Geometry & Topology GG G G G G GG G G G G G G G

T T T T T T TT TTT T T T T Volume 2 (1998) 117–144 Published: 20 July 1998

Intersections in hyperbolic manifolds

Igor Belegradek

Department of Mathematics and Statistics McMaster University 1280 Main St West Hamilton, ON L8S 4K1 Canada

Email: belegi@icarus.math.mcmaster.ca

Abstract

We obtain some restrictions on the topology of infinite volume hyperbolic manifolds. In particular, for any n and any closed negatively curved manifold M of dimension ≥ 3, only finitely many hyperbolic n–manifolds are total spaces of orientable vector bundles over M .

AMS Classification numbers Primary: 30F40, 53C23, 57R20

Secondary: 22E40, 32H20, 51M10

Keywords: Hyperbolic manifold, intersection form, representation variety

Proposed: David Gabai Received: 21 December 1996 Seconded: Walter Neumann, Wolfgang Metzler Revised: 26 March 1998

1 Introduction

A hyperbolic manifold is, by definition, a quotient of a negatively curved symmetric space by a discrete isometry group that acts freely. Recall that negatively curved symmetric spaces are hyperbolic spaces over the reals, complex numbers, quaternions, or Cayley numbers.

The homotopy type of a hyperbolic manifold is determined by its fundamental group. Conversely, for finite volume hyperbolic manifolds, fundamental group determines the diffeomorphism type, thanks to the Mostow rigidity theorem. By contrast infinite volume hyperbolic manifolds with isomorphic fundamental groups can be very different topologically. For example, the total spaces of many plane bundles over closed surfaces carry hyperbolic metrics (this and other examples are discussed in the section 2).

In this paper we attempt to count hyperbolic manifolds up to intersection preserving homotopy equivalence. A homotopy equivalence f : N → L of oriented n–manifolds is called intersection preserving if, for any k and any pair of (singular) homology classes α ∈ H_k(N) and β ∈ H_{n−k}(N), their intersection number in N is equal to the intersection number of f_∗α and f_∗β in L. For example, any map that is homotopic to an orientation-preserving homeomorphism is an intersection preserving homotopy equivalence. Conversely, oriented rank two vector bundles over a closed oriented surface are isomorphic iff their total spaces are intersection preserving homotopy equivalent.

Theorem 1.1 Let π be the fundamental group of a finite aspherical cell complex and let X be a negatively curved symmetric space. Let ρ_k be a sequence of discrete injective representations of π into the group of orientation-preserving isometries of X . Suppose that ρ_k is precompact in the pointwise convergence topology.

Then the sequence of manifolds X/ρ_k(π) falls into finitely many intersection preserving homotopy equivalence classes.

The space of conjugacy classes of faithful discrete representations of a group π into the isometry group of a negatively curved symmetric space is compact provided π is finitely presented, not virtually nilpotent and does not split over a virtually nilpotent group (see 10.1). Since all the intersections in a hyperbolic manifold with virtually nilpotent fundamental group are zero (see 12.1), we get the following.

Corollary 1.2 Let π be the fundamental group of a finite aspherical cell complex that does not split as an HNN–extension or a nontrivial amalgamated product over a virtually nilpotent group.

Then, for any n, the class of orientable hyperbolic n–manifolds with fundamental group isomorphic to π breaks into finitely many intersection preserving homotopy equivalence classes.

A particular case of 1.2 was proved by Kapovich in [22]. Namely, he gave a proof for real hyperbolic 2m–manifolds homotopy equivalent to a closed orientable negatively curved manifold of dimension m ≥ 3.

If π does split over a virtually nilpotent group, the space of representations is usually noncompact. For instance, this happens if π is a surface group. Yet, for real hyperbolic 4–manifolds homotopy equivalent to closed surfaces, Kapovich [22] proved a result similar to 1.2.

More generally, Kapovich [22] proved that there is a universal function C(−, −) such that for any incompressible singular surfaces Σ_{g1} , Σ_{g2} in an oriented real hyperbolic 4–manifold we have |⟨[Σ_{g1} ], [Σ_{g2} ]⟩| ≤ C(g_1, g_2). Reznikov [34] showed that for any singular surfaces Σ_{g1} , Σ_{g2} in a closed oriented negatively curved 4–manifold M with the sectional curvature pinched between −k^2 and −K^2 there is a bound |⟨[Σ_{g1} ], [Σ_{g2} ]⟩| ≤ C(g_1, g_2, k, K, χ(M)) for some universal function C .

Another way to classify hyperbolic manifolds is up to tangential homotopy equivalence. Recall that a homotopy equivalence of smooth manifolds f : N → L is called tangential if the vector bundles f^∗T L and T N are stably isomorphic. For example, any map that is homotopic to a diffeomorphism is a tangential homotopy equivalence. Conversely, a tangential homotopy equivalence of open n–manifolds is homotopic to a diffeomorphism provided n > 4 and each of the manifolds is the total space of a vector bundle over a manifold of dimension < n/2 [25, pp 226–228].

An elementary argument (based on finiteness of the number of connected components of representation varieties and on finiteness of the number of symmetric spaces of a given dimension) yields the following.

Theorem 1.3 Let π be a finitely presented group. Then, for any n, the class of complete locally symmetric nonpositively curved Riemannian n–manifolds with the fundamental group isomorphic to π falls into finitely many tangential homotopy types.

Knowing both the intersection preserving and tangential homotopy types sometimes suffices to recover the manifold up to finitely many possibilities.

Theorem 1.4 Let M be a closed orientable negatively curved manifold of dimension ≥ 3 and n > dim(M) be an integer. Let f_k : M → N_k be a sequence of smooth embeddings of M into orientable hyperbolic n–manifolds such that f_k induces monomorphisms of fundamental groups. Then the set of the normal bundles ν(f_k) of the embeddings breaks into finitely many isomorphism classes.

In particular, only finitely many orientable hyperbolic n–manifolds are total spaces of vector bundles over M .

In some cases it is easy to decide when there exist infinitely many rank m vector bundles over a given base. For example, by a simple K–theoretic argument the set of isomorphism classes of rank m vector bundles over a finite cell complex K is infinite provided m ≥ dim(K) and ⊕_kH^{4k}(K, Q ) ≠ 0. Furthermore, oriented rank two vector bundles over K are in one-to-one correspondence with H^2(K, Z) via the Euler class. Note that many arithmetic closed real hyperbolic manifolds have nonzero Betti numbers in all dimensions [30]. Any closed complex hyperbolic manifold has nonzero even Betti numbers because the powers of the Kähler form are noncohomologous to zero. Similarly, for each k, closed quaternion hyperbolic manifolds have nonzero 4kth Betti numbers.

Examples of vector bundles with hyperbolic total spaces are given in the section 2. Note that according to a result of Anderson [1] the total space of any vector bundle over a closed negatively curved manifold admits a complete metric with the sectional curvature pinched between two negative constants.

I am grateful to Bill Goldman, Misha Kapovich, and Jonathan Rosenberg for many helpful discussions. I would like to thank Heinz Helling and SFB-343 at the University of Bielefeld for support and hospitality.

Outline of the paper. The section 2 is a collection of examples of hyperbolic manifolds. Some invariants of maps and representations are defined in sections 3 and 4. Sections 5, 6, and 7 are devoted to a proof of the theorem 1.3 and other related results. Sections 8, 9, and 10 contain background on algebraic and geometric convergence needed for the main theorem which is proved in section 11. Theorems 1.1 and 1.2 are proved in section 12. Finally, theorem 1.4 is proved in section 13.

2 Examples

To help the reader appreciate the results stated above we collect some relevant examples of hyperbolic manifolds.

Example 2.1 (Plane bundles over closed surfaces) Total spaces of rank two vector bundles over closed surfaces often admit hyperbolic metrics. For instance, an orientable R^2 –bundle over a closed oriented surface of genus g admits a real hyperbolic structure provided the Euler number e of the bundle satisfies |e| < g [27, 28] (cf [18], [21], [23, 24]). Complex hyperbolic structures exist on orientable R^2 –bundles over closed oriented surfaces when |e+2g −2| < g [16].

Note that the Euler number is equal to the self-intersection number of the zero section, hence the total spaces of bundles with different Euler classes are not intersection homotopy equivalent.

