ISSN 1472-2739 (on-line) 1472-2747 (printed) 965

Algebraic & Geometric Topology ATG Volume 5 (2005) 965–997 Published: 11 August 2005

Deformations of reducible representations

of 3-manifold groups into PSL_2(C )

Michael Heusener Joan Porti

Abstract Let M be a 3-manifold with torus boundary which is a rational homology circle. We study deformations of reducible representations of π_1(M) into PSL_2(C ) associated to a simple zero of the twisted Alexander polynomial. We also describe the local structure of the representation and character varieties.

AMS Classification 57M27; 20C99; 57M05

Keywords Variety of representations, character variety, rational homology circle

Dedicated to the memory of Heiner Zieschang

1 Introduction

This article is a continuation of the work started in [14]. Let M be a connected, compact, orientable, 3-manifold such that ∂M is a torus. We assume that the first Betti number β_1(M) is one, i.e. M is a rational homology circle. In particular, M is the exterior of a knot in a rational homology sphere.

Given a homomorphism α: π_1(M) → C^∗ , we define an abelian representation ρ_α : π_1(M) → PSL_2(C ) as follows:

ρ_α(γ) = ± ( α^12 (γ) 0

0 α^{− 1}2 (γ) ) ∀γ ∈ π_1(M) (1)

where α^12 : π_1(M) → C^∗ is a map (not necessarily a homomorphism) such that (α^12 (γ))^2 = α(γ) for all γ ∈ π_1(M). The representation ρ_α is reducible, i.e. ρ_α(π_1(M)) has global fixed points in P^1(C ).

Question 1.1 When can ρ_α be deformed into irreducible representations (i.e. representations whose images have no fixed points in P^1(C ))?

© Geometry & Topology Publications

Different versions of this question have been studied in [9], [11] and [12] for SU(2) and [2], [3], [5], [14] and [23] for SL_2(C ).

The answer is related to a twisted Alexander invariant. We first choose an isomorphism:

H_1(M; Z) ∼= tors(H_1(M; Z)) ⊕ Z, (2)

which amounts to choosing a projection onto the torsion subgroup H_1(M; Z) → tors(H_1(M; Z)) and to fix a generator ϕ of H^1(M; Z) ∼= Hom(H_1(M; Z), Z). So, α induces a homomorphism tors(H_1(M; Z)) ⊕ Z → C^∗ which will be also denoted by α.

The composition of the projection π_1(M) → tors(H_1(M; Z)) with the restriction of α gives a representation σ : π_1(M) → U(1) ⊂ C^∗ :

σ : π_1(M) → tors(H_1(M; Z))^α→ C^∗ .

A homomorphism ϕ_σ : π_1(M) → C [t^{±1} ]^∗ to the units of the ring of Laurent polynomials C [t^{±1} ] is given by ϕ_σ(γ) = σ(γ)t^{ϕ(γ)} . This allows a definition of the twisted Alexander polynomial Δ^{ϕσ} (t) ∈ C [t^{±1} ], whose construction will be recalled in Section 2.

We say that α is a zero of the Alexander invariant if Δ^{ϕσ} (α(0, 1)) = 0, where (0, 1) ∈ tors(H_1(M; Z)) ⊕ Z. We show in Section 4 that being a zero and the order of the zero does not depend of the choice of the isomorphism (2).

We prove in Lemma 4.8 that if ρ_α can be deformed into irreducible representations, then α is a zero of the Alexander invariant. For a simple zero this condition is also sufficient and we have stronger conclusions, as the next theorem shows. Let R(M) = Hom(π_1(M), PSL_2(C )) denote the variety of representations of π_1(M) in PSL_2(C ).

Theorem 1.2 If α is a simple zero of the Alexander invariant, then ρ_α is contained in precisely two irreducible components of R(M), one of dimension 4 containing irreducible representations and another of dimension 3 containing only abelian ones. In addition, ρ_α is a smooth point of both varieties and the intersection at the orbit of ρ_α is transverse.

When the representation α is trivial, then it is not a zero of the Alexander invariant, because the Alexander invariant is the usual untwisted Alexander polynomial Δ, and Δ(1) = ±| tors H_1(M, Z)| ≠ 0.

Let X(M) = R(M)//PSL_2(C ) denote the algebraic quotient where PSL_2(C ) acts by conjugation on R(M). The character of a representation ρ ∈ R(M) is

Algebraic & Geometric Topology, Volume 5 (2005) a map χ_ρ : π_1(M) → C given by χ_ρ(γ) = tr^2 ρ(γ) for γ ∈ π_1(M). There is a one-to-one correspondence between X(M) and the set of characters. Hence we call X(M) the variety of characters of π_1(M) (see [13] for details).

Let χ_α be the character of ρ_α .

Theorem 1.3 If α is a simple zero of the Alexander invariant, then χ_α is contained in precisely two irreducible components of X(M), which are curves and are the quotients of the components of R(M) in Theorem 1.2. In addition χ_α is a smooth point of both curves and the intersection at χ_α is transverse.

This paper generalizes the main results of [14] where we considered only representations α: π_1(M) → C^∗ which factor through H_1(M; Z)/ tors(H_1(M; Z)) and for which α^12 can be chosen as a homomorphism. These conditions imply that ρ_α and its deformations can be lifted to representations into SL_2(C ). On the other hand, it was shown in [13, Theorem 1.4] that the representation variety R(M) can have many components which do not lift to the SL_2(C )– representation variety. Hence Theorem 1.2 and Theorem 1.3 generalize the main results of [14]. Moreover, we have removed the condition that ρ_α is not ∂ -trivial from [14]. Here a representation ρ ∈ R(M) is called ∂ -trivial if

ρ ∘ i_# : π_1(∂M) → PSL_2(C )

is trivial. An example will be given where the results of this paper apply but those of [14] do not.

In [14] we considered the usual Alexander polynomial, but here we need a twisted version. The strategy of the proof of Theorem 1.2 in this paper is similar to the one of Theorem 1.1 of [14]: we construct a metabelian representation ρ^+ : π_1(M) → PSL_2(C ) which is not abelian and has the same character as ρ_α , and we show that ρ^+ is a smooth point of R(M). This involves quite elaborate cohomology computations. More precisely, due to an observation by André Weil, the Zariski tangent space T^{Zar}_ρ (R(M)) of R(M) at a representation ρ ∈ R(M) may be viewed as a subspace of the space of group cocycles Z^1(π_1(M), sl_2(C )_ρ ). Here sl_2(C )_ρ denotes the π_1(M)-module sl_2(C ) via Ad ∘ρ. The approach given here for these cohomological computations and for the analysis of the tangent space is completely self contained and simplifies in several aspects the computations from [14]. In particular, the new approach permits us to remove the assumption that ρ_α is not ∂ -trivial.

The paper is organized as follows. In Section 2 we recall the definition of the twisted Alexander polynomial and describe its main properties. In Section 3 we

Algebraic & Geometric Topology, Volume 5 (2005) recall some basic facts from group cohomology and Weil’s construction which will be used in the sequel. Section 4 relates the vanishing of twisted Alexander invariants to some elementary cohomology and deformations of abelian representations. The next three sections are devoted to prove that the metabelian representation ρ^+ can be deformed into irreducible representations. The cohomology computations are done in Section 5, with a key lemma proved in Section 6. The smoothness of R(M) at ρ^+ is proved in Section 7. Theorems 1.2 and 1.3 are proved in Sections 8 and 9 respectively. Finally, Section 10 is devoted to describe the local structure of the set of real valued characters.

Acknowledgement The authors would like to thank the referee for his careful and thorough reading of the manuscript and for providing useful suggestions for improving the paper. The second author is partially supported by the Spanish MCYT through grant BFM2003-03458.

2 Twisted Alexander polynomial

Let M be a manifold as in the introduction. We fix a projection p: H_1(M; Z) → tors(H_1(M; Z)) and a generator

ϕ ∈ H^1(M; Z) = Hom(H_1(M; Z), Z) = Hom(π_1(M), Z) ,

i.e. we fix an isomorphism as in (2)

H_1(M; Z) ∼= tors(H_1(M; Z)) ⊕ Z z → (p(z), ϕ(z)) . For every representation σ : tors(H_1(M; Z)) → U(1) ⊂ C^∗ the composition

π_1(M) → H_1(M; Z)^p−→ tors(H_1(M; Z))^σ−→ U(1)

will be denoted by σ(p): π_1(M) → U(1). We consider the induced representation ϕ_{σ(p)} : π_1(M) → C [t^{±1} ]^∗ γ → σ(p)(γ)t^{ϕ(γ)} . In this way C [t^{±1} ] is a π_1(M)-module (or a H_1(M; Z)-module since Im ϕ_{σ(p)} is abelian).

In the sequel we shall fix a projection p: H_1(M; Z) → tors(H_1(M; Z)). We shall, by convenient abuse of notation, continue to write σ for σ(p). Let

H^{ϕσ}_∗ (M) and H^∗_{ϕσ} (M)

Algebraic & Geometric Topology, Volume 5 (2005) denote the homology and cohomology twisted by ϕ_σ . Using singular chains, H^{ϕσ}_∗ (M) and H^∗_{ϕσ} (M) can be defined respectively as the homology and cohomology of the chain and cochain complexes:

C [t^{±1} ] ⊗_{π1(M)} C_∗( ~M; Z) and Hom_{π1(M)}(C_∗( ~M; Z), C [t^{±1} ]),

where ~M denotes the universal covering of M . Alternatively, since ϕ_σ is abelian, we could take the maximal abelian covering of M instead of the universal one.

In the sequel we shall write R := C [t^{±1} ]. Since R is a principal ideal domain and since H^{ϕσ}_1 (M) is finitely generated, we have a canonical decomposition H^{ϕσ}_1 (M) = R/r_0R ⊕ · · · ⊕ R/r_mR, where r_i ∈ R and r_{i+1} | r_i .

Definition 2.1 The R-module H^{ϕσ}_1 (M) is called the Alexander module and

Δ^{ϕσ}_k = r_k r_{k+1} · · · r_m the k-th twisted Alexander polynomial, for k = 0, . . . , m. The first one is also called the twisted Alexander polynomial: Δ^{ϕσ} := Δ^{ϕσ}_0 .

It is well defined up to units in R = C [t^{±1} ], i.e. up to multiplication with elements a t^n with a ∈ C^∗ and n ∈ Z. We use the natural extension Δ^{ϕσ}_k = 1 for k > m. Note that if A ∈ M_{m,n}(R) is a presentation matrix for H^{ϕσ}_1 (M) then Δ^{ϕσ}_k ∈ R is the greatest common divisor of the minors of A of order (n − k). Alexander module can be done in a more general context using only an U.F.D. (see [24, IV.3]).

Changing the isomorphism Note that H^{ϕσ}_1 (M) and hence Δ^{ϕσ}_k are not invariants of the pair (M, σ), they depend on the isomorphism (2); equivalently, they depend on the choice of the projection p: H_1(M, Z) → tors(H_1(M; Z)) and the generator ϕ: H_1(M, Z) → Z.

