Geometry & Topology Monographs Volume 2: Proceedings of the Kirbyfest Pages 555–562

Positive links are strongly quasipositive

Lee Rudolph

Abstract Let S(D) be the surface produced by applying Seifert’s algorithm to the oriented link diagram D. I prove that if D has no negative crossings then S(D) is a quasipositive Seifert surface, that is, S(D) embeds incompressibly on a fiber surface plumbed from positive Hopf annuli. This result, combined with the truth of the “local Thom Conjecture”, has various interesting consequences; for instance, it yields an easily-computed estimate for the slice euler characteristic of the link L(D) (where D is arbitrary) that extends and often improves the “slice– Bennequin inequality” for closed-braid diagrams; and it leads to yet another proof of the chirality of positive and almost positive knots.

AMS Classification 57M25; 32S55, 14H99

Keywords Almost positive link, Murasugi sum, positive link, quasipositivity, Seifert’s algorithm

For Rob Kirby

1 Introduction; statement of results

Given an oriented link diagram D, let X_>(D) (resp. X_<(D)) be the set of positive (resp. negative) crossings, and O_≥(D) (resp. O_<(D)) the set of Seifert circles adjacent to some x ∈ X_>(D) (resp. to no x ∈ X_>(D)). Write #A for the number of elements of A. Let S(D) be the surface produced by applying Seifert’s algorithm to D; let L(D) := ∂S(D). An oriented link L is positive if L is isotopic to L(D) for some D with #X_<(D) = 0, almost positive if L is not positive but L is isotopic to L(D) for some D with #X_<(D) = 1, and strongly quasipositive if L bounds a quasipositive Seifert surface, that is, a surface embedded incompressibly on a fiber surface plumbed from positive Hopf annuli.

Theorem If #X_<(D) = 0, then S(D) is quasipositive, and so L(D) is strongly quasipositive.

Denote by χ_s(L) the greatest value of the euler characteristic χ(F ) for F ⊂ D^4 a smooth, oriented 2–manifold such that L = ∂F and F has no closed components. Let D^1(K) be the untwisted positive Whitehead double of a knot K , D^k(K) := D^1(D^{k−1}(K)).

Corollary 1 If D is any oriented link diagram, then

(∗[D]) χ_s(L(D)) ≤ (#O_≥(D) − #O_<(D)) − (#X_>(D) − #X_<(D)).

Corollary 2 (A) A non-trivial positive link is chiral. (B) An almost positive knot is chiral.

This corollary is included chiefly for the novelty of the method; see Remark 4.

Corollary 3 If K is a non-trivial positive knot, then χ_s(D^k(K)) = −1, k > 0.

This corollary, with “strongly quasipositive” in place of “positive”, was proved in [14], so it is immediate from the Theorem. It is a partial extension of a result of Cochran and Gompf [1], which assumes much less than positivity of K , but concludes only that χ_s(D^k(K)) = −1, 1 ≤ k ≤ 6; see Remark 5.

Remarks (1) As defined above, strong quasipositivity is an intrinsic geometric property. Its original definition ([11]; cf [9]), like those of positivity and almost-positivity, was “diagrammatic”: an oriented link L is strongly quasipositive if and only if, for some n, L can be represented as the closure ^β of a braid β ∈ B_n that is the product of “embedded positive bands” σ_{i,j} := (σ_i . . . σ_{j−2})σ_{j−1}(σ_i . . . σ_{j−2})^{−1} (where σ_1, . . . , σ_{n−1} are the standard generators of B_n ). The equivalence of this to the intrinsic definition follows by combining [12] and [16].

Question Can positive links be characterized as strongly quasipositive links that satisfy some extra geometric conditions?

