ISSN 1464-8997 (on line) 1464-8989 (printed) 61

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 6, pages 61ś74

6. Topological Milnor K -groups of higher local őelds

Ivan Fesenko

Let F = K_n, . . . , K_0 = F_q be an n-dimensional local őeld. We use the notation of section 1.

In this section we describe properties of certain quotients K^{top}(F ) of the Milnor K -groups of F by using in particular topological considerations. This is an updated and simpliőed summary of relevant results in [F1śF5]. Subsection 6.1 recalls wellknown results on K -groups of classical local őelds. Subsection 6.2 discusses so called sequential topologies which are important for the description of subquotients of K^{top}(F ) in terms of a simpler objects endowed with sequential topology (Theorem 1 in 6.6 and Theorem 1 in 7.2 of section 7). Subsection 6.3 introduces K^{top}(F ), 6.4 presents very useful pairings (including Vostokov’s symbol which is discussed in more detail in section 8), subsection 6.5ś6.6 describe the structure of K^{top}(F ) and 6.7 deals with the quotients K(F )/l; őnally, 6.8 presents various properties of the norm map on K -groups. Note that subsections 6.6ś6.8 are not required for understanding Parshin’s class őeld theory in section 7.

6.0. Introduction

Let A be a commutative ring and let X be an A-module endowed with some topology. A set {x_i}_{i∈I} of elements of X is called a set of topological generators of X if the sequential closure of the submodule of X generated by this set coincides with X. A set of topological generators is called a topological basis if for every j ∈ I and every non-zero a ∈ A ax_j doesn’t belong to the sequential closure of the submodule generated by {x_i}_{i≠j} .

Let I be a countable set. If {x_i} is set of topological generators of X then every element x ∈ X can be expressed as a convergent sum ∑ a_ix_i with some a_i ∈ A (note that it is not necessarily the case that for all a_i ∈ A the sum ∑ a_ix_i converges). This expression is unique if {x_i} is a topological basis of X; then provided addition in X is sequentially continuous, we get ∑ a_ix_i + ∑ b_ix_i = ∑ (a_i + b_i)x_i .

Published 10 December 2000: © Geometry & Topology Publications

Recall that in the one-dimensional case the group of principal units U_{1,F} is a multiplicative Z_p-module with őnitely many topological generators if char (F ) = 0 and inőnitely many topological generators if char (F ) = p (see for instance [FV, Ch. I §6]). This representation of U_{1,F} and a certain speciőc choice of its generators is quite important if one wants to deduce the Shafarevich and Vostokov explicit formulas for the Hilbert symbol (see section 8).

Similarly, the group V_F of principal units of an n-dimensional local őeld F is topologically generated by 1 + θt^{in}_n . . . t^{i1}_1 , θ ∈ μ_{q−1} (see subsection 1.4.2). This leads to a natural suggestion to endow the Milnor K -groups of F with an appropriate topology and use the sequential convergence to simplify calculations in K -groups.

On the other hand, the reciprocity map

Ψ_F : K_n(F ) → Gal(F^{ab}/F )

is not injective in general, in particular ker(Ψ_F ) ⊃ ⋂ l⩾1 lK_n(F ) ≠ 0. So the Milnor K -groups are too large from the point of view of class őeld theory, and one can pass to the quotient K_n(F )/ ⋂ l⩾1 lK_n(F ) without loosing any arithmetical information on F . The latter quotient coincides with K^{top}_n (F ) (see subsection 6.6) which is deőned in subsection 6.3 as the quotient of K_n(F ) by the intersection Λ_n(F ) of all neighbourhoods of 0 in K_n(F ) with respect to a certain topology. The existence theorem in class őeld theory uses the topology to characterize norm subgroups N_{L/F} K_n(L) of őnite abelian extensions L of F as open subgroups of őnite index of K_n(F ) (see subsection 10.5). As a corollary of the existence theorem in 10.5 one obtains that in fact ⋂ l⩾1 lK_n(F ) = Λ_n(F ) = ker(Ψ_F ).

However, the class of open subgroups of őnite index of K_n(F ) can be deőned without introducing the topology on K_n(F ), see the paper of Kato in this volume which presents a different approach.