Let p_1, p_2 : H_1(M; Z) → tors(H_1(M; Z)) be two projections. They differ by a morphism ψ : Z → tors(H_1(M; Z)). Namely, for all z ∈ H_1(M; Z), p_2(z) = p_1(z) + ψ(ϕ(z)). (3) Therefore, given σ : tors(H_1(M; Z) → U(1), the induced representations σ_i := σ(p_i): π_1(M) → U(1) satisfy:

σ_2(γ) = σ_1(γ)σ(ψ(ϕ(γ))) ∀γ ∈ π_1(M) . (4)

Algebraic & Geometric Topology, Volume 5 (2005)

Hence,

ϕ_{σ2} (γ) = σ_2(γ)t^{ϕ(γ)} = σ_1(γ)σ(ψ(ϕ(γ)))t^{ϕ(γ)} = σ_1(γ)(a t)^{ϕ(γ)} and ϕ_{σ1} (γ) = σ_1(γ)t^{ϕ(γ)} differ by replacing t by a t, where a = σ(ψ(1)) ∈ U(1) and 1 denotes the generator of Z. Therefore Δ^{ϕσ2}_k (t) = Δ^{ϕσ1}_k (a t) . (5) The generator ϕ: H_1(M; Z) → Z is unique up to sign, and replacing ϕ by −ϕ implies replacing t by t^{−1} in the twisted polynomial.

Symmetry Consider the following involution on C [t^{±1} ]: ∑ i a_i t^i = ∑ i a_it^{−i}, where a_i denotes the complex conjugate of a_i ∈ C . An ideal I ⊂ C [t^{±1} ] is called symmetric if I = Ī and an element η ∈ C [t^{±1} ] is called symmetric if it generates a symmetric ideal. Hence an element η ∈ C [t^{±1} ] is symmetric if and only if there exists a unit ϵ ∈ C [t^{±1} ]^∗ such that η̄ = ϵη. Notice that some authors use the expression weakly symmetric [24].

Proposition 2.2 Let M be a 3-manifold such that β_1(M) = 1 and that ∂M is a torus. For each homomorphism σ : tors(H_1(M; Z)) → U(1) and for each splitting of (2) we have that Δ^{ϕσ}_k is symmetric i.e., Δ^{ϕσ}_k and Δ^{ϕσ}_k are equal up to multiplication by a unit of C [t^{±1} ].

Proof Given a R = C [t^{±1} ]-module N , N denotes the R-module with the opposite R-action, i.e. rn̄ := r̄n̄, for r ∈ R and n̄ ∈ N . Using the Blanchfield duality pairing we obtain an isomorphism of R-modules D : H^{ϕσ}_{3−p}(M, ∂M) → H^p_{ϕσ} (M). Since R is a P.I.D., we obtain

D : tors(H^{ϕσ}_{n−p}(M, ∂M)) ∼= tors(H^{ϕσ}_{p−1}(M)) (6) and rk_R H^{ϕσ}_{n−p}(M, ∂M) = rk_R H^{ϕσ}_p (M) (see [6], [19], [17, Sec. 2] and [10, Sect. 7]).

The proposition follows from the duality formula (6) (see the proof of Theorem 7.7.1 in [16, p. 97] for the details).

Algebraic & Geometric Topology, Volume 5 (2005)

Remark 2.3 In contrast to the untwisted situation, the Alexander module H^{ϕσ}_1 (M) can have nonzero rank. Examples are easily obtained as follows: let M_1 be the complement of knot in a homology sphere and let M_2 be a rational homology sphere. Then π_1(M_1#M_2) ∼= π_1(M_1)∗π_1(M_2) and H_1(M_1#M_2; Z) ∼= H_1(M_1; Z) ⊕ H_1(M_2; Z) comes with a canonical splitting.

Since H_1(M_1; Z) is torsion free, we can choose ϕ: π_1(M_1#M_2) → Z to be the composition

ϕ: π_1(M_1#M_2) → H_1(M_1#M_2; Z) → H_1(M_1; Z) ∼= Z .

For each nontrivial representation σ : H_1(M_2; Z) → U(1) we obtain ϕ_σ(h_1 + h_2) = σ(h_2)t^{ϕ(h1)} ∈ C [t^{±1} ]^∗ for h_i ∈ H_1(M_i; Z) and hence σ = ϕ_σ |_{H1(M2;Z)}.

Since σ is nontrivial it follows that H^{ϕσ}_0 (M_2) = H^{ϕσ}_0 (M_1#M_2) = 0. Moreover, we obtain that H^{ϕσ}_0 (S^2) ∼= C [t^{±1} ] and hence the Mayer-Vietoris sequence gives a short exact sequence:

0 → H^{ϕσ}_1 (M_1) ⊕ H^{ϕσ}_1 (M_2) → H^{ϕσ}_1 (M_1#M_2) → Ker j → 0

where j : H^{ϕσ}_0 (S^2) → H^{ϕσ}_0 (M_1) is surjective. Since H^{ϕσ}_0 (M_1) is torsion it follows that Ker j is a free C [t^{±1} ]-module of rank one and hence, H^{ϕσ}_1 (M_1#M_2) has nonzero rank.

3 Group cohomology: Fox calculus and products

Fox calculus will be used to compute the twisted Alexander polynomial. Since this is a tool in group cohomology, we first need the following lemma, that will also be used later. Details and conventions in group cohomology can be found in [7] and [25].

Lemma 3.1 Let A be a π_1(M)-module and let X be any CW-complex with π_1(X) ∼= π_1(M). Then there are natural morphisms H_i(X; A) → H_i(π_1(M); A) which are isomorphisms for i = 0, 1 and a surjection for i = 2. In cohomology there are natural morphisms H^i(π_1(M); A) → H^i(X; A) which are isomorphisms for i = 0, 1 and an injection for i = 2.

Proof It is possible to construct an Eilenberg-MacLane space K of type (π_1(M), 1) from X by attaching k-cells, k ≥ 3. In this way we obtain a CW-pair (K, X) and it follows that H_j(K, X; A) = 0 and H^j(K, X; A) = 0 for j = 1, 2 (this a direct application of Theorems (4.4) and (4.4*) of [27, VI.4]). Hence the exact sequences of the pair (K, X) give the result.

Algebraic & Geometric Topology, Volume 5 (2005)

Fox calculus Let σ : tors(H_1(M; Z) → U(1) be a representation and fix a splitting of H_1(M; Z) as in (2). We can use Fox calculus to compute Δ^{ϕσ}_k : choose a cell decomposition of M with only one zero cell x_0 . Since every presentation of π_1(M) obtained from a cell decomposition of M has deficiency one, we have: π_1(M) = ⟨S_1, . . . , S_n | R_1, . . . , R_{n−1}⟩ . Denote by π : F_n → π_1(M) the canonical projection where F_n = F (S_1, . . . , S_n) is the free group generated by n elements and by ∂/∂S_i : ZF_n → ZF_n the partial derivations of the group ring of the free group.

The Jacobian J^{ϕσ} := (J^{ϕσ}_{ji} ) ∈ M_{n−1,n}(C [t^{±1} ]) is defined by J^{ϕσ}_{ji} := ϕ_σ ∘ π(∂R_j /∂S_i) ∈ C [t^{±1} ]. Analogous to [8, Chapter 9], one can show that J^{ϕσ} is a presentation matrix for H^{ϕσ}_1 (M, x_0). The exact sequence for the pair (M, x_0) yields H^{ϕσ}_1 (M, x_0) ∼= H^{ϕσ}_1 (M) ⊕ C [t^{±1} ] (see [24, pp. 61-62]). Hence, Δ^{ϕσ}_k (M) = Δ^{ϕσ}_{k+1}(M, x_0) and Δ^{ϕσ}_k (M) is the greatest common divisor of the (n − k − 1)-minors of the Jacobian J^{ϕσ} ∈ M_{n−1,n}(C [t^{±1} ]).

Example 3.2 Let M be the punctured torus bundle over S^1 whose action of the monodromy on H_1(Ṫ^2, Z) is given by the matrix

(_{1 2} 2 5 ) . The fundamental group π_1(Ṫ^2) is a free group of rank 2 generated by α and β . A presentation of π_1(M) ∼= Z ⋉ π_1(Ṫ^2) is given by π_1(M) = ⟨α, β, μ | μαμ^{−1} = αβ^2, μβμ^{−1} = β(αβ^2)^2⟩ . Moreover, H_1(M; Z) ∼= (Z/2⊕Z/2)⊕Z comes with a canonical splitting s(1) = μ i.e., p(μ) = 0, p(α) = α and p(β) = β . A generator ϕ ∈ H^1(M; Z) ∼= Hom(π_1(M); Z) is given by ϕ(μ) = 1 and ϕ(α) = ϕ(β) = 0. There are exactly four representations σ_i : (Z/2 ⊕ Z/2) → U(1) which give rise to the following homomorphisms ϕ_{σi} : π_1(M) → C [t^{±1} ]^∗ :

ϕ_{σ1} : μ → t α → 1 β → 1 , ϕ_{σ2} : μ → t α → 1 β → −1 ,

ϕ_{σ3} : μ → t α → −1 β → 1 , ϕ_{σ4} : μ → t α → −1 β → −1 . Now, a direct calculation gives:

J^{ϕσ1} = ( 0 t − 1 −2 0 −2 t − 5 ) , J^{ϕσ2} = ( 0 t − 1 0 2 2 t − 1 )

J^{ϕσ3} = ( 2 t − 1 2 0 0 t − 1 ) , J^{ϕσ4} = ( 2 t − 1 0 2 0 t − 1 ) .

Algebraic & Geometric Topology, Volume 5 (2005)

Hence, Δ^{ϕσ1} = t^2 − 6t + 1 and Δ^{ϕσ}i = t − 1 for i = 2, 3, 4.

Products in cohomology Let Γ be a group and let A be a Γ-module. We denote by (C^∗(Γ; A), d) the normalized cochain complex. The coboundaries (respectively cocycles, cohomology) of Γ with coefficients in A are denoted by B^∗(Γ; A) (respectively Z^∗(Γ; A), H^∗(Γ; A)).

Let A_1 , A_2 and A_3 be Γ-modules. The cup product of two cochains u ∈ C^p(Γ; A_1) and v ∈ C^q(Γ; A_2) is the cochain u ∪ v ∈ C^{p+q}(Γ; A_1 ⊗ A_2) defined by u ∪ v(γ_1, . . . , γ_{p+q}) := u(γ_1, . . . , γ_p) ⊗ γ_1 · · · γ_p ∘ v(γ_{p+1}, . . . , γ_{p+q}) . (7) Here A_1 ⊗ A_2 is a Γ-module via the diagonal action.

It is possible to combine the cup product with any bilinear map (compatible with the Γ action) b: A_1 ⊗ A_2 → A_3 . So we obtain a cup product b ∪: C^p(Γ; A_1) ⊗ C^q(Γ; A_2) → C^{p+q}(Γ; A_3) .

For details see [7, V.3]. If A = g is a Lie algebra, then we obtain the cup-bracket of two cochains, which will be denoted by [u ∪ v]. Note that the cup-bracket is not associative on the cochain level. If A is an algebra then the cup product will be simply denoted by^.∪. This cup product is associative on the cochain level if the multiplication in A is associative.

