n, . . . , r^′_0 + 1]. By [22], Theorem 2.3,

|Tight(D^2 × S^1, A(r)^{−1}Γ 1_{t(ξ0)} )| = |(d^′_0 + 1)(d^′_1 + 1) . . . (d^′_n + 1)|

provided that s^′ < −1. As d^′_0 = d_0 − (t(ξ) + 1) and d^′_i = d_i for i > 0, we have s^′ < d_n + 1 ≤ −1 and |d^′_0(d^′_1 + 1) . . . (d^′_n + 1)| = |(d_0 − t(ξ_0))(d_1 + 1) . . . (d_n + 1)|.

3 Tight contact structures on T (e_0)

The tight contact structures on T (e_0) have been classified in [23] and in [18]. The material in this section is taken primarily from [23], adapting statements and notation to our purposes. In order to fix terminology and notations, we start with a digression about characteristic foliations on tori in tight contact manifold before focusing on the classification of tight contact structures on T (e_0).

3.1 Characteristic foliation on tori

If T is a convex torus in a tight contact manifold (M, ξ), by Giroux’s Tightness Criterion [22] Lemma 4.2, its dividing set Γ_T contains no dividing curve bounding a disc in T , therefore it consists of an even number of closed, parallel, homotopically non trivial curves.

Algebraic & Geometric Topology, Volume 5 (2005)

Definition 3.1 If γ is a dividing curve of T , we call the quantity s(T ) = [γ] ∈ P(H_1(T, Q)) the slope of the convex torus T .

The choice of an identification T ∼= R^2 /Z^2 gives an identification P(H_1(T, Q)) ∼= Q ∪ {∞}, hence we will more often see the slope as a rational number.

Definition 3.2 We call the division number of T the number div(T ) =^1_2 #Γ_T . If div(T ) = 1 we say that T is minimal.

Given a dividing set Γ_T on a torus T in a tight contact manifold, there is a canonical family of characteristic foliations adapted to Γ_T . Fix a slope r ≠ s(T ) and consider on T the singular foliation consisting of a 1-parameter family of closed curves with slope r, called Legendrian rulings, and a closed curve of singularities with slope s(T ) called Legendrian divide in each component of T \Γ_T . See Figure 3.1 for an illustration. A torus with a characteristic foliation of this type is called a convex torus in standard form, or a standard torus.

Figure 3.1: Characteristic foliation on a convex torus in standard form with vertical Legendrian ruling and two horizontal Legendrian divides

As an immediate consequence of Giroux’s Flexibility theorem, any convex torus T with slope s(T ) in a tight contact manifold can be put in standard form with ruling slope r by a C^0 -small perturbation, provided that r ≠ s(T ). Sometimes we will need to consider non convex tori of a particular kind.

Definition 3.3 A pre-Lagrangian torus is a torus embedded in a contact manifold, whose characteristic foliation after a change of coordinates is isotopic to a linear foliation with closed leaves.

Suppose we have chosen coordinates on a neighbourhood of a pre-Lagrangian torus T so that T = {y = 0}, and the characteristic foliation of T has slope 0. Then the contact form in a neighbourhood of T is given by dz − y dx. Pre- Lagrangian tori can be perturbed into convex tori, as explained in the following lemma.

Algebraic & Geometric Topology, Volume 5 (2005)

Lemma 3.4 Let T be a pre-Lagrangian torus whose characteristic foliation has closed leaves with slope s. Then, for any natural number n > 0, T can be put in standard form with 2n dividing curves with slope s by a C^∞ -small perturbation.

Proof Let T be the given pre-Lagrangian torus. Put coordinates (x, y, z) ∈ R/Z × I × R/Z in a tubular neighbourhood N of T such that T = {y = 0} and the contact form is α = dz − y dx, then consider the embedding i : T^2 → N given by i : (u, v) → (u, ϵ sin(2πnv), v). After identifying T^2 with the image of i, the characteristic foliation is given by the form i^∗α = dv − ϵ sin(2πnv)du.

Fix the area form ω = du ∧ dv on T^2 , then the characteristic foliation is directed by a vector field X such that ι_X (ω) = i^∗α. Since L_X ω = di^∗α = 2πnϵ cos(2πnv)du ∧ dv, the set Γ = {L_X ω = 0} consists of 2n parallel simple closed curves with slope 0. The vector field X expands ω where L_X ω is a positive multiple of ω, and −X expands ω where L_X ω is a negative multiple of ω, therefore, by [15] Proposition II.2.1, Γ is dividing set for the characteristic foliation of T .

3.2 Tight contact structures with t < 0

Theorem 3.5 ([23], Lemma 2.7) If e_0 < 0, then on T (e_0) there are |e_0 − 1| distinct tight contact structures with t < 0.

By a direct check of the definition of such tight contact structures, see [23], Case 9, it follows that only 2 of the |e_0 − 1| are universally tight, but all remain tight if lifted to a covering of T (e_0) induced by a finite covering of the base T^2 .

Theorem 3.6 The tight contact structures with t < 0 on T (e_0), when e_0 < 0, are Stein fillable.

Proof In [20] Gompf constructed |e_0 − 1| Stein fillings of T (e_0) when e_0 ≤ 0: see [20], Figure 36 (c) for a surgery presentation of the Stein filling of T (0) = T^3 . When e_0 ≤ −1, the Stein fillings of T (e_0) are obtained by Legendrian surgery on a stabilisation of the knot in [20], Figure 36(c). All the Stein fillings obtained in such way are diffeomorphic to the disc bundle over T^2 with Euler class e_0 , but their complex structures have different first Chern classes determined by the rotation number of the Legendrian knot, as shown in [20], Proposition 2.3. The tight contact structures induced on the boundary are pairwise non isotopic by [29], Corollary 4.2.

Algebraic & Geometric Topology, Volume 5 (2005)

To prove Theorem 3.6, we need to show that the |e_0 −1| tight contact structures on T (e_0) induced by the different Stein structures described above have t < 0. Let W be the disk bundle over T^2 with Euler class e_0 , and D ⊂ W a fibre with Legendrian boundary ∂D = K . The slice Thurston–Bennequin invariant tb_D(K) ∈ Z is defined in [29], Definition 3.1 as the obstruction to extending the positively oriented normal of the contact structure restricted to K to a nowhere vanishing section of the normal bundle of D. It can be defined equivalently as the twisting number of K computed with respect to the framing induced on K by the restriction of a nowhere vanishing section of the normal bundle of D. The framing on the normal bundle of D induced by the disc bundle structure over W restricts to the framing on the normal bundle of ∂D = K ⊂ T (e_0) induced by the circle bundle structure on T (e_0).

The bundle framing of K coincides with the canonical framing, therefore the Thurston–Bennequin number tb_D(K) and the twisting number tb(K) defined by the canonical framing coincide. By the slice Thurston–Bennequin inequality [29], Theorem 3.4 tb_D(K) ≤ −1 for any Legendrian knot K in (T (e_0), ξ) smoothly isotopic to a fibre of T (e_0), therefore t(ξ) < 0. On the other hand there are exactly |e_0 − 1| tight contact structures on T (e_0) with t < 0, so any tight contact structure on T (e_0) with t < 0 must be Stein fillable for cardinality reasons.

For n ∈ N^+ , let ζ_n be the tight contact structures on T^3 defined as

ζ_n = ker(sin(2πnz)dx + cos(2πnz)dy).

Theorem 3.7 (Giroux, [17]) For any n ∈ N^+ , the contact structure ζ_n is universally tight and weakly symplectically fillable. Moreover (T^3, ζ_n) is contactomorphic to (T^3, ζ_m) if and only if n = m.

Theorem 3.8 ([28], Theorem 0.1) Any tight contact structure ξ on T^3 is contactomorphic to ζ_n for some n.

Corollary 3.9 All tight contact structures on T^3 are universally tight and weakly symplectically fillable.

Take a primitive vector (c_1, c_2, c_3) ∈ Z^3 with c_3 ≠ 0 and complete it as the third row of a matrix Φ ∈ SL(3, Z). The isotopy class of Φ^{−1}_∗ ζ_n does not depend on the choice of the first and second rows of Φ because the stabiliser of ζ_n in SL(3, Z) acts transitively on them: see [28] Theorem 0.2.

Algebraic & Geometric Topology, Volume 5 (2005)

Definition 3.10 Let (c_1, c_2, c_3) ∈ Z^3 be a primitive vector and let n be a positive natural number. We set ξ_{(n,c1,c2,c3)} = Φ^∗ζ_n .

By [28], Theorem 7.6, t(ξ_{(n,c1,c2,c3)}) = −|nc_3|.

Theorem 3.11 ([23], Lemma 2.6) The tight contact structures ξ_{(n,c1,c2,c3)} and ξ_{(n}′_{,c}′_{1,c}′_{2,c}′_{3)} are isotopic if and only if n = n^′ and (c_1, c_2, c_3) = ±(c^′_1, c^′_2, c^′_3). Moreover, any tight contact structure ξ on T^3 with t(ξ) < 0 is isotopic to ξ_{(n,c1,c2,c3)} for some (n, c_1, c_2, c_3) with c_3 ≠ 0.

Theorem 3.12 ([23], Section 2.5 Case 5) If e_0 > 0 there is no tight contact structure ξ on T (e_0) with t(ξ) < 0.

3.3 Tight contact structures with t = 0

Theorem 3.13 ([23], Section 2.2 and Lemma 2.5) The universally tight contact structures on T (e_0) with maximal twisting number t = 0 are in bijection with the set N^+ × P(H_1(T^2; Q)).

The bijection in the theorem is given in the following way. T (e_0) is also a T^2 –bundle over S^1 . Consider a convex T^2 –fibre with infinite slope (i.e. whose dividing curves are isotopic in T (e_0) to S^1 –fibres) and cut T (e_0) along it obtaining a T^2 × I with infinite boundary slopes. Make the boundary of T^2 × I standard with horizontal ruling, and take a convex horizontal annulus A ⊂ T^2 × I . Gluing the boundary components of A together, we obtain a torus T with a multicurve Γ_T . Let n = div(T ) ∈ N^+ , and s ∈ P(H_1(T^2; Q)) the class of a connected component of Γ_T , then (n, s) is the element in N^+ × P(H_1(T^2; Q)) associated to the tight contact structure on T (e_0).

Theorem 3.14 ([5], Proposition 16) The universally tight contact structures on T (e_0) with maximal twisting number t = 0 are all weakly symplectically fillable.

Remark When e_0 = 0, i. e. when T (e_0) = T^3 , the maximal twisting number t reflects no geometric property of the tight contact structure, but depends only on the choice of a bundle structure T^3 → T^2 .

For T^3 we have Tight(T^3) ∼= N^+ × P(H_2(T^3; Q)).

Algebraic & Geometric Topology, Volume 5 (2005)

A tight (T^3, ξ) corresponds to (n, [T ]) such that ξ is contactomorphic to ζ_n and [T ] is the unique homology class represented by a pre-Lagrangian torus in (T^3, ξ). The set N^+ × P(H_1(T^2; Q)) of the isotopy classes of the tight contact structures on T^3 with maximal twisting number t = 0 embeds into N^+ × P(H_2(T^3; Q)) as N^+ × H , where H ⊂ P(H_2(T^3; Q)) is the hyperplane of the homology classes represented by the fibred tori.

Theorem 3.15 ([23], Proposition 2.3) There exist virtually overtwisted contact structures with t = 0 on T (e_0) only when e_0 > 1. There is one if e_0 = 2 and two if e_0 > 2.

The virtually overtwisted contact structures with maximal twisting number t = 0 become overtwisted when pulled back to any covering of T (e_0) induced by a covering of the base T^2 and, by [30], are not weakly symplectically fillable.

4 Construction of the tight contact structures on M(e_0, r) 4.1 Thickening the singular fibre

Lemma 4.1 If ξ is a tight contact structure on M(e_0, r) with maximal twisting number t(ξ), then there exists a neighbourhood V of the singular fibre F such that −∂(M(e_0, r) \ V ) is convex with slope^1_{t(ξ)} . Moreover:

(1) If e_0 < 0, then t(ξ) ≥ −1.

(2) If e_0 = 0, then t(ξ) > −^1_r .

(3) If e_0 > 0, then t(ξ) = 0.

PSfrag replacements

Figure 4.1: How to cut M \ (V ∪ U)

Algebraic & Geometric Topology, Volume 5 (2005)

Proof In the following, we will call M = M(e_0, r). After an isotopy, we can find a Legendrian regular fibre R with twisting number t(ξ). The singular fibre F can be made Legendrian with a very low twisting number n. We choose a standard neighbourhood V of F such that −∂(M \ V ) has slope

s_V = −nβ − β^′ nα + α^′ = − β α + 1 α(nα + α^′) < − β α where^β_α = r and α^′ , β^′ are defined by 0 ≤ α^′ < α and α^′β − αβ^′ = 1.

If t(ξ) = 0, choose a convex annulus A so that one boundary component is a Legendrian ruling curve of ∂(M \ V ) and the other one is the Legendrian fibre R with twisting number t(ξ). By the imbalance principle [22] Proposition 3.17, we can perturb A so that it contains a bypass attached to ∂V . By using this bypass we can thicken V as far as there are singular points on ∂A, therefore we eventually get a solid torus V with infinite boundary slope.

When t(ξ) < 0, we choose a standard neighbourhood U of R such that −∂(M \ U) has boundary slope s_U = −e_0 +^1_{t(ξ)} . In the convex annuli in figure 4.1, whose boundary components are Legendrian ruling curves of ∂(M \ U), all the dividing curves go from one boundary component to the other one, otherwise there would be a bypass attached vertically to U which would increase the twisting number of R by the twisting number lemma. When we cut M \(U ∪V ) open along these two annuli, we obtain a thickened torus with corners as shown in figure 4.2.

From slope e_0 −^1_{t(ξ)} on ∂(M \ U) by [22], Lemma 3.11 we get, after rounding the edges, slope e_0 +^1_{t(ξ)} , so the thickened torus we have obtained has boundary slopes s_0 = s_V < −r and s_1 = e_0 +^1_{t(ξ)} . If e_0 +^1_{t(ξ)} > −r, we have s_1 > s_0 and there is an intermediate torus with infinite slope by [22], Proposition 4.16. This torus would contradict the assumption about the maximality of the twisting number t(ξ) of R, therefore e_0 +^1_{t(ξ)} ≤ −r. This implies that if e_0 > 0 than t(ξ) = 0. If e_0 +^1_{t(ξ)} = −r, there is an overtwisted disc in a tubular neighbourhood of the singular fibre with boundary on a Legendrian divide with slope −r. We now divide into cases according to the sign of e_0 .

(1) If e_0 < 0, then e_0 +^1_{t(ξ)} < −1 < −r, therefore there is always an intermediate torus with slope −1 which forces the maximal twisting number t(ξ) to be greater than or equal to −1.

(2) If e_0 = 0, then^1_{t(ξ)} < −r.

Algebraic & Geometric Topology, Volume 5 (2005)

In cases 1 and 2 we can find an intermediate convex torus with slope^1_{t(ξ)} because^1_{t(ξ)} ∈ [e_0 +^1_{t(ξ)} , −r), and this torus bounds a neighbourhood V of the singular fibre F such that −∂(M \ V ) has slope^1_{t(ξ)} .

PSfrag replacements

Figure 4.2: The thickened torus with corners

Definition 4.2 Let (M(e_0, r), ξ) be a tight contact manifold with maximal twisting number t(ξ), and let V be a tubular neighbourhood of the singular fibre F as in Lemma 4.1 such that −∂(M \ V ) has slope^1_{t(ξ)} . Then the contact manifold (M(e_0, r)\V, ξ|_{M(e0,r)\V} ) will be called a background of (M(e_0, r), ξ).

Definition 4.3 If ξ_0 is a contact structure on M \ V and η is a contact structure on V which match along the boundary, we will denote the glued contact structure on M by ξ_0(η).