(2) If Corollary 1 is weakened by restricting D to be a closed braid diagram and by replacing (∗[D]) by

(∗^′[D]) χ_s(L(D)) ≤ (#O_≥(D) + #O_<(D)) − (#X_>(D) − #X_<(D)),

then it becomes the slice–Bennequin inequality sBi, [14]; like the proof of Corollary 1 below, the proof of sBi in [14] makes essential use of the truth of the “local Thom Conjecture”, a result originally established using gauge theory for embedded surfaces [3] which now follows from more general results established using monopole methods [4], [5]. (In fact, (∗[D]) for a closed braid diagram D already follows from sBi, [16], Corollary 5.2.2.)

(3) A different weakening of Corollary 1—allowing D to be arbitrary, but concluding only (∗^′[D])—follows easily by combining sBi and the (proof of the) main result of [20]. In fact, after posting the first version of the present article to the xxx Mathematics Archives, I received e-mail from Takuji Nakamura informing me that Nakamura’s February 1998 master’s thesis at Keio University (Japan) gives a proof of the Theorem using the techniques of [20]; and another reader has since kindly shown me how to use Vogel’s algorithm [19] to give yet another proof.

(4) Chirality of non-trivial positive links was established well over a decade ago: the proof in [1] (which does not, itself, depend on “Donaldson’s theorems”, ie, gauge theory, but uses only a classical invariant, the signature) was described by Cochran and Gompf in talks at MSRI in 1985 and at the 1986 Santa Cruz Summer Research Conference on braids; other proofs using the signature were published independently by Przytycki [7] and Traczyk [18] (cf [10] for an earlier special case, with an unconventional choice of sign). Chirality of almost positive links (via negativity of the signature) was announced in a 1991 abstract [8] by Przytycki and Taniyama; Stoimenow has recently given a proof [17] (for knots) which uses a Vassiliev-style invariant due to Fiedler. Chirality of non-trivial strongly quasipositive knots follows from a calculation with the FLYPMOTH link polynomial ([6], remark following Problem 9), and chirality of non-trivial strongly quasipositive links is an easy consequence of sBi (cf [6], Problems 8.2 and 9.2). When I came across [17] while perusing

http://front.math.ucdavis.edu/math.GT/ preparatory to uploading what I

had thought was the finished version of the present paper, I realized that an alternative proof of the chirality of almost positive links could be given using Corollary 1, and I revised this paper accordingly. Many thanks are due to the maintainers both of the xxx Mathematics Archives and of the Front for keeping us all on our toes. Thanks also to Tim Cochran, Jozef Przytycki, and others for helpful e-mail on the history of chirality results for positive and almost positive links.

(5) A long-standing conjecture ([2], Problem 1.38) asserts that, for a knot K , χ_s(D^1(K)) = 1 iff χ_s(K) = 1. Since any Whitehead double of a knot bounds a punctured torus (already in S^3 ), this conjecture implies a second conjecture: if χ_s(K) < 1, then χ_s(D^k(K)) = −1 for 1 ≤ k < ∞. Cochran and Gompf [1] made some progress towards the second conjecture: they defined what it means for a knot K to be “greater than or equal to the positive trefoil” (briefly,

K ≥ T); they proved (by way of providing a large class of examples) that if K ≠ O is a positive knot (in particular, a closed positive braid) then K ≥ T; and they applied gauge theory to show that if K ≥ T then χ_s(K) < 1 and χ_s(D^k(K)) = −1 for 1 ≤ k ≤ 6. In [14], I proved the second conjecture if K ≠ O is a strongly quasipositive knot (in particular, a closed positive braid). Corollary 3 is the observation that the second conjecture is true for positive knots.

Questions Is the second conjecture true for all K ≥ T? Might it in fact be the case that K ≥ T implies K is strongly quasipositive?

(6) If L(D) is a knot K , then the estimate in [15] can be rewritten as

(∗^{′′}[D]) χ_s(K) ≤ m(D) − (#X_>(D) − #X_<(D) − s_−(D)),

where D ⊂ C is taken to be in general position with respect to ℑ: C → R : z → (z −z̄)/2i, m(D) is the number of local maxima of ℑ|D, and s_−(D) is the number of crossings of D which (disregarding their actual signs) are “locally negative” when oriented by ℑ. This inequality resembles (∗^′[D]) (or sBi).