Let b: A_1 ⊗ A_2 → A_3 be bilinear and let z_i ∈ Z^1(Γ; A_i), i = 1, 2, be cocycles. We define f : Γ → A_3 by f(γ) := b(z_1(γ) ⊗ z_2(γ)). A direct calculation gives: d f(γ_1, γ_2) + b(z_1(γ_1) ⊗ γ_1 ∘ z_2(γ_2)) + b(γ_1 ∘ z_1(γ_2) ⊗ z_2(γ_1)) = 0. This shows that:

d f + z_1^b∪ z_2 + z_2^{b∘τ}∪ z_1 = 0 (8)

where τ : A_1 ⊗ A_2 → A_2 ⊗ A_1 is the twist operator.

Group cohomology and representation varieties Let Γ be a group and let ρ: Γ → PSL_2(C ) be a representation. The Lie algebra sl_2(C ) turns into a Γ-module via Ad ∘ρ. We shall denote this Γ-module by sl_2(C )_ρ . A cocycle d ∈ Z^1(Γ; sl_2(C )_ρ ) is a map d: Γ → sl_2(C )_ρ satisfying

d(γ_1γ_2) = d(γ_1) + Ad_{ρ(γ1)} d(γ_2), ∀γ_1, γ_2 ∈ π_1(M) .

It was observed by André Weil [26] that there is a natural inclusion of the Zariski tangent space T^{Zar}_ρ (R(Γ)) → Z^1(Γ; sl_2(C )_ρ ). Informally speaking, given

Algebraic & Geometric Topology, Volume 5 (2005) a smooth curve ρ_ϵ of representations through ρ_0 = ρ one gets a 1-cocycle d: Γ → sl_2(C )_ρ by defining

d(γ) := d ρ_ϵ(γ) d ϵ | | |_{ϵ=0} ρ(γ)^{−1}, ∀γ ∈ Γ . It is easy to see that the tangent space to the orbit by conjugation corresponds to the space of 1-coboundaries B^1(Γ; sl_2(C )_ρ ) (see for instance [15, Section 4.5]). Here, b: Γ → SL_2(C )_ρ is a coboundary if there exists x ∈ sl_2(C ) such that b(γ) = Ad_{ρ(γ)} x − x. A detailed account can be found in [18, Thm. 2.6] or [21, Ch. VI].

Let dim_ρ R(Γ) be the local dimension of R(Γ) at ρ (i.e. the maximal dimension of the irreducible components of R(Γ) containing ρ, cf. [22, Ch. II, §1.4]). In the sequel we shall use the following lemma:

Lemma 3.3 Let ρ ∈ R(Γ) be given. If dim_ρ R(Γ) = dim Z^1(Γ; sl_2(C )_ρ ) then ρ is a smooth point of the representation variety R(Γ) and ρ is contained in a unique component of R(Γ) of dimension dim Z^1(Γ; sl_2(C )_ρ ).

Proof For every ρ ∈ R(Γ) we have

dim_ρ R(Γ) ≤ dim T^{Zar}_ρ (R(Γ)) ≤ dim Z^1(Γ; sl_2(C )_ρ ) .

The lemma follows from the fact that the equality dim_ρ R(Γ) = dim T^{Zar}_ρ (R(Γ)) is the condition in algebraic geometry that guarantees that ρ belongs to a single irreducible component of R(Γ) and it is a smooth point (for more details see [22, Ch. II]).

4 Abelian representations and the twisted Alexander invariant

Let α: π_1(M) → C^∗ be a homomorphism. In what follows, the induced homomorphism H_1(M; Z) → C^∗ will be also denoted by α and we denote by σ the restriction of α to the torsion subgroup, i.e.

σ := α |_{tors(H1(M;Z))} : tors(H_1(M; Z)) → U(1) .

Let us fix an isomorphism H_1(M; Z) ∼= tors(H_1(M; Z)) ⊕ Z as in (2), i.e. we fix an projection p: H_1(M; Z) → tors(H_1(M; Z)) and a generator ϕ ∈ H^1(M; Z). The induced section s_p : Z → H_1(M; Z) satisfies s_p ∘ ϕ = Id −p.

Algebraic & Geometric Topology, Volume 5 (2005)

Definition 4.1 We say that α is a zero of the k-th Alexander invariant of order r if a := α(s_p(1)) ∈ C^∗ is a zero of Δ^{ϕσ}_k (t) of order r.

Lemma 4.2 This definition does not depend on the isomorphism (2).

Proof The independence of the generator ϕ ∈ H^1(M; Z) is clear: if we replace ϕ by −ϕ we have to replace s_p(1) by s_p(−1) = −s_p(1); hence, a = α(s_p(1)) has to be replaced by a^{−1} . Moreover, we have to replace Δ^{ϕσ}_k (t) by Δ^{ϕσ}_k (t^{−1}) and the claim follows.

Suppose now that we have two projections p_1, p_2 : H_1(M; Z) → tors(H_1(M; Z)). Then there is morphism ψ : Z → tors(H_1(M; Z)) as in (3) such that ψ ∘ ϕ = p_2 − p_1 = s_1 ∘ ϕ − s_2 ∘ ϕ, because s_i ∘ ϕ = Id −p_i . In particular ψ = s_1 − s_2.

Let σ_i : π_1(M) → U(1), i = 1, 2, be given by σ_i := σ ∘ p_i and denote a_i := α(s_{pi} (1)), so that α(ψ(1)) = a_1a^{−1}_2 . By (5) we get:

Δ^{ϕσ2}_k (t) = Δ^{ϕσ1}_k (α(ψ(1)) t) = Δ^{ϕσ1}_k (a_1a^{−1}_2 t),

Putting t = a_2 s, we get Δ^{ϕσ2}_k (a_2 s) = Δ^{ϕσ1}_k (a_1 s) Hence the order of vanishing of Δ^{ϕσi}_k at a_i is independent of i.

Definition 4.3 Following 4.1, we define β_α : C [t^{±1} ] → C to be the evaluation map at α(s_p(1)) ∈ C , i.e. β_α(η(t)) = η(s_p(1)) ∈ C ∀η(t) ∈ C [t^{±1} ].

The previous lemma says that the evaluation and the order of vanishing of Δ^{ϕσ}_k at β_α is independent of the splitting of the first homology group. In addition, we have α = β_α ∘ ϕ_σ , (9) i.e. α(γ) = β_α(σ(γ)t^{ϕ(γ)}) = σ(γ)α(s_p(1))^{ϕ(γ)} ∀γ ∈ π_1(M).

Example 4.4 Let M be the torus bundle given in Example 3.2. For every λ ∈ C^∗ there are representations α_i : π_1(M) → C^∗ , i = 1, . . . , 4, given by α_i(μ) = λ and α_i | |_{Z/2⊕Z/2} = σ_i . Now, α_i is a root of the Alexander invariant if and only if Δ^{ϕσ}i (λ) = 0. More precisely, α_1 is a root of the Alexander invariant if and only if λ = 3 ± √ 8 and, for i = 2, 3, 4, α_i is a root of the Alexander invariant if and only if λ = 1. Note that in each case the root is a simple root.

Algebraic & Geometric Topology, Volume 5 (2005)

Definition 4.5 We define C_α to be the π_1(M)-module C with the action induced by α, i.e. γ · x = α(γ)x ∀x ∈ C and ∀γ ∈ π_1(M).

We explain the motivation of this definition. Let ρ_α : π_1(M) → PSL_2(C ) be the representation in (1). The Lie algebra sl_2(C ) turns into a π_1(M)-module via Ad ∘ρ_α which will simply be denoted by sl_2(C )_α . The π_1(M)-module sl_2(C )_α decomposes as sl_2(C )_α = C_+ ⊕ C_0 ⊕ C_− , where

C_+ = C ( 0 1 0 0 ) , C_0 = C ( 1 0 0 −1 ) and C_− = C ( 0 0 1 0 ) . (10)

Here C_0 is a trivial π_1(M)-module and C_± := C_α± , where α^+ = α and α^− is the morphism that maps every element γ ∈ π_1(M) to α(γ^{−1}).

Computing H^1(Γ; C_α ) Let Γ = ⟨S_1, . . . , S_n|R_1, . . . , R_m⟩ be a finitely presented group and let α: Γ → C^∗ be a representation. In order to compute H^1(Γ; C_α ) we can use the canonical 2-complex with one 0-cell associated to the presentation of Γ (see Lemma 3.1). More precisely, we can identify Z^1(Γ; C_α ) with the kernel of the linear map C^n → C^m given by a → A a where A = (a_{ji}) ∈ M_{m,n}(C ) is given by a_{ji} = α(∂R_j /∂S_i).

For the remainder of this section we shall fix a projection p: H_1(M; Z) → tors(H_1(M; Z)) and a generator ϕ ∈ H^1(M; Z). Moreover, let σ denote the restriction of α to the torsion subgroup tors(H_1(M; Z)). Using (9) we obtain a_{ji} = β_α(J^{ϕσ}_{ji} ) where J^{ϕσ} = (J^{ϕσ}_{ji} ) ∈ M_{n−1,n}(C [t^{±1} ]) is the Jacobian, i.e. J^{ϕσ}_{ji} := ϕ_σ ∘ π(∂R_j /∂S_i). We have dim B^1(Γ; C_α ) = 1 if α is nontrivial, and dim B^1(Γ; C_α ) = 0 if α is trivial. Hence for any nontrivial α: Γ → C^∗ , we have

dim H^1(Γ; C_α ) = n − rk A − 1 . (11)

Lemma 4.6 Let α: π_1(M) → C^∗ be a nontrivial homomorphism. Then dim H^1(π_1(M); C_α ) = k if and only if α is a zero of the k-th Alexander invariant and not a zero of the (k + 1)-th Alexander invariant.

Proof By (11) we have k = dim H^1(π_1(M); C_α ) = n − rk A − 1, where A = (α(∂R_j /∂S_i)). Now α = β_α ∘ ϕ_σ and hence β_α(Δ^{ϕσ}_l (M)) = 0 if l < k and β_α(Δ^{ϕσ}_l (M)) ≠ 0 if l ≥ k.

Recall that α^± : π_1(M) → C^∗ denotes the homomorphisms given by

α^±(γ) := (α(γ))^{±1} ∀γ ∈ π_1(M). (12)

Algebraic & Geometric Topology, Volume 5 (2005)

It follows from the symmetry of the Alexander invariants that α^+ and α^− are zeros of the same order of the k-th Alexander invariant. More precisely, we have:

Proposition 4.7 Let α: π_1(M) → C^∗ be a nontrivial homomorphism. Then α^+ and α^− are zeros of the same order of the k-th Alexander invariant. In particular, we have

dim H^1(π_1(M); C_α+ ) = dim H^1(π_1(M); C_α− ) .