Generally, on a manifold with nonempty boundary we consider tight contact structures up to isotopies fixed on the boundary. On the contrary, in the classification of the backgrounds we will allow isotopies to move the boundary because of the following lemma.

Lemma 4.4 Suppose that ξ_1 and ξ_2 are tight contact structures on M and V ⊂ M is a solid torus with convex boundary with respect to both ξ_1 and ξ_2 . If ξ_1|_{M\V} is isotopic to ξ_2|_{M\V} by an isotopy not necessarily fixed at the boundary, and ξ_1|_V is isotopic to ξ_2|_V , then the contact structures ξ_1 and ξ_2 are isotopic.

Proof Let ϕ_s be the isotopy of M \ V such that ϕ_0 is the identity and (ϕ_1)_∗(ξ_1|_{M\V} ) = ξ_2|_{M\V} . We can extend ϕ_s to ~ϕ_s on all of M so that ~ϕ_0 is the identity on M and consider (~ϕ_1)_∗(ξ_1). By construction, (~ϕ_1)_∗(ξ_1|_{M\V} ) = ξ_2|_{M\V} , and by the classification of tight contact structures in [22], (~ϕ_1)_∗(ξ_1|_V )

Algebraic & Geometric Topology, Volume 5 (2005) is isotopic relative to the boundary to ξ_2|_V because they have the same boundary slope and the same relative Euler class. Let ψ_s be an isotopy between them, and ~ψ_s its extension to M by putting it constantly equal to the identity outside V , then ~ϕ_s ∘ ~ψ_s is an isotopy between ξ_1 and ξ_2 .

4.2 Tight contact structures with t < 0

In this section we present all tight contact structures ξ on M(e_0, r) with t(ξ) < 0 as negative contact surgery on fillable contact structures on T (e_0). This result is obtained by showing that the background of (M(e_0, r), ξ) is contactomorphic to the complement of a standard neighbourhood of a vertical Legendrian curve in T (e_0). For conciseness of notation, in the following we will often write M instead of M(e_0, r).

Proposition 4.5 The background (M \ V, ξ|_{M\V} ) of (M, ξ) with maximal twisting number t(ξ) < 0 and integer Euler number e_0 = 0 is contactomorphic to the complement of a standard neighbourhood of a vertical Legendrian curve with twisting number t(ξ) in (T^3, ξ_{(n,c1,c2,c3)}) for some (n, c_1, c_2, c_3) ∈ N^+ × P(H_2(T^3, Q)). Moreover, (n, c_1, c_2, c_3) is uniquely determined by the dividing sets of two non-isotopic, incompressible standard tori intersecting along a common vertical Legendrian ruling curve with twisting number t(ξ).

Proof We choose a vertical Legendrian curve R with twisting number t(ξ) in M \ V , and two standard tori T_1 and T_2 intersecting along R as in the statement. Let n_i be the division numbers and let^{pi}_{qi} be the slope of T_i . These numbers satisfy the relations −n_iq_i = t(ξ) for i = 1, 2 because tb(R) = −^1_2 |R ∩ Γ_{Ti} |.

Take a small standard neighbourhood U of R such that T_i ∩ ∂U is Legendrian. After cutting (M \V ∪U) along the two annuli T_i \U and rounding the edges as shown in Figures 4.1 and 4.2, by [22], Lemma 3.11 we obtain a thickened torus T^2 × I with minimal boundary and boundary slopes^1_{t(ξ)} . This thickened torus is nonrotative, otherwise an intermediate standard torus with slope −r would produce an overtwisted disc. By [22], Lemma 5.7, up to an isotopy which fixes one boundary component, there is a unique nonrotative tight contact structure on T^2 × I with minimal boundary and boundary slopes^1_{t(ξ)} , therefore there is at most one tight contact structure on M \ V which induces on T_i a dividing set with division number n_i and slope^{pi}_{qi} for i = 1, 2.

Algebraic & Geometric Topology, Volume 5 (2005)

Let n = (n_1, n_2) be the greatest common divisor and set c_1 = −^{n1p1}_n , c_2 = −^{n2p2}_n and c_3 = −^{t(ξ)}_n . As their greatest common divisor is (c_1, c_2, c_3) = 1, we can complete ( c_1 c_2 c_3 ) to a matrix Φ = a_1 a_2 a_3 b_1 b_2 b_3 c_1 c_2 c_3 ∈ SL(3, Z) Fix coordinates (x, y, z) on T^3 , and consider the contact structure ξ_{(n,c1,c2,c3)} = Φ^{−1}_∗ ζ_n . We claim that (M \ V, ξ|_{M\V} ) is contactomorphic to the complement of a standard neighbourhood of a vertical Legendrian curve in (T^3, ξ_{(n,c1,c2,c3)}). In order to prove the claim, it is enough to show that the linear torus T_1 ⊂

(T^3, ξ_{(n,c1,c2,c3)}) generated by 1 0 0 and 0 0 1 has division number n_1 and

slope^{p1}_{q1} , and the linear torus T_2 ⊂ (T^3, ξ_{(n,c1,c2,c3)}) generated by 0 1 0 and 0 0 1 has division number n_2 and slope^{p2}_{q2} . Equivalently, we can work with

the tori A(T_i) ⊂ (T^3, ζ_n) generated by a_i b_i c_i and a_3 b_3 c_3 for i = 1, 2. Since

c_i ≠ 0 for i = 1, 2, 3, there is a linear combination X of^∂_{∂x} and^∂_{∂y} transverse to both A(T_1) and A(T_2). X is a contact vector field of (T^3, ζ_n) for each n, and the set Σ = {p ∈ T^3 | X(p) ∈ ζ_n(p)} consists of 2n parallel copies of a horizontal torus of the form {z ∈ Z}.

The embeddings ι_i : T^2 → T^3 induced by the embeddings ~ι_i : R^2 → R^3 given by ~ι_i(u, v) = ua_3 + va_i ub_3 + vb_i uc_3 + vc_i are parametrisations of A(T_i), for i = 1, 2. The dividing set Γ_{A(Ti)} = Σ ∩ A(T_i) is the image of 2n parallel copies of the set {vc_i + uc_3 ∈ Z} = n_i/n⋃

j=0 {−vp_i + uq_i ∈ jn n_i Z}, which in turn consists of^{ni}_n parallel copies of a curves with slope^{pi}_{qi} , therefore the dividing set Γ_{A(Ti)} is the same dividing set induced by ξ|_{M\V} on T_i .

Algebraic & Geometric Topology, Volume 5 (2005)

Theorem 4.6 Any tight contact structure ξ on M(0, r) with t(ξ) ∈ (−^1_r , 0) is a negative contact surgery on a vertical Legendrian curve with twisting number t(ξ) in (T^3, ξ_{(n,c1,c2,c3)}) for some (n, c_1, c_2, c_3). Conversely, any contact structure ξ_{(n,c1,c2,c3)}(η) on M(0, r) obtained by negative contact surgery on (T^3, ξ_{(n,c1,c2,c3)}) is tight.

Proof The first half of the theorem comes from the previous proposition and from −^1_r < t(ξ). All contact structures ξ_{(n,c1,c2,c3)}(η) obtained by negative contact surgery on (T^3, ξ_{(n,c1,c2,c3)}) are tight because all tight contact structures on T^3 are weakly symplectically fillable by Corollary 3.9.

Theorem 4.7 Let ξ_{(n,c1,c2,c3)}(η) be a tight contact structure on M(0, r) obtained by negative contact surgery on a vertical Legendrian curve in the tight contact manifold (T^3, ξ_{(n,c1,c2,c3)}). Let π^∗ξ_{(n,c1,c2,c3)}(η) be the contact structure on M(0, r, . . . , r) obtained as pull-back of ξ_{(n,c1,c2,c3)}(η) with respect to the finite covering π : M(0, r, . . . , r) → M(0, r) induced by a finite covering of T^2 . Then π^∗ξ_{(n,c1,c2,c3)}(η) is tight.

Proof Let ~ξ_{(n,c1,c2,c3)} be the pull-back of ξ_{(n,c1,c2,c3)} with respect to the the finite covering of T^3 induced by the finite covering of T^2 . By construction, π^∗ξ_{(n,c1,c2,c3)}(η) is the contact structure ~ξ_{(n,c1,c2,c3)}(η, . . . , η), obtained by negative contact surgery along a finite number of fibres of T^3 .

The contact structure ~ξ_{(n,c1,c2,c3)} is tight because all tight contact structures on T^3 are universally tight, so it is also weakly symplectically fillable by Corollary 3.9. The contact manifold (M(0, r, . . . , r), ~ξ_{(n,c1,c2,c3)}(η, . . . , η)) is obtained by negative contact surgery on a weakly symplectically fillable contact manifold, therefore it is tight.

Proposition 4.8 Let ξ be a tight contact structure with maximal twisting number t(ξ) = −1 on the Seifert manifold M = M(e_0, r) with integer Euler number e_0 < 0. Then any background (M \ V, ξ|_{M\V} ) is contactomorphic to the complement of a standard neighbourhood of a vertical Legendrian curve with twisting number −1 in (T (e_0), ξ_0), where ξ_0 is a tight contact structure with t(ξ_0) = −1.

Proof Let T ⊂ M \ V be a standard vertical torus so that the manifold M \ (T ∪ V ) is diffeomorphic to Σ_0 × S^1 , where Σ_0 is a pair of pants. We can

Algebraic & Geometric Topology, Volume 5 (2005) assume that T has vertical Legendrian ruling and its dividing set intersects the Legendrian ruling curves in two points. If this were not the case, an annulus A between a Legendrian ruling curve of T and a Legendrian ruling curve of ∂(M \ V ) would give a bypass along T by the Imbalance Principle [22] Proposition 3.17, therefore we could decrease the number of intersection points between the dividing set and the Legendrian ruling curves of T .

Let T_+ and T_− be the boundary tori of ∂(M \ (V ∪ T )) corresponding to T . ξ|_{M\(V ∪T )} is a tight contact structure with boundary slopes 1 on ∂(M \ V ), n on T_+ , and −n + e_0 on T_− . Since the sum of the slopes is 1 + e_0 ≤ 0 and there are no vertical Legendrian curves with twisting number 0, by [23], Lemma 5.1 case 4(b), there are 1 − e_0 tight contact structures on Σ_0 × S^1 with those boundary slopes. Such contact structures are constructed by removing a standard neighbourhood of a vertical Legendrian curve with twisting number −1 from a minimally twisting T^2 × I with boundary slopes n − e_0 and n. Note here the effect of the orientation reversing identification T_− ∼= T^2 × {0} on the slope. We can also assume that the standard neighbourhood of the vertical Legendrian curve is removed from an invariant collar of the boundary.

To have M back from M \ T , we glue T_+ to −T_− by the map A(e_0) = ( 1 0 −e_0 1 ) , therefore, by comparing with the construction in [23], section 2.5,

case 9, (M \ V, ξ_{M\V} ) is the complement of a vertical Legendrian curve with twisting number −1 in a circle bundle over the torus with Euler class e_0 with a tight contact structure with maximal twisting number t = −1.

Given any slope s ∈ [s(−T_−), s(T_+)], we can find a convex torus T^′ ⊂ M \ (T ∪ V ) with slope s such that T_− and T^′ bound a thickened torus T^2 × [0,^1_2 ] ⊂ M \ (T ∪ V ). Choose s = n − 1, then remove T^2 × [0,^1_2 ] from M \ T and glue it back with A(e_0) to the front, so that M \T^′ has boundary slopes n−e_0 −1 and n − 1. Here one component of ∂(M \ T^′) is oriented with the outward normal and the other one with the inward normal. In a similar way we can replace n with n + 1, so we have proved that the tight contact structure on M does not depend on n.

Conversely, given any tight contact structure ξ_n on T (e_0) with t(ξ_n) = −1, for n ∈ Z/(1 − e_0)Z any negative contact surgery (M(e_0, r), ξ_n(η)) is tight.

Theorem 4.9 Let e_0 < 0. Any tight contact structure with t = −1 on M(e_0, r) is negative contact surgery on a tight contact structure with t = −1 on T (e_0). Conversely, given any tight contact structure ξ_n on T (e_0) with

Algebraic & Geometric Topology, Volume 5 (2005) t(ξ_n) = −1, for n ∈ Z/(1 − e_0)Z any negative contact surgery (M(e_0, r), ξ_n(η)) is tight.

Proof Any tight contact structure with t = −1 on M(e_0, r) is negative contact surgery on a tight contact structure ξ_n with t = −1 on T (e_0) because −^1_r < −1. Conversely, any negative contact surgery on (T (e_0), ξ_n) is tight by [6], Proposition 3 because (T (e_0), ξ_n) is Stein fillable.

Theorem 4.10 Let π^∗ξ_n(η) be the contact structure on M(ke_0, r, . . . , r) obtained as pull-back of ξ_n(η) with respect to a degree k finite covering π : M(ke_0, r, . . . , r) → M(e_0, r) induced by a covering of T^2 . Then π^∗ξ_n(η) is tight.

Proof By construction, π^∗ξ_n(η) = ~ξ_n(η, . . . , η), where ~ξ_n is the pull-back of ξ_n to T (ke_0). By [23], Section 2.5, Case 9, ~ξ_n is a tight contact structure with maximal twisting number t(~ξ_n) = −1, hence it is Stein fillable by Theorem 3.6. The contact manifold (M(ke_0, r, . . . , r), ~ξ_n(η, . . . , η)) is tight because it is obtained by negative contact surgery on the Stein fillable contact manifold (T (ke_0), ~ξ_n).

4.3 Tight contact structures with t = 0

In this subsection we construct all tight contact structures ξ on M(e_0, r) with maximal twisting number t(ξ) = 0. By Lemma 4.1, there is a tubular neighbourhood V of the singular fibre such that −∂(M(e_0, r) \ V ) is a convex torus with infinite slope. M(e_0, r) \ V is diffeomorphic to Σ × S^1 , where Σ is a punctured torus. We will abusively identify Σ with the image of a section Σ → Σ×S^1 and assume it is convex with Legendrian boundary and #Γ–minimising in its isotopy class.

The dividing set Γ_Σ of Σ consists of one arc with endpoints on ∂Σ and some simple homotopically nontrivial closed curves.

Definition 4.11 We define an abstract dividing set on an oriented surface Σ as a multicurve Γ_Σ together with a map π_0(Σ \ Γ_Σ) → {+, −} such that any connected component of Γ_Σ belongs to the boundary of both a positive and a negative region. We say that an abstract dividing set is tight if its underlying multicurve does not have closed, homotopically trivial connected components. We say that it is overtwisted if it is not tight.

Algebraic & Geometric Topology, Volume 5 (2005)

In the following, we will almost always use the same symbol for both an abstract dividing set and for its underlying multicurve. However, we will always specify what we are referring to, whenever it is relevant.

Definition 4.12 Given an abstract dividing set Γ_Σ on Σ, we denote by ξ_{ΓΣ} the S^1 –invariant contact structure on Σ × S^1 which induces the dividing set Γ_Σ on a convex #Γ–minimising section.

By Giroux’s tightness criterion, [23] Lemma 4.2, ξ_{ΓΣ} is tight (and in fact universally tight) if and only if Γ_Σ is a tight abstract dividing set. By [23], Section 4.3, (M(e_0, r) \ V, ξ|_{M(e0,r)\V} ) is contactomorphic to an S^1 –invariant tight contact manifold (Σ × S^1, ξ_{ΓΣ} ). We call η = ξ|_V and ξ = ξ_{ΓΣ} (η).

We recall that we have chosen the basis on −∂(M(e_0, r) \ V ) so that ∂Σ has slope e_0 and the fibres have infinite slope and the basis on −∂(Σ × S^1) so that ∂Σ has slope 0 and the fibres have infinite slope.

Proposition 4.13 Let ξ be a tight contact structure on M(e_0, r) with maximal twisting number t(ξ) = 0 and fix a diffeomorphism M \V ∼= Σ×S^1 so that Σ is #Γ–minimising. If e_0 ≤ 0, then Γ_Σ has no boundary parallel dividing curves. If e_0 > 0 and Γ_Σ has a boundary parallel dividing curve, then #Γ = 1.