6.1. K-groups of one-dimensional local őelds

The structure of the Milnor K -groups of a one-dimensional local őeld F is completely known.

Recall that using the Hilbert symbol and multiplicative Z_p-basis of the group of principal units of F one obtains that

K_2(F ) ≃ Tors K_2(F ) ⊕ mK_2(F ), where m = | Tors F^∗| , Tors K_2(F ) ≃ Z/m

and mK_2(F ) is an uncountable uniquely divisible group (Bass,Tate, Moore, Merkur’ev; see for instance [FV, Ch. IX §4]). The groups K_m(F ) for m ⩾ 3 are uniquely divisible uncountable groups (Kahn [Kn], Sivitsky [FV, Ch. IX §4]).

6.2. Sequential topology

We need slightly different topologies from the topology of F and F^∗ introduced in section 1.

Deőnition. Let X be a topological space with topology τ . Deőne its sequential saturation λ:

a subset U of X is open with respect to λ if for every α ∈ U and a convergent (with respect to τ ) sequence X ∋ α_i to α almost all α_i belong to U . Then α_i −→_τ α ⇔ α_i −→_λ α. Hence the sequential saturation is the strongest topology which has the same convergent sequences and their limits as the original one. For a very elementary introduction to sequential topologies see [S].

Deőnition. For an n-dimensional local őeld F denote by λ the sequential saturation of the topology on F deőned in section 1.

The topology λ is different from the old topology on F deőned in section 1 for n ⩾ 2: for example, if F = F_p ((t_1)) ((t_2)) then Y = F \ { t^i_2t^{−j}_1 + t^{−i}_2 t^j_1 : i, j ⩾ 1 } is open with respect to λ and is not open with respect to the topology of F deőned in section 1.

Let λ_∗ on F^∗ be the sequential saturation of the topology τ on F^∗ deőned in section 1. It is a shift invariant topology.

If n = 1, the restriction of λ_∗ on V_F coincides with the induced from λ. The following properties of λ ( λ_∗ ) are similar to those in section 1 and/or can be proved by induction on dimension.

Properties.

(1) α_i, β_i −→_λ 0 ⇒ α_i − β_i −→_λ 0;

(2) α_i, β_i −→_{λ∗} 1 ⇒ α_iβ^{−1}_i −→_{λ∗} 1;

(3) for every α_i ∈ U_F , α^{pi}_i −→_{λ∗} 1;

(4) multiplication is not continuous in general with respect to λ_∗ ; (5) every fundamental sequence with respect to λ (resp. λ_∗ ) converges; (6) V_F and F^{∗ m} are closed subgroups of F^∗ for every m ⩾ 1; (7) The intersection of all open subgroups of őnite index containing a closed subgroup H coincides with H.

Deőnition. For topological spaces X_1, . . . , X_j deőne the ∗-product topology on X_1× · · · × X_j as the sequential saturation of the product topology.

6.3. K^{top}-groups

Deőnition. Let λ_m be the strongest topology on K_m(F ) such that subtraction in K_m(F ) and the natural map

φ: (F^∗)^m → K_m(F ), φ(α_1, . . . , α_m) = {(α_1, . . . , α_m}

are sequentially continuous. Then the topology λ_m coincides with its sequential saturation. Put Λ_m(F ) = ⋂ open neighbourhoods of 0.

It is straightforward to see that Λ_m(F ) is a subgroup of K_m(F ).

Properties.

(1) Λ_m(F ) is closed: indeed Λ_m(F ) ∋ x_i → x implies that x = x_i + y_i with y_i → 0, so x_i, y_i → 0, hence x = x_i + y_i → 0, so x ∈ Λ_m(F ).

(2) Put V K_m(F ) = ⟨{V_F } · K_{m−1}(F )⟩ ( V_F is deőned in subsection 1.1). Since the topology with V K_m(F ) and its shifts as a system of fundamental neighbourhoods satisőes two conditions of the previous deőnition, one obtains that Λ_m(F ) ⊂ V K_m(F ).

(3) λ_1 = λ_∗ .

Following the original approach of Parshin [P1] introduce now the following:

Deőnition. Set K^{top}_m (F ) = K_m(F )/Λ_m(F )

and endow it with the quotient topology of λ_m which we denote by the same notation.