For nonorientable bundles over nonorientable surfaces the condition |e| ≤ [^g_8 ] on the twisted Euler number implies the existence of a real hyperbolic structure [3].

Example 2.2 (Plane bundles over closed hyperbolic 3–manifolds) Total spaces of plane bundles over closed hyperbolic 3–manifolds sometimes carry hyperbolic metrics [4].

In fact, it can be deduced from [4] that for every k there exists a closed oriented real hyperbolic 3–manifold M = M(k) and oriented real hyperbolic 5– manifolds N_1, . . . , N_k that are total spaces of plane bundles over M and such that no two of them are intersection preserving homotopy equivalent.

Example 2.3 (Fundamental group at infinity) There are real hyperbolic 4–manifolds that are intersection homotopy equivalent but not homeomorphic to plane bundles over closed surfaces [18]. The invariant that distinguishes these manifolds from vector bundles is the fundamental group at infinity.

Even more surprising examples were given in [29] and [19]. Namely, there are orientable real hyperbolic 4–manifolds that are homotopy equivalent but not homeomorphic to handlebodies; these manifolds have nontrivial fundamental group at infinity. Note that if N and L are orientable 4–manifolds that are homotopy equivalent to a handlebody, then each homotopy equivalence N → L is both tangential and intersection preserving.

Example 2.4 (Nonorientable line bundles) Here is a simple way to produce homotopy equivalent hyperbolic manifolds that are not tangentially homotopy equivalent.

First, note that via the inclusion O(n, 1) → O(n + 1, 1), any discrete subgroup of O(n, 1) can be thought of as a discrete subgroup of O(n+1, 1) that stabilizes a subspace H^n_R ⊂ H^{n+1}_R . The orthogonal projection H^{n+1}_R → H^n_R is an O(n, 1)– equivariant line bundle over H^n_R . In particular, given a real hyperbolic manifold M , the manifold M × R carries a real hyperbolic metric.

If H^1(M, Z_2) ≠ 0, this construction can be twisted to produce nonorientable line bundles over M = H^n_R/π_1(M) with real hyperbolic metrics. Indeed, a nonzero element w ∈ H^1(M, Z_2) ∼= Hom(π_1(M), Z_2) defines an epimorphism w : π_1(M) → Z_2. Make Z_2 act on H^{n+1}_R as the reflection in H^n_R . Then let π_1(M) act on line bundle H^n_R × R ∼= H^{n+1}_R by γ(x, t) = (γ(x), w(γ)(t)). The quotient H^{n+1}_R /π_1(M) is the total space of a line bundle over M with the first Stiefel–Whitney class w.

In particular, line bundles with different first Stiefel–Whitney classes have total space that are homotopy equivalent but not tangentially homotopy equivalent. (Tangential homotopy equivalences preserve Stiefel–Whitney classes yet w_1(H^{n+1}_R /π_1(M)) = w_1(M) + w.) Thus, we get many tangentially homotopy inequivalent manifolds in a given homotopy type.

3 Invariants of continuous maps

Definition 3.1 Let B be a topological space and S_B be a set. Let ι be a map that, given a smooth manifold N , and a continuous map from B into N , produces an element of S_B . We call ι an invariant of maps of B if the two following conditions hold:

(1) Homotopic maps f_1 : B → N and f_2 : B → N have the same invariant.

(2) Let h: N → L be a diffeomorphism of N onto an open subset of L. Then, for any continuous map f : B → N , the maps f : B → N and h ∘ f : B → L have the same invariant.

There is a version of this definition for maps into oriented manifolds. Namely, we require that the target manifold is oriented and the diffeomorphism h preserves orientation. In that case we say that ι is an invariant of maps of B into oriented manifolds.

Example 3.2 (Tangent bundle) Assume B is paracompact and S_B is the set of isomorphism classes of real vector bundles over B . Given a continuous map f : B → N , set τ(f : B → N) = f^#T N , the isomorphism class of the pullback of the tangent bundle to N under f . Clearly, τ is an invariant.

Example 3.3 (Intersection number in oriented n–manifolds) Assume B is compact. Fix two cohomology classes α ∈ H_m(B) and β ∈ H_{n−m}(B). (In this paper we always use singular (co)homology with integer coefficients unless stated otherwise.)

Let f : B → N be a continuous map of a compact topological space B into an oriented n–manifold N where dim(N) = n. Set I_{n,α,β}(f) to be the intersection number I(f_∗α, f_∗β) of f_∗α and f_∗β in N . We next show that I_{n,α,β} is an integer-valued invariant of maps into oriented manifolds.

Recall that the intersection number I(f_∗α, f_∗β) can be defined as follows. Start with an arbitrary compact subset K of N that contains f(B). Let A ∈ H^{n−m}(N, N\K) and B ∈ H^m(N, N\K) be the Poincaré duals of f_∗α ∈ H_m(K) and f_∗β ∈ H_{n−m}(K), respectively. Then, set I(f_∗α, f_∗β) = ⟨A ∪ B, [N, N\K]⟩ where [N, N\K] is the fundamental class of N near K [13, VII.13.5]. Note that I(f_∗α, f_∗β) = ⟨A ∪ B, [N, N\K]⟩ = ⟨A, B ∩ [N, N\K]⟩ = ⟨A, f_∗β⟩. The following commutative diagram shows that I(f_∗α, f_∗β) is independent of K . H_m(B)^{f∗}−−−→ H_m(N, N\f(B))^{D−1}−−−→ H^{n−m}(f(B))^{f ∗}−−−→ H^{n−m}(B) f^∗ i_∗ i_∗ ‖ ‖ H_m(K)^{i∗}−−−→ H_m(N, N\K)^{D−1}−−−→ H^{n−m}(K)^{f ∗}−−−→ H^{n−m}(B) Note that I_{n,α,β} is an invariant. Indeed, property (1) holds trivially; property (2) is verified in [13, VIII.13.21(c)].

We say that an invariant of maps is liftable if in part (2) of the definition the word “diffeomorphism” can be replaced by a “covering map”. For example, tangent bundle is a liftable invariant. Intersection number is not liftable. The following proposition shows to what extent it can be repaired.

Proposition 3.4 Let p: Ñ → N be a covering map of manifolds and let B be a finite connected CW–complex. Suppose that f : B → Ñ is a map such that p ∘ f : B → N is an embedding (ie a homeomorphism onto its image). Then ι(f) = ι(p ∘ f) for any invariant of maps ι.

Proof Since p ∘ f : B → L is an embedding, so is f . Then, the map p|_{f(B)} : f(B) → p(f(B)) is a homeomorphism. Using compactness of f(B), one can find an open neighborhood U of f(B) such that p|_U : U → p(U) is a diffeomorphism. Since invariants ι(f) and ι(p ∘ f) can be computed in U and p(U), respectively, we conclude ι(f) = ι(p ∘ f).

4 Invariants of representations

Assume X is a smooth contractible manifold and let Diffeo(X) be the group of all self-diffeomorphisms of X equipped with compact-open topology. Let π be the fundamental group of a finite-dimensional CW–complex K with universal cover K̃ .

We refer to a group homomorphism ρ: π → Diffeo(X) as a representation. To any representation ρ: π → Diffeo(X), we associate a continuous ρ–equivariant map K̃ → X as follows. Consider the X –bundle K̃ ×_ρ X over K where K̃ ×_ρ X is the quotient of K̃ × X by the following action of π γ(k̃, x) = (γ(k̃), ρ(γ)(x)), γ ∈ π. Since X is contractible, the bundle has a section that is unique up to homotopy through sections. Any section can be lifted to a ρ–equivariant continuous map K̃ → K̃ ×X . Projecting to X , we get a ρ–equivariant continuous map K̃ → X .

Note that any two ρ–equivariant continuous maps g̃, f̃ : K̃ → X , are ρ– equivariantly homotopic. (Indeed, f̃ and g̃ descend to sections K → K̃ ×_ρ X that must be homotopic. This homotopy lifts to a ρ–equivariant homotopy of f̃ and g̃.)

Assume now that ρ(π) acts freely and properly discontinuously on X . Then the map f̃ descends to a continuous map f : K → X/ρ(π_1(K)). We say that ρ is induced by f .