Proof If Γ contains a boundary parallel dividing arc, then there is a singular bypass on Σ by [22], Proposition 3.18. By [22], Lemma 3.15, attaching this bypass to −∂(M \ V ) we thicken V to V^′ so that −∂(M \ V^′) has slope e_0 . If #Γ ≥ 2, and p ∈ Σ belongs to some other dividing curve, then {p} × S^1 is a Legendrian fibre with twisting number 0 because ξ|_{M\V} is S^1 –invariant by [23], section 4.3. Applying the Imbalance principle, [22], Proposition 3.17, we use this curve to find a vertical bypass attached to ∂(M \ V^′). The attachment of this bypass gives a further thickening of V^′ to V^{′′} so that −∂(M \ V^{′′}) has infinite boundary slope again. By [22], Proposition 4.16, there is a standard torus with slope −r in V^{′′} \ V . This torus produces an overtwisted disc.

If #Γ = 1, we pick a simple closed curve C ⊂ Σ\V^′ which does not disconnect Σ and is disjoint from the dividing curve. By the Legendrian Realization Principle, [22], Theorem 3.7, we can arrange the characteristic foliation on Σ so that C is a closed leaf. Because of the S^1 –invariance of ξ|_{M\V} , C×S^1 is a pre-Lagrangian torus with slope 0. By Lemma 3.4 we can perturb this torus in order to obtain a convex torus T in standard form with slope 0 and two dividing curves. The torus T can be assumed to be disjoint from V^′ because C is disjoint from the boundary parallel dividing arc producing the bypass.

Algebraic & Geometric Topology, Volume 5 (2005)

If we cut M \ V^′ open along T , we obtain Σ_0 × S^1 , where Σ_0 is a pair of pants, and all the three boundary tori have slope 0 calculated with respect to the product structure on Σ_0 × S^1 . Let T_± be the two boundary tori corresponding to T , and take a convex vertical annulus A with Legendrian boundary between T_+ and T_− . If the dividing curves on A do not go from T_+ to T_− , then there is a vertical bypass along T . The attachment of this bypass produces a torus T^′ with infinite slope. Using a vertical Legendrian divide of T^′ we can thicken V^′ to V^{′′} so that −∂(M \ V^{′′}) has infinite slope again, thus obtaining a standard torus with slope −r in V^{′′} \ V . Again, this torus produces an overtwisted disc. If the dividing curves on A go from one boundary component to the other, then, after cutting along A and rounding the edges, by [22], Lemma 3.11 we obtain a torus with slope −1 parallel to −∂(Σ × S^1) which has slope e_0 − 1 calculated with respect to the basis of −∂(M \ V ). If e_0 ≤ 0, by [22], Proposition 4.16, there is a convex torus with slope −r parallel to −∂(M \ V ) which gives an overtwisted disc.

Proposition 4.14 Let Σ be a punctured torus and Γ_Σ a tight abstract dividing set on Σ without boundary parallel dividing arcs. Then (Σ × S^1, ξ_{ΓΣ} ) can be contact embedded into a tight contact manifold (T (e_0), ξ_{ΓΣ} ) as the complement of a standard neighbourhood of a vertical Legendrian curve with twisting number 0.

Proof Take a curve C ⊂ Σ so that C intersect each dividing arc in one single point. If we make C Legendrian using the Legendrian realisation principle [22] Corollary 3.8, the torus T = C × S^1 is in standard form with infinite slope because ξ_{ΓΣ} is S^1 –invariant. The contact structure ξ_{ΓΣ} restricted to Σ × S^1 \ T is still S^1 –invariant and Γ_{Σ\C} = Γ_Σ \ C is a #Γ–minimising section of Σ × S^1 \ T . Let S be the surface diffeomorphic to an annulus obtained by gluing a disc D to the boundary component of Σ \ C corresponding to ∂Σ, and let Γ_S be the natural extension of Γ_{Σ\C} to an abstract dividing set on S . The S^1 –invariant tight contact manifold (S ×S^1, ξ_{ΓS} ) is contactomorphic to an I –invariant tight contact structure on T^2 × I by [22], Theorem 2.3(4) because Γ_S consists of parallel arcs joining the two different boundary components of S . The S^1 –invariant contact manifold (D × S^1, ξ_{ΓD} ) is a tight solid torus with infinite boundary slope and #Γ_{∂D×S}1 = 2. By [22] Theorem 2.3 there is a unique tight contact structure with such boundary conditions on the solid torus, therefore it is contactomorphic to a standard neighbourhood of a Legendrian curve with twisting number 0. Gluing T^2 × {0} to T^2 × {1} with the matrix ( 1 0 −e_0 1 ) we get a tight contact structure on T (e_0) which we call ξ_{ΓΣ} again,

Algebraic & Geometric Topology, Volume 5 (2005) then (Σ × S^1, ξ_{ΓΣ} ) contact embeds in (T (e_0), ξ_{ΓΣ} ) as the complement of a vertical Legendrian curve with twisting number 0.

Theorem 4.15 let Γ_Σ be a tight abstract dividing set on a punctured torus Σ without boundary parallel dividing arcs, and let νL ⊂ (T (e_0), ξ_{ΓΣ} ) be a standard neighbourhood of a vertical Legendrian curve L with twisting number 0. Then, for any tight contact structure η on D^2 × S^1 whose characteristic foliation on ∂D^2 × Σ is mapped by

A(r): ∂(D^2 × S^1) → −∂(T (e_0) \ νL)

to the characteristic foliation of −∂(T (e_0) \ νL), the contact structure ξ_{ΓΣ} (η) on M(e_0, r) is tight.

Proof By Proposition 4.14, the contact manifold (M, ξ_{ΓΣ} (η)) is obtained by negative contact surgery on (T (e_0), ξ_{ΓΣ} ), which is a weakly symplectically fillable contact manifold by Theorem 3.14 because it is universally tight by S^1 – invariance.

Proposition 4.16 Let Γ^+_Σ and Γ^−_Σ be the two tight abstract dividing sets on the punctured torus Σ with underlying multicurve Γ_Σ with no boundary parallel dividing arcs. Then, for any tight contact structure η on D^2 × S^1 as in Theorem 4.15, (M(e_0, r), ξ_Γ+_Σ (η)) is isotopic to (M(e_0, r), ξ_Γ−_Σ (η)).

Most of the proof of Proposition 4.16 relies on the following lemma.

Lemma 4.17 Let Γ_T 2 be a tight abstract dividing set on T^2 , and γ_1 , γ_2 ⊂ T^2 dividing curves bounding a negative (positive) region C ⊂ T^2 . Given points p_i ∈ γ_i , for i = 1, 2, the curves {p_i} × S^1 in (T^3, ξ_{ΓT 2} ) are Legendrian and have twisting number tb({p_i} × S^1) = 0. If L_1 and L_2 are positive (negative) stabilisations of {p_1} × S^1 and {p_2} × S^1 respectively, then they are contact isotopic.

Proof The curves {p_i}×S^1 are Legendrian because (T^3, ξ_{ΓT 2} ) is S^1 –invariant.

Let (T^2 × [0,^1_2 ], ξ) be a positive (negative) basic slice with standard boundary and boundary slopes s_0 = 0 and s 1_2 = ∞, contact embedded in (T^3, ξ_{ΓT 2} ) so that {p_1} × S^1 is a Legendrian divide of T^2 × {^1_2 } and T^2 × {0} ⊂ C × S^1 . Make the Legendrian ruling of T^2 × {0} vertical, and consider a convex vertical annulus A between {p_1} × S^1 ⊂ T^2 × {^1_2 }, and a vertical Legendrian ruling curve of T^2 × {0}. The dividing set of A consists of a single dividing arc with

Algebraic & Geometric Topology, Volume 5 (2005) both endpoints on T^2 × {0}, and the simply connected region of A \ Γ_A is positive (negative). Then, by [9], Lemma 2.20, a vertical Legendrian ruling curve of T^2 × {0} is a positive (negative) stabilisation of {p_1} × S^1 . From the well-definedness up to isotopy of the stabilisation, it follows that L_1 is contact isotopic to a vertical Legendrian ruling curve of T^2 × {0}. We can repeat the same argument with a basic slice ¡(T^2 × [0,^1_2 ], ξ) with the same sign and the same boundary slopes so that {p_2}×S^1 is a Legendrian divide of T^2 ×{^1_2 }, and conclude that L_2 is contact isotopic to a vertical Legendrian ruling of T^2 ×{0}. Then L_1 and L_2 are Legendrian isotopic.

Proof of Proposition 4.16 Let V ⊂ M(e_0, r) be a tubular neighbourhood of the singular fibre such that (M(e_0, r) \ V, ξ_Γ±_Σ (η)|_{M(e0 ,r)\V} ) = (Σ × S^1, ξ_Γ±_Σ ), and (V, ξ_Γ±_Σ (η)|_V ) is contactomorphic to (D^2 × S^1, η). We can find a solid torus V^′ ⊂ V such that −∂(M(e_0, r) \ V^′) has slope −1 because −^1_r < −1. By proposition 4.14, (Σ×S^1, ξ_Γ±_Σ ) is the complement of a vertical Legendrian curve {p_1} × S^1 with twisting number 0 with p_1 ∈ γ_1 , where γ_1 is the completion in T^2 of the dividing arc in Σ. Analogously, (M(e_0, r) \ V^′, ξ_Γ±_Σ (η)|_{M(e0 ,r)\V} ′ ) = (M(e_0, r) \ V^′, ξ_±) is the complement of a vertical Legendrian curve L_1 with twisting number −1 which is a stabilisation of {p_1} × S^1 by [9], Lemma 2.20. The sign of the stabilisation is determined by the sign of the basic slice V \V^′ . In order to fix the notation, let us suppose it is positive. We claim that (M(e_0, r)\ V^′, ξ_+) is contact isotopic to (M(e_0, r) \ V^′, ξ_−). Since our argument will be semi-local, we can assume without loss of generality that T (e_0) is a trivial S^1 –bundle.

Let γ_2 be another dividing curve on T^2 such that γ_1 and γ_2 bound a positive region. Choose a point p_2 ∈ γ_2 and consider the vertical Legendrian curve {p_2} × S^1 and its positive stabilisation L_2 . Then the complement of a standard neighbourhood of L_2 in (T (e_0), ξ_Γ+_Σ ) is contactomorphic to (M(e_0, r) \ V^′, ξ_−). By Lemma 4.17, L_1 and L_2 are Legendrian isotopic, therefore, by [9], Theorem 2.12, there is a contact isotopy φ_t : (T (e_0), ξ_Γ+_Σ ) → (T (e_0), ξ_Γ+_Σ ) such that φ_0 = id and φ_1(L_1) = L_2 . This implies that φ_1(M(e_0, r)\V^′) is the complement of a standard neighbourhood of L_2 , so (φ_t|_{M(e0,r)\V} ′ )^∗ξ_Γ+_Σ is a 1–parameter family of contact structures on M(e_0, r) \ V^′ all with the same boundary condition joining ξ_+ to ξ_− . By Gray’s Theorem, this implies that (M(e_0, r) \ V^′, ξ_+) and (M(e_0, r) \ V^′, ξ_−) are contact isotopic.

Theorem 4.18 Let π^∗ξ_{ΓΣ} (η) be the contact structure on M(ke_0, r, . . . , r) obtained by pull-back of ξ_{ΓΣ} (η) with respect to a degree k finite covering π : M(ke_0, r . . . , r) → M(e_0, r)

Algebraic & Geometric Topology, Volume 5 (2005) induced by a covering of T^2 . Then π^∗ξ_{ΓΣ} (η) is tight when #Γ_Σ > 1 and is overtwisted when #Γ_Σ = 1.

Proof By construction, π^∗ξ_{ΓΣ} (η) = ξ_{Γ ~Σ} (η, . . . , η), where Γ_{~Σ} is the pull-back of Γ_Σ with respect to the finite cover of T^2 (we remind that the inclusion ι: Σ → T^2 can be lifted to an inclusion ~ι: ~Σ → T^2 ). If #Γ_Σ > 1, then Γ_Σ contains no boundary parallel arcs. In this case, Γ_{~Σ} does not contain boundary parallel dividing curves either, then the contact manifold (M(ke_0, r, . . . , r), ξ_{Γ ~Σ} (η, . . . , η)) is obtained by negative contact surgery on the weakly symplectically fillable contact manifold (T (ke_0), ξ_{Γ ~Σ} ), therefore ξ_{Γ ~Σ} (η, . . . , η)) is tight. If #Γ_Σ = 1, then Γ_{~Σ} consists of k boundary parallel arcs, one for each boundary component of ~Σ. When #Γ > 1 a boundary parallel dividing arc produces an overtwisted disc as in the proof of Proposition 4.13, therefore ξ_{Γ ~Σ} (η, . . . , η)) is overtwisted.

5 Classification of the generic tight contact structures

5.1 Tight contact structures with t < 0

Theorem 5.1 Let e_0 < 0. The tight contact manifolds (M(e_0, r), ξ_n(η)) and (M(e_0, r), ξ_m(η^′)) obtained by negative contact surgery on (T (e_0), ξ_n) and (T (e_0), ξ_m) respectively are isotopic if and only if m = n and η is isotopic to η^′ relative to the boundary.

Proof By Theorem 3.5 there are |e_0 − 1| choices for the background and by Lemma 2.4, there are |(d_0 + 1) . . . (d_k + 1)| choices for η. On the other hand, Theorem 5.4 in [20] shows how to produce Stein fillings (W, J) for M(e_0, r). As a smooth manifold, W is the same for all the Stein fillings, and choosing all possible rotation numbers in the Legendrian realisation of the surgery link presenting W , by [20], Proposition 2.3, we obtain |(e_0 − 1)(d_0 + 1) . . . (d_0 + k)| Stein structures on W with different c_1(J). By [29], Corollary 4.2, these Stein structures induce |(e_0 − 1)(d_0 + 1) . . . (d_0 + k)| mutually non isotopic tight tight contact structures on T (e_0).

Now we turn our attention to the tight contact structures on M(0, r) with t < 0. The result proved here is a generalisation of Theorem 4.7 in [25] for the part concerning the distinction of the tight contact structures obtained by negative contact surgery on T^3 . We start with a preliminary digression about

Algebraic & Geometric Topology, Volume 5 (2005) negative contact surgery on nonrotative tight contact structures on T^2 × I . We fix a S^1 –bundle structure T^2 ×I → S^1 ×I and, consequently, a Seifert fibration M^′ → S^1 ×I with one singular fibre F on any manifold M^′ obtained by surgery along a fibre of T^2 × I .

Proposition 5.2 Let ξ be a nonrotative tight contact structure on T^2 ×I and r a rational number such that −^1_r < t(ξ). Let L ⊂ (T^2 × I, ξ) be a vertical Legendrian curve with twisting number tb(L) = t(ξ) and (M^′, ξ(η)) a contact manifold obtained from (T^2 × I, ξ) by contact surgery along L with surgery coefficient −^1_r with respect to the canonical framing. Then ξ(η) is tight and any two properly embedded convex vertical annuli A_0 , A_1 with common Legendrian boundary are contact isotopic, possibly after perturbing the characteristic foliation of A_1 . In particular, Γ_{A0} is isotopic to Γ_{A1} and ξ(η)|_M ′_{\Ai} is isotopic to η for i = 0, 1.

Proof The contact structure ξ(η) is tight by [6], Proposition 3 because (T^2 × I, ξ) can be contact embedded into a weakly symplectically fillable contact manifold.

First we prove that, if A_0 and A_1 are disjoint from the surgery support, then Γ_{A0} is isotopic to Γ_{A1} . In this case, we can think of A_0 and A_1 also as convex annuli in (T^2 × I, ξ). Passing to a finite covering in the horizontal direction, we can assume that ξ is nonrotative with integer boundary slopes, therefore, by [22], Lemma 5.7, Γ_{A0} is isotopic to Γ_{A1} .