Proof Since α^−(s_p(1)) is the inverse of α(s_p(1)), it suffices to check that Δ^{ϕσ−1}_k (t^{−1}) = ϵ Δ^{ϕσ}_k (t) where ϵ is a unit in C [t^{±1} ]. To verify this, notice that the image of σ is contained in U(1), so σ^{−1}(γ) = σ(γ), ∀γ ∈ π_1(M). Hence, if Δ^{ϕσ}_k (t) = ∑ i a_it^i , then Δ^{ϕσ−1}_k (t) = ∑ i a_it^i . By Proposition 2.2, ∑ i a_it^i differs from ∑ i a_it^{−i} by a unit, hence the proposition follows.

The space of abelian representations Let α: π_1(M) → C^∗ be a representation and let φ: Z → C^∗ be a homomorphism. Using multiplication, we obtain a homomorphism αφ: π_1(M) → C^∗ given by αφ(γ) = α(γ)φ(ϕ(γ)) for γ ∈ π_1(M), where ϕ ∈ H^1(M; Z) is a generator. There is a one dimensional irreducible algebraic set V_α ⊂ R(M) given by V_α := {ρ_{αφ} | φ ∈ Hom(Z, C^∗ )} ⊂ R(M) . Moreover, the PSL_2(C ) orbit of ρ_{αφ} is two dimensional if αφ is nontrivial and hence V_α is contained in an at least three dimensional component. We denote by S_α(M) ⊂ R(M) the closure of the PSL_2(C )–orbit of V_α . Notice that ρ_α ∈ S_α(M) and dim_C S_α(M) ≥ 3.

Lemma 4.8 Let α: π_1(M) → C^∗ be a representation. If α is not a zero of the Alexander invariant then there exists a neighborhood of ρ_α in R(M) consisting entirely of points of the component S_α(M). Moreover, ρ_α ∈ S_α(M) is a smooth point and S_α(M) is the unique component through ρ_α and dim S_α(M) = 3.

Proof We have 3 ≤ dim S_α(M) ≤ dim_{ρα} R(M) ≤ dim Z^1(π_1(M); sl_2(C )_α ). Therefore Lemma 3.3 implies the result if we can show that

dim Z^1(π_1(M); sl_2(C )_α ) = 3 .

If α is trivial then Z^1(π_1(M); sl_2(C )_α ) = H^1(π_1(M); sl_2(C )_α ) ∼= H^1(M; C ) ⊗ sl_2(C ) and dim Z^1(π_1(M); sl_2(C )_α ) = 3 follows.

Algebraic & Geometric Topology, Volume 5 (2005)

If α is nontrivial, then the π_1(M)-module sl_2(C )_{ρα} splits as sl_2(C )_α = C_+ ⊕ C_− ⊕ C_0 . Hence H^1(π_1(M); sl_2(C )_α ) ∼= H^1(π_1(M); C_+ ) ⊕ H^1(π_1(M); C_0 ) ⊕ H^1(π_1(M); C_− ) and by Lemma 4.6 and Proposition 4.7 we get

dim H^1(π_1(M); sl_2(C )_α ) = 1 .

This implies that dim Z^1(π_1(M); sl_2(C )_α ) = 3 and ρ_α ∈ S_α(M) ⊂ R(M) is a smooth point.

5 Cohomology of metabelian representations

The aim of the following three sections is to prove that, when α is a simple zero of the Alexander invariant, certain reducible metabelian representations are smooth points of the representation variety R(M). First we construct these reducible representations and then, before proving their smoothness in Section 7, we shall do some cohomological computations in this section and the following one.

Let α: π_1(M) → C^∗ be a homomorphism and let d: π_1(M) → C be a map. The map ρ^d_α : π_1(M) → PSL_2(C ) given by

ρ^d_α(γ) = ( 1 d(γ) 0 1 ) ρ_α(γ) = ± ( α^12 (γ) α^{− 1}2 (γ)d(γ) 0 α^{− 1}2 (γ) )

is a homomorphism if and only if d ∈ Z^1(π_1(M); C_α ). Moreover, ρ^d_α is nonabelian if and only if d is not a coboundary.

Corollary 5.1 (Burde, de Rham) Let α: π_1(M) → C^∗ be a representation and define ρ_α : π_1(M) → PSL_2(C ) as in (1). Then there exists a reducible, non-abelian representation ρ: π_1(M) → PSL_2(C ) such that χ_ρ = χ_{ρα} if and only if α is a zero of the Alexander invariant.

Proof By Lemma 4.6 we have that dim H^1(π_1(M); C_α ) > 0 if and only if α is a zero of the Alexander invariant of M .

If α is a simple zero of the Alexander invariant, then α^± defined by (12) is a zero of the first Alexander invariant, but it is not a zero of the second. By Lemma 4.6 we have H^1(π_1(M); C_± ) ∼= C .

Let d_± ∈ Z^1(π_1(M); C_± ) be a cocycle which represents a generator of the first cohomology group H^1(π_1(M); C_± ). We denote by ρ^± the metabelian

Algebraic & Geometric Topology, Volume 5 (2005) representations into the upper/lower triangular group given by Corollary 5.1, i.e.

ρ^+(γ) = ( 1 d_+(γ) 0 1 ) ρ_α(γ) and ρ^−(γ) = ( 1 0 d_−(γ) 1 ) ρ_α(γ). If we replace d_± by d^′_± = c d_± + b_± where c ∈ C^∗ and b_± ∈ B^1(π_1(M); C_± ) then ρ^± changes by conjugation by an upper/lower triangular matrix. Let b_+ ⊂ sl_2(C ) denote the Borel subalgebra of upper triangular matrices. It is a π_1(M)-module via Ad ∘ρ^+ . The short exact sequence of π_1(M)-modules

0 → C_+ → b_+ → C_0 → 0

gives a long exact sequence in cohomology:

0 → H^0(M; C_0 )^{δ1}−→ H^1(M; C_+ ) → H^1(M; b_+) →

H^1(M; C_0 )^{δ2}−→ H^2(M; C_+ ) → H^2(M; b_+) → 0 (13)

Lemma 5.2 We have that H^1(M; b_+) = 0 if and only if δ^2 : H^1(M; C_0 ) → H^2(M; C_+ ) is an isomorphism.

Proof The Euler characteristic χ(M) vanishes. Hence, H^1(M; b_+) = 0 implies H^2(M; b_+) = 0 and the sequence (13) gives that δ^2 : H^1(M; C_0 ) → H^2(M; C_+ ) is an isomorphism.

Suppose that δ^2 : H^1(M; C_0 ) → H^2(M; C_+ ) is an isomorphism. Then the sequence (13) gives H^2(M; b_+) = 0 and the vanishing of the Euler characteristic implies H^1(M; b_+) = 0.

A cocycle d_0 : π_1(M) → C_0 is nothing but a homomorphism d_0 : π_1(M) → (C , +). A direct calculation gives

δ^2(d_0)(γ_1, γ_2) = −2d_+(γ_1)d_0(γ_2).

The 2-cocycle δ^2(d_0) is a cup product. In our situation we have the multiplication C_0 ⊗ C_+ → C_+ . This gives us a cup product . ∪: H^1(π_1(M); C_0 ) ⊗ H^1(π_1(M); C_+ ) → H^2(π_1(M); C_+ ) and δ^2(d_0) = −2(d_+^.∪ d_0) (14)

(see Equation (7)). Hence we have that δ^2 is an isomorphism if and only if, for each nontrivial homomorphism d_0 : Γ → C , the cocycle d_+^.∪ d_0 represents a nontrivial cohomology class.

The next lemma will be proved in Section 6:

Algebraic & Geometric Topology, Volume 5 (2005)

Lemma 5.3 Let d_0 : π_1(M) → C_0 be a nontrivial homomorphism and let d_+ : π_1(M) → C_+ be a cocycle representing a nontrivial cohomology class. If α is a simple zero of the Alexander invariant, then the 2-cocycle d_+^.∪ d_0 ∈ Z^2(π_1(M); C_+ ) represents a nontrivial cohomology class.

Corollary 5.4 Let α: π_1(M) → C^∗ be a nontrivial homomorphism. If α is a simple zero of the Alexander invariant then H^1(π_1(M); b_+) = 0 and the projection to the quotient sl_2(C )_ρ+ → sl_2(C )_ρ+ /b_+ ∼= C_− induces an isomorphism

H^1(π_1(M); sl_2(C )_ρ+ ) ∼= H^1(π_1(M); C_− ) ∼= C .

Proof Lemmas 5.3 and 5.2 and equation (14) imply that H^1(π_1(M); b_+) = 0. The isomorphism follows then from the long exact sequence in cohomology corresponding to 0 → b_+ → sl_2(C )_ρ+ → C_− → 0 .

6 Fox calculus and 2-cocycles

The aim of this section is to prove Lemma 5.3. Let Γ be a finitely presented group and let A be a C Γ-module. In the sequel we have to decide when a given 2-cocycle c: Γ × Γ → A is a coboundary.

A normalized 2-cochain is a map c: Γ × Γ → A where the normalization condition is c(1, γ) = c(γ, 1) = 0 for all γ ∈ Γ. We shall extend c linearly on the first component, i.e. for η = ∑ γ∈Γ n_γ γ ∈ C Γ, n_γ ∈ C , we define

c(η, γ_0) := ∑ γ∈Γ n_γ c(γ, γ_0) .

Proposition 6.1 Let Γ = ⟨S_1, . . . , S_n|R_1, . . . , R_m⟩ be a finitely presented group and let c: Γ × Γ → A be normalized 2-cocycle.

Then c: Γ × Γ → A is a coboundary if and only if there exists a_i ∈ A, i = 1, . . . , n, such that for all j = 1, . . . , m the equation n∑ i=1 π (∂R_j ∂S_i ) ∘ a_i + n∑ i=1 c(π( ∂R_j ∂S_i ), π(S_i)) = 0 (15)

holds.

Here π : ⟨S_1, . . . , S_n⟩ → Γ denotes the natural projection from the free group to Γ.

Algebraic & Geometric Topology, Volume 5 (2005)

Proof We start by recalling some well known constructions used in the proof (cf. [7]). Let X be the canonical 2-complex with one 0-cell associated to the presentation of Γ = ⟨S_1, . . . , S_n|R_1, . . . , R_m⟩ i.e. X = X^0 ∪ X^1 ∪ X^2 where X^0 = {e^0}, X^1 = {e^1, . . . , e^1_n} and X^2 = {e^2_1, . . . , e^2_m}. The universal covering p: X̃ → X gives us a free chain complex C_k := C_k(X̃) of Γ-modules. A basis for C_k is given by choosing exactly one cell ẽ^k_j ∈ p^{−1}(e^k_j ). With respect to this basis, ∂_2 is given by the Fox calculus, i.e.

∂_2(ẽ^2_j ) = n∑ i=1 ∂R_j ∂S_i ẽ^1_i and ∂_1(ẽ^1_i ) = (S_i − 1)ẽ^0 . (16)

Notice that ∂_1 ∘ ∂_2 = 0 corresponds to the fundamental formula of the Fox calculus (see [8]).