Question Is there—in general, or in the special case that s_−(D) = 0 (so that D is a positive plat diagram of K , [13])—a modification of (∗^{′′}[D]), analogous to (∗[D]), in which (for some D) some local maxima of ℑ|D contribute −1 rather than 1 to the right-hand side?

(7) Let u(K) denote the unknotting number of the knot K . Of course for all K , u(K) ≥ (1 − χ_s(K))/2; there exist K such that the estimate for u(K) based on (∗[D]) is sharper than the estimate based on sBi.

2 Proof that positive links are strongly quasipositive

In preparation for the proofs, recall Seifert’s algorithm. Given an oriented link diagram D ⊂ C (where C has its standard orientation), let X(D) := X_>(D) ∪ X_<(D), O(D) := O_≥(D) ∪ O_<(D). The algorithm, given input D, produces a piecewise-smooth oriented surface S(D) ⊂ C × R equipped with a (0, 1)–handle decomposition S(D) = ⋃ o∈O(D) h^{(0)}o ∪ ⋃ x∈X(D) h^{(1)}x such that:

(1) pr_1(∂S(D)) is the underlying oriented immersed 1–manifold of D;

(2) for every o ∈ O(D), pr_1 |h^{(0)}_o : h^{(0)}_o → C is a (non-oriented) embedding with pr_1(∂h^{(0)}_o ) = o;

(3) for every x ∈ X(D),

(3.1) there is one transverse arc τ(h^{(1)}_x ) ⊂ h^{(1)}_x such that pr_1(τ(h^{(1)}_x )) = x,

(3.2) pr_1 |(h^{(1)}_x \ τ(h^{(1)}_x )) is an embedding, and preserves orientation on precisely one component of h^{(1)}_x \ τ(h^{(1)}_x ),

(3.3) h^{(1)}_x is attached to h^{(0)}_o iff x is adjacent to o in D, and

(3.4) the over-arc of D through x contains the image by pr_1 of the component of h^{(1)}_x ∩ ∂S(D) which contains that endpoint of τ(h^{(1)}_x ) at which pr_2 takes on the larger value.

Call o ∈ O(D) outermost if o ∩ pr_1(h^{(0)}_o′ ) = ∅ for o ≠ o^′ ∈ O(D); let OO(D) be the set of outermost Seifert circles of D. Of course #OO(D) ≥ 1.

Proof of Theorem Let #X_<(D) = 0. The split sum of quasipositive Seifert surfaces is quasipositive, so there is no loss of generality in assuming that D is connected. The proof proceeds by induction, first on #X(D) and then on |#OO(D) − 2|.

If #X(D) = 0 then D is the trivial diagram of the trivial knot and the Theorem is trivially true.

If #X(D) > 0 and #OO(D) = 1, then D can be replaced by D^′ (isotopic to D on S^2 = C ∪ {∞}) such that O(D^′) = O(D) ∪ {o^′_0} \ {o_0}, X(D^′) = X(D), and S(D^′) is ambient isotopic to S(D) in C × R. Thus it may be assumed that #OOD ≥ 2. Since D is connected, there exist o_1, o_2 ∈ OO(D)) such that pr_1 |h^{(0)}_o : h^{(0)}_{o1} → C preserves orientation and pr_1 |h^{(0)}_o : h^{(0)}_{o2} → C reverses orientation.