Now we turn to the proof of the general case. We can assume without loss of generality that one of the two annuli, say A_0 , is disjoint from the surgery support. If this is not the case, we introduce a third annulus A_2 disjoint from the surgery support and isotope A_0 to A_2 first, and then isotope A_2 to A_1 . By Isotopy discretisation [25], Lemma 3.10, there is a sequence of convex vertical annuli A_0, . . . , A i_n , . . . , A n = A_1 all with the same Legendrian boundary such that A i+1_n is obtained from A i_n by attaching a single bypass. By the following Lemma 5.3, if A i_n is disjoint from the surgery support, we can find another contact surgery presentation of (M^′, ξ(η)) with surgery support disjoint from both A i_n and A i+1_n . Once A i_n and A i+1_n are disjoint from the surgery support, we can conclude that Γ_{A in} is isotopic to Γ_{A i+1n} , so the bypass between A i_n and A i+1_n is trivial. By the triviality of trivial bypass attachments, [25], Lemma 2.10, ξ(η) restricted to the layer between A i_n and A i+1_n is invariant, therefore A i_n and A i+1_n are contact isotopic, possibly after perturbing the characteristic foliation of A i+1_n .

Algebraic & Geometric Topology, Volume 5 (2005)

Lemma 5.3 Let A_0 and A_1 be convex annuli in M^′ as in the statement of Proposition 5.2 such that they intersect only at the boundary. Also assume that A_0 is disjoint from the surgery support V . Then we can find another contact surgery presentation of (M^′, ξ(η)) such that the surgery support is disjoint from both A_0 and A_1 .

Proof Let N be the component of M^′ \ (A_0 ∪ A_1) homeomorphic to D^2 × S^1 . By the monotonicity of the slope, [22], Proposition 4.16, M^′ \ N has boundary slope^p_q ∈ [^1_{t(ξ)} , −r) because M^′ \ N ⊂ M^′ \ A_0 . Let γ be a vertical Legendrian curve contained in ∂(M^′ \ N), then q ≤^1_2 #(γ ∩ Γ_{∂(M} ′_{\N)}). In particular, if we take γ ⊂ A_0 , then^1_2 #(γ ∩ Γ_{∂(M} ′_{\N)}) = −t(ξ), so q ≤ −t(ξ). This is possible only if^p_q =^1_{t(ξ)} , therefore there is a solid torus V^′ ⊂ M^′ \ N with convex boundary with slope −^1_{t(ξ)} such that (M^′ \ V^′, ξ(η)|_M ′_{\V} ′ ) is contactomorphic to the complement of a standard neighbourhood of a vertical Legendrian curve L^′ with twisting number tb(L^′) = t(ξ) in (T^2 × I, ξ). In fact, we can identify M^′\V^′ and T^2×I\νL so that ∂V corresponds to ∂(νL). Then, both ξ(η)|_M ′_{\V} ′ and ξ|_T 2_{×I\νL} have the same boundary slopes, induce the same dividing set on A_0 and, after cutting along A_0 and rounding the edges, yield a nonrotative tight contact structure on T^2 × I with slope^1_{t(ξ)} . By [22], Lemma 5.7, there is only one such tight contact structure on T^2 × I up to contactomorphism, therefore ξ(η)|_M ′_{\V} ′ and ξ|_T 2_{×I\νL} are contactomorphic.

Let T_1 , T_2 ⊂ (M(e_0, r), ξ_{(n,c1,c2,c3)}(η)) be convex tori in the direction (x, z) and (y, z) disjoint from the surgery support V such that their intersection is a common vertical Legendrian ruling curve R with twisting number t: see Figure 4.1. Let s_i be the slope of T_i and n_i its division number. The fact that R = T_1 ∩ T_2 is a common Legendrian ruling curve implies that the intersection between R and Γ_{Ti} is minimal for both i = 1, 2. Let U ⊂ V be a solid torus such that −∂(M \ U) is convex and has slope^1_{d0+1} , where d_0 = [−^1_r ].

Proposition 5.4 Let T^′ ⊂ M = M(e_0, r) be a standard torus isotopic to T_1 with vertical Legendrian ruling. Then:

(1) T^′ has slope s_1 and division number n^′ ≥ n_1 .

(2) Any convex torus T^{′′} intersecting T^′ in a vertical Legendrian ruling curve of T^′ is contact isotopic to T_2 , possibly after perturbing its characteristic foliation.

Proof To simplify the notation, in the proof we will fix ξ = ξ_{(n,c1,c2,c3)}(η). By Isotopy Discretisation [25] Lemma 3.10, there is a sequence of convex tori

Algebraic & Geometric Topology, Volume 5 (2005)

T_1 = T_{(1)}, . . . , T_{(n)} = T^′ such that T_{(i+1)} is obtained from T_{(i)} by attaching a bypass. In particular, T_{(i+1)} and T_{(i)} bound N_i diffeomorphic to T^2 × I . We can assume inductively that T_{(i)} satisfies:

(1) s(T_{(i)}) = s_1 and div(T_{(i)}) ≥ n_1 .

(2) There is a solid torus U_i ⊂ M \ T_{(i)} isotopic in M to U such that −∂(M \ U_i) is convex with slope^1_{d0+1} .

(3) ξ|_{Ui} is isotopic to ξ|_U and ξ|_{M\Ui} is isotopic to ξ|_{M\U} . (4) There is a convex vertical annulus A_i ⊂ M \ T_{(i)} with Legendrian boundary on ∂(M \ T_{(i)}) such that A closes to a convex torus A_i ⊂ M contact isotopic to T_2 .

We observe that the inductive hypotheses are satisfied for T_1 taking as A_0 the annulus obtained by cutting T_2 open along R = T_1 ∩ T_2 , and U_0 = U . Assumptions 2 and 3 imply that (M \ T_i, ξ|_{M\Ti} ) is negative contact surgery along a vertical Legendrian curve in T^2 × I with a nonrotative tight contact structure, therefore all vertical annuli as in assumption 4 have the same dividing set by Proposition 5.2.

A priori there are three kinds of transitions from T_{(i)} to T_{(i+1)} :

(1) div(T_{(i)}) = div(T_{(i+1)}) = 1 and s(T_{(i+1)}) ≠ s_1 (2) s(T_{(i+1)}) = s_1 and div(T_{(i+1)}) = div(T_{(i)}) + 1 (3) s(T_{(i+1)}) = s_1 and div(T_{(i+1)}) = div(T_{(i)}) − 1

Case 1 We will prove that there are no transitions which change the slope. Suppose by contradiction that div(T_{(i)}) = div(T_{(i+1)}) = 1 and s(T_{(i+1)}) = s^′_1 ≠ s_1 . We can assume either that the bypass is attached to T_{(i)} from the front and s^′_1 < s_1 , or that the bypass is attached to T_{(i)} from the back and s_1 < s^′_1 . We describe only the first possibility because the second one is symmetric.

Attaching bypasses coming from a convex vertical annulus with Legendrian boundary S ⊂ M \ N_i as long as the Imbalance Principle can be applied, we eventually obtain tori T^′_{(i)} and T^′_{(i+1)} bounding N^′_i ⊃ N_i . The tori T^′_{(i)} and T^′_{(i+1)} have either infinite slope or have slopes s(T^′_{(i)}) =^p_q > s(T^′_{(i+1)}) =^{p′}_q and a convex vertical annulus with Legendrian boundary S^′ ⊂ M \ N^′_i between T^′_{(i)} and T_{(i+1)} contains no more boundary parallel dividing arcs. In the first case we have a vertical Legendrian curve with twisting number 0 in M \ (T_{(i)} ∪ A_i). This is excluded by the classification of tight contact structures on solid tori because, by the inductive hypothesis, there is no such curve either in (U_i, ξ|_{Ui} ) or in (M \ (T_{(i)} ∪ A_i ∪ U_i), ξ|_{M\(T(i)∪Ai∪Ui)}). In the second case, after cutting

Algebraic & Geometric Topology, Volume 5 (2005) along S and rounding the edges, we get slope^{p−p′−1}_q ≥ 0 on ∂(M \ (N^′_i ∪ S)) ⊂ M \ (T_{(i)} ∪ A_i). This is also impossible because M \ (T_{(i)} ∪ A_i) has meridional slope −r < 0, and the existence of a torus with non negative slope contained in M \ (T_{(i)} ∪ A_i) would imply the existence of a vertical Legendrian curve with twisting number 0.

Case 2 Now we consider transitions which increase the division number. The main point here is to show that the surgery support can be assumed to be disjoint from the transition. Take convex vertical annuli A^′_i ⊂ N_i and A^{′′}_i ⊂ M \ N_i with common Legendrian boundary and call B_i = A^′_i ∪ A^{′′}_i ⊂ M \ T_{(i)} . By Proposition 5.2, A_i is contact isotopic to B_i and ξ|_{M\(T(i) ∪Ai)} is isotopic to ξ|_{M\(T(i)∪Bi)} . If we set A_{i+1} = A^{′′}_i ∪ A^′_i ⊂ M \ T_{(i+1)} , then A_i is contact isotopic to A_{i+1} . The solid torus obtained by rounding the edges of M \ (T_{(i)} ∪ B_i) has boundary slope −^1_{ki} for some positive integer k_i <^1_r and the solid torus obtained by rounding the edges of M \ (N_i ∪ A^{′′}_i ) has boundary slope −^1_k′_i ∈ [−^1_{ki} , −r) because M \ (T_{(i)} ∪ B_i) has meridional slope −r. In M \ (N_i ∪ A^{′′}_i ) there is a solid torus U_{i+1} such that −∂(M \ U_{i+1}) is a convex torus with slope 1 d_o+1 because 1 d_o+1 ∈ [− 1 k^′_i , −r). Applying Proposition 6.5 to M \(T(i) ∪Bi), we

conclude that ξ|_{Ui} is isotopic to ξ|_{Ui+1} because slope^1_{do+1} is a border between continued fraction blocks in M \ (T_{(i)} ∪ B_i), and no shuffling can occur between the signs of basic slices belonging to different continued fraction blocks. For the same reason ξ|_{M\(T(i)∪Ai∪Ui)} is isotopic to ξ|_{M\(T(i)∪Bi∪Ui+1)} , then we can conclude that ξ|_{M\Ui} is isotopic to ξ|_{M\Ui+1} .

Case 3 Transitions which decrease the division number can be handled in the same way as transitions which increase it, we need only to show that no transition can decrease div(T_{(i)}) below n_1 . Suppose that, on the contrary, div(T_{(i)}) = n_1 and div(T_{(i+1)}) = n_1 −1 and take convex vertical annuli A^′_i ⊂ N_i and A^{′′}_i ⊂ M \ N_i with common Legendrian boundary. The dividing set of B_i = A^′_i ∪ A^{′′}_i ⊂ M \ T_{(i)} has at least one boundary parallel dividing arc, but the same total number of dividing arcs as A_0 . This is a contradiction because, by Proposition 5.2 and the inductive hypothesis, the dividing set Γ_{Bi} on the torus B_i obtained by gluing the boundary components of B_i is isotopic to Γ_{A0} = Γ_{T2} and Γ_{A0} contains no boundary parallel dividing arcs.

It remains to prove that any convex torus T^{′′} isotopic to T_2 and intersecting T^′ in a Legendrian ruling curve of T^′ is contact isotopic to T_2 . The Legendrian curves T^′ ∩ A_n and T^′ ∩ T^{′′} are Legendrian isotopic because they are both Legendrian ruling curves of T^′ . Let φ_t : M → M be a contact isotopy extending

Algebraic & Geometric Topology, Volume 5 (2005) the Legendrian isotopy between T^′ ∩ T^{′′} and T^′ ∩ A_n , so that T^′ ∩ A_n = T^′ ∩φ_1(T^{′′}). By Proposition 5.2, A_n = A_n \T^′ is contact isotopic to φ_1(T^{′′})\T^′ , therefore the proof is finished because A_n is contact isotopic to T_2 .

Theorem 5.5 Let ξ_{(n,c1,c2,c3)} and ξ_{(n}′_{,c}′_{1,c}′_{2,c}′_{3)} be tight contact structures over T^3 with c_3 ≠ 0 and c^′_3 ≠ 0. Then the tight contact structures ξ_{(n,c1,c2,c3)}(η) and ξ_{(n}′_{,c}′_{1,c}′_{2,c}′_{3)}(η^′) over M(0, r) constructed by negative contact surgery are isotopic if and only if n = n^′ , (c_1, c_2, c_3) = ±(c^′_1, c^′_2, c^′_3) and η is isotopic to η^′ .

Proof Suppose ξ_{(n,c1,c2,c3)}(η) is isotopic to ξ_{(n}′_{,c}′_{1,c}′_{2,c}′_{3)}(η^′) and call it ξ . Because of the presentation of ξ as ξ_{(n,c1,c2,c3)}(η), in M = M(0, r) we find a solid torus V ⊂ M so that −∂(M \ V ) is convex with slope^1_t = −^1_{|nc3|} , ξ|_V = η and M \ V can be contact embedded in (T^3, ξ_{(n,c1,c2,c3)}) as the complement of a vertical Legendrian curve. In M \ V we choose tori T_1 and T_2 with slope s(T_i) =^{ci}_{c3} and division number div(T_i) = n(c_i, c_3) respectively intersecting along a common vertical Legendrian ruling curve. See the proof of Proposition 4.5 for details. Similarly, because of the the presentation of ξ as ξ_{(n}′_{,c}′_{1,c}′_{2,c}′_{3)}(η^′), in M = M(0, r) we find tori T^′_1 and T^′_2 with slope s(T^′_i ) =^{c′i}_c′_3 and division number div(T^′_i ) = n^′(c^′_i, c^′_3) respectively and a solid torus V^′ ⊂ M \ (T^′_1 ∪ T^′_2) such that −∂(M \ V^′) is convex with slope^1_{t′} = −^1_{|n′c′3|} and ξ|^′_V = η^′ .

Proposition 5.4, implies that Γ_{Ti} is isotopic to Γ_T ′_i for i = 1, 2, therefore n = n^′ and (c_1, c_2, c_3) = ±(c^′_1, c^′_2, c^′_3). Applying Proposition 5.4 to the first cut, and Proposition 5.2 to the second one, we prove that η ∼= ξ|_{M\(T1 ∪T2)} is isotopic to η^′ ∼= ξ|_{M\(T} ′_{1∪T} ′_{2)} , thus concluding the proof.

5.2 Tight contact structures with t = 0

The aim of this section is the classification of the tight contact structures on M(e_0, r) constructed by negative contact surgery on a vertical Legendrian curve in a tight, S^1 –invariant contact structure on T (e_0).

Given two multicurves Γ and Γ^′ on a surface Σ, we say that they are diffeomorphic if there exists a diffeomorphism ϕ: Σ → Σ such that ϕ|_{∂Σ} = id, and ϕ(Γ) = Γ^′ . If we consider Γ and Γ^′ as abstract dividing sets, we require in addition that ϕ maps positive regions to positive regions and negative regions to negative regions.

Let Σ_0 be a pair of pants with ∂Σ_0 = C_0 ∪ C_1 ∪ C_2 , and let Γ_{Σ0} be an abstract dividing set on Σ_0 with #Γ_{Σ0} ∩ C_i ≠ ∅ for i = 0, 1, 2. If #Γ_{Σ0} ∩ C_2 = 2,

Algebraic & Geometric Topology, Volume 5 (2005) there is a canonical way up to isotopy to extend Γ_{Σ0} to an abstract dividing set in A = S^1 × I , namely by gluing a disc D to C_2 along the boundary and joining the endpoints of Γ_{Σ0} on ∂Σ_0 with an arc contained in D. We will call the extension Γ_A , and will denote by ξ_{ΓA} the contact structure on T^2 × I which is S^1 –invariant over Γ_A . The contact manifold (M^′, ξ_{ΓΣ0} (η)) obtained by negative contact surgery on a vertical Legendrian curve with twisting number 0 in (T^2×I, ξ_{ΓA} ) is tight if and only if Γ_A is tight. In fact, if Γ_A is a tight abstract dividing set, we can take a tight abstract dividing set Γ_T 2 on T^2 together with an embedding ι: A → T^2 so that ι(Γ_A) = Γ_T 2 ∩ ι(A). By Giroux Tightness Criterion [22], Lemma 4.2, (T^3, ξ_{ΓT 2} ) is universally tight, therefore it is also symplectically fillable by Theorem 3.14. Since (T^2 × I, ξ_{ΓA} ) contact embed into (T^3, ξ_{ΓT 2} ), then (M^′, ξ_{ΓΣ0} (η)) is tight because it can be embedded into a contact manifold obtained by negative contact surgery on (T^3, ξ_{ΓT 2} ).