The normalized bar resolution for Γ is denoted by B_∗ := B_∗(Γ). More precisely, let B_n := B_n(Γ) be the free Γ-module with generators [x_1| . . . |x_n], where x_i ∈ Γ\{1}. In order to give meaning to every symbol [x_1| . . . |x_n] set [x_1| . . . |x_n] = 0 if x_i = 1 for any i. This is called the normalization condition. Note that B_0 ∼= ZΓ is the free Γ-module on one generator and the augmentation ε: B_0 → Z maps [ ] to 1. In low dimensions the boundary operators are given by ∂[x|y] = x[y] − [xy] + [x], ∂[x] = (x − 1)[ ] . Moreover, homomorphisms s_{−1} : Z → B_0 , s_n : B_n → B_{n+1} of abelian groups are defined by

s_{−1}(1) = [ ] and s_n(x[x_1| . . . |x_n]) = [x|x_1| . . . |x_n] .

It turns out that (s_n) is a contracting homotopy for the underlying augmented chain complex B_∗^ε→ Z of abelian groups. 0 −−−−→ C_2(X̃)^{∂2}−−−−→ C_1(X̃)^{∂0}−−−−→ C_0(X̃)^ϵ−−−−→ Z f_2 f_1 f_0 = · · · −−−−→ B_2(Γ)^∂−−−−→_{←−s} 1 B_1(Γ)^∂−−−−→_{←−s} 0 B_0(Γ)^ϵ−−−−→_{←−s} −1 Z By using the fact that C_∗ is a free Γ-complex and that B_∗ is contractile we obtain a chain map f_∗ : C_∗ → B_∗ which is augmentation preserving i.e. ε ∘ f_0 = ε. Moreover, f is unique up to chain homotopy (see [7, I.7.4]). The contracting homotopy s_n : B_n → B_{n+1} and the basis of C_∗ determine f_∗ inductively (see [7, p.24] for details). Hence the maps f_i : C_i → B_i , i = 0, 1, 2, are given by

f_0(ẽ^0) = [ ], f_1(ẽ^1_i ) = [S_i] and f_2(ẽ^2_j ) = n∑ i=1 [ ∂R_j ∂S_i | |S_i] . (17)

Algebraic & Geometric Topology, Volume 5 (2005)

Here we have used the following convention: if η = ∑ γ∈Γ n_γ γ ∈ ZΓ, then [η, γ_0] := ∑ γ∈Γ n_γ [γ, γ_0] ∈ B_2 .

It follows that the induced cochain map f^∗_2 : Hom_Γ(B_2; A) → Hom_Γ(C_2; A) is given by

f^∗_2 (c)(ẽ^2_j ) = n∑ i=1 c (∂R_j ∂S_i , S_i ) , where c ∈ Hom_Γ(B_2; A). (18)

By Lemma 3.1, the map f^∗_2 induces an injection f^∗ : H^2(Γ; A) → H^2(X; A). Hence, f^∗_2 (c) is a coboundary if and only if there exists a cochain b ∈ Hom_Γ(B_1; A) such that f^∗_2 (c)(ẽ^2_j ) + b(f_1(∂_2ẽ^2_j )) = 0 (19) for all j = 1, . . . , m. The proposition follows from Equation (19) by using (16), (17) and (18).

Let α: π_1(M) → C^∗ be a nontrivial representation. Note that α induces a homomorphism α: tors(H_1(M; Z)) ⊕ Z → C^∗ , and let σ denote the restriction of α to the torsion subgroup tors(H_1(M; Z)). As before we denote by C_+ the π_1(M)-module C_α , i.e. γ · z = α(γ)z . For the remainder of the section, fix a projection p: H_1(M; Z) → tors(H_1(M; Z)) and a generator ϕ ∈ H^1(M; Z). Let h: π_1(M) → (C , +) be a homomorphism and let d_+ : π_1(M) → C_+ be a cocycle. Since ϕ is a generator of the first cohomology group, there exists a ∈ C such that h = a ϕ.

By Proposition 6.1 we have that h^.∪ d_+ is a coboundary if and only if there exist x_1, . . . , x_n ∈ C_+ such that n∑ i=1 α( ∂R_j ∂S_i ) x_i + h^.∪ d_+( ∂R_j ∂S_i , S_i) = 0 (20)

for all j = 1, . . . , n − 1.

We have h^.∪d_+(γ_1, γ_2) = h(γ_1)α(γ_1)d_+(γ_2) and hence for η = ∑ c_γ γ ∈ C π_1 (M) we get from (9):

h^.∪ d_+(η, γ_0) = ∑ c_γ (h^.∪ d_+)(γ, γ_0) = ∑ c_γ h(γ)α(γ)d_+(γ_0) = a ∑ c_γ ϕ(γ)σ(γ)α(s_p(1))^{ϕ(γ)}d_+(γ_0) . (21)

Let D : C [t^{±1} ] → C [t^{±1} ] be the following differential operator: D( ∑ i∈Z c_it^i) = ∑ i∈Z c_iit^i .

Algebraic & Geometric Topology, Volume 5 (2005)

The operator D satisfies the following rules:

D(c_1η_1 + c_2η_2) = c_1D(η_1) + c_2D(η_2) for c_i ∈ C and η_i ∈ C [t^{±1} ], D(η_1η_2) = D(η_1)η_2 + η_1D(η_2) for η_i ∈ C [t^{±1} ].

It follows from these rules that D(c) = 0 for c ∈ C .

For given z ∈ C^∗ we define ord_z : C [t^{±1} ] → N ∪ {∞} to be the order of η(t) ∈ C [t^{±1} ] at z , i.e. ord_z(η) = ∞ ⇔ η(t) ≡ 0 and

ord_z(η) = k ∈ N ⇔ ∃η^′ ∈ C [t^{±1} ] : η^′(z) ≠ 0 and η(t) = (t − z)^kη^′(t) . It is easy to see that if η(z) = 0, then ord_z(η) = ord_z(D(η)) + 1. For a fixed z ∈ C^∗ the evaluation map C [t^{±1} ] → C which maps η(t) to η(z) turns C into a C [t^{±1} ]-module which will be denoted by C_z . The kernel of the evaluation map C [t^{±1} ] → C is exactly the maximal ideal generated by (t − z). We choose a splitting of H_1(M; Z) as in (2) and we write α = β_α ∘ ϕ_σ as in (9). Recall that β_α is nothing but the evaluation map at z := α(s_p(1)). Hence (21) gives:

h^.∪ d_+(η, γ_0) = a β_α(D(ϕ_σ (η)))d_+(γ_0), (22) where η ∈ C π_1 (M), ϕ_σ(η) ∈ C [t^{±1} ] and γ_0 ∈ π_1(M).

A C [t^{±1} ]-module homomorphism f : (C [t^{±1} ])^n → (C [t^{±1} ])^m induces a C [t^{±1} ]- morphism f^z : C^n_z → C^m_z . This follows simply from f(Ker (β_α)^n) ⊂ Ker (β_α)^m . (C [t^{±1} ])^{n f}−−−−→ (C [t^{±1} ])^m β_{nα} β_{mα} C^n_z^{f z}−−−−→ C^m_z . It is easy to see that D(f): (C [t^{±1} ])^n → (C [t^{±1} ])^m given by D(f) := D^m ∘ f − f ∘D^n is a C [t^{±1} ]-module morphism. If A is the matrix of f with respect to the canonical basis, then β_α(A) is the matrix of f^z with respect to the canonical basis and DA is the matrix of D(f) with respect to the canonical basis. Here, β_α and D applied to a matrix means simply applying it to each entry.

Proof of Lemma 5.3 Recall that we made the assumption that α is a simple zero of the Alexander invariant of M .

Let h ∈ Z^1(π_1(M); C_0 ) and d_+ ∈ Z^1(π_1(M); C_+ ) be cocycles representing nontrivial cohomology classes. It follows from Equation (8) that h^.∪ d_+ + d_+^.∪ h ∼ 0,

Algebraic & Geometric Topology, Volume 5 (2005) and hence h^.∪ d_+ is a coboundary if and only if d_+^.∪ h is a coboundary.

Let a ∈ C^∗ such that h = aϕ and set z := α(s_p(1)). Then β_α(η(t)) is simply η(z). By writing equations (20) in matrix form, we obtain from (22) that h^.∪d_+ is a coboundary if and only if the system

J^{ϕσ} (z) x + a (DJ^{ϕσ} )(z) d_+(S_1) . . d_+(S_n)

= 0 (23)

has a solution x ∈ C^n . Here, for each matrix A ∈ M_{m,n}(C [t^{±1} ]) we denote by A(z) ∈ M_{m,n}(C ) the matrix obtained by applying the evaluation map to its entries.

From the canonical 2-complex associated to the presentation we obtain the following resolutions: 0 ←−−−− (C [t^{±1} ])^{n−1 d2}←−−−− (C [t^{±1} ])^{n d1}←−−−− C [t^{±1} ] ←−−−− 0 βα βα βα 0 ←−−−− C^{n−1}_z^{dz2}←−−−− C^n_z^{dz1}←−−−− C_z ←−−−− 0 . The matrix of d_2 (respectively d^z_2 ) with respect to the canonical basis is J^{ϕσ} (respectively J^{ϕσ} (z)) and the matrix of D(d_2) with respect to the canonical basis is DJ^{ϕσ} .

It follows that h^.∪ d_+ is a coboundary if and only if

(DJ^{ϕσ} )(z) d_+(S_1) . . d_+(S_n)

∈ Im(d^z_2) .

Note that J^{ϕσ} is a presentation matrix of H^{ϕσ}_1 (M, x_0) ∼= H^{ϕσ}_1 (M) ⊕ C [t^{±1} ]. The assumption that α is a simple zero of the Alexander invariant implies that H^{ϕσ}_1 (M) is torsion. Hence, there exist a basis B = (b_0, . . . , b_{n−1}) of (C [t^{±1} ])^n and a basis C = (c_1, . . . , c_{n−1}) of (C [t^{±1} ])^{n−1} such that d_2(b_0) = 0 and d_2(b_i) = r_i(t)c_i , 1 ≤ i ≤ n − 1, where r_i(t) ∈ C [t^{±1} ] are nonzero and r_{i+1}(t) | r_i(t). Moreover, we have that ord_z(Δ^{ϕσ} ) = 1 and hence r_1(z) = 0 and (Dr_1)(z) ≠ 0. In particular, r_j (z) ≠ 0 for j ≥ 2.

Now, d_2 ∘ d_1 = 0 gives that Im d_1 ⊂ C [t^{±1} ] · b_0 . Therefore, there exists a r(t) ∈ C [t^{±1} ] such that d_1(1) = r(t)b_0 . Since H^0(M, C_+ ) = 0 we obtain r(z) ≠ 0.

Algebraic & Geometric Topology, Volume 5 (2005)

We define a basis (b^z_0, . . . , b^z_{n−1}) of C^n_z by b^z_0 = r(z)β_α(b_0) = r(z)b_0(z) and b^z_i = β_α(b_i) = b_i(z), 1 ≤ i ≤ n − 1. Analogously, a basis (c^z_1, . . . , c^z_{n−1}) of C^{n−1} is given by c^z_i = β_α(c_i) = c_i(z), 1 ≤ i ≤ n − 1. We have Im d^z_2 = span(c^z_2, . . . , c^z_{n−1}) and Ker d^z_2 = span(b^z_0, b^z_1) .