Let ι be an invariant of continuous maps of K . Given a representation ρ such that ρ(π) acts freely and properly discontinuously on X , set ι(ρ) to be ι(f) where ρ is induced by f . We say ρ is an invariant of representations of π_1(K).

Similarly, any invariant ι of continuous maps of K into oriented manifolds defines an invariant of representations into the group of orientation-preserving diffeomorphisms of X .

Note that representations conjugate by a diffeomorphism ϕ of X have the same invariants. (Indeed, if f̃ : K̃ → X is a ρ–equivariant map, the map ϕ ∘ f̃ is ϕ∘ρ∘ϕ^{−1} –equivariant.) The same is true for invariants of orientation-preserving representations when ϕ is orientation-preserving.

Example 4.1 (Tangent bundle) Let τ be the invariant of maps defined in 3.2. Then, for any representation ρ such that ρ(π) acts freely and properly discontinuously on X , let τ(ρ) be the pullback of the tangent bundle to X/ρ(π) via a map f : K → X/ρ(π) that induces ρ.

In fact, τ can be defined for any representation as follows. Look at the “vertical” bundle K̃ ×_ρ T X over K̃ ×_ρ X where T X is the tangent bundle to X . Set τ(ρ) to be the pullback of the vertical bundle via a section K → K̃ ×_ρ X . Thus, to every representation ρ: π_1(K) → Diffeo(X) we associated a vector bundle τ(ρ) of rank dim(X) over K .

Example 4.2 (Intersection number for orientation preserving actions) Assume the cell complex K is finite and choose an orientation on X (which makes sense because, like any contractible manifold, X is orientable).

Fix two cohomology classes α ∈ H_m(K) and β ∈ H_{n−m}(K). Let I_{n,α,β} is an invariant of maps defined in 3.3 where n = dim(X).

Let ρ be a representation of π into the group of orientation-preserving diffeomorphisms of X such that ρ(π) acts freely and properly discontinuously on X . Then let I_{n,α,β}(ρ) be the intersection number I(f_∗α, f_∗β) of f_∗α and f_∗β in X/ρ(π) where f : K → X/ρ(π) is a map that induces ρ.

5 Spaces of representations and tangential homotopy equivalence

Let X be a smooth contractible manifold and let Diffeo(X) be the group of all self-diffeomorphisms of X equipped with compact–open topology. We equip the space of representations Hom(π, Diffeo(X)) with the pointwise convergence topology, ie a sequence of representations ρ_k converges to ρ provided ρ_k(γ) converges to ρ(γ) for each γ ∈ π.

In the next two sections we explore the consequences of the following observation.

Proposition 5.1 Let ρ_0 and ρ_1 be injective representations of π into Diffeo(X) such that the groups ρ_0(π) and ρ_1(π) act freely and properly discontinuously on X . Suppose that ρ_0 and ρ_1 can be joined by a continuous path of representations ρ_t : π → Diffeo(X) (where continuous means that, for every γ ∈ π, the map ρ_t(γ): [0, 1] → Diffeo(X) is continuous).

Then the homotopy equivalence of manifolds X/ρ_0(π) and X/ρ_1(π) induced by ρ_1 ∘ (ρ_0)^{−1} is tangential.

Proof Since ρ_t : π → Diffeo(X) is a continuous path of representations, the covering homotopy theorem implies that the bundles τ(ρ_0) and τ(ρ_1) are isomorphic (the invariant τ is defined in 4.1).

Let f_0 : K → X/ρ_0(π) and f_1 : K → X/ρ_1(π) be homotopy equivalences that induce ρ_0 and ρ_1 , respectively. For i = 1, 2 the bundle τ(ρ_i) is isomorphic to the pullback of the tangent bundle to X/ρ_i(π) via f_i . Thus f_1 ∘ (f_0)^{−1} is a tangential homotopy equivalence.

Remark 5.2 In fact, the covering homotopy theorem implies that τ is constant on any path-connected component of the space Hom(π_1(K), Diffeo(X)).

Corollary 5.3 Under the assumptions of 5.1, suppose that dim(X) ≥ 5 and that each of the manifolds X/ρ_0(π) and X/ρ_1(π) is homeomorphic to the total space of a vector bundle over a manifold of dimension < dim(X)/2.

Then ρ_0 and ρ_1 are smoothly conjugate on X .

Proof According to [25, pp 226–228], the homotopy equivalence f_1 ∘ (f_0)^{−1} is homotopic to a diffeomorphism. Hence, ρ_0 and ρ_1 are smoothly conjugate on X . Remark 5.4 More precisely, the result proved in [25, pp 226–228] is as follows. Let f : N_0 → N_1 be a tangential homotopy equivalence of smooth n–manifolds with n ≥ 5. If each of the manifolds is homeomorphic to the interior of a regular neighbourhood of a simplicial complex of dimension < n/2, then f is homotopic to a diffeomorphism.

6 Discrete representations in stable range

Suppose X is a symmetric space of nonpositive sectional curvature. Note that for any discrete torsion-free subgroup Γ ≤ Isom(X) that stabilizes a totally geodesic submanifold Y , the exponential map identifies the quotient X/Γ and the total space of normal bundle of Y/Γ in X/Γ. Applying 5.1, we deduce the following.

Theorem 6.1 Let X be a nonpositively curved symmetric space of dimension ≥ 5 and let π be a group. Let ρ_1 and ρ_2 be injective discrete representations of π into the isometry group of X that lie in the same path-connected component of the space Hom(π, Isom(X)). Suppose that each of the representation ρ_1 and ρ_2 stabilizes a totally geodesic subspace of dimension < dim(X)/2.

Then ρ_1 and ρ_2 are smoothly conjugate on X .

Remark 6.2 Of course, the above argument works in other geometries as well. Here is a sample result for complete affine manifolds.

Let ρ_0 and ρ_1 be injective representations of a group π into Aff(R^n ) that lie in the same path-connected component of the space of representations Hom(π, Aff(R^n )). Assume that the groups ρ_0(π) and ρ_1(π) act freely and properly discontinuously on R^n and, furthermore, suppose that ρ_0(π) and ρ_1(π) are contained in Aff(R^k ) ⊂ Aff(R^n ).

Since the coordinate projection R^n → R^k is Aff(R^k )–equivariant, the manifolds R^n /ρ_0(π) and R^n /ρ_1(π) are the total spaces of vector bundles over the manifolds R^k /ρ_0(π) and R^k /ρ_1(π), respectively. Then 5.3 implies that ρ_0 and ρ_1 are conjugate by a diffeomorphism of R^n provided n ≥ 5 and k < n/2.

7 Locally symmetric nonpositively curved manifolds up to tangential homotopy equivalence

Let G be a subgroup of Diffeo(X) such that the space of representations Hom(π, G) has finitely many path-connected components. Then 5.1 implies that the class of manifolds of the form X/ρ(π) where ρ is injective and ρ(π) acts freely and properly discontinuously on X falls into finitely many tangential equivalence classes.

For example, Hom(π, G) has finitely many path-connected components if π is finitely presented and G is either real algebraic, or complex algebraic, or semisimple with finite center [15]. In particular, the following is true.

Theorem 7.1 Let π be a finitely presented torsion-free group and let X be a nonpositively curved symmetric space. Then the class of manifolds of the form X/ρ(π), where ρ ∈ Hom(π, Isom(X)) is a faithful discrete representation, falls into finitely many tangential homotopy types.

Proof Represent X as a Riemannian product Y × R^k where Y is a nonpositively curved symmetric space without Euclidean factors. By de Rham’s theorem this decomposition is unique, so Isom(X) ∼= Isom(Y ) × Isom(R^k ). The group Isom(Y ) is semisimple with trivial center, hence the analytic variety Hom(π, Isom(Y )) has finitely many path-connected components [15, p 567]. The same is true for Hom(π, Isom(R^k )) because Isom(R^k ) is real algebraic [15, p 567]. Hence the analytic variety

Hom(π, Isom(X)) ∼= Hom(π, Isom(Y )) × Hom(π, Isom(R^k ))

has finitely many connected components.

Corollary 7.2 Let π be a finitely presented torsion-free group. Then, for any n, the class of locally symmetric complete nonpositively curved n–manifolds with the fundamental group isomorphic to π falls into into finitely many tangential homotopy types.

Proof For any n there exist only finitely many nonpositively curved symmetric spaces of dimension n. Hence 7.1 applies.