On the contrary, if Γ_A is overtwisted, then Γ_{Σ0} contains either a homotopically trivial closed curve, or a boundary parallel dividing arcs with endpoints on C_2 . Then (M^′, ξ_{Σ0} (η)) is overtwisted by the same argument as in the proof of Proposition 4.13 because #Γ_{Σ0} > 1.

Lemma 5.6 Let Γ_{Σ0} and Γ^′_{Σ0} be abstract dividing sets on the pair of pants Σ_0 such that their completions Γ_A and Γ^′_A are tight, and let ^Γ_A , ^Γ^′_A be obtained from Γ_A , Γ^′_A by throwing away every pair of closed curves bounding an annulus. If ξ_{ΓΣ0} (η) is isotopic to ξ_Γ′_{Σ0} (η^′), then ^Γ_A is diffeomorphic to ^Γ^′_A (as abstract dividing sets) and η is isotopic to η^′ .

Proof Let ξ_{ΓΣ0} (η) and ξ_Γ′_{Σ0} (η) be isotopic tight contact structures. By definition there exist neighbourhoods V and V^′ of the singular fibre and sections σ : Σ_0 → M^′ \ V and σ^′ : Σ_0 → M^′ \ V^′ coinciding on a neighbourhood of ∂Σ_0 such that:

(1) −∂(M \ V ) and −∂(M \ V^′) have infinite boundary slope. (2) ξ_{ΓΣ0} (η)|_V is isotopic to η. (3) ξ_Γ′_{Σ0} (η^′)|_V ′ is isotopic to η^′ .

(4) σ(Σ_0) and σ^′(Σ_0) are convex with Legendrian boundary, Γ_{σ(Σ0)} = Γ_{Σ0} and Γ_σ′_{(Σ0)} = Γ^′_{Σ0} .

If we glue a S^1 –invariant tight contact structure on T^2 ×I to either component of ∂M^′ , the result is tight if and only if Γ_A (respectively Γ^′_A ) glued to the dividing set on a convex horizontal annulus in T^2 × I produces no homotopically

Algebraic & Geometric Topology, Volume 5 (2005) trivial curves. We will exploit this fact to prove the lemma using a technique called Template Attaching, first introduced by Honda in [22], section 5.3.2. In the following we will call elementary template a thickened torus T^2 × I carrying a tight contact structure which is S^1 –invariant over a horizontal annulus with only one boundary parallel dividing arc and 2(n − 1) dividing arcs with endpoints on different boundary components.

The set ∂Γ_A = ∂Γ^′_A consists of a finite collection of points with cardinality 2(#^Γ_A) = 2(#^Γ^′_A). Given two points p, q ∈ ∂Γ_A (respectively ∂Γ^′_A ) joined by an arc in the dividing set, we denote by (p, q) the arc in Γ_A (respectively Γ^′_A ) joining them. We partition ∂Γ_A in the two subsets ∂Γ_A ∩ C_0 = {p_0, . . . , p_n} and ∂Γ_A ∩ C_1 = {p^′_0, . . . , p^′_m} and put a cyclic order on them. We work by induction on the number of dividing arcs in Γ_A with both endpoints on the same boundary component. The base step is when there are no such curves, or when #^Γ_A = 2. In the first case, Γ_A coincides with ^Γ_A , and defines an order preserving bijection {p_0, . . . , p_n} → {p^′_0, . . . , p^′_n}, which determines it up to diffeomorphism. We claim that Γ^′_A has no boundary parallel dividing arcs either and induces the same bijection as Γ_A .

If ^Γ_A contains no boundary parallel dividing arcs, then no single elementary template attaching produces a homotopically trivial closed curve. Suppose Γ^′_A contains a boundary parallel arc (p_i, p_{i+1}). Then the attachment of an elementary template such that p_i and p_{i+1} are the endpoints of the boundary parallel dividing arc in its horizontal annulus produces an overtwisted disc, giving a contradiction. See Figure 5.1 case (b).

PSfrag replacements

Figure 5.1: The attaching of an elementary template: Cases (a) and (c) preserve tightness, cases (b) produces an overtwisted disc.

Let T_0 and T_1 be the two components of ∂M^′ . If we attach elementary templates to T_0 and T_1 such that {p_0, p_1} and {p^′_i, p^′_{i+1}} are the endpoints of the

Algebraic & Geometric Topology, Volume 5 (2005) boundary parallel dividing arcs, then the only case in which we get an overtwisted disc is when there are dividing arcs (p_0, p^′_i) and (p_1, p^′_{i+1}). This must be true for both Γ_A and Γ^′_A , therefore the two dividing sets are isomorphic.

When #^Γ_A = 2, we have to distinguish the cases when Γ_A consists of two non boundary parallel dividing arcs, or when it consists of one boundary parallel dividing arc on each side and a number of closed curves. In the first case, (M^′, ξ_{ΓΣ0} (η)) remains tight after gluing S^1 –invariant tight contact structures with a boundary parallel dividing curve on its horizontal annulus in any possible way. In the second case some gluing produce an overtwisted disc. This forces ^Γ′_A to be diffeomorphic to ^Γ_A . We observe that template attaching cannot detect multiple closed curves in Γ_A and Γ^′_A . This is the reason why we work with ^Γ instead of with Γ.

Now we suppose the lemma true when Γ_A has k − 1 arcs with endpoints on the same boundary component. Let Γ_A have k of such arcs, and suppose that (p_i, p_{i+1}) is one of them. If we glue an elementary template to (M^′, ξ_{ΓΣ0} (η)) so that the boundary parallel dividing arc in its horizontal annulus matches with (p_i, p_{i+1}) to give a closed homotopically trivial curve, we produce an overtwisted disc. This fact implies that (p_i, p_{i+1}) is also a boundary parallel dividing arc in Γ^′_A .

After slightly perturbing ξ_{ΓΣ0} (η) and ξ_Γ′_{Σ0} (η^′), for both contact structures A contains a bypass along ∂M^′ corresponding to the boundary parallel dividing arc (p_i, p_{i+1}). After attaching these bypasses to ∂M^′ , and removing the collars of ∂M in which the bypass attachment takes place, we obtain manifolds M^′_1 , M^′_2 with tight contact structures ξ_{ΓΣ0} (η))|_M ′_1 = ξ_{ΓΣ0 \(pi,pi+1)}(η) and ξ_Γ′_{Σ0} (η^′))|_M ′_2 = ξ_Γ′_{Σ0 \(pi,pi+1)}(η^′). If we prove that ξ_{ΓΣ0 \(pi,pi+1)}(η) is isotopic to ξ_Γ′_{Σ0 \(pi,pi+1)}(η^′) we can use the inductive hypothesis to conclude that ^Γ_A \ (p_i, p_i + 1) is diffeomorphic to ^Γ′_A \ (p_i, p_i + 1). From this it follows that ^Γ_A is diffeomorphic to ^Γ′_A .

To prove that ξ_{ΓΣ0 \(pi,pi+1)}(η) is isotopic to ξ_Γ′_{Σ0 \(pi,pi+1)}(η^′), we glue an elementary template to M^′ so that the boundary parallel dividing arc on its horizontal annulus joins p_{i+1} to p_{i+2} . The resulting contact manifold M^{′′} is tight and both M^{′′} \ M^′_1 and M^{′′} \ M^′_2 are contactomorphic to I –invariant thickened tori. See Figure 5.1 case (c).

If M decomposes as (M \ V ) ∪ V , consider the inclusions ι_V : V → M and ι_{M\V} : M \ V → M . From the obstruction theoretical definition of the Euler class it is immediate that (ι_V )_∗P D(e(ξ|_V , s)) + (ι_{M\V} )_∗P D(e(ξ|_{M\V} , s) = P De(ξ)

Algebraic & Geometric Topology, Volume 5 (2005) for any section s of ξ on ∂V . If ξ_{ΓΣ0} (η) and ξ_{ΓΣ0} (η^′) are isotopic, then e(ξ_{ΓΣ0} (η)) = e(ξ_{ΓΣ0} (η^′)). Moreover, ξ_{ΓΣ0} (η)|_{M\V} = ξ_{ΓΣ0} (η^′)|_{M\V} = ξ_{ΓΣ0} , then

(ι_{M\V} )_∗P D(e(ξ_{ΓΣ0} (η)|_{M\V} , s)) = (ι_{M\V} )_∗P D(e(ξ_{ΓΣ0} (η^′)|_{M\V} , s)).

By difference, (ι_V )_∗P D(η, s) = (ι_V )_∗P D(η^′, s), therefore e(η, s) = e(η^′, s) because (ι_V )_∗ is injective. By [22], Proposition 4.23, this proves that (D^2 × S^1, η) and (D^2 × S^1, η) are isotopic

Given (M, ξ), and a neighbourhood V of the singular fibre F such that −∂(M \ V ) is a standard torus with infinite slope, we can modify the Seifert fibration π : M → T^2 by an isotopy so that M \ V fibres onto T^2 \ D = Σ, where D is an embedded disc. Let σ : Σ → M \ V be a section such that σ(Σ) is convex with Legendrian boundary and #Γ–minimising in its isotopy class. With an abuse of notation, we will denote σ(Σ) simply by Σ, and its dividing set by Γ_Σ . We will denote by Γ the extension of Γ_Σ to T^2 obtained by joining the endpoints of Γ_Σ with an arc in D.

Proposition 5.7 Let γ ⊂ T^2 be a homotopically nontrivial simple closed curve disjoint from the image of the singular fibre, and let T_γ be the family of convex or pre-Lagrangian tori in (M(e_0, r), ξ_{ΓΣ} (η)) isotopic to π^{−1}(γ). If we define the division number of a pre-Lagrangian torus to be zero, then the equality min_{T ∈Tγ} div(T ) = 1 2 |γ ∩ Γ| holds.

Remark We say that a convex vertical torus T in M(e_0, r) has infinite slope if its dividing set is isotopic in M(e_0, r) to regular fibres, otherwise we say that T has finite slope. In general we cannot give a well-defined value to the slope of T when it is finite.

Lemma 5.8 T_γ contains a pre-Lagrangian torus if and only if it contains a convex torus which does not have infinite slope.

Proof Suppose there is a pre-Lagrangian torus T ∈ T_γ : then after a suitable choice of coordinates (x, y, z) in a neighbourhood of T so that T = {y = 0}, the contact structure has equation dz − y dx in a neighbourhood of T . This local model shows that for some small ϵ ≠ 0, the torus T_ϵ is pre-Lagrangian and has rational slope different from the slope of T . Then we perturb T_ϵ and obtain a convex torus T^′ with finite slope by Lemma 3.4.

Algebraic & Geometric Topology, Volume 5 (2005)

Suppose that T ∈ T_γ contains a convex torus T with finite slope. First, we show that T ∈ T_γ also contains a convex torus T^′ with infinite slope. In fact, by hypothesis there is a vertical Legendrian curve L ⊂ M with twisting number 0, hence we obtain a convex torus with infinite slope by first isotoping T so that it becomes a convex torus T^′ with vertical ruling disjoint from L. Then, if T^′ has not infinite slope already, by attaching the bypasses along T^′ coming from a convex annulus between L and a Legendrian ruling curve of T^′ . This operation produces a convex torus T^{′′} parallel to T with infinite slope. Once we have a convex torus with finite slope T and a convex torus with infinite slope T^{′′} , we can suppose by isotopy discretisation that they are disjoint, so they bound a tight thickened torus with different boundary slopes. By [22], Corollary 4.8, such thickened torus contains a pre-Lagrangian torus.

Proof of Proposition 5.7 Take a curve γ^′ ⊂ T^2 \ D = Σ isotopic to γ which realises the minimum of the intersection with the dividing set Γ. We can identify γ^′ with its image under the section σ and make it Legendrian. Since (M \ V, ξ|_{M\V} ) ∼= (Σ × S^1, ξ_{ΓΣ} ) is S^1 –invariant, T_0 = π^{−1}(γ^′) is a standard torus with division number^1_2 |γ ∩ Γ| if γ^′ ∩ Γ ≠ ∅, or a pre-Lagrangian torus if γ^′ ∩ Γ = ∅, therefore min_{T ∈Tγ} div(T ) ≤ 1 2 |γ ∩ Γ|. Suppose by contradiction that there exists a convex torus T_1 ∈ T_γ with either div(T_1) <^1_2 |γ ∩ Γ| and |γ ∩ Γ| > 2, or with slope different from infinity and |γ ∩ Γ| = 2. By Isotopy Discretisation [25], Lemma 3.10, we can find a finite family of disjoint convex tori T_0 = T^{(0)}, . . . , T^{(n)} = T_1 such that, for any i = 0, . . . , n − 1, T^{(i+1)} is obtained from T^{(i)} by the attachment of a single bypass. In particular, they bound a layer N_i diffeomorphic to T^2 × I . If T^{(n)} = T_1 has finite slope, we can assume that it is the first torus in the family with that property.

For any i such that T^{(i)} has infinite slope there is a Seifert fibration π_i : M \ T^{(i)} → S^1 × I with one singular fibre, a neighbourhood V_i ⊂ M \ N_i of the singular fibre such that −∂(M \ V_i) has infinite slope, and a collar C_i = π_i(N_i) of a boundary component of Σ_0 such that π_i|_{Ni} : N_i → C_i π_i|_{M\(Ni∪Vi)} : M \ (N_i ∪ V_i) → Σ_0 \ C_i are S^1 –bundles. We choose sections σ_i : Σ_0 → M \ (T^{(i)} ∪ V_i) so that:

(1) σ_i(Σ_0) is a convex #Γ–minimising surface with Legendrian boundary denoted by Σ_{(i)} .

Algebraic & Geometric Topology, Volume 5 (2005)

(2) Σ_{(i)} ∩ T^{(i+1)} is a Legendrian curve. (3) σ_i extends to a section σ_i : Σ → M \ V_i . (4) σ_0 = σ.

Define Σ_{(i)} = σ_i(Σ) and identify Γ_{Σ(i)} with a multicurve on Σ using π_i .

We claim that, for any i, Γ_{Σ(i)} differs from Γ_Σ by a number of curves isotopic to γ or by Dehn twists around γ . The proof is by induction on i. If i = 0 the claim is true because Σ = Σ_{(0)} . Now suppose the claim true for a fixed i. Let σ^′_{i+1} : Σ_0 → M \ (V_i ∪ T^{(i+1)}) be the section which extends to the section σ_i : Σ → M \ V_i . We denote σ^′_{i+1}(Σ_0) by Σ^′_{i+1} and σ^′_{i+1}(Σ) by Σ^′_{i+1} . By properties (1) and (2) of σ_i , Σ^′_{i+1} is a convex #Γ–minimising surface with Legendrian boundary, then by [23], Lemma 4.1 the S^1 –invariant contact manifolds (M \ (T_{(i+1)} ∪ V_i), ξ|_{M\(T(i+1)∪Vi)}) and (Σ_0 × S^1, ξ_{ΓΣ′i+1} ) are contactomorphic. Analogously, (M \(T_{(i+1)} ∪V_{i+1}), ξ|_{M\(T(i+1) ∪Vi+1)}) is contactomorphic to (Σ_0 × S^1, ξ_{ΓΣi+1} ). These contactomorphisms give presentations of (M \ T_{(i+1)}, ξ|_{M\T(i+1)} ) as negative contact surgery on (T^2 × I, ξ_{ΓΣ′i+1} ) and (T^2 × I, ξ_{ΓΣi+1} ) respectively, therefore by Lemma 5.6, ^Γ_{Σi+1} is diffeomorphic to ^Γ_Σ′_{i+1} . By construction, Γ_{Σi} and Γ_Σ′_{i+1} extend to the same multicurve Γ_{Σi} on Σ, so the claim is proved.