If #OO(D) = 2, then the union F of h^{(0)}_{o1} and h^{(0)}_{o2} , together with all the 1– handles h^{(1)}_x such that x is adjacent to both o_1 and o_2 , is ambient isotopic to S(D(σ^k_1 )), where k ≥ 1 is the number of those 1–handles and D(σ^k_1 ) is the positive closed braid diagram of σ^k_1 ∈ B_2 ; moreover, for i = 1, 2, the union G_i of h^{(0)}_{oi} with all the 0–handles h^{(0)}_o such that o ⊂ pr_1(h^{(0)}_{oi} ), together with all the 1–handles h^{(1)}_x to which any of these 0–handles is attached, is ambient isotopic to S(D_i) for an appropriate positive oriented link diagram; finally, S(D) is an iterated Murasugi sum (Stallings plumbing) G_1 * F * G_2 . Now, S(D(σ^k_1 )), the fiber surface of the (2, k) torus link, is well known to be quasipositive (an explicit plumbing from positive Hopf annuli can be extracted from [12]), while S(D_1) and S(D_2) are quasipositive by induction on the number of crossings. Since, by [16], any plumbing of quasipositive Seifert surfaces is quasipositive, S(D) is quasipositive.

If #OO(D) > 2, then there exist o^′, o^{′′} ∈ OO(D), o^′ ≠ o^{′′} , such that pr_1 |h^{(0)}_o′ and pr_1 |h^{(0)}_o′′ have the same orientation type (both preserve, or both reverse, orientation); a little thought about planar embeddings of bipartite graphs shows that such o^′, o^{′′} may be chosen to have the further property that there is an arc α ⊂ C with one endpoint on o^′ and the other endpoint on o^{′′} , which is otherwise disjoint from D. Let D_α be the positive link diagram with X(D_α) = X(D) and O(D_α) = O(D) ∪ {o^′_α o^{′′}} \ {o^′, o^{′′}}, where o^′_α o^{′′} := ∂(pr_1(h^{(0)}_o′ ) ∪ N(α) ∪ pr_1(h^{(0)}_o′′ )) for a suitable relative regular neighborhood N(α) of α in C \Int(pr_1(h^{(0)}_o′ ∪h^{(0)}_o′′ )). Evidently S(D_α) may be constructed to contain S(D), and then S(D) is clearly embedded incompressibly on S(D_α). By induction on the number of outermost Seifert circles, S(D_α) is quasipositive. Since, by [12], an incompressible subsurface of a quasipositive Seifert surface is quasipositive, it follows that S(D) is quasipositive.

3 Proofs of the corollaries

Proof of Corollary 1 Let Q(D) := ⋃ o∈O_≥(D) h^{(0)}o ∪ ⋃ x∈X_>(D) h^{(1)}x ⊂ S(D).

Then Q(D) is clearly S(D^+), where pr_1(∂Q(D)) is the underlying oriented immersed 1–manifold of D^+ , O(D^+) = O_≥(D^+) = O_≥(D), and X(D^+) = X_>(D^+) = X_>(D). By the Theorem, Q(D) is quasipositive, so

χ_s(L(D)) ≤ 2χ(Q(D)) − χ(S(D)) = 2(#O_≥(D) − #X_>(D)) − (#O(D) − #X(D)) = (#O_≥(D) − #O_<(D)) − (#X_>(D) − #X_<(D))

by [16], Corollary 5.2.2.

Proof of Corollary 2 (A) As noted in Remark 3, chirality of non-trivial strongly quasipositive links is a consequence of sBi, so by the Theorem, if L is a non-trivial positive link then L is chiral.

(B) Let D be an oriented link diagram such that L(D) = K is a knot and #X_<(D) = 1. Then #O_<(D) ≤ 1. The following case analysis shows that either K is positive (so that K is not almost positive) or χ_s(K K) ≤ −1 (so that K is not amphicheiral).

(1) If #O_<(D) = 1 then a single Reidemeister move of type 1 replaces D by D_0 with L(D_0) = K and #X_<(D) = 0, so K is positive.

(2) If #O_<(D) = 0 and χ(S(D)) = #O_>(D) − (#X_> + 1) < −1, then Corollary 1, applied to the connected sum D D, implies that χ_s(K K) ≤ −1.