8 Geometric convergence

In this section we discuss some basic facts on geometric convergence. The notion of geometric convergence was introduced by Chaubaty (see [7]). More details relevant to our exposition can be found in [11], [26] and [5]. In this section we let G be a Lie group equipped with some left invariant Riemmanian metric.

Definition 8.1 Let C(G) be the set of all closed subgroups of G. Define a topology on C(G) as follows. We say that a sequence {Γ_n} ∈ C(G) converges to Γ_{geo} ∈ C(G) geometrically if the following two conditions hold:

(1) If γ_{nk} ∈ Γ_{nk} converges to γ ∈ G, then γ ∈ Γ_{geo} .

(2) If γ ∈ Γ_{geo} , then there is a sequence γ_n ∈ Γ_n with γ_n → γ in G.

Fact 8.2 ([11]) The space C(G) is compact and metrizable.

Fact 8.3 ([26]) Γ_n → Γ_{geo} iff for every compact subset K ⊂ G the sequence Γ_n ∩ K → Γ_{geo} ∩ K in the Hausdorff topology (ie for any ε > 0, there is N such that, if n > N , then Γ_n ∩ K lies in the ε–neihgborhood of Γ_{geo} ∩ K and Γ_{geo} ∩ K lies in the ε–neihgborhood of Γ_n ∩ K ).

Fact 8.4 ([26]) Let Γ_{geo} ⊂ G is a discrete subgroup. Then there is ε > 0 such that, for any Γ_n → Γ_{geo} in C(G) and any compact K ⊂ G, there is N such that, if n > N and γ ∈ Γ_{geo} ∩ K , then there is a unique γ_n ∈ Γ_n that is ε–close to γ .

In particular, Γ_n is discrete for n > N , since e ∈ Γ_n is the only element of Γ_n , that is in the ε–neighbourhood of the identity.

Remark 8.5 Let Γ_n be a sequence of torsion-free groups converging to a discrete group Γ_{geo} in C(G). Then Γ_{geo} is torsion-free. Indeed, choose γ ∈ Γ_{geo} with γ^k = e. Find a sequence γ_n → γ . Then γ^k_n → e. By 8.4 we have γ^k_n = e for large n. Since Γ_n are torsion-free, k = 1 as desired.

Theorem 8.6 ([26]) Let X be a simply connected homogeneous Riemannian manifold and G be a transitive group of isometries. Let Γ_n be a sequence of torsion-free subgroups of G converging geometrically to a discrete subgroup Γ_{geo} . Let U ⊂ X be a relatively compact open set.

Then, if n is large enough, there exists a relatively compact open set V with U ⊂ V and smooth embeddings φ̃_n : U → V such that φ̃_n descend to embeddings φ_n : U/Γ_{geo} → V/Γ_n . U^{φ̃n}−−−→ V p p^n U/Γ_{geo} −−−→_{φn} V/Γ_n The embeddings φ̃_n converge C^r –uniformly to the inclusion.

Sketch of the Proof Let K = {g ∈ G: g(V ) ∩ V ≠ ∅}, so K is compact. By 8.4, if we take n sufficiently large, then for any γ ∈ Γ_{geo} ∩ K there exists a unique γ_n ∈ Γ_n that is close to γ . It defines an injective map r_n of Γ_{geo} ∩ K into Γ_n .

Our goal is to construct embeddings φ_n : U → V that are close to the inclusion and r_n –equivariant (in the sense that φ_n(γ(x)) = r_n(γ)φ_n(x) for γ ∈ Γ_{geo} ). The construction is non-trivial and we refer to [26] for a complete proof.

Lemma 8.7 Let G be a Lie group and Γ_n be a sequence of discrete groups that converges geometrically to Γ = Γ_{geo} . If the identity component Γ_0 of Γ_{geo} is compact, the sequence {Γ_n} has unbounded torsion (ie for any positive integer N , there is γ ∈ Γ_{n(N)} of finite order which is greater than N ).

Proof Choose ϵ > 0 so small that the closed 4ϵ–neighborhood U of Γ_0 is disjoint from Γ \ Γ_0 (this is possible since Γ_0 is compact). Given M > 1, for large n, Γ_n and Γ are ϵ/M –Hausdorff close on the compact set U . Take an arbitrary element g ∈ Γ_0 in ϵ–neighborhood of the identity e and choose g_n ∈ Γ_n so that it is ϵ/M –close to g.

First, show that g_n has finite order. Suppose not. Since U is compact and ⟨g_n⟩ is discrete and infinite, there is a smallest k > 1 with (g_n)^k /∈ U . So, (g_n)^{k−1} ∈ U . The metric is left invariant, hence, d((g_n)^{k−1}, (g_n)^k) = d(g_n, e) < d(g, e) + d(g_n, g) < ϵ + ϵ/M < 2ϵ. Since Γ_n and Γ are e/M –Hausdorff close on U and since Γ ∩ U = Γ_0 , we get d((g_n)^{k−1}, Γ_0) < ϵ/M < ϵ. This implies d((g_n)^k, Γ_0) < 3ϵ and, thus, (g_n)^k ∈ U , a contradiction. Thus g_n has finite order.

We have just showed that any neighborhood of g contains an element of finite order g_n ∈ Γ_n (for n large enough). So we get a sequence g_n converging to g. Assume the torsion of Γ_n is uniformly bounded by N . Then, for any finite order element h ∈ Γ_n , we have h^{N!} = e. In particular e = (g_n)^{N!} converges to g^{N!} . We, thus, proved that any element g in Γ_0 that is ϵ–close to the identity satisfies g^{N!} = e. This is absurd. (Indeed, it would mean that the map Γ_0 → Γ_0 that takes g to g^{N!} maps the ϵ–neighborhood of the identity to the identity. But the map is clearly a diffeomorphism on some neighborhood of the identity). Thus, Γ_n has unbounded torsion as desired.

Lemma 8.8 Let G be a Lie group and let Γ_n be a sequence of discrete groups that converges geometrically to Γ = Γ_{geo} . Then the identity component Γ_0 of Γ_{geo} is nilpotent.

Proof Denote the identity component by G_0 . The group Γ_{geo} is closed, so it is a Lie group. So the identity component Γ_0 of Γ_{geo} is a Lie group; we are to show that Γ_0 ≤ G_0 is nilpotent. Let U be a neighborhood of the identity that lies in a Zassenhaus neighborhood in G_0 (see [33, 8.16]). Being a Lie group Γ_0 is generated by any neighborhood of the identity, in particular by V = U ∩ Γ_0 . To show Γ_0 is nilpotent, it suffices to check that, for some k, V^{(k)} = {e}, that is, any iterated commutator of weight k with entries in V is trivial [33, 8.17]. Fix an iterated commutator [v_1 . . . [v_{k−2}[v_{k−1}, v_k]] . . . ] with v_k ∈ V and choose a sequences g^n_k → v_k where g^n_k ∈ Γ_n . For n large enough, the elements g^n_k , . . . g^n_k lie in a Zassenhaus neighborhood. Then by Zassenhaus–Kazhdan–Margulis lemma [33, 8.16] the group ⟨g^n_k , . . . g^n_k ⟩ lies in a connected nilpotent Lie subgroup of G_0 . The class of any connected nilpotent

Lie subgroup of G_0 is bounded by dim(G_0). Thus, for k > dim(G_0), the k–iterated commutator [g^n_1 . . . [g^n_{k−2}[g^n_{k−1}, g^n_k ]] . . . ] is trivial, for large n. This implies [v_1 . . . [v_{k−2}[v_{k−1}, v_k]] . . . ] is trivial and, therefore, Γ_0 is nilpotent.

9 Algebraic convergence

The set of representations Hom(π, G) of a group π into a topological group G can be given the so-called algebraic topology (also called pointwise convergence topology). Namely, a sequence of representations ρ_k converges to ρ provided ρ_k(γ) converges to ρ(π) for each γ ∈ π. In this section we discuss how algebraic and geometric convergences interact.