Suppose now that T_1 has infinite slope and div(T_1) < div(T_0): then the geometric intersection |γ ∩ Γ_{Σ(n)} | is lesser than the the geometric intersection |γ ∩ Γ_{Σ(0)} | = |γ ∩ Γ|. This is a contradiction because, by the claim, Γ_{Σ(0)} and Γ_{Σ(n)} differ only by Dehn twists along γ or by the number of curves isotopic to γ . If the slope of T_1 is not infinity, attaching the bypasses coming from a vertical annulus A ⊂ M \ N_{n−1} between T_{(n)} and T_{(n−1)} we find a layer N_n ∼= T^2 × I so that N = N_{n−1} ∪ N_n has minimal boundary and infinite boundary slopes. N is rotative because it has infinite boundary slopes, but T_{(n)} ⊂ N has finite slope, so by [22], Lemma 5.7, the dividing set of a #Γ–minimising section of N contains no arcs with endpoints on different boundary components. We can complete the section in N to a section Σ^′_{(n−1)} = σ^′_{n−1}(Σ_0) which has no dividing arcs with endpoints on different boundary components. By Lemma 5.6, ^Γ_Σ′_{(n−1)} is isomorphic to ^Γ_{Σ(n−1)} and by the claim ^Γ_{Σ(n−1)} glues to the same dividing set on T^2 as ^Γ_{Σ(0)} . This is a contradiction because ^Γ_Σ′_{(n−1)} has a curve isotopic to γ and ^Γ_{Σ(0)} does not.

Algebraic & Geometric Topology, Volume 5 (2005)

Theorem 5.9 Let Γ_Σ and Γ^′_Σ be two tight abstract dividing sets on the punctured torus Σ such that #Γ_Σ ∩∂Σ = #Γ^′_Σ ∩∂Σ = 2 and without boundary parallel dividing arcs. Denote by Γ and Γ^′ their completion. The tight contact structures ξ_{ΓΣ} (η) and ξ_Γ′_Σ (η^′) on M(e_0, r) are isotopic if and only if Γ is isotopic to Γ^′ , and η is isotopic to η^′ .

Proof If Γ is isotopic to Γ^′ and η is isotopic to η^′ , then ξ_{ΓΣ} (η) is isotopic to ξ_Γ′_Σ (η^′) by Proposition 4.16.

Let now ξ_{ΓΣ} (η) and ξ_Γ′_Σ (η^′) be isotopic tight contact structures. By Proposition 5.7 for any simple closed curve γ ⊂ T^2 we have |γ ∩ Γ| = |γ ∩ Γ^′|, therefore Γ_Σ is isotopic to Γ^′_Σ . Suppose now that there are tight contact structures η_0 and η_1 on D^2 × S^1 such that ξ_{ΓΣ} (η) is isotopic to ξ_{ΓΣ} (η^′): then there exist isotopic convex vertical tori with infinite slope T_0 , T_1 ⊂ M , and, for i = 0, 1, Seifert fibrations π_i : M \ T_i → S^1 × I , and neighbourhoods V_i of the singular fibre such that ξ|_{Vi} ∼= η_i .

By isotopy discretisation [25], Lemma 3.10, there is a finite sequence of convex tori with infinite slope T_0 = T^{(0)}, . . . , T^{(n)} = T_1 such that, for i = 0, . . . , n − 1, T^{(i)} and T^{(i+1)} bound N_i diffeomorphic to T^2 × I . For any i, we can modify the Seifert fibration on M so that the singular fibre is contained in M \ N_i , and find a neighbourhood of the singular fibre V^′_i contained in M \ N_i . By Lemma 5.6 applied to M \ T^{(0)} , η_0 = ξ|_{V0} is isotopic to ξ|_V ′_0 , by Lemma 5.6 applied to M \ T^{(i)} , ξ|_V ′_i is isotopic to ξ|_V ′_{i+1} , and by Lemma 5.6 applied to M \ T^{(n)} , ξ|_V ′_n is isotopic to ξ|_{V1} ∼= η_1 .

6 Exceptional tight contact structures

In this section we prove tightness for the candidate tight contact structures with #Γ = 1. The proof of tightness for this class of contact structures uses a purely topological and three dimensional technique known as state traversal, introduced by Honda in [23].

6.1 State traversal

Let (M, ξ) be a contact manifold and W ⊂ M be a properly embedded incompressible surface. We will assume W is convex. The contact manifold (M \ W, ξ|_{M\W} ) will be called a state, and the surface W a wall. In general both W and M \ W could be disconnected. A state is said tight if ξ|_{M\W} is

Algebraic & Geometric Topology, Volume 5 (2005) tight. The boundary of M \ W consists of two copies of W : W_+ and W_− . A state transition consists of detaching a collar of W_− and attaching it to W_+ , or vice versa, so that Γ_W is changed by a bypass attachment. We observe that a state transition corresponds to moving W inside M by an isotopy.

Theorem 6.1 ([23], section 2.3.1 or [25], Theorem 3.5) If the initial state (M \ W, ξ|_{M\W} ) is tight, and all the states reached from it in a finite number of state transitions are also tight, then the contact manifold (M, ξ) is tight.

The set of states that can be reached from the initial state in a finite number of bypass attachments is a complete isotopy invariant of ξ in the following sense.

Theorem 6.2 (Corollary of [25], Theorem 3.1) Let ξ_1 and ξ_2 be two tight contact structures on M , and let W ⊂ M be a properly embedded incompressible convex surface. Let C(ξ_i) be the set of isotopy classes relative to the boundary of all the states reached from the initial state (M \ W, ξ|_{M\W} ) in a finite number of state transitions. Then ξ_1 is isotopic to ξ_2 if and only if C(ξ_1) = C(ξ_2).

Let Γ_Σ be an abstract dividing set on the one–punctured torus Σ with #Γ_Σ = 1. In order to apply the state traversal to (M(e_0, r), ξ_{ΓΣ} (η)), we give an alternative description of this contact structure. By ξ_l , with l = 2 or l = −2, we denote the tight contact structure with infinite boundary slopes and twisting

π on T^2 × I such that ξ_l has relative Euler class e(ξ_l) = ( 0 l ) , (ξ^±_1 in the

notations of [22], Lemma 5.2) and by (M^′, ξ_l(η)) we denote the contact manifold obtained by contact (−^1_r )–surgery along a vertical Legendrian curve in (T^2 × I, ξ_l) with twisting number 0.

Lemma 6.3 After gluing T_1 to T_0 with the map ( 1 0 −e_0 1 ) , we obtain the

contact manifold (M(e_0, r), ξ_{ΓΣ} (η)) with #Γ_Σ = 1 and ⟨e(ξ_{ΓΣ} ), Σ⟩ = l.

Proof To prove that we obtain a contact structure isotopic to ξ_{ΓΣ} (η) it is enough to show that we obtain a contact manifold whose background is isotopic to the background of (M(e_0, r), ξ_{ΓΣ} (η)). We prove the isotopy between the backgrounds by showing that they induce isotopic dividing sets on convex #Γ– minimising sections of Σ × S^1 , see [23] Lemma 4.1.

The background of (M^′, ξ_l(η)) is the contact manifold (Σ_0 ×S^1, ξ_{ΓΣ0} ) where Σ_0 is a pair of pants and ξ_{ΓΣ0} is the tight contact structure which is S^1 –invariant

Algebraic & Geometric Topology, Volume 5 (2005)

PSfrag replacements

Figure 6.1: The dividing set Γ_{Σ0}

over the abstract dividing set described in Figure 6.1. Γ_{Σ0} consists of two arcs joining two boundary components of Σ_0 and a boundary parallel arc with both end-points on the third component of ∂Σ_0 .

Consider a #Γ–minimising section Σ^′_0 of Σ_0 × S^1 so that, after gluing two boundary components of Σ_0 × S^1 as prescribed by the statement, we obtain a section Σ^′ of Σ × S^1 . By [23] Lemma 4.5 Γ_Σ′_0 is isotopic to Γ_{Σ0} , therefore Γ_Σ′ is isotopic to Γ_Σ .

For the rest of the section we fix the notation M = M(e_0, r) and ξ = ξ_l(η) = ξ_{ΓΣ} (η).

Lemma 6.4 Let W_0, W_1 ⊂ (M, ξ) be vertical incompressible disjoint convex tori with finite slopes and let N ⊂ M be the thickened torus bounded by W_0 and W_1 . If ∂(M \ N) = W_1 − W_0 , the slope of W_1 is s_1 =^p_q , and the slope of W_0 is s_0 ≤^p_q − e_0 , then there is a vertical Legendrian curve L ⊂ M \ N with twisting number tb(L) = 0.

Proof Take a properly embedded convex vertical annulus with Legendrian boundary A ⊂ (M \N) and attach all the possible bypasses it carries to W_0 and W_1 . If in the process we get a torus with infinite slope we are done, otherwise we end with two convex tori W^′_0 and W^′_1 parallel to W_0 and W_1 respectively with slopes s^′_0 ≤ s_0 ≤^p_q − e_0 and s^′_1 ≥^p_q , and such that the vertical annulus A^′

Algebraic & Geometric Topology, Volume 5 (2005) between W^′_i and W^′_{i+1} carries no bypasses. Let N^′ be the layer diffeomorphic to T^2 × I between W^′_0 and W^′_1 . If we cut M \ N^′ along A^′ and round the edges, we get a solid torus with boundary slope s ≥ s^′_1 − s^′_0 − 1 ≥ 0. On the other hand, if we make the singular fibre F Legendrian with very low twisting number n, and remove a standard neighbourhood νF , we get slope^{−nβ−β′}_{nα+α′} on −∂(M^′ \ νF ). Taking the limit for n going to infinity, we see that this slope is negative for n small enough, therefore, by [22], Proposition 4.16, there is an intermediate torus in M \ (N^′ ∪ A^′ ∪ νF ) with infinite slope.

If W ⊂ (M, ξ) is a vertical incompressible convex torus with finite slope, applying Lemma 6.4 with W_0 = W_1 = W , we find a vertical Legendrian curve L with twisting number zero in M \ W . Attaching the bypasses coming from L to W on either sides, we can engulf W in a rotative T^2 × [−1, 1] with infinite boundary slopes such that W = T^2 × {0}. By [24], Theorem 2.2, we need to consider only transitions between states with minimal boundary, provided that the walls can be engulfed into rotative thickened tori. In the present situation, we have to consider transitions between states with finite boundary slope and minimal boundary, or between states with infinite boundary slopes.

6.2 Analysis of the states

Before performing the state traversal we analyse the possible states. We observe that the Seifert fibration on M can be isotoped so that W becomes a fibred torus. Consequently there is an induced Seifert fibration on M \ W ∼= M^′ . Let ζ^′_l be the minimally twisting tight contact structure on T^2 × [0,^1_2 ] with boundary slopes s_0 =^p_q − e_0 , s 1_2 = ∞, minimal boundary and relative Euler

class ± ( −q −1 − p + e_0q ) . Let ζ^{′′}_l be the minimally twisting tight contact

structure on T^2 × [^1_2 , 1] with boundary slopes s 1_2 = ∞, s_1 =^p_q , minimal

boundary and relative Euler class ± ( q 1 + p ) . Here the signs of the relative

Euler classes are chosen accordingly to the sign of l. All the basic slices in the decomposition of ζ^′_l and ζ^{′′}_l have the same sign. We denote by (M^{′′}, ζ^′_l (η)) the contact manifold constructed by contact (−^1_r )-surgery on a vertical Legendrian curve L with twisting number 0 in (T^2 × [0,^1_2 ], ζ^′_l ), and by (M^′, ξ^′_l(η)) the contact manifold obtained by gluing (T^2 × [^1_2 , 1], ζ^{′′}_{−l}) to (M^{′′}, ζ^′_l (η)). To the contact manifold (D^2 ×S^1, η) we associate the set of numerical invariants (r_0, . . . , r_k) defined as

r_i = #{positive basic slices in N_i} − #{negative basic slices in N_i}

Algebraic & Geometric Topology, Volume 5 (2005) where N_i is the (i + 1)–th continued fraction block in the basic slices decomposition of η. The classification of tight contact structures on solid tori [22, Theorem 2.3] implies the following proposition.

Proposition 6.5 For any slope s, let Γ_s denote the tight abstract dividing set on T^2 with slope s and #Γ_s = 2. Then the number of continued fraction blocks and the slopes of the borders between continued fraction blocks of any tight contact structure η ∈ Tight(D^2 × S^1, Γ_s) depend only on s and are independent of η. Moreover, the map Tight(D^2 × S^1, Γ_s) → Z^{n+1} given by η → (r_0, . . . , r_k) is injective.

If Γ_s = A(r)^{−1}Γ_∞ , then the number of continued fraction blocks of η ∈ Tight(D^2 × S^1, Γ_s) is equal to the number of the coefficient in the continued fraction expansion −^1_r = [d_0, . . . , d_n], moreover |r_0| ≤ |d_0|, and |r_i| ≤ |d_i| − 1 for i > 0. To classify the contact manifolds (M^′, ξ^′_l(η)) we need the following lemmas.

Lemma 6.6 Let (T^2 × [0,^1_2 ], ζ^′_l ) be a basic slice with boundary slopes −n and ∞, and let (T^2 × [^1_2 , 1], ζ^{′′}_{−l}) be a basic slice with boundary slopes ∞ and 1 with opposite sign. We call (T^2 × [0, 1] \ V, ξ^′_l) the contact manifold obtained from (T^2 × [0,^1_2 ], ζ^′_l ) ∪_T 2_{×{} 1_{2 }} (T^2 × [^1_2 , 1], ζ^{′′}_{−l}) by removing a standard neighbourhood V of a vertical Legendrian divide of T^2 ×{^1_2 }. Then (T^2 ×[0, 1]\ V, ξ^′_l) is isomorphic to (T^2 × [0,^1_2 ] \ U, ζ^′_l |_T 2_{×[0,} 1_{2 ]\U} ), where U is a standard neighbourhood of a vertical Legendrian ruling curve of a standard torus parallel to T^2 × {0} and contained in its invariant neighbourhood.

Proof Up to isotopy we can assume that T^2 × [^1_2 − ϵ,^1_2 + ϵ] is an invariant neighbourhood of T^2 × {^1_2 } in (T^2 × [0,^1_2 ], ζ^′_l ) ∪ (T^2 × [^1_2 , 1], ζ^{′′}_{−l}), and that V is contained in it. Clearly ξ^′_l|_T 2_{×[0,} 1_{2 −ϵ]} is isomorphic to ζ^′_l and ξ^′_l|_T 2_{×[} 1_{2 +ϵ,1]} is isomorphic to ζ^{′′}_{−l} . By [23, Lemma 4.1] ξ^′_l|_T 2_{×[} 1_{2 −ϵ,} 1_{2 +ϵ]\V} is S^1 –invariant, and the dividing set of a convex #Γ–minimising horizontal section Σ with Legendrian boundary is as in Figure 6.2.