(3) If χ(S(D)) = −1, then a simple analysis of the possible configurations of the Seifert circles shows (without using any information about the signs of the crossings) that the punctured torus S(D) is isotopic to either

(i) a plumbing A(O, p) * A(O, q) of two unknotted twisted annuli, or

(ii) a pretzel surface P (2a + 1, 2b + 1, 2c + 1); if, further, #X_<(D) = 1, then in case (i) p and q are non-positive so K is positive by inspection, while in case (ii) two of 2a + 1, 2b + 1, 2c + 1 are negative and the third is 1, whence P (2a + 1, 2b + 1, 2c + 1) is again isotopic to a plumbing A(O, p) * A(O, q) with p and q non-positive (if a, b < −1, c = 1, then p = a + 1, q = b + 1), so again K is positive.

Acknowledgement The author is partially supported by NSF grant DMS- 9504832.

References

[1] Tim D Cochran, Robert E Gompf, Applications of Donaldson’s theorems to classical knot concordance, homology 3–spheres and property P , Topology, 27 (1988) 495–512

[2] Rob Kirby, Problems in low dimensional manifold theory, from: “Algebraic and Geometric Topology”, (R James Milgram, Editor) Proc. Sympos. Pure Math. vol. XXXII, Part 2, Amer. Math. Soc. Providence, RI (1978) 273–312; Updated version in PostScript format:

http://math.berkeley.edu/~kirby/problems.ps.gz (April 25, 1996)

[3] P B Kronheimer, T S Mrowka, Gauge theory for embedded surfaces: I, Topology, 32 (1993) 773–826

[4] P B Kronheimer, T S Mrowka, The genus of embedded surfaces in the projective plane, Math. Res. Lett. 1 (1994) 797–808

[5] J W Morgan, Z Szabó, C H Taubes, A product formula for the Seiberg– Witten invariants and the generalized Thom conjecture, J. Diff. Geom. 44 (1996) 706–788

[6] H R Morton, Problems, from: “Braids”, (Joan S Birman and Anatoly Libgober, Editors) American Mathematical Society (1988) 557–574

[7] Jozef H Przytycki, Positive knots have negative signature, Bull. Ac. Pol.

Math. 37 (1989) 559–562

[8] Jozef H Przytycki, Kouki Taniyama, Almost positive links have negative signature (abstract 91T-57-69), Abstracts AMS, 12 (1991) 327

[9] Lee Rudolph, Braided surfaces and Seifert ribbons for closed braids, Comment.

Math. Helvetici 58 (1983) 1–37

[10] Lee Rudolph, Nontrivial positive braids have positive signature, Topology 21 (1983) 325–327 [11] Lee Rudolph, A congruence between link polynomials, Math. Proc. Camb.

Phil. Soc. 107 (1990) 319–327 [12] Lee Rudolph, A characterization of quasipositive Seifert surfaces (Constructions of quasipositive knots and links, III), Topology 31 (1992) 231–237 [13] Lee Rudolph, Quasipositive annuli (Constructions of quasipositive knots and links, IV), J. Knot Theory Ramif. 1 (1993) 451–466 [14] Lee Rudolph, Quasipositivity as an obstruction to sliceness, Bull. Amer. Math.

Soc. (1993) 29 51–59 [15] Lee Rudolph, The slice genus and the Thurston–Bennequin invariant of a knot, Proc. Amer. Math. Soc. 125 (1997) 3049–3050 [16] Lee Rudolph, Quasipositive plumbing (Constructions of quasipositive knots and links, V), Proc. Amer. Math. Soc. 126 (1998) 257–267 [17] A Stoimenow, Gauss sums on almost positive knots,

http://front.math.ucdavis.edu/math.GT/9803073 (March 17, 1998)

[18] P Traczyk, Nontrivial negative links have positive signature, Manuscripta Math.

61 (1988) 279–284 [19] P Vogel, Representation of links by braids: a new algorithm, Comment. Math.

Helv. 65 (1990) 104–113 [20] S Yamada, The minimal number of Seifert circles equals the braid index of a link, Invent. Math. 89 (1987) 347–356

Department of Mathematics, Clark University, Worcester MA 01610, USA Email: lrudolph@black.clarku.edu Received: 31 July 1998 Revised: 18 March 1999