Note that Ker d^z_2 = span(b^z_0, b^z_1) can be identified with Z^1(M; C_+ ) and that the coboundaries correspond to the multiples of b^z_0 . Now a direct calculation gives

(Dd_2)(z) (b^z_0) = β_α(D(d_2) (r(t)b_0)) ∈ Im d^z_2, (using d_2(b_0) = 0), and (Dd_2)(z) (b^z_1) = β_α(D(d_2)(b_1)) ∈ (Dr_1)(z) c^z_1 + Im d^z_2, (using r_1(z) = 0). Moreover, (Dr_1)(z) ≠ 0 and each element of Ker d^z_2 representing a nonzero cohomology class does not map into Im d^z_2 under (Dd_2)(z). Hence, for each cocycle d_+ : π_1(M) → C_+ which represents a generator of H^1(M; C_+ ) and each nontrivial homomorphism h: π_1(M) → (C , +) the system (23) has no solution, i.e. h^.∪ d_+ is not a coboundary.

7 Deforming metabelian representations

We suppose in the sequel that α is a simple zero of the Alexander invariant of M . Let ρ^+ ∈ R(M) denote the metabelian representation defined in Section 5. In this section we use the results of the previous two sections in order to show that ρ^+ is a smooth point of R(M) with local dimension 4. Let i: ∂M → M be the inclusion.

Lemma 7.1 The representation ρ^+ ∘ i_# : π_1(∂M) → PSL_2(C ) is nontrivial.

Proof By Corollary 5.4, H^1(M; sl_2(C )_ρ+ ) ∼= H^1(π_1(M); sl_2(C )_ρ+ ) ∼= C and by duality, H^2(M; ∂M; sl_2(C )_ρ+ ) ∼= H^1(M; sl_2(C )_ρ+ ) ∼= C . Thus, by the exact sequence of the pair

H^1(M; sl_2(C )_ρ+ ) → H^1(∂M; sl_2(C )_ρ+ ) → H^2(M; ∂M; sl_2(C )_ρ+ ), we obtain dim H^1(∂M; sl_2(C )_ρ+ ) ≤ 2.

We prove the lemma by contradiction: if ρ^+ restricted to i_#(π_1(∂M)) was trivial, then sl_2(C )_ρ+ would be a trivial π_1(∂M)-module, and therefore H^1(∂M; sl_2(C )_ρ+ ) ∼= H^1(∂M; C ) ⊗_C sl_2(C ) ∼= sl_2(C ) ⊕ sl_2(C )

Algebraic & Geometric Topology, Volume 5 (2005) would have dimension six, contradicting the previous upper bound for the dimension.

Definition 7.2 A non-cyclic abelian subgroup of PSL_2(C ) with four elements is called Klein’s 4-group. Such a group is realized by rotations about three orthogonal geodesics and it is conjugate to the one generated by ±

(_{0 1}

−1 0 ) and ± (_{i 0} 0 −i ) . Remark 7.3 The image ρ^+(i_#(π_1(∂M))) cannot be the Klein group, because the image of ρ^+ is reducible (i.e. the action on P^1(C ) = C ∪ {∞} has a fixed point, ∞), but the Klein group has no fixed point in P^1(C ).

Recall that by Weil’s construction Z^1(π_1(M); sl_2(C )_ρ+ ) contains the Zariski tangent space of R(M) at ρ^+ (cf. Section 3). To prove the smoothness, we show that all cocycles in Z^1(π_1(M); sl_2(C )_ρ+ ) ∼= C are integrable. To do this, we prove that all obstructions vanish, by using the fact that the obstructions vanish on the boundary.

Lemma 7.4 The variety R(Z ⊕ Z) has exactly two irreducible components. One is four dimensional and smooth except at the trivial representation. The other component is three dimensional and smooth; it is exactly the orbit of a representation onto the Klein group.

Proof Let Z ⊕ Z = ⟨x, y|[x, y] = 1⟩ and let ρ: Z ⊕ Z → PSL_2(C ) be a representation given by ρ(x) = ±A_x and ρ(y) = ±A_y . Then tr[A_x, A_y] ∈ {±2} and ρ lifts to SL_2(C ) if and only if tr[A_x, A_y] = 2. Moreover, ρ is a representation onto a Klein group if and only if tr[A_x, A_y] = −2. Thus R(Z⊕Z) has two components, one of dimension four and one of dimension three, which is the orbit of a representation onto the Klein group. Given a representation ϱ ∈ R(Z ⊕ Z) which is nontrivial and different from the Klein group, then H^0(Z ⊕ Z; sl_2(C )_ϱ) ∼= sl_2(C )^{ϱ(Z⊕Z)} ∼= C . Thus, by duality and Euler characteristic, H^1(Z⊕Z; sl_2(C )_ϱ) ∼= C^2 and Z^1(Z⊕Z; sl_2(C )_ϱ) ∼= C^4 . This computation shows that the dimension of the Zariski tangent space at this representation is at most four. Since the representation lies in a four dimensional component, it is a smooth point of R(Z⊕Z). Note that it follows from the proof of Lemma 7.1 that the trivial representation is a singular point of R(Z ⊕ Z). If ϱ is a representation onto the Klein group then H^0(Z ⊕ Z; sl_2(C )_ϱ) = 0 and hence H^1(Z ⊕ Z; sl_2(C )_ϱ) = 0 by the same Euler characteristic argument. Hence dim Z^1(Z⊕Z; sl_2(C )_ϱ) = 3. Since the orbit of the representation is three dimensional and closed, the lemma is proved.

Algebraic & Geometric Topology, Volume 5 (2005)

Given a cocycle Z^1(π_1(M); sl_2(C )_ρ+ ) the first obstruction to integration is the cup product with itself. In general when the n-th obstruction vanishes, the obstruction of order n + 1 is defined, it lives in H^2(π_1(M); sl_2(C )_ρ+ ). Let Γ be a finitely presented group and let ρ: Γ → PSL_2(C ) be a representation. A formal deformation of ρ is a homomorphism ρ_∞ : Γ → PSL_2(C [[t]])

ρ_∞(γ) = ± exp( ∞∑ i=1 t^iu_i(γ))ρ(γ) where u_i : Γ → sl_2(C ) are elements of C^1(Γ, sl_2(C )_ρ ) such that p_0 ∘ ρ_∞ = ρ. Here p_0 : PSL_2(C [[t]]) → PSL_2(C ) is the evaluation homomorphism at t = 0 and C [[t]] denotes the ring of formal power series. We shall say that ρ_∞ is a formal deformation up to order k of ρ if ρ_∞ is a homomorphism modulo t^{k+1} . An easy calculation gives that ρ_∞ is a homomorphism up to first order if and only if u_1 ∈ Z^1(Γ, sl_2(C )_ρ ) is a cocycle. We call a cocycle u_1 ∈ Z^1(Γ, sl_2(C )_ρ ) formally integrable if there is a formal deformation of ρ with leading term u_1 . Let u_1, . . . , u_k ∈ C^1(Γ, sl_2(C )_ρ ) such that

ρ_k(γ) = exp( k∑ i=1 t^iu_i(γ))ρ(γ) is a homomorphism into PSL_2(C [[t]]) modulo t^{k+1} . Then there exists an obstruction class ζ_{k+1} := ζ^{(u1,...,uk)}_{k+1} ∈ H^2(Γ; sl_2(C )_ρ ) with the following properties (see [14, Sec. 3]):

(i) There is a cochain u_{k+1} : Γ → sl_2(C ) such that

ρ_{k+1}(γ) = exp( k+1∑ i=1 t^iu_i(γ))ρ(γ) is a homomorphism modulo t^{k+2} if and only if ζ_{k+1} = 0.

(ii) The obstruction ζ_{k+1} is natural, i.e. if f : Γ^′ → Γ is a homomorphism then f^∗ρ_k := ρ_k ∘ f is also a homomorphism modulo t^{k+1} and f^∗(ζ^{(u1,...,uk)}_{k+1} ) = ζ^{(f ∗u1,...,f ∗uk)} k+1 .

Lemma 7.5 Let ρ: π_1(M) → PSL_2(C ) be a reducible, nonabelian representation such that dim Z^1(π_1(M); sl_2(C )_ρ ) = 4.

If ρ ∘ i_# : π_1(∂M) → PSL_2(C ) is neither trivial nor a representation onto a Klein group, then every cocycle in Z^1(π_1(M); sl_2(C )_ρ ) is integrable.

Algebraic & Geometric Topology, Volume 5 (2005)

Proof We first show that i^∗ : H^2(π_1(M); sl_2(C )_ρ ) → H^2(π_1(∂M); sl_2(C )_ρ ) is injective. To that extent we use the following commutative diagram:

H^2(M; sl_2(C )_ρ)^{∼=}−−−−→ H^2(∂M; sl_2(C )_ρ) ∼_= H^2(π_1(M); sl_2(C )_ρ) −−−−→ H^2(π_1(∂M); sl_2(C )_ρ) The horizontal isomorphism on the top of the diagram comes from the exact sequence of the pair (M, ∂M) and the dimension computation in the proof of Lemma 7.1. The vertical isomorphism on the right is a consequence of asphericity of ∂M . In addition, the vertical map on the left is an injection (see Lemma 3.1).

We shall now prove that every element of Z^1(π_1(M); sl_2(C )_ρ ) is integrable. Let u_1, . . . , u_k : π_1(M) → sl_2(C ) be given such that ρ_k(γ) = exp( ∑_k i=1 t^iu_i(γ))ρ(γ) is a homomorphism modulo t^{k+1} . Then the restriction ρ_k ∘ i_# : π_1(∂M) → SL_2(C [[t]]) is also a formal deformation of order k. On the other hand, it follows from Lemma 7.4 that the restriction ρ_k ∘ i_# is a smooth point of the representation variety R(∂M). Hence, the formal implicit function theorem gives that i^∗ρ_k extends to a formal deformation of order k + 1 (see [14, Lemma 3.7]). Therefore, we have that 0 = ζ^{(i∗u1,...,i∗uk)} k+1 = i^∗ζ^{(u1,...,uk)} k+1 . Now, i^∗ is injective and the obstruction vanishes.

Proposition 7.6 The representation ρ^+ is a smooth point of R(M) with local dimension four.

Proof It follows from Corollary 5.4 that dim H^1(π_1(M); sl_2(C )_ρ+ ) = 1. Thus dim Z^1(π_1(M); sl_2(C )_ρ+ ) = 1 + dim sl_2(C ) = 4. Moreover, it follows from Lemma 7.1 and Remark 7.3 that the representation ρ^+ verifies the hypothesis of Lemma 7.5. Hence all cocycles in Z^1(π_1(M); sl_2(C )_ρ+ ) are integrable. By applying Artin’s theorem [1] we obtain from a formal deformation of ρ^+ a convergent deformation (see [14, Lemma 3.3]). Thus ρ^+ is a smooth point of R(M) with local dimension equal to 4 = dim Z^1(π_1(M); sl_2(C )_ρ+ ).