It follows from definitions that geometric limit always contains the algebraic one. More precisely, if ρ_k converges to ρ algebraically and ρ_k(π) converges to Γ_{geo} geometrically, then ρ_k(π) ⊂ Γ_{geo} . In particular, if Γ_{geo} is discrete, so is ρ(π). Theorem 9.1 Let π be a finitely generated group and let X be a negatively curved symmetric space. Let ρ_k ∈ Hom(π, G) be a sequence of representations converging algebraically to a representation ρ where, for every k, the group ρ_k(π) is discrete and the sequence {ρ_k(π)} has uniformly bounded torsion. Suppose that ρ(π) is an infinite group without nontrivial normal nilpotent subgroups.

Then the closure of {ρ_k(π)} in the geometric topology consists of discrete groups. In particular, the group ρ(π) is discrete.

Proof Passing to subsequence, we can assume that {ρ_k(π)} converges geometrically to Γ_{geo} . Being a closed subgroup Γ_{geo} is a Lie group. Suppose, arguing by contradiction, that the identity component Γ_0 of Γ_{geo} is nontrivial. By lemma 8.8, Γ_0 is a nilpotent Lie group.

Since ρ(π) does not have a nontrivial normal nilpotent subgroup, ρ(π) ∩ Γ_0 = {e}, so ρ(π) is discrete. Using the Selberg lemma we find a torsion-free subgroup Π ≤ ρ(π) of finite index. The group Π is infinite since ρ(π) is. Notice that the group Π may have at most two fixed points at infinity (any isometry that fixes at least three points is elliptic [2, p 84]). The next goal is to show that Π is virtually nilpotent.

According to [9, 3.3.1], the nilpotence of Γ_0 implies one the following mutually exclusive conclusions:

Case 1 Γ_0 has a fixed point in X (hence Γ_0 is compact which is is impossible by 8.7).

Case 2 Γ_0 fixes a point p ∈ ∂X and acts freely on X ∪ ∂X \ {p}.

Since Π normalizes Γ_0 (in fact, Γ_0 is a normal subgroup of Γ_{geo} ) it has to fix p too. If p is the only fixed point of Π, then every nontrivial element of Π is parabolic [14, 8.9P]. Any parabolic preserves horospheres centered at p [2, p 84], therefore, according to [8] Π is virtually nilpotent.

If Π fixes two points at infinity, then it acts freely and properly discontinuously on the geodesic joining the points. Hence Π ∼= Z, the fundamental group of a circle.

Case 3 Γ_0 has no fixed points in X and preserves setwise some bi-infinite geodesic. In this case the fixed point set of Γ_0 is the endpoints p and q of the geodesic. Indeed, Γ_0 fixes each of the endpoints, since Γ_0 is connected. Assume Γ_0 fixes some other point of ∂X . Then any element of Γ_0 is elliptic (see [2, p 85]) and, as such, it fixes the bi-infinite geodesic pointwise. Thus Γ_0 has a fixed point in X which contradicts the assumptions of Case 3.

Since Π normalizes Γ_0 , it leaves the set {p, q} invariant. Moreover, Π preserves {p, q} pointwise because Π contains no elliptics (any isometry that flips p and q has a fixed point on the geodesic joining p and q). Therefore, Π ∼= Z as before. Hence, Π is virtually nilpotent.

Thus, ρ(π) has a nilpotent subgroup of finite index and, therefore, has a normal nilpotent subgroup of finite index. This contradicts the assumption that ρ(π) is an infinite group without nontrivial normal nilpotent subgroups.

Remark 9.2 Let Γ be a torsion-free discrete subgroup of Isom(X) that has a nontrivial normal nilpotent subgroup. Then Γ is, in fact, virtually nilpotent. Indeed, repeating the arguments above, we see that Γ fixes a point at infinity and, hence, is virtually nilpotent. Conversely, any virtually nilpotent group clearly has a normal nilpotent subgroup of finite index.

Lemma 9.3 Let G be a Lie group and let π be a finitely generated group without nontrivial normal nilpotent subgroups. Let ρ_k ∈ Hom(π, G) be a sequence of discrete faithful representations that converges algebraically to a representation ρ. Then ρ is faithful.

Proof Denote the identity component of G by G_0 . It suffices to prove that the group K = Ker(ρ) is nilpotent. Let V be a set of generators for K (maybe infinite). To show K is nilpotent, it suffices to check that, for some m, V^{(m)} = {e}, that is, any iterated commutator of weight m with entries in V is trivial [33, 8.17]. Fix an iterated commutator [v_1 . . . [v_{m−2}[v_{m−1}, v_m]] . . . ] with v_m ∈ V .

For k large enough, the elements ρ_k(v_1), . . . , ρ_k(v_m) lie in a Zassenhaus neighborhood of G_0 . Then by Zassenhaus–Kazhdan–Margulis lemma [33, 8.16] the group ⟨ρ_k(v_1), . . . , ρ_k(v_m)⟩ lies in a connected nilpotent Lie subgroup of G_0 . The class of any nilpotent subgroup of G_0 is bounded by dim(G_0). Thus, for m > dim(G_0), the m–iterated commutator

[ρ_k(v_1) . . . [ρ_k(v_{m−2})[ρ_k(v_{m−1}), ρ_k(v_m)]] . . . ]

is trivial, for large k. Since ρ_k is faithful [v_1 . . . [v_{m−2}[v_{m−1}, v_m]] . . . ] is trivial and we are done.

Corollary 9.4 Let X be a negatively curved symmetric space and let π be a finitely generated, torsion-free, discrete subgroup of Isom(X) that is not virtually nilpotent. Then the set of faithful discrete representations of π into Isom(X) is a closed subset of Hom(π, Isom(X)).

Proof Let a sequence ρ_k of faithful discrete representations converge to ρ ∈ Hom(π, Isom(X)). According to 9.2 the group π has no normal nilpotent subgroup. Then 9.3 implies ρ is faithful. By compactness ρ_k(π) has a subsequence that converges geometrically to Γ_{geo} which is a discrete group by 9.1. Therefore, ρ(π) ⊂ Γ_{geo} is also discrete as wanted.

Corollary 9.5 Let X be a negatively curved symmetric space and let π be a finitely generated, torsion-free, discrete subgroup of Isom(X) that is not virtually nilpotent. Suppose ρ_k is a sequence of injective, discrete representations of π into Isom(X) that converges algebraically. Then the closure of {ρ_k(π)} in the geometric topology consists of discrete groups.

Proof Combine 9.1, 9.2, and 9.4.

10 A compactness theorem

In this section we state a compactness theorem for the space of conjugacy classes of faithful discrete representations of a group π into the isometry group of a negatively curved symmetric space. The proof follows from the work of Bestvina and Feighn [6] based on ideas of Rips (see the review of [6] by Paulin in

MR96h : 20056). Earlier versions of the theorem have been proved by Thurston, Morgan and Shalen [32].

Let X be a negatively curved symmetric space and Isom(X) be the isometry group of X . We equip Hom(π, Isom(X)) with the algebraic topology.

Theorem 10.1 Let X be a negatively curved symmetric space and let π be a discrete, finitely presented subgroup of the isometry group of X . Suppose that π is not virtually nilpotent and does not split as an HNN–extension or a nontrivial amalgamated product over a virtually nilpotent group.

Then the space of conjugacy classes of faithful discrete representations of π into Isom(X) is compact.

Here is an example of a group that does not split over a virtually nilpotent group.

Proposition 10.2 Let M be a closed aspherical n–manifold such that any nilpotent subgroup of π_1(M) has cohomological dimension ≤ n − 2. Then π_1(M) does not split as a nontrivial amalgamated product or HNN–extension over a virtually nilpotent group.

Proof Assume, by contradiction, that π = π_1(M) is of the form Γ_1 ∗_N Γ_2 or Γ_0∗_N where N is a virtually nilpotent group and Γ_k is a proper subgroup of π, for k = 0, 1, 2.

First, suppose that both Γ_1 and Γ_2 have infinite index in π. Note that by the definition of HNN–extension, Γ_0 has infinite index in π. Then it follows from the Mayer–Vietoris sequence [10, VII.9.1, VIII.2.2.4(c)] that

cd(π) ≤ max_k (cd(Γ_k), cd(N) + 1).

The cohomological dimension of π = π_1(M) is n because M is a closed aspherical n–manifold. Since |π : Γ_k| = ∞, Γ_k is the fundamental group of a noncompact manifold of dimension n, hence cd(Γ_k) < cd(π). Finally, cd(N) ≤ n − 2 and we get a contradiction.