This new group K^{top}_m (F ) is sometimes called the topological Milnor K -group of F . If char (K_{n−1}) = p then K^{top}_1 = K_1.

If char (K_{n−1}) = 0 then K^{top}_1 (K) ≠ K_1(K), since 1 + M_{Kn} (which is uniquely divisible) is a subgroup of Λ_1(K).

6.4. Explicit pairings

Explicit pairings of the Milnor K -groups of F are quite useful if one wants to study the structure of K^{top}-groups.

The general method is as follows. Assume that there is a pairing ⟨ , ⟩: A × B → Z/m of two Z/m-modules A and B. Assume that A is endowed with a topology with respect to which it has topological generators α_i where i runs over elements of a totally ordered countable set I. Assume that for every j ∈ I there is an element β_j ∈ B such that

⟨α_j , β_j ⟩ = 1 mod m, ⟨α_i, β_j ⟩ = 0 mod m for all i > j . Then if a convergent sum ∑ c_iα_i is equal to 0, assume that there is a minimal j with non-zero c_j and deduce that 0 = ∑ c_i⟨α_i, β_j ⟩ = c_j , a contradiction. Thus, {α_i} form a topological basis of A.

If, in addition, for every β ∈ B \ {0} there is an α ∈ A such that ⟨α, β⟩ ≠ 0, then the pairing ⟨ , ⟩ is obviously non-degenerate.

Pairings listed below satisfy the assumptions above and therefore can be applied to study the structure of quotients of the Milnor K -groups of F .

6.4.1. łValuation mapž.

Let ∂: K_r(K_s) → K_{r−1}(K_{s−1}) be the border homomorphism (see for example [FV, Ch. IX §2]). Put

v = v_F : K_n(F )^∂−→ K_{n−1}(K_{n−1})^∂−→ . . .^∂−→ K_0(K_0) = Z, v({t_1, . . . , t_n}) = 1

for a system of local parameters t_1, . . . , t_n of F . The valuation map v doesn’t depend on the choice of a system of local parameters.

6.4.2. Tame symbol.

Deőne t: K_n(F )/(q − 1) × F^∗/F^{∗ q−1} −→ K_{n+1}(F )/(q − 1) −→ F^∗_q → μ_{q−1}, q = |K_0| by K_{n+1}(F )/(q − 1)^∂−→ K_n(K_{n−1})/(q − 1)^∂−→ . . .^∂−→ K_1(K_0)/(q − 1) = F^∗_q → μ_{q−1}.

Here the map F^∗_q → μ_{q−1} is given by taking multiplicative representatives.

An explicit formula for this symbol (originally asked for in [P2] and suggested in [F1]) is simple: let t_1, . . . , t_n be a system of local parameters of F and let v = (v_1, . . . , v_n) be the associated valuation of rank n (see section 1 of this volume). For elements α_1, . . . , α_{n+1} of F^∗ the value t(α_1, α_2, . . . , α_{n+1}) is equal to the (q − 1) th root of unity whose residue is equal to the residue of

α^{b1}_1 . . . α^{bn+1}_{n+1} (−1)^b

in the last residue őeld F_q , where b = ∑ s,i<j vs(bi)vs(bj )b s i,j , b_j is the determinant of the matrix obtained by cutting off the j th column of the matrix A = (v_i(α_j )) with the sign (−1)^{j−1}, and b^s_{i,j} is the determinant of the matrix obtained by cutting off the i th and j th columns and s th row of A.

6.4.3. ArtinśSchreierśWitt pairing in characteristic p .

Deőne, following [P2], the pairing

( , ]_r: K_n(F )/p^r × W_r(F )/(F − 1)W_r(F ) → W_r(F_p ) ≃ Z/p^r by ( F is the map deőned in the section, Some Conventions) (α_0, . . . , α_n, (β_0, . . . , β_r)]_r = Tr_{K0/Fp} (γ_0, . . . , γ_r ) where the i th ghost component γ^{(i)} is given by res_{K0} (β^{(i)}α^{−1}_1 dα_1 ∧ · · · ∧ α^{−1}_n dα_n).