8 The quadratic cone at the representation ρ_α

Let α: π_1(M) → C^∗ be a nontrivial representation. We shall suppose in the sequel that α is a simple zero of the Alexander invariant.

Algebraic & Geometric Topology, Volume 5 (2005)

We want to show that ρ_α is contained in precisely two components and that their intersection at the orbit of ρ_α is transverse. For this we study the quadratic cone. The Zariski tangent space can be viewed as the space of germs of analytic paths which are contained in R(M) at the first order. The quadratic cone is the analogue at the second order. Since the defining polynomials for the union of two varieties are the products of defining polynomials for each component, the Zariski tangent space of each component (at points of the intersection) can only be detected by the quadratic cone.

Let ρ: π_1(M) → PSL_2(C ) be a representation. The quadratic cone Q(ρ) is defined by Q(ρ) := {u ∈ Z^1(π_1(M); sl_2(C )_ρ ) | [u ∪ u] ∼ 0} .

Recall that given two cocycles u, v ∈ Z^1(π_1(M); sl_2(C )_{ρα} ) the cup product [u ∪ v] ∈ Z^2(π_1(M); sl_2(C )_{ρα} ) is the cocycle given by

[u ∪ v](γ_1, γ_2) = [u(γ_1), Ad_{ρα(γ1)}(u(γ_2))] ∈ sl_2(C ), ∀γ_1γ_2 ∈ π_1(M);

where [ , ] denotes the Lie bracket (see (7)). Since the Lie bracket is antisymmetric, one easily checks that the cup product is symmetric, i.e. the cocycles [u ∪ v] and [v ∪ u] represent the same cohomology class, by (8).

To compute the quadratic cone Q(ρ_α) we use the decomposition sl_2(C )_α = C_0 ⊕ C_+ ⊕ C_− of π_1(M)-modules, see (10). Let pr_0 and pr_± denote the projections of sl_2(C )_α to the respective one dimensional modules. We can easily check the relation

pr_±([u ∪ v]) = pr_0(u)^.∪ pr_±(v) − pr_±(u)^.∪ pr_0(v). (24)

Here we use the products of π_1(M)-modules C ×C_± → C_± , and C_± ×C → C_± , which are nothing but the usual product of complex numbers. Notice that these cup products of cohomology classes of cocycles valued in C_± and C are antisymmetric (for the same reason that the cup product valued in sl_2(C ) is symmetric). Therefore (24) in induces ∀z ∈ Z^1(π_1(M); sl_2(C )_α):

pr_±([z ∪ z]) = 2 pr_0(z)^.∪ pr_±(z) up to coboundary. (25)

The splitting (10) induces a splitting in cohomology. We recall that

dim H^1(π_1(M); C_± ) = dim H^1(π_1(M); C ) = 1

and we have chosen cocycles d_± and d_0 whose cohomology classes generate H^1(π_1(M); C_± ) and H^1(π_1(M); C ) respectively (see Section 5). Thus, the cocycle z ∈ Z^1(π_1(M); sl_2(C )_α ) is cohomologous to

z ∼ a_0 d_0 + a_− d_− + a_+ d_+ with a_0, a_+, a_− ∈ C . (26)

Algebraic & Geometric Topology, Volume 5 (2005)

Therefore (25) becomes

pr_±([z ∪ z]) = 2a_0a_± d_0^.∪ d_± ∈ Z^1(π_1(M); C_± ) up to coboundary. (27)

Lemma 8.1 The quadratic cone Q(ρ_α) ⊂ Z^1(π_1(M); sl_2(C )_α) is the union of two subspaces, one of dimension 4 and another one of dimension 3. These subspaces are precisely the kernels of the projections

pr_0 : Z^1(π_1(M); sl_2(C )_α) → Z^1(π_1(M); C ) = H^1(π_1(M); C ) and Z^1(π_1(M); sl_2(C )_α)^{pr+ ⊕ pr−}−→ Z^1(π_1(M); C_+ ⊕ C_− ) → H^1(π_1(M); C_+ ⊕ C_− )

respectively. In particular, the intersection of these subspaces is the space of coboundaries B^1(π_1(M); sl_2(C )_α ).

Proof Notice that the space

Z^1(π_1(M); sl_2(C )_α) = Z^1(π_1(M); C_0 ) ⊕ Z^1(π_1(M); C_+ ⊕ C_− )

is five dimensional and that

B^1(π_1(M); sl_2(C )_α) = B^1(π_1(M); C_+ ⊕ C_− ).

Every cocycle z ∈ Z^1(π_1(M); sl_2(C )_α) can be uniquely written as z = a_0d_0 + a_+d_+ + a_−d_− + b where b ∈ B^1(π_1(M); C_+ ⊕ C_− ). Combining Lemma 5.3, Equations (26) and (27), the condition for the quadratic cone [z ∪ z] ∼ 0 reduces to:

a_0 a_+ = a_0 a_− = 0 .

This is of course a necessary condition for integrability. In particular we deduce that z ∈ Q(ρ_α) if and only if z ∈ Z^1(π_1(M); C_+ ⊕ C_− ) or z ∈ Z^1(π_1(M); C_0 ) ⊕ B^1(π_1(M); C_+ ⊕ C_− ) and the lemma follows.

Proof of Theorem 1.2 By Lemma 8.1 it suffices to show that ρ_α is contained in two irreducible components, one of dimension four containing irreducible representations and another of dimension three containing only abelian ones. This will show that the Zariski tangent space of each component has the right dimension which implies that the point of the intersection is a smooth point of each component. Moreover, the intersection is transverse.

The component of dimension 4 is provided by Proposition 7.6. In fact ρ_α is the adherence of the orbit of ρ^+ , thus it is contained in the same irreducible component. For the other component, notice that ρ_α is contained in a subvariety of abelian representations S_α(M), with dim S_α(M) ≥ 3 (see Lemma 4.8).

Algebraic & Geometric Topology, Volume 5 (2005)

Representations in S_α(M) are conjugate to diagonal representations, thus the tangent space to this deformation is clearly contained in the kernel of the projection to H^1(π_1(M); C_+ ⊕ C_− ), and this gives an irreducible component of dimension at most three. Thus ρ_α it is a smooth point of the three-dimensional component S_α(M) ⊂ R(M). In addition, the orbits by conjugation in this component must be two-dimensional and therefore all representations must be abelian.

Example 8.2 Let M be the torus bundle given in Example 3.2. Following Example 4.4 we choose λ_i ∈ C^∗ such that α_i : π_1(M) → C^∗ , i = 1, . . . , 4, given by α_i(μ) = λ_i and α_i | |_{Z/2⊕Z/2} = σ_i is a simple root of the Alexander invariant,

i.e. λ_1 = 3 ± √ 8 and λ_i = 1 for i = 2, 3, 4. Therefore, in each case the representation ρ_{αi} is the limit of irreducible representations. The deformation for ρ_{α4} was already observed in [13, Section 4.2]. This deformation was simply obtained as a pullback of a component of the representation variety R(Z/2∗Z/2) under the surjection: π_1(M) → π_1(M)/⟨μ = 1⟩ ∼= ⟨α, β|α^2, β^2⟩ . Note that ρ_{αi} is ∂ -trivial for i = 2, 3, 4. On the other hand, ρ^+_{αi} ∘i_# : π_1(∂M) → PSL_2(C ) is parabolic but nontrivial (cf. Lemma 7.1) and Lemma 7.5 applies. The results of [14] do not apply.

9 The variety of characters near χ_α

Let α: π_1(M) → C^∗ a representation such that α is a simple zero of the Alexander invariant. Let χ_α ∈ X(M) denote the character of ρ_α .

Proof of Theorem 1.3 Notice that there are at least two components of X(M) containing χ_α , which are precisely the quotients of the components of R(M) containing ρ_α .

To study the geometry of X(M) near χ_α we construct a slice as in [4]. Let γ_0 ∈ Γ be an element such that ρ_α(γ_0) ≠ ±I . We define the slice as:

S = {ρ ∈ R(M) | ρ(γ_0) is a diagonal matrix }.

By [4], S is a slice étale and we shall give here some of its properties: firstly, S is transverse to the orbit by conjugation at ρ_α . More precisely, if for some neighborhood U of ρ_α , F : U ⊂ R(M) → C^2 maps a representation

Algebraic & Geometric Topology, Volume 5 (2005) ρ to the non-diagonal entries of ρ(γ_0), then S ∩ U = F^{−1}(0, 0). The tangent map of F restricted to the coboundary space defines an isomorphism B^1(π_1(M); sl_2(C )_α) ∼= C^2 . Thus

T^{Zar}_{ρα} (S) ⊕ B^1(π_1(M); sl_2(C )_α) = Z^1(π_1(M); sl_2(C )_α),

and H^1(π_1(M); sl_2(C )_α) can be viewed as the Zariski tangent space to S at ρ_α . Secondly, the projection S → X(M) is surjective at least for characters χ with χ(γ_0) ≠ 4. It is therefore sufficient for our purpose to study the slice S and its quotient by the stabilizer of ρ_α .

Let d_0 ∈ Z^1(π_1(M); C_0 ) and d_± ∈ Z^1(π_1(M); C_± ) denote the cocycles of the previous section. Up to adding a coboundary, we may assume that d_±(γ_0) = 0. Thus the tangent space to S at ρ_α is three dimensional and generated by d_0 , d_+ and d_− . The analysis of Section 8 allows to say that S has two components around ρ_α : one curve tangent to d_0 consisting of diagonal representation and a surface tangent to the space generated by d_+ and d_− , containing irreducible representations. Notice that since S is transverse to the boundary space, it intersects the orbit of ρ_α by conjugation in a single point.

To analyze X(M), we take the quotient of S by the stabilizer of ρ_α , which is precisely the group of diagonal matrices: D = { ± ( λ 0 0 λ^{−1} ) | λ ∈ C^∗ } ⊂ PSL_2(C ).

Since the curve in S of diagonal representations commutes with D, it projects to a curve of abelian characters in X(M). To understand the action on the other component, we analyze the action on the Zariski tangent space: a matrix (_{λ 0}

0 λ^{−1} ) acts by mapping d_± to λ^{±2}d_± . In other words, we must understand the algebraic quotient C^2 //C^∗ where t ∈ C^∗ maps (x, y) ∈ C^2 to (t x, t^{−1} y). The quotient C^2 //C^∗ is the line C , where the algebra of invariant functions is generated by xy. Thus the quotient of the four dimensional component containing ρ_α is also a smooth curve.

To show that the intersection is transverse, notice that the Zariski tangent space to X(M) at χ_α is H^1(π_1(M); C ) ⊕ H^1(π_1(M); C_+ ⊕ C_− )//C^∗ ∼= C^2 . The first factor H^1(π_1(M); C ) ⊕ 0 ∼= C is tangent to the curve of abelian characters, and 0 ⊕ H^1(π_1(M); C_+ ⊕ C_− )//C^∗ ∼= C is tangent to the other curve, thus the intersection is transverse.