We decompose (T^2 × [0,^1_2 ] \ U, ζ^′_l |_T 2_{×[0,} 1_{2 ]\U} ) into three pieces which are isomorphic to (T^2 × [0,^1_2 − ϵ], ξ^′_l|_T 2_{×[0,} 1_{2 −ϵ]}), (T^2 × [^1_2 + ϵ, 1], ξ^′_l|_T 2_{×[} 1_{2 +ϵ,1]}), and (T^2×[^1_2 −ϵ,^1_2 +ϵ]\V, ξ^′_l|_T 2_{×[} 1_{2 −ϵ,} 1_{2 +ϵ]\V} ) respectively. Thicken U ∈ (T^2×[0,^1_2 ], ζ^′_l ) to U^′ by attaching the bypasses coming from a vertical annulus between a Legendrian ruling curve of ∂U and a Legendrian divide of T^2 × {^1_2 } so that ∂U^′ has infinite slope. In a similar way find a collar C of T^2 × {0} in

Algebraic & Geometric Topology, Volume 5 (2005)

Figure 6.2: The dividing set on Σ and Σ^′

(T^2 × [0,^1_2 ] \ U^′, ζ^′_l |_T 2_{×[0,} 1_{2 ]\U} ′ ) so that C has boundary slopes −n and ∞. The isomorphism between (T^2 × [0, 1] \ V, ξ^′_l) and (T^2 × [0,^1_2 ] \ U, ζ^′_l |_T 2_{×[0,} 1_{2 ]\U} ) identifies T^2 × [0,^1_2 − ϵ] to C , T^2 × [^1_2 − ϵ,^1_2 + ϵ] \ V to T^2 × [0,^1_2 ] \ (U^′ ∪ C), and T^2 × [^1_2 + ϵ, 1] to U^′ \ U .

(T^2 × [0,^1_2 ] \ (U^′ ∪ C), ζ^′_l |_T 2_{×[0,} 1_{2 ]\(U} ′_{∪C)}) has infinite boundary slopes, therefore by [23, Lemma 4.1] it is S^1 –invariant. Let Σ^′ be a convex #Γ–minimising horizontal section with Legendrian boundary. The dividing sets of Σ^′ cannot contain any boundary parallel dividing arc, otherwise such an arc would produce a bypass attached horizontally to T^2 × [0,^1_2 ] \ (U^′ ∪ C). The attachment of this bypass would give a convex torus with slope zero in (T^2 × [0,^1_2 ], ζ^′_l ), contradicting either tightness or minimal twisting. Thus the dividing sets of Σ^′ is forced to be as in Figure 6.2, therefore (T^2 ×[0,^1_2 ]\(U^′ ∪C), ζ^′_l |_T 2_{×[0,} 1_{2 ]\(U} ′_{∪C)}) is isomorphic to (T^2 × [^1_2 − ϵ,^1_2 + ϵ] \ V, ξ^′_l|_T 2_{×[} 1_{2 −ϵ,} 1_{2 +ϵ]\V} ) by [23, Lemma 4.1] because they induce diffeomorphic dividing sets on the convex #Γ–minimising horizontal sections Σ and Σ^′ .

ζ^′_l |_C is isomorphic to ζ^′_l ∼= ξ^′_l|_T 2_{×[0,} 1_{2 −ϵ]} because their relative Euler classes have the same evaluation on a vertical annulus. In a similar way, the relative Euler class of ζ^′_l |_U ′_{\U} evaluates on a vertical annulus as the relative Euler class of ζ^′_l , therefore it evaluates as the opposite of the relative Euler class of ζ^{′′}_{−l} ∼= ξ^′_l|_T 2_{×[} 1_{2 +ϵ,1]} . The change of sign is due to the fact that, in evaluating the relative Euler class of ζ^′_l |_U ′_{\U} , the boundary component ∂U is oriented as T^2 × {0}, i. e. by the inward normal. On the other hand, the isomorphism maps ∂U to T^2 × {1}, which is oriented by the outward normal. This change of orientation on the boundary forces the orientation of the vertical annulus to change too, in order to keep the global orientation unchanged.

Algebraic & Geometric Topology, Volume 5 (2005)

The contact manifold (T^2 × [0,^1_2 ], ζ^′_l ) ∪ (T^2 × [^1_2 , 1], ζ^{′′}_{−l}) is overtwisted because it does not satisfy the conditions of the Gluing Theorem [22], Theorem 4.25. However, it become tight when we remove V , as Lemma 6.6 shows.

Lemma 6.7 Let (T^2 × [0, 1] \ V, ξ^′_l) be a contact manifold as in Lemma 6.6. Then there is a convex annulus A ⊂ T^2 × I \ V whose boundary consists of vertical Legendrian ruling curves of T^2 ×{0} and T^2 ×{1} such that its dividing set Γ_A has no boundary parallel dividing curves, and ξ^′_l|_T 2_{×I\(V ∪A)} is isotopic to ζ^′_l .

Proof The annulus A can be easily found in the contact manifold (T^2 × [0,^1_2 ], ζ^′_l ), which is isomorphic to (T^2 × [0, 1] \ V, ξ^′_l) by Lemma 6.6. It is a convex vertical annulus with Legendrian boundary between T^2 × {0} and ∂U contained in an invariant collar of T^2 ×{0}. The invariance of the collar implies that the annulus can carry no bypass.

Lemma 6.8 If e_0 ≥ 2, then (M^′, ξ^′_l(η)) is tight for any η and any l. If e_0 = 1, then (M^′, ξ^′_l(η)) is tight if and only if r_0 =^{ld0}_2 . Moreover, ξ^′_l′ (η^′) is isotopic to ξ^′_l(η) if and only if either l = l^′ and η is isotopic to η^′ or s_0 ∈ Z and

(1) l^′ = −l and r^′_0 = r_0 + l when e_0 = 2,

(2) l^′ = −l, r_0 = −r^′_0 and r^′_1 = r_1 + l when e_0 = 1.

Proof After acting, if necessary, on M^′ by a self-diffeomorphism supported outside the surgery and preserving the Seifert fibration, we can assume s_1 = p q ∈ (0, 1]. There is a unique universally tight contact structure on D^2 × S^1 with boundary slope −s_1 which can be glued to T^2 × [^1_2 , 1] along −T^2 × {1} with the identity map to give the tight contact structure with infinite boundary slope on T^2 ×[^1_2 , 1]∪D^2 ×S^1 ∼= D^2 ×S^1 . After filling T^2 ×{1} in (M^′, ξ^′_l(η)) in this way, we obtain a contact structure on D^2 × S^1 still denoted by ξ^′_l(η) which can be decomposed as (D^2 × S^1, ξ^′_l(η)) ∼= (T^2 × [0,^1_2 ], ζ^{′′}_l ) ∪_{A(r)} (D^2 × S^1, η).

We start studying tightness for this bigger contact manifold. Since both (T^2 × [0,^1_2 ], ζ^{′′}_l ) and (D^2 × S^1, η) are tight, the Gluing Theorem [22], Theorem 4.25, gives necessary and sufficient conditions for ξ_l(η) to be tight. The application of the Gluing Theorem for thickened tori to solid tori is possible because [22], Propositions 4.15, 4.17, and 4.18 give an identification between isotopy classes of tight contact structures on D^2 × S^1 and isotopy classes of tight minimally twisting contact structures on T^2 × I .

Algebraic & Geometric Topology, Volume 5 (2005)

Let^p_q − e_0 = s_0 > s 1_{2n} > . . . > s n−1_{2n} > s 1_2 = ∞ be the sequence of the boundary slopes of a minimal basic slices decomposition of (T^2 × [0,^1_2 ], ζ^′_l ), and let ∞ = s^′_{12} > s^′_{m−12m} > . . . > s^′_{12m} > s^′_0 be the sequence of the boundary slopes of a minimal basic slices decomposition of (D^2 × S^1, η) computed with respect to the basis of T^2 × [0,^1_2 ]. The contact structure ξ_l(η) is tight if and only if either s_0 > . . . > s n−1_{2n} > ∞ > s^′_{m−12m} > . . . > s^′_0 is the shortest sequence of slopes between s_0 and s^′_0 , or there exist s k_{2n} < ∞ < s^′_k′_{2m} joined by an edge in the Farey tessellation of H^2 such that the basic slices between them have all the same signs.

If^p_q − e_0 < 0, then the shortest sequence of slopes between s_0 and s^′_0 needs to go through ∞, because all the s i_{2n} are negative and all the s^′_{j2m} are positive, therefore (D^2×S^1, ξ^′_l(η)) is tight for any l and any η. If^p_q −e_0 = 0, which means p q = 1, and e_0 = 1, there is an edge in the Farey Tessellation joining 0 with −^1_{d0+1} , so ∞ is not a border between basic slices. In this case (D^2 × S^1, ξ^′_l(η)) is tight if and only if (T^2 × [0,^1_2 ], ζ^{′′}_l ) with boundary slopes s_0 = 0 and s_1 = ∞ glues with the first continued fraction block of η with boundary slopes s^′_{12} = ∞ and s^′_{m−d0−12m} = −^1_{d0+1} to give a basic slice. This happens if and only if l = 2 and r_0 = d_0 , or l = −2 and r_0 = −d_0 . When (D^2 ×S^1, ξ^′_l(η)) is not tight, then (M^′, ξ^′_l(η)) is not tight either, because Lemma 6.7 gives a contact embedding of (D^2 × S^1, ξ^′_l(η)) into (M^′, ξ^′_l(η)).

In order to determine whether (M^′, ξ^′_l(η)) is isotopic to (M^′, ξ^′_l′ (η^′)), we again study the problem in D^2 × S^1 first. In fact, if (M^′, ξ^′_l(η)) is isotopic to (M^′, ξ^′_l′ (η^′)), then (D^2 × S^1, ξ^′_l(η)) is isotopic to (D^2 × S^1, ξ^′_l′ (η^′)). We have three cases here: when ∞ is a border between continued fraction blocks, when ∞ is a border between basic slices but not between continued fraction blocks, and when ∞ is not a border between basic slices.

Case 1 When ∞ is a border between continued fraction blocks in the sequence s_0 > . . . > s n−1_{2n} > ∞ > s^′_{m−12m} > . . . > s^′_0 , it follows from the classification theorem for tight contact structures on solid tori that (D^2 ×S^1, ξ^′_l(η)) is isotopic to (D^2 × S^1, ξ^′_l′ (η^′)) if and only if l = l^′ , and η is isotopic to η^′ .

Case 2 The condition for ∞ to be a border between basic slices but not a border between continued fraction blocks in the minimal basic slices decomposition of (D^2 × S^1, ξ^′_l(η)) is that the slopes s n−1_{2n} and s^′_{m−12m} are represented by shortest integer vectors v_{−1}, v_0, v_1 such that (v_{−1}, v_0) and (v_0, v_1) are integer

Algebraic & Geometric Topology, Volume 5 (2005) bases, and | det(v_{−1}, v_1)| = 2. This condition is satisfied if and only if e_0 = 2 and^p_q = 1. In this case the basic slices belonging to the outermost continued fraction block of η, which has boundary slopes ∞ and −^1_{d0+1} , and the basic slice (T^2 ×[0,^1_2 ], ζ^{′′}_l ), with boundary slopes −1 and ∞ form a unique continued fraction block in (D^2 × S^1, ξ^′_l(η)), therefore their signs can be shuffled. The shuffle can occur in (M^′, ξ^′_l(η)) as well, because by Lemma 6.7 there is a contact embedding of (D^2 × S^1, ξ^′_l(η)) in (M^′, ξ^′_l(η)). We conclude that, when M^′ has boundary slopes −1 and 1, (M^′, ξ_l(η)) is isotopic to (M^′, ξ^′_l′ (η^′)) if and only if one of the following holds: either l = l^′ and η is isotopic to η^′ , or l^′ = −l and r^′_0 = r_0 + l.

Case 3 If e_0 = 1, s_1 =^p_q = 1 and ξ^′_l(η) is tight, then (T^2 × [0,^1_2 ], ζ^{′′}_l ) glues with the outermost continued fraction block of η to give a basic slice with boundary slopes 0 and −^1_{d0+1} . This basic slice forms a continued fraction block with the basic slices belonging to the second outermost continued fraction block in η, which has boundary slopes −^1_{d0+1} and −^{d1+1}_{d0d1−1} , therefore their signs can be shuffled. Again, by Lemma 6.7, the same result holds on M^′ , so we conclude that (M^′, ξ^′_l(η)) is isotopic to (M^′, ξ^′_l′ (η^′)), when M^′ has boundary slopes 0 and 1, if and only if one of the following holds: either l = l^′ and η is isotopic to η^′ , or l^′ = −l, r^′_0 = −r_0 , and r^′_1 = r_1 + l.

Now we analyse the states with infinite boundary slopes. Let A = S^1 × [0, 1] be an annulus and let Γ_A be a multicurve on A which closes to a homotopically trivial closed curve in T^2 if we identify S^1×{0} to S^1×{1}. Let (M^′, ξ_{ΓA} (η)) be the contact manifold obtained by contact (−^1_r )–surgery on a vertical Legendrian curve with twisting number 0 in (T^2 × I, ξ_{ΓA} ).

Lemma 6.9 Let Γ_A be an abstract dividing set on A = S^1 × I without homotopically trivial closed curves. Suppose that Γ_A closes to an abstract dividing set on T^2 consisting of a unique homotopically trivial closed curve if we identify S^1 × {0} and S^1 × {1}. If Γ^′_A is another multicurve on A and η^′ a tight contact structure on D^2 × S^1 such that (M^′, ξ_{ΓA} (η)) is isotopic to (M^′, ξ_Γ′_A (η^′)), then η is isotopic to η^′ and Γ_A is diffeomorphic to Γ^′_A .

Proof By Lemma 5.6, η is isotopic to η^′ and ^Γ_A is diffeomorphic to ^Γ^′_A . If Γ_A contains an arc with endpoints on different boundary components, then ^Γ_A = Γ_A and ^Γ′_A = Γ′_A , so we are done. If this is not the case, Γ_A consists of arcs with both endpoints on the same side, so ^Γ_A = Γ_A and Γ^′_A differs from Γ_A by a number of closed curves.

Algebraic & Geometric Topology, Volume 5 (2005)

We take a multicurve Γ_B on B = S^1 × [1, 2] consisting of arcs with both endpoints on the same side so that, after identifying S^1 × {0} with S^1 × {2}, Γ_A ∪ Γ_B closes to some homotopically nontrivial curves in T^2 . Then, gluing (T^2 × [1, 2], ξ_{ΓB} ) to (M^′, ξ_{ΓA} (η)) ∼= (M^′, ξ_Γ′_A (η^′)) yields a generic tight contact structure on M(e_0, r). By Theorem 5.9, the closure of Γ_A ∪ Γ_B is isotopic to the closure Γ^′_A ∪ Γ_B , in particular they have the same number of components. This implies that Γ_A and Γ^′_A contain the same number of closed curves, then Γ_A is diffeomorphic to Γ^′_A by Lemma 5.6.

6.3 Analysis of the transitions

Theorem 6.10 If e_0 ≥ 2, then (M(e_0, r), ξ_l(η)) is tight for any η and any l. If e_0 = 1, then (M(e_0, r), ξ_l(η)) is tight if and only if r_0 =^{ld0}_2 . Moreover, ξ_l′ (η^′) is isotopic to ξ_l(η) if and only if either l = l^′ and η is isotopic to η^′ , or

• l^′ = −l and r^′_0 = r_0 + l when e_0 = 2, • l^′ = −l, r^′_0 = −r_0 and r^′_1 = r_1 + l when e_0 = 1.

Proof Let W_0 ⊂ M be a convex incompressible vertical torus with infinite slope and #Γ_{W0} = 2 such that the initial state (M \ W_0, ξ_l(η)|_{M\W0} ) ∼= (M^′, ξ^′_{l0} (η_0)) is contactomorphic to (M^′, ξ^′_l(η)). If e_0 = 1 and r_0 ≠^{ld0}_2 , then there is a transition from W_0 to W_1 which brings us to a state (M \ W_1, ξ_l(η)|_{M\W1} ) ∼= (M^′, ξ^′_{l1} (η_1)) with boundary slopes 0 and 1 which is overtwisted by Lemma 6.8, therefore (M(e_0, r), ξ_l(η)) is overtwisted. In the rest of the proof we will suppose either e_0 > 1 or r_0 =^{ld0}_2 .

By induction, we assume we have reached a state (M \ W_i, ξ_l(η)|_{M\Wi} ) of one of the following kinds.