Second, assume that π = Γ_1∗_N Γ_2 and, say, Γ_1 has finite index in π. Look at the map i_∗ : H_n(Γ_1) → H_n(π) induced by the inclusion i: Γ_1 → π in the homology with w_1(M)–twisted integer coefficients. It is proved in [10, III.9.5(b)] that the image of i_∗ is generated by |π : Γ_1| · [M] where [M] is the fundamental class of M .

Since Γ_1 has finite index in π, the group N is of finite index in Γ_2 because N = Γ_1 ∩ Γ_2 . In particular, cd(Γ_2) = cd(N) ≤ n − 2 [10, VIII.3.1].

Look at the nth term of the Mayer–Vietoris sequence with w_1(M)–twisted integer coefficients [10, VII.9.1]: · · · −→ H_nN −→ H_nΓ_1 ⊕ H_nΓ_2 −→ H_nΓ −→ H_{n−1}N −→ · · · Using the cohomological dimension assumption on N , we get 0 = H_n(N) = H_{n−1}(N) = H_n(Γ_2), and hence the inclusion i: Γ_1 → π induces an isomorphism of nth homology.

Thus |π : Γ_1| = 1 which contradicts the assumption the Γ_1 is a proper subgroup of π.

Corollary 10.3 Let M be a closed aspherical manifold of dimension ≥ 3 with word-hyperbolic fundamental group. Then π_1(M) does not split as a nontrivial amalgamated product or HNN–extension over a virtually nilpotent group.

Proof It is well known that any virtually nilpotent subgroup of a wordhyperbolic group is virtually cyclic. Since any virtually cyclic group has cohomological dimension one, proposition 10.2 applies.

11 The Main theorem

Throughout this section ι is an invariant of continuous maps of K into oriented manifolds. We also use the letter ι for the corresponding invariant of discrete representations. Let π be the fundamental group of a finite CW–complex K .

Theorem 11.1 Let X be a contractible homogeneous Riemannian manifold and G be a transitive group of orientation-preserving isometries. Let ρ_k ∈ Hom(π, G) be a sequence of representations such that

• the groups ρ_k(π) are torsion-free, and

• ρ_k converges algebraically to ρ, and

• ρ_k(π) converges geometrically to a discrete group Γ_{geo} .

Let f : K → X/Γ_{geo} be a continuous map that induces the homomorphism ρ: π → ρ(π) ⊂ Γ_{geo} . Then ι(ρ_k) = ι(f) for all large k.

Proof According to 8.4, we can assume that the groups ρ_k(π) are discrete. Being a limit of torsion-free groups the discrete group Γ_{geo} is itself torsion-free by 8.5. Thus Γ_{geo} acts freely and properly discontinuously on X , so X/Γ_{geo} is a manifold.

We consider the universal covering q : K̃ → K . Since K is a finite complex, one can choose a finite connected subcomplex D ⊂ K̃ with q(D) = K . (Pick a representing cell in every orbit, the union of the cells is a finite subcomplex that is mapped onto Y by q. Adding finitely many cells, one can assume the complex is connected.)

According to section 4, the representation ρ defines a continuous ρ–equivariant map f̃ : K̃ → X which is unique up to ρ–equivariant homotopy. The map f̃ descends to a continuous map f̄ : K → X/ρ(π).

The identity map id: X → X is equivariant with respect to the inclusion ρ(π) → Γ_{geo} , therefore, f̃ is equivariant with respect to the homomorphism ρ: π → Γ_{geo} . We denote by f the composition of f̄ and the covering X/ρ(π) → X/Γ_{geo} = N induced by the inclusion ρ(π) ⊂ Γ_{geo} .

Let U ⊂ X be an open relatively compact neighborhood of f̃(D). We are in position to apply Theorem 8.6. Thus, if k is large enough, there is a sequence of embeddings φ̃_k : U → V ⊂ X that converges to the inclusion and is r_k – equivariant (recall that r_k was defined in the proof of 8.6). So the map φ̃_k ∘ f̃ : D → V is r_k ∘ρ–equivariant. By the very definition of r_k we have r_k ∘ρ = ρ_k whenever the left hand side is defined. We now extend the map φ̃_k ∘ f̃ : D → V by equivariance to a ρ_k –equivariant map ξ̃_k : K̃ → X . The map ξ̃_k descends to ξ_k : K → V/ρ_k(π) ⊂ X/ρ_k(π). Notice that by construction ξ_k = φ_k ∘ f . Since φ_k converge to the inclusion, φ_k is orientation-preserving for large k. Thus ι(ξ_k) = ι(f) for large k because ι is an invariant of maps into oriented manifolds.

Notice that ι(ξ_k) = ι(ρ_k) since the map ξ_k is ρ_k –equivariant (according to section 4 any ρ_k –equivariant map can be used to define ι(ρ_k)). Therefore, for large k, ι(ρ_k) = ι(f) as desired.

Remark 11.2 Let X be a negatively curved symmetric space. Then, according to 9.1, the assumption “Γ_{geo} is discrete” of the theorem 11.1 can be replaced by “ρ_k(π) are discrete and ρ(π) is an infinite group without nontrivial normal nilpotent subgroups”.

Remark 11.3 In some cases the conclusion of the theorem 11.1 can be improved to “ι(ρ_k) = ι(ρ) for all large k”. Since ι(ρ) = ι(f̄), it suffices to show that ι(f̄) = ι(f).

This is clearly true when ρ(π) = Γ_{geo} in which case it is usually said that ρ_k converges to ρ strongly. Another obvious example is when ι is a liftable invariant. Finally, according to 3.4, ι(f̄) = ι(f) provided f is homotopic to an embedding (ie a homeomorphism onto its image).

Corollary 11.4 Let X be a negatively curved symmetric space and let K be a finite cell complex such that π = π_1(K) is a torsion-free, not virtually nilpotent, discrete subgroup of Isom(X). Let ρ_k be a sequence of discrete injective representations of π into the group of orientation-preserving isometries of X . Suppose that ρ_k converges in the pointwise convergence topology. Then ι(ρ_k) = ι(ρ_{k+1}) for all large k.

Proof The result follows from 11.1 and 9.5.

Remark 11.5 The results of this section certainly hold if ι is any invariant of maps rather that an invariant of maps into oriented manifolds. For such a ι we do not have to assume that the isometry groups preserve orientation.

12 Hyperbolic manifolds up to intersection preserving homotopy equivalence

A homotopy equivalence f : N → L of oriented n–manifolds is called intersection preserving if, for any m and any pair of (singular) homology classes α ∈ H_m(N) and β ∈ H_{n−m}(N), their intersection number in N is equal to the intersection number of f_∗α and f_∗β in L. For example, any map that is homotopic to an orientation-preserving homeomorphism is an intersection preserving homotopy equivalence [13, 13.21].

Proposition 12.1 Let N be an oriented hyperbolic manifold with virtually nilpotent fundamental group. Then the intersection number of any two homology classes in N is zero.

Proof It suffices to prove that N is homeomorphic to R × Y for some space Y . First note that any torsion-free, discrete, virtually nilpotent group Γ acting on a hyperbolic space X must have either one or two fixed points at infinity (see the proof of 9.1). If Γ has only one fixed point, Γ is parabolic and, hence, it preserves all horospheres at the fixed point. Therefore, if H is such a horosphere, X/Γ is homeomorphic to R × H/Γ. If Γ has two fixed points, Γ preserves a bi-infinite geodesic. Hence X/Γ is the total space of a vector bundle over a circle and the result easily follows.

Theorem 12.2 Let π be the fundamental group of a finite aspherical cell complex and let X be a negatively curved symmetric space. Let ρ_k be a sequence of discrete injective representations of π into the group of orientationpreserving isometries of X . Suppose that ρ_k is precompact in the pointwise convergence topology.

Then the sequence of manifolds X/ρ_k(π) falls into finitely many intersection preserving homotopy equivalence classes.

Proof According to 12.1, we can assume that π_1(K) is not virtually nilpotent. Argue by contradiction. Pass to a subsequence so that no two of the manifolds X/ρ_k(π) are intersection preserving homotopy equivalent and so that ρ_k converges algebraically.