Algebraic & Geometric Topology, Volume 5 (2005)

10 Real valued characters

Let α: π_1(M) → C^∗ be a representation such that α is a simple zero of the Alexander invariant. Moreover, we shall suppose in this section that the character χ_α : π_1(M) → R is real valued.

We recall from [13] that the character χ_ρ of a representation ρ ∈ R(M) maps γ ∈ π_1(M) to χ_ρ(γ) = trace^2(ρ(γ)).

Lemma 10.1 Let Γ be a finitely generated group. If χ ∈ X(Γ) is real valued, then there exists a representation ρ ∈ R(Γ) with character χ_ρ = χ and such that the image of ρ is contained either in PSU(2) or in PGL_2(R).

Notice that PGL_2(R) ⊂ PGL_2(C ) ∼= PSL_2(C ) has two components, the identity component is PSL_2(R), the other component consists of matrices with determinant −1 (which in PSL_2(C ) are represented by matrices with entries in C with zero real part).

Looking at the action of PSL_2(C ) on hyperbolic space H^3 by orientation preserving isometries, the group PGL_2(R) is the stabilizer of a totally geodesic plane in H^3 , and the two components of the group are determined by whether their elements preserve or reverse the orientation of the plane. The group PSU(2) is the stabilizer of a point and it is connected (isomorphic to SO(3)).

Proof Let F_n be a free group with a surjection F_n ↠ Γ. Following [13], we consider F^2_n , the subgroup of F_n generated by all squared elements γ^2 , with γ ∈ F_n . This group is a normal subgroup of F_n and gives the following exact sequence 1 → F^2_n → F_n → H_1(F_n, C_2) → 1,

where C_2 is the cyclic group with two elements.

Let ρ ∈ R(M) be a representation with real valued character χ_ρ = χ. If ρ is reducible, we may assume that it is diagonal. Therefore we have two cases, either ρ is irreducible or ρ is diagonal.

The composition of ρ with F_n ↠ Γ lifts to a representation ρ^′ : F_n → SL_2(C ). By Propositions 2.2 and 2.4 of [13] the restriction of ρ^′ to F^2_n has real trace. Hence, we can apply the known results about these representations.

If the restriction ρ^′|_F 2_n is irreducible, then the image of ρ^′|_F 2_n is contained in either SL_2(R) or SU(2) [20, Prop. III.1.1]. Looking at the action on H^3 , this means that ρ^′|_F 2_n preserves either a totally geodesic plane or a point in H^3 . In

Algebraic & Geometric Topology, Volume 5 (2005) particular ρ^′|_F 2_n has either a unique invariant circle in ∂H^3 ∼= P^1(C ) or a unique fixed point in H^3 (uniqueness follows from irreducibility). Since F^2_n is normal in F_n , ρ^′(F_n) leaves invariant the same circle or the same point, respectively. This proves the lemma in this case.

If the restriction ρ^′|_F 2_n is trivial, then the image of ρ is abelian and finite, and therefore it fixes a point in H^3 . This means that, up to conjugation, ρ(Γ) ⊂ PSU(2).

If the restriction ρ^′|_F 2_n is reducible but non-trivial, then it fixes either a single point or two in ∂H^3 . When it fixes two points, using normality, these points must be fixed or permuted by every element of ρ^′(F_n), and therefore ρ is either diagonal or the Klein group and the lemma is shown in this case. Finally, if ρ^′|_F 2_n fixes a single point, it is also fixed by ρ, but this contradicts the fact that ρ is diagonal.

As χ_α is real valued, α(γ) +^1_{α(γ)} ∈ R ∀γ ∈ π_1(M). Thus the image of α is either contained in the reals R^∗ or in the unit circle S^1 = {z ∈ C | |z| = 1}.

Since we already know which cocycles of Z^1(π_1(M); sl_2(C )_α ) are integrable, we can easily describe the subsets of representations into these groups. We distinguish two cases:

Case 1 Assume that there is γ ∈ π_1(M) such that |α(γ)| ≠ 1.

In this case the image of α is contained in R^∗ = R \ {0} but not in {±1}. Hence, Im(ρ_α) is contained in PGL_2(R). Since sl_2(C ) is the complexification of sl_2(R), we have the corresponding isomorphism of cohomology groups:

H^∗(π_1(M); sl_2(C )_α ) = H^∗(π_1(M); sl_2(R)_α) ⊗_R C .

In particular, we may assume that the cocycles d_± and d_0 are valued in R. Using the complexification of the second cohomology group, we realize that the computation of obstructions can be carried out in the real setting, thus we get:

Proposition 10.2 Assume that the image of α is contained in R^∗ but not in {±1}. Then the character χ_α is contained in precisely two real curves of characters in PGL_2(R), one of them with abelian representations and the other one with irreducible ones. In addition χ_α is a smooth point of both curves that intersect transversely at χ_α .

Algebraic & Geometric Topology, Volume 5 (2005)

When the image of α is contained in the positive reals, then the representations in Proposition 10.2 are contained in PSL_2(R), by connectedness. The case when the image of α is contained in {±1}, is treated in next case.

Case 2 Assume that the image of α is contained in S^1 = {z ∈ C | |z| = 1}.

Now Im(ρ_α) is contained in the intersection PSU(2) ∩ PSU(1, 1), where

PSU(2) = ± {( a b −b a ) | |a|^2 + |b|^2 = 1 }

and PSU(1, 1) = ± {( a b b a ) | |a|^2 − |b|^2 = 1 } . Geometrically, PSU(2) is the stabilizer of a point in hyperbolic space and PSU(1, 1) is the connected component of the stabilizer of the unit circle in C . Thus PSU(1, 1) is the connected component of the stabilizer of a plane in hyperbolic space, and therefore it is conjugate to PSL_2(R).

In this case, the Lie algebra sl_2(C ) is the complexification of both su(2) and su(1, 1). Thus an argument similar to the previous case will apply. Note that the cocycles d_+ and d_− are not valuated in those Lie algebras. However, since ρ_α = ρ_{1/α} we can assume that d_− is the complex conjugate transpose to d_+ , thus d_+ − d_− is valuated in su(2) and d_+ + d_− is valuated in su(1, 1).

The tangent directions d_+ − d_− and d_+ + d_− are different in the slice of the variety of representations, but they project to the same direction (with opposite sense) in the variety of characters (see the description of the quotient in the previous section). Notice that this gives a curve of real valued characters. In addition, the set of real valued characters in a smooth complex curve can be at most one dimensional.

Proposition 10.3 Assume that the image of α is contained in S^1 ⊂ C^∗ . Then the character χ_α is contained in precisely two real curves of characters, one of them abelian (contained in S^1 ) and the other one with irreducible representations, contained in PSU(2) in one side and in PSU(1, 1) ∼= PSL_2(R) on the other side. In addition, χ_α is a smooth point of both curves that intersect transversely at χ_α .

Algebraic & Geometric Topology, Volume 5 (2005)

References

[1] M Artin, On the solutions of analytic equations, Invent. Math. 5 (1968) 277– 291 [2] L Ben Abdelghani, Espace des représentations du groupe d’un nœud dans un groupe de Lie, thesis, Université de Bourgogne (1998)

[3] L Ben Abdelghani, Espace des représentations du groupe d’un nœud classique dans un groupe de Lie, Ann. Inst. Fourier (Grenoble) 50 (2000) 1297–1321

[4] L Ben Abdelghani, Variété des caractères et slice étale de l’espace des représentations d’un groupe, Ann. Fac. Sci. Toulouse Math. (6) 11 (2002) 19–32

[5] L Ben Abdelghani, D Lines, Involutions on knot groups and varieties of representations in a Lie group, J. Knot Theory Ramifications 11 (2002) 81–104

[6] R C Blanchfield, Intersection theory of manifolds with operators with applications to knot theory, Ann. of Math. (2) 65 (1957) 340–356

[7] K S Brown, Cohomology of groups, Graduate Texts in Mathematics 87, Springer-Verlag, New York (1982)

[8] G Burde, H Zieschang, Knots, de Gruyter Studies in Mathematics 5, Walter de Gruyter & Co. Berlin (2003)

[9] C D Frohman, E P Klassen, Deforming representations of knot groups in SU(2), Comment. Math. Helv. 66 (1991) 340–361

[10] C M Gordon, Some aspects of classical knot theory, from: “Knot theory (Proc.

Sem. Plans-sur-Bex, 1977)”, Lecture Notes in Math. 685, Springer, Berlin (1978) 1–60

[11] C M Herald, Existence of irreducible representations for knot complements with nonconstant equivariant signature, Math. Ann. 309 (1997) 21–35

[12] M Heusener, J Kroll, Deforming abelian SU(2)-representations of knot groups, Comment. Math. Helv. 73 (1998) 480–498

[13] M Heusener, J Porti, The variety of characters in PSL_2(C), Bol. Soc. Mat.

Mex. 10 (2004)

[14] M Heusener, J Porti, E Suárez Peiró, Deformations of reducible representations of 3-manifold groups into SL_2(C ), J. Reine Angew. Math. 530 (2001) 191–227

[15] M Kapovich, Hyperbolic manifolds and discrete groups, Progress in Mathematics 183, Birkhäuser Boston Inc. Boston, MA (2001)

[16] A Kawauchi, A survey of knot theory, Birkhäuser Verlag, Basel (1996)

[17] J Levine, Knot modules. I, Trans. Amer. Math. Soc. 229 (1977) 1–50

[18] A Lubotzky, A R Magid, Varieties of representations of finitely generated groups, Mem. Amer. Math. Soc. 58 (1985) xi+117

Algebraic & Geometric Topology, Volume 5 (2005)

[19] J Milnor, A duality theorem for Reidemeister torsion, Ann. of Math. (2) 76 (1962) 137–147 [20] J W Morgan, P B Shalen, Valuations, trees, and degenerations of hyperbolic structures. I, Ann. of Math. (2) 120 (1984) 401–476 [21] M S Raghunathan, Discrete subgroups of Lie groups, Springer-Verlag, New York (1972) [22] I R Shafarevich, Basic algebraic geometry, Springer-Verlag, New York (1974) [23] D J Shors, Deforming Reducible Representations of Knot Groups in SL_2(C), thesis, U.C.L.A. (1991) [24] V Turaev, Torsions of 3-dimensional manifolds, Progress in Mathematics 208, Birkhäuser Verlag, Basel (2002) [25] C A Weibel, An introduction to homological algebra, Cambridge Studies in Advanced Mathematics 38, Cambridge University Press, Cambridge (1994) [26] A Weil, Remarks on the cohomology of groups, Ann. of Math. (2) 80 (1964) 149–157 [27] G W Whitehead, Elements of homotopy theory, Graduate Texts in Mathematics 61, Springer-Verlag, New York (1978)

Laboratoire de Mathématiques, Université Blaise Pascal 63177, Aubière Cedex, France and Departament de Matemàtiques, Universitat Autònoma de Barcelona E-08193 Bellaterra, Spain

Email: heusener@math.univ-bpclermont.fr and porti@mat.uab.es

Received: 16 November 2004 Revised: 30 May 2005

Algebraic & Geometric Topology, Volume 5 (2005)