For its properties see [P2, sect. 3]. In particular, (1) for x ∈ K_n(F ) (x, V(β_0, . . . , β_{r−1})]_r = V(x, (β_0, . . . , β_{r−1})]_{r−1} where as usual for a őeld K

V: W_{r−1}(K) → W_r(K), V(β_0, . . . , β_{r−1}) = (0, β_0, . . . , β_{r−1}); (2) for x ∈ K_n(F ) (x, A(β_0, . . . , β_r)]_{r−1} = A(x, (β_0, . . . , β_r)]_r where for a őeld K A: W_r(K) → W_{r−1}(K), A(β_0, . . . , β_{r−1}, β_r) = (β_0, . . . , β_{r−1}). (3) If Tr θ_0 = 1 then ( {t_1, . . . , t_n}, θ_0 ] 1 = 1. If i_l is prime to p then ( {1 + θt^{in}_n . . . t^{i1}_1 , t_1, . . . , ^t_l, . . . , t_n}, θ_0θ^{−1}i^{−1}_l t^{−i1}_1 . . . t^{−in}_n ]_1 = 1. 6.4.4. Vostokov’s symbol in characteristic 0.

Suppose that μ_pr ⩽ F^∗ and p > 2. Vostokov’s symbol V ( , )_r: K_m(F )/p^r × K_{n+1−m}(F )/p^r → K_{n+1}(F )/p^r → μ_pr is deőned in section 8.3. For its properties see 8.3.

Each pairing deőned above is sequentially continuous, so it induces the pairing of K^{top}m (F ).

6.5. Structure of K^{top}(F ). I

Denote V K^{top}_m (F ) = ⟨ {V_F } · K^{top}_{m−1}(F ) ⟩ . Using the tame symbol and valuation v as described in the beginning of 6.4 it is easy to deduce that K_m(F ) ≃ V K_m(F ) ⊕ Z^{a(m)} ⊕ (Z/(q − 1))^{b(m)} with appropriate integer a(m), b(m) (see [FV, Ch. IX, §2]); similar calculations are applicable to K^{top}m (F ). For example, Z^{a(m)} corresponds to ⊕⟨{t_{j1} , . . . , t_{jm} }⟩ with 1 ⩽ j_1 < · · · < j_m ⩽ n. To study V K_m(F ) and V K^{top}m (F ) the following elementary equality is quite useful {1 − α, 1 − β} = { α, 1 + αβ 1 − α } + { 1 − β, 1 + αβ 1 − α } . Note that v(αβ/(1 − α)) = v(α) + v(β) if v(α), v(β) > (0, . . . , 0).

For ε, η ∈ V_F one can apply the previous formula to {ε, η} ∈ K^{top}_2 (F ) and using the topological convergence deduce that {ε, η} = ∑ {ρ_i, t_i} with units ρ_i = ρ_i(ε, η) sequentially continuously depending on ε, η.

Therefore V K^{top}_m (F ) is topologically generated by symbols { 1 + θt^{in}_n . . . t^{i1}_1 , t_{j1} . . . , t_{jm−1} } , θ ∈ μ_{q−1}. In particular, K^{top}_{n+2}(F ) = 0.

Lemma. ⋂ l⩾1 lK_m(F ) ⊂ Λ_m(F ). Proof. First, ⋂ lK_m(F ) ⊂ V K_m(F ). Let x ∈ V K_m(F ). Write x = ∑{ α_J , t_{j1} , . . . , t_{jm−1} } mod Λ_m(F ), α_J ∈ V_F .

Then p^rx = ∑{ α^{pr}_J } · { t_{j1} , . . . , t_{jm−1} } + λ_r, λ_r ∈ Λ_m(F ). It remains to apply property (3) in 6.2.

6.6. Structure of K^{top}(F ). II

This subsection 6.6 and the rest of this section are not required for understanding Parshin’s class őeld theory theory of higher local őelds of characteristic p which is discussed in section 7.

The next theorem relates the structure of V K^{top}_m (F ) with the structure of a simpler object.