Being the fundamental group of a finite aspherical cell complex, π has finitely generated homology. Choose a finite set of generators of H_∗(π). Using 11.4 we pass to a subsequence so that I_{n,α,β}(ρ_k) = I_{n,α,β}(ρ_{k+1}) for any pair of generators α ∈ H_m(N) and β ∈ H_{n−m}(N). Hence, the homotopy equivalence that induces ρ_{k+1} ∘ (ρ_k)^{−1} is intersection preserving.

Theorem 12.3 Let K be a finite connected cell complex such that π_1(K) does not split as an HNN–extension or a nontrivial amalgamated product over a virtually nilpotent group. Then, given a nonnegative integer n and homology classes α ∈ H_m(K) and β ∈ H_{n−m}(K), there exists C > 0 such that,

(1) for any continuous map f : K → N of K into an oriented hyperbolic n–manifold N that induces an isomorphism of fundamental groups, and

(2) for any embedding f : K → N of K into an oriented hyperbolic n– manifold N that induces a monomorphism of fundamental groups,

the intersection number of f_∗α and f_∗β in N satisfies |⟨f_∗α, f_∗β⟩| ≤ C .

Proof First, we prove (1). Arguing by contradiction, consider a sequence of maps f_k : K → N_k that induce π_1 –isomorphisms of K and oriented hyperbolic n–manifolds N_k and such that I_{n,α,β}(f_k) is an unbounded sequence of integers. Pass to a subsequence so that no two integers I_{n,α,β}(f_k) are the same. Each map f_k induces an injective discrete representation ρ_k of π_1(K) into the group of orientation-preserving isometries of a negatively curved symmetric space; in particular I_{n,α,β}(ρ_k) = I_{n,α,β}(f_k). Since in every dimension there are no more than four negatively curved symmetric spaces, we can pass to a subsequence to ensure that all the symmetric spaces where ρ_k(π_1(K)) acts are isometric.

According to 12.1, we can assume that π_1(K) is not virtually nilpotent. By 10.1 there exists a sequence of orientation-preserving isometries ϕ_k of X such that the sequence ϕ_k ∘ ρ_k ∘ (ϕ_k)^{−1} is algebraically precompact. As we explained in the section 4, I_{n,α,β}(ρ_k) = I_{n,α,β}(ϕ_k ∘ ρ_k ∘ (ϕ_k)^{−1}). Thus 11.4 provides a contradiction. Finally, according to 3.4, (1) implies (2).

Corollary 12.4 Let π be the fundamental group of a finite aspherical cell complex that does not split as an HNN–extension or a nontrivial amalgamated product over a virtually nilpotent group.

Then, for any n, the class of hyperbolic n–manifolds with fundamental group isomorphic to π breaks into finitely many intersection preserving homotopy equivalence classes.

Proof By 12.1, we can assume that π_1(K) is not virtually nilpotent. Thus the result follows from 12.2 and 10.1.

13 Vector bundles with hyperbolic total spaces

I am most grateful to Jonathan Rosenberg for explaining to me the following nice fact.

Proposition 13.1 Let K be a finite CW–complex and m be a positive integer. Then the set of isomorphism classes of oriented real (complex, respectively) rank m vector bundles over K with the same rational Pontrjagin classes and the rational Euler class (rational Chern classes, respectively) is finite.

Proof To simplify notation we only give a proof for complex vector bundles and then indicate necessary modifications for real vector bundles. We need to show that the “Chern classes map” (c_1, . . . , c_m): [K, BU(m)] → H^∗(K, Q) is finite-to-one. First, notice that c_1 classifies line bundles [20, I.3.8, I.4.3.1], so we can assume m > 1.

The integral ith Chern class c_i ∈ H^∗(BU(m), Z) ∼= [BU(m), K(Z, 4i)] can be represented by a continuous map f_i : BU(m) → K(Z, 2i) such that c_i = f^∗_i (α_{2i}) where α_{2i} is the fundamental class of K(Z, 2i). (Recall that, by the Hurewicz theorem H_{n−1}(K(Z, n), Z) = 0 and H_n(K(Z, n), Z) ∼= Z; the class in H^n(K(Z, n), Z) ∼= Hom(H_n(K(Z, n), Z); Z) corresponding to the identity homomorphism is called the fundamental class and is denoted α_n .)

It defines “Chern classes map” c = (f_1, . . . , f_m): BU(m) → K(Z, 2) × · · · × K(Z, 2m). We now check that the map induces an isomorphism on rational cohomology. According to [17, 7.5, 7.6] for even n, H^n(K(Z, n), Q) ∼= Q[α_n ]. By the Künneth formula

H^∗(×^m_{i=1}K(Z, 2i), Q) ∼= ⊗^m_{i=1}H^∗(K(Z, 2i), Q) ∼= ⊗^m_{i=1}Q[α_{2i} ] ∼= Q[α_2 , . . . α_{2m}]

and under this ring isomorphism α^{s1}_2 × · · · × α^{sm}_{2m} corresponds to α^{s1}_2 . . . α^{sm}_{2m} . It is well known that H^∗(BU(m), Q) ∼= Q[c_1 , . . . , c_m] [31, 14.5]. Thus the homomorphism c^∗ : H^∗(×^m_{i=1}K(Z, 2i), Q)) → H^∗(BU(m), Q) defines a homomorphism Q[α_2 , . . . α_{2m}] ∼= Q[c_1 , . . . , c_m] that takes α_{2i} to c_i . Since this is an isomorphism, so is c^∗ as promised.

Therefore c induces an isomorphism on rational homology. Then, since BU(m) is simply connected, the map c must be a rational homotopy equivalence [17, 7.7]. In other words the homotopy theoretic fiber F_c of the map c has finite homotopy groups.

Consider an oriented rank m vector bundle f : K → BU(m) with characteristic classes c ∘ f : K → ×^m_{i=1}K(Z, 2i). Our goal is to show that the map c ∘ f has at most finitely many nonhomotopic liftings to BU(m). Look at the set of liftings of c ∘ f to BU(m) and try to construct homotopies skeleton by skeleton using the obstruction theory. The obstructions lie in the groups of cellular cochains of K with coefficients in the homotopy groups of F_c . (Note that the fibration F_c → BU(m) → ×^m_{i=1}K(Z, 2i) has simply connected base and fiber (since m > 1), so the coefficients are not twisted.) Since the homotopy groups of F_c are finite, there are at most finitely many nonhomotopic liftings. This completes the proof for complex vector bundles.

For oriented real vector bundles of odd rank the same argument works with c = (p_1, . . . , p_{[m/2]}), where p_i is the ith Pontrjagin class. Similarly, for oriented real vector bundles of even rank we set c = (e, p_1, . . . , p_{m/2−1}), where e is the Euler class. (The case m = 2 can be treated separately: since SO(2) ∼= U(1) any oriented rank two vector bundle has a structure of a complex line bundle with e corresponding to c_1 . Thus, according to [20, I.3.8, I.4.3.1], oriented rank two vector bundles are in one-to-one correspondence with H^2(K, Z).)

Remark 13.2 A similar result is probably true for nonorientable bundles. However, the argument given above fails due to the fact BO(m) is not simply connected (ie the map c = (p_1, . . . , p_{[m/2]}) of BO(m) to the product of Eilenberg–MacLane spaces is not a rational homotopy equivalence even though it induces an isomorphism on rational cohomology). For simplicity, we only deal with oriented bundles.

Remark 13.3 Note that, if either m is odd or m > dim(K), the rational Euler class is zero, and, hence rational Pontrjagin classes determine an oriented vector bundle up to a finite number of possibilities.

Corollary 13.4 Let M be a closed smooth manifold and let m be an integer such that either m is odd or m > dim(M). Let f_k : B → N_k be a sequence of smooth immersions of B into complete locally symmetric nonpositively curved Riemannian manifolds N_k with orientable normal bundle and dim(N_k) = m + dim(M).

Then the set of the normal bundles ν(f_k) of the immersions falls into finitely many isomorphism classes.

Proof We can assume that all the manifolds N_k are quotients of the same symmetric space X since in every dimension there exist only finitely many symmetric spaces.

According to section 4, the immersions f_k induce representations ρ_k : π_1(M) → Isom(X) such that τ(f_k) = τ(ρ_k). The sequence τ(ρ_k) of vector bundles breaks into finitely many isomorphism classes because the representation variety Hom(π_1(M), Isom(X)) has finitely many connected components (see 7.1). In particular, there are only finitely many possibilities for the total Pontrjagin class of τ(ρ_k).