(1) (M \ W_i, ξ_l(η)|_{M\Wi} ) is contactomorphic to (M^′, ξ_{li} (η_i)) with boundary slopes^{pi}_{qi} − e_0 and^{pi}_{qi} . If e_0 > 2, then l_i = l and η_i is isotopic to η. If e_0 = 2, then, either l_i = l and η_i is isotopic to η, or l_i = −l and r^i_0 = r_0 + l. If e_0 = 1, then, either l_i = l and η_i is isotopic to η, or l_i = −l, r^i_0 = −r_0 and r^i_1 = r_1 +l. Here (r^i_0, . . . , r^i_n) denote the invariants determining η_i and (r_0, . . . , r_n) denote the invariants determining η.

(2) (M \ W_i, ξ_l(η)|_{M\Wi} ) is contactomorphic to the tight contact manifold (M^′, ξ_{ΓΣi} (η)) obtained by contact (−^1_r )–surgery on the S^1 –invariant contact manifold (T^2 × I, ξ_{ΓΣi} ). Here Γ_{Σi} is a multicurve on S^1 × I which closes to a multicuve Γ_{Σi} on T^2 consisting of a unique homotopically trivial closed curve if we identify S^1 × {0} to S^1 × {1}.

Algebraic & Geometric Topology, Volume 5 (2005)

We denote by χ_+(T^2 \ Γ_{Σi} ) the Euler characteristic of the positive region of T^2 \ Γ_{Σi} and by χ_−(T^2 \ Γ_{Σi} ) the Euler characteristic of the negative region of T^2 \ Γ_{Σi} . We have here three cases.

• If e_0 > 2, then χ_+(T^2 \ Γ_{Σi} ) − χ_−(T^2 \ Γ_{Σi} ) = l and η_i is isotopic to η.

• If e_0 = 2, then, either χ_+(T^2 \ Γ_{Σi} ) − χ_−(T^2 \ Γ_{Σi} ) = l and η_i is isotopic to η, or χ_+(T^2 \ Γ_{Σi} ) − χ_−(T^2 \ Γ_{Σi} ) = −l and r^i_0 = r_0 + l.

• If e_0 = 1, then, either χ_+(T^2 \ Γ_{Σi} ) − χ_−(T^2 \ Γ_{Σi} ) = l and η_i is isotopic to η, or χ_+(T^2 \ Γ_{Σi} ) − χ_−(T^2 \ Γ_{Σi} ) = −l, r^i_0 = −r_0 and r^i_1 = r_1 + l.

A transition from the state M \ W_i to the state M \ W_{i+1} consists of taking a layer N_i ∼= T^2 × [^1_2 , 1] ⊂ M \ W_i with boundary W_{i+1} ∪ W_i , and moving it from the front to the back, or vice versa. We only consider the case when N_i is a front layer. When N_i is a back layer the proof is completely analogous. There are two cases, depending on whether the transition changes the boundary slopes or the division number of the boundary.

Case 1 This case corresponds to state transitions from (M \W_i, ξ_l(η)|_{M\Wi} ) to (M \W_{i+1}, ξ_l(η)|_{M\Wi+1} ) such that W_i and W_{i+1} are minimal and at least one of them has finite slope. Suppose that (M \ W_i, ξ_l(η)|_{M\Wi} ) is contactomorphic to (M^′, ξ^′_{li} (η_i)) and the transition changes the boundary slopes of the state from^{pi}_{qi} − e_0 and^{pi}_{qi} to^{pi+1}_{qi+1} − e_0 and^{pi+1}_{qi+1} . We can assume that the interior of N_i contains no tori with infinite slope. If this is not the case, we split the transition in two parts, therefore we can assume that W_{i+1} ⊂ M \ W_i has slope p_{i+1} q_{i+1} ∈ ( p_i q_i , ∞]. We isotope the Seifert fibration on M \ Wi so that Wi+1 is a

fibred torus and the singular fibre F_i is contained in M \ N_i .

By Lemma 6.4 there is a vertical Legendrian curve with twisting number 0 in M \N_i . Using such curve we can find a neighbourhood V_{i+1} ⊂ M \N_i of the singular fibre such that −∂(M \V_{i+1}) has infinite slope by arguing as in the proof of Lemma 4.1. The contact structures ξ^′_{li} (η_i)|_{Vi+1} = η_{i+1} and ξ^′_{li} (η_i)|_{M\(Wi∪Vi+1)} = ξ^′_{li+1} are determined by η_i and l_i as described in Lemma 6.8. In particular, ξ^′_{li} (η_i)|_{Ni} = ξ^′_{li+1} |_{Ni} is a minimally twisting tight contact structure with rela-

tive Euler class ± ( q_i − q_{i+1} p_i − p_{i+1} ) , with the sign depending on l_{i+1} . Moving N_i

to the back, its relative Euler class becomes ± ( q_i − q_{i+1} p_i − p_{i+1} − e_0(q_i − q_{i+1}) ) , so ξ_l(η)|_{(M\Wi+1 ∪V )} is contactomorphic to ξ^′_{li+1} (η_{i+1}) with boundary slopes

Algebraic & Geometric Topology, Volume 5 (2005)

p_{i+1} q_{i+1} − e0 and p_{i+1} q_{i+1} . This proves that any admissible transition transforms a

state of the type described in the inductive assumption to another state of the same type.

Case 2 This case corresponds to state transitions from (M \ W_i, ξ_l(η)|_{M\Wi} ) to (M \ W_{i+1}, ξ_l(η)|_{M\Wi+1} ) such that W_i and W_{i+1} have both infinite slope. Suppose that (M \ W_i, ξ_l(η)|_{M\Wi} ) is contactomorphic to (M^′, ξ_{ΓΣi} (η_i)) and #Γ_{Wi+1} = #Γ_{Wi} ± 1. We isotope the Seifert fibration M^′ → S^1 × I so that the singular fibre is contained in M^′ \ N_i and, fixed a neighbourhood V_{i+1} of the singular fibre so that −∂(M \ V_{i+1}) has infinite slope, the restrictions of the fibration to N_i and M^′ \ (N_i ∪ V_{i+1}) are S^1 –bundles. Let Σ be a pair of pants and let Σ be a punctured torus obtained by identifying two of the boundary components of Σ. Let σ_i : Σ → M \ V_{i+1} be a section so that Σ^′_i = σ_i(Σ) ⊂ M^′ is a convex, #Γ–minimising surface with Legendrian boundary, and Σ^′_i ∩ W_{i+1} is a Legendrian curve. We call Σ^′_i = σ_i(Σ) ⊂ M \ V_{i+1} . (M \ W_i, ξ_l(η)|_{M\Wi} ) is contactomorphic to (M^′, ξ_{ΓΣ′i} (η_{i+1})), therefore, by Lemma 6.9, η_{i+1} is isotopic to η_i and Γ_Σ′_i is isotopic to Γ_{Σi} . If we define Σ_{i+1} ⊂ (M \ (W_{i+1} ∪ V_{i+1}) as Σ_{i+1} = Σ^′_i \ W_{i+1} , then Γ_{Σi+1} = Γ_Σ′_i and (M \ W_{i+1}, ξ_l(η)|_{M\Wi+1} ) is contactomorphic to (M^′, ξ_{ΓΣi+1} (η_{i+1})).

As proved in Theorem 4.18, the tight contact structures considered in this section become overtwisted after lifting to any finite covering of M(e_0, r) induced by a covering of T^2 , so they are the exceptional tight contact structure of Theorem 2.3. The following corollary gives the number of the exceptional tight contact structures on M(e_0, r).

Corollary 6.11 When e_0 > 0 the number of exceptional tight contact structures on M(e_0, r) is finite and positive. It is

• 2|d_0(d_1 + 1) . . . (d_k + 1)| if e_0 > 2, • |(d_0 − 1)(d_1 + 1) . . . (d_k + 1))| if e_0 = 2, • |d_1(d_2 + 1) . . . (d_k + 1)| if e_0 = 1.

The last expression has to be interpreted as 2 when −^1_r = d_0 ∈ Z.

Proof By Theorem 6.10 and 2.4, when e_0 > 2 for any l there are |d_0(d_1 + 1) . . . (d_k + 1)| choices for η and 2 choices for the background, and all choices give distinct tight contact structures, therefore the total number of exceptional tight contact structures on M(e_0, r) is 2|d_0(d_1 + 1) . . . (d_k + 1)|.

Algebraic & Geometric Topology, Volume 5 (2005)

When e_0 = 2, there are |d_0(d_1 +1) . . . (d_k +1)| choices for η for any choice of the background, but not all choices give distinct tight contact structures. In fact, any exceptional tight contact structure with l = −2 and r_0 > d_0 is isotopic to a tight contact structure with l = 2, therefore we count |d_0(d_1 + 1) . . . (d_k + 1)| distinct exceptional tight contact structures with l = 2 and |(d_1 +1) . . . (d_k +1)| distinct tight contact structures with l = −2, namely those obtained from η with r_0 = d_0 . The total number of distinct exceptional tight contact structures up to isotopy on M(e_0, r) with e_0 = 2 is therefore |(d_0 − 1)(d_1 + 1) . . . (d_k + 1)|.

If e_0 = 1 and^1_d ∉ Z, then for any choice of the background there are |(d_1 + 1) . . . (d_k + 1)| choices for η, but not all choices give distinct tight contact structures. In fact, we have |(d_1 + 1) . . . (d_k + 1)| distinct exceptional tight contact structures with l = 2 up to isotopy, and |(d_2 + 1) . . . (d_k + 1)| distinct exceptional tight contact structures with l = −2 which have not already been counted, namely the ones with r_i = d_i . The total number of exceptional tight contact structures on M(e_0, r) with e_0 = 1 is therefore |d_1(d_2 + 1) . . . (d_k + 1)|. If e_0 = 1 and^1_r ∈ Z, for any l there is only one possibility for η, and different choices for the background produce non isotopic tight contact structures, therefore the total of exceptional tight contact structures on M(e_0, r) with e_0 = 1 and^1_r ∈ Z is 2.

The exceptional tight contact structures on M(e_0, r) are negative contact surgeries on the exceptional tight contact structures on T (e_0) when e_0 > 1. On the contrary, there are no exceptional tight contact structures on T (1), and the exceptional tight contact structures on M(1, r) are negative contact surgeries on an overtwisted contact structure on T (1). On T (2) there is only one exceptional tight contact structure up to isotopy, therefore the two backgrounds extend to isotopic tight contact structure on T (2). This reflects the fact that T (2) with the exceptional tight contact structure contains two non Legendrian isotopic vertical Legendrian curves with twisting number 0, and negative contact surgeries with the same surgery data on such curves yield different contact manifolds. The shuffling between the background and the surgery data when e_0 = 2 shows that suitably stabilisations of the two non isotopic vertical Legendrian curves with twisting number 0 become Legendrian isotopic.

References

[1] B Aebischer, M Borer, M Kälin, Ch Leuenberger, H M Reimann, Symplectic geometry, (an introduction based on the seminar in Bern, 1992), Progress in Mathematics 124, Birkhäuser Verlag, Basel (1994)

Algebraic & Geometric Topology, Volume 5 (2005)

[2] V Colin, Une infinité de structures de contact tendues sur les variétés toroïdales, Comment. Math. Helv. 76 (2001) 353–372 [3] V Colin, E Giroux, K Honda, Notes on the isotopy finiteness, e-print,

arXiv:math.GT/0305210

[4] V Colin, E Giroux, K Honda, On the coarse classification of tight contact structures, from: “Topology and Geometry of Manifolds”, Proceedings of Symposia in Pure Mathematics 71, American Mathematical Society (2003) 109–120 [5] F Ding, H Geiges, Symplectic fillability of tight contact structures on torus bundles, Algebr. Geom. Topol. 1 (2001) 153–172 [6] Fan Ding, Hansjörg Geiges, A Legendrian surgery presentation of contact 3-manifolds, Math. Proc. Cambridge Philos. Soc. 136 (2004) 583–598 [7] Y Eliashberg, Classification of overtwisted contact structures on 3-manifolds, Invent. Math. 98 (1989) 623–637 [8] Y Eliashberg, Contact 3-manifolds twenty years since J. Martinet’s work, Ann. Inst. Fourier (Grenoble) 42 (1992) 165–192 [9] J Etnyre, Legendrian and transversal knots, arXiv:math.SG/0306256 [10] J Etnyre, Introductory lectures on contact geometry, from: “Topology and Geometry of Manifolds”, Proceedings of Symposia in Pure Mathematics 71, American Mathematical Society (2003) 81–107 [11] J Etnyre, K Honda, On the nonexistence of tight contact structures, Ann. of Math. (2) 153 (2001) 749–766 [12] A T Fomenko, S V Matveev, Algorithmic and computer methods for threemanifolds, (translated from the 1991 Russian original by M Tsaplina and Michiel Hazewinkel and revised by the authors, with a preface by Hazewinkel), Mathematics and its Applications 425, Kluwer Academic Publishers, Dordrecht (1997) [13] P Ghiggini, S Schönenberger, On the classification of tight contact structures, from: “Topology and Geometry of Manifolds”, Proceedings of Symposia in Pure Mathematics 71, American Mathematical Society (2003) 121–151 [14] P Ghiggini, P Lisca, A Stipsicz, Classification of tight contact structures on small Seifert 3–manifolds with e_0 ≥ 0, to appear in Proc. Amer. Math. Soc.

arXiv:math.SG/0406080

[15] E Giroux, Convexité en topologie de contact, Comment. Math. Helv. 66 (1991) 637–677 [16] E Giroux, Topologie de contact en dimension 3 (autour des travaux de Yakov Eliashberg), Séminaire Bourbaki, Vol. 1992/93, Astérisque 216 (1993) Exp. No. 760, 3, 7–33, [17] E Giroux, Une structure de contact, même tendue, est plus ou moins tordue, Ann. Sci. École Norm. Sup. (4) 27 (1994) 697–705 [18] E Giroux, Structures de contact en dimension trois et bifurcations des feuilletages de surfaces, Invent. Math. 141 (2000) 615–689

Algebraic & Geometric Topology, Volume 5 (2005)

[19] E Giroux, Structures de contact sur les variétés fibrées en cercles audessus d’une surface, Comment. Math. Helv. 76 (2001) 218–262 [20] R Gompf, Handlebody construction of Stein surfaces, Ann. of Math. (2) 148 (1998) 619–693 [21] A Hatcher, Notes on Basic 3-Manifold Topology, available from:

http://www.math.cornell.edu/^∼hatcher/

[22] K Honda, On the classification of tight contact structures. I, Geom. Topol. 4 (2000) 309–368 [23] K Honda, On the classification of tight contact structures. II, J. Differential Geom. 55 (2000) 83–143 [24] K Honda, Factoring nonrotative T^2 × I layers, ([22] erratum), Geom. Topol.

5 (2001) 925–938 [25] K Honda, Gluing tight contact structures, Duke Math. J. 115 (2002) 435–478 [26] K Honda, W Kazez, G Matić, Tight contact structures and taut foliations, Geom. Topol. 4 (2000) 219–242 [27] K Honda, W Kazez, Gordana Matić, Tight contact structures on fibered hyperbolic 3-manifolds, J. Differential Geom. 64 (2003) 305–358 [28] Y Kanda, The classification of tight contact structures on the 3-torus, Comm.

Anal. Geom. 5 (1997) 413–438 [29] P Lisca, G Matić, Stein 4-manifolds with boundary and contact structures, Topology Appl. 88 (1998) 55–66 [30] P Lisca, A Stipsicz, Tight, not semi-fillable contact circle bundles, Math. Ann.

328 (2004) 285–298 [31] P Orlik, Seifert manifolds, Springer-Verlag, Berlin (1972), lecture Notes in Mathematics, Vol. 291 [32] H Wu, Tight Contact Small Seifert Spaces with e_0 ≠ 0, −1, −2,

arXiv:math.GT/0402167

Dipartimento di Matematica “L. Tonelli”, Università di Pisa Largo Pontecorvo 5, I–56127 Pisa, Italy Email: ghiggini@mail.dm.unipi.it Received: 27 October 2003 Revised: 14 July 2005

Algebraic & Geometric Topology, Volume 5 (2005)