The normal bundle of the immersion f_k satisfies ν(f_k)⊕T M ∼= τ(f_k). Applying the total Pontrjagin class, we get p(ν(f_k)) ∪ p(T M) = p(τ(f_k)). The total Pontrjagin class of any bundle is a unit, hence we can solve for p(ν(f_k)). Thus, there are only finitely many possibilities for p(ν(f_k)). Finally, 13.1 and 13.3 imply that there are only finitely many possibilities for ν(f_k).

Theorem 13.5 Let M be a closed negatively curved manifold of dimension ≥ 3 and let n > dim(M) be an integer. Let f_k : B → N_k be a sequence of smooth embeddings of M into hyperbolic n–manifolds such that for each k

• f_k induces a monomorphism of fundamental groups, and • the normal bundle ν(f_k) of the embedding f_k is orientable.

Then the set of the normal bundles ν(f_k) falls into finitely many isomorphism classes. In particular, up to diffeomorphism, only finitely many hyperbolic n– manifolds are total spaces of orientable vector bundles over M .

Proof Passing to covers corresponding to f_{k∗} , we can assume that f_k : M → N_k induce isomorphisms of fundamental groups. Arguing by contradiction, assume that ν_k = ν(f_k) are pairwise nonisomorphic.

Arguing as in the proof of 13.4, we deduce that there are only finitely many possibilities for the total Pontrjagin classes of ν_k . Thus, according to 13.1, we can pass to a subsequence so that the (rational) Euler classes of ν_k are all different. Denote the integral Euler class by e(ν_k).

First, assume that M is orientable. Recall that, by definition, the Euler class e(ν_k) is the image of the Thom class τ(ν_k) ∈ H^m(N_k, N_k\f_k(M)) under the map f^∗_k : H^m(N_k, N_k\f_k(M)) → H^m(M). According to [13, VIII.11.18] the Thom class has the property τ(ν_k) ∩ [N_k, N_k\f_k(M)] = f_{k∗}[M] where [N_k, N_k\f_k(M)] is the fundamental class of the pair (N_k, N_k\f_k(M)) and [M] is the fundamental class of M .

Therefore, for any α ∈ H_m(M), the intersection number of f_{k∗}α and f_{k∗}[M] in N_k satisfies I(f_{k∗}[M], f_{k∗}α) = ⟨τ(ν_k), f_{k∗}α⟩ = ⟨f^∗τ(ν_k), α⟩ = ⟨e(ν_k), α⟩. Since M is compact, H_m(M) is finitely generated; we fix a finite set of generators. The (rational) Euler classes are all different, hence the homomorphisms ⟨e(ν_k), −⟩ ∈ Hom(H_m(M), Z) are all different. Then there exists a generator α ∈ H_m(M) such that {⟨e(ν_k), α⟩} is an infinite set of integers. Hence {I(f_{k∗}[M], f_{k∗}α)} is an infinite set of integers. Combining 12.3 and 10.3, we get a contradiction.

Assume now that M is nonorientable. Let q : M̃ → M be the orientable twofold cover. Any finite cover of aspherical manifolds induces an injection on rational cohomology [10, III.9.5(b)]. Hence e(q^#ν_k) = q^∗e(ν_k) implies that the rational Euler classes of the pullback bundles q^#ν_k are all different, and there are only finitely many possibilities for the total Pontrjagin classes of q^#ν_k . Furthermore, the bundle map q^#ν_k → ν_k induces a smooth two-fold cover of the total spaces, thus the total space of q^#ν_k is hyperbolic. Finally, M̃ is a closed orientable negatively curved manifold. Thus, we get a contradiction as in the oriented case.

References

[1] M T Anderson, Metrics of negative curvature on vector bundles, Proc. Amer.

Math. Soc. 9 (1987) 357–363 [2] W Ballmann, M Gromov, V Schroeder, Manifolds of nonpositive curvature, Birkhauser (1985) [3] I Belegradek, Conformally flat Seifert manifolds, Siberian Adv. Math. 3 (1993) 1–18 [4] I Belegradek, Some curious Kleinian groups and hyperbolic 5–manifolds, Transform. Groups 2 (1997) 3–29 [5] R Benedetti, C Petronio, Lectures on hyperbolic geometry, Springer–Verlag (1992) [6] M Bestvina, M Feighn, Stable actions of groups on real trees, Invent. Math.

121 (1995) 287–321 [7] N Bourbaki, Integration, Livre VI, Hermann, Paris (1952) [8] B H Bowditch, Discrete parabolic groups, J. Diff. Geom. 38 (1993) 559–583 [9] B H Bowditch, Geometrical finiteness with variable negative curvature, Duke Math. J. 77 (1995) 229–274 [10] K S Brown, Cohomology of groups, Springer–Verlag (1982) [11] R D Canary, D B A Epstein and P Green, Notes on notes of Thurston, London Math. Soc. Lecture Notes Series 111, D B A Epstein, Ed. CUP (1984) [12] M Coornaert, T Delzant, A Papadopoulos, Géométrie et théorie des groupes, Lecture Notes in Math. 1441, Springer–Verlag (1990) [13] A Dold, Lectures on algebraic topology, Springer–Verlag (1972) [14] P Eberlein, B O’Neill, Visibility manifolds, Pacific J. Math. 46 (1973) 45–109 [15] W M Goldman, Topological components of spaces of representations, Invent. Math. 93 (1988) 557–607 [16] W M Goldman, M E Kapovich, B Leeb, Complex hyperbolic manifolds homotopy equivalent to a Riemann surface, (to appear) [17] P A Griffiths and J W Morgan, Rational homotopy theory and differential forms, Birkhäuser (1981) [18] M Gromov, H B Lawson, Jr, W Thurston, Hyperbolic 4–manifolds and conformally flat 3–manifolds, Publ. Math. IHES 68 (1988) 27–45 [19] N Gusevskii, H Klimenko, Fox-Artin arc and constructing Kleinian groups acting on S^3 with limit set a wild Cantor set, Internat. J. Math. 6 (1995) 19–32 [20] F Hirzebruch, Topological methods in algebraic geometry, Springer–Verlag (1966) [21] M E Kapovich, Conformally Flat Structures on 3-manifolds: Existence Problem.I, Siberian mathematical journal 30 (1989) 60–73

[22] M E Kapovich, On hyperbolic 4–manifolds fibered over surfaces, preprint (1993) [23] N H Kuiper, Hyperbolic 4–manifolds and tesselations, Publ. Math. IHES 68 (1988) 47–76 [24] N H Kuiper, Fairly symmetric hyperbolic manifolds, from: “Geometry and Topology of Submanifolds II”, Proc. Intern. Meeting, Avignon (France), 1988, World Sci. (1990) 165–207 [25] W B R Lickorish, L S Siebenmann, Regular neighbourhoods and the stable range, Trans. Amer. Math. Soc 139 (1969) 207–230 [26] W L Lok, Deformations of locally homogeneous spaces and Kleinian groups, PhD thesis, Columbia University (1984) [27] F Luo, Constructing conformally flat structures on some Seifert fibred 3- manifolds, Math. Ann. 294 (1992) 449–458 [28] F Luo, Möbius structures on Seifert manifolds I, J. Differential Geom. 42 (1995) 634–664 [29] S Matsumoto, Foundations of flat conformal structures, from: Aspects of lowdimensional manifolds, Adv. Stud. Pure Math. 20, Kinokuniya, Tokyo (1992) 167–261 [30] J J Millson, M S Raghunathan, Geometric constructions of cohomology for arithmetic groups I, Proc. Indian Acad. Sci. (Math. Sci.) 90 (1981) 103–123 [31] J W Milnor, J D Stasheff, Characteristic classes, Annals of Math. Studies 76, Princeton University Press (1974) [32] J Morgan, Λ-trees and their applications, Bull. Amer. Math. Soc. 26 (1992) 87–112 [33] M S Raghunathan, Discrete subgroups of Lie groups, Springer–Verlag (1972) [34] A G Reznikov, Harmonic maps, hypebolic cohomology and higher Milnor inequalities, Topology 32 (1993) 899–907