Theorem 1 ([F5, Th. 4.6]). Let char (K_{n−1}) = p. The homomorphism g: ∏ J V_F → V K_m(F ), (β_J ) → ∑ J={j1,...,j_{m−}1} { β_J , t_{j1} , . . . , t_{jm−1} } induces a homeomorphism between ∏ V_F /g^{−1}(Λ_m(F )) endowed with the quotient of the ∗-topology and V K^{top}_m (F ); g^{−1}(Λ_m(F )) is a closed subgroup.

Since every closed subgroup of V_F is the intersection of some open subgroups of őnite index in V_F (property (7) of 6.2), we obtain the following:

Corollary. Λ_m(F ) = ⋂ open subgroups of őnite index in K_m(F ).

Remarks. 1. If F is of characteristic p, there is a complete description of the structure of K^{top}_m (F ) in the language of topological generators and relations due to Parshin (see subsection 7.2).

2. If char (K_{n−1}) = 0, then the border homomorphism in Milnor K -theory (see for instance [FV, Ch. IX §2]) induces the homomorphism V K_m(F ) → V K_m(K_{n−1}) ⊕ V K_{m−1}(K_{n−1}). Its kernel is equal to the subgroup of V K_m(F ) generated by symbols {u, . . . } with u in the group 1 + M_F which is uniquely divisible. So

V K^{top}_m (F ) ≃ V K^{top}_m (K_{n−1}) ⊕ V K^{top}_{m−1}(K_{n−1})

and one can apply Theorem 1 to describe V K^{top}m (F ).

Proof of Theorem 1. Recall that every symbol {α_1, . . . , α_m} in K^{top}m (F ) can be written as a convergent sum of symbols {β_J , t_{j1} , . . . , t_{jm−1} } with β_J sequentially continuously depending on α_i (subsection 6.5). Hence there is a sequentially continuous map f: V_F × F^{∗⊕m−1} → ∏ J V_F such that its composition with g coincides with the restriction of the map φ: (F^∗)^m → K^{top}_m (F ) on V_F ⊕ F^{∗⊕m−1}.

So the quotient of the ∗-topology of ∏ J V_F is ⩽ λ_m, as follows from the deőnition of λ_m . Indeed, the sum of two convergent sequences x_i, y_i in ∏ J V_F /g^{−1}(Λ_m(F )) converges to the sum of their limits.

Let U be an open subset in V K_m(F ). Then g^{−1}(U) is open in the ∗-product of the topology ∏ J V_F . Indeed, otherwise for some J there were a sequence α^{(i)}_J ∉ g^{−1}(U) which converges to α_J ∈ g^{−1}(U). Then the properties of the map φ of 6.3 imply that the sequence φ(α^{(i)}_J ) ∉ U converges to φ(α_J ) ∈ U which contradicts the openness of U . Theorem 2 ([F5, Th. 4.5]). If char (F ) = p then Λ_m(F ) is equal to ⋂ l⩾1 lK_m(F ) and is a divisible group.

Proof. BlochśKatośGabber’s theorem (see subsection A2 in the appendix to section 2) shows that the differential symbol d: K_m(F )/p −→ Ω^m_F , {α_1, . . . , α_m} −→ dα_1 α_1 ∧ · · · ∧ dα_m α_m Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds is injective. The topology of Ω^m_F induced from F (as a őnite dimensional vector space) is Hausdorff, and d is continuous, so Λ_m(F ) ⊂ pK_m(F ).

Since V K_m(F )/Λ_m(F ) ≃ ∏ E_J doesn’t have p-torsion by Theorem 1 in subsection 7.2, Λ_m(F ) = pΛ_m(F ).

Theorem 3 ([F5, Th. 4.7]). If char (F ) = 0 then Λ_m(F ) is equal to ⋂ l⩾1 lK_m(F ) and is a divisible group. If a primitive l th root ζ_l belongs to F , then_lK^{top}m (F ) = {ζ_l} · K^{top}_{m−1}(F ).

Proof. To show that p^rV K_m(F ) ⊃ Λ_m(F ) it sufőces to check that p^rV K_m(F ) is the intersection of open neighbourhoods of p^rV K_m(F ).

We can assume that μ_p is contained in F applying the standard argument by using (p, |F (μ_p) : F |) = 1 and l-divisibility of V K_m(F ) for l prime to p.

If r = 1 then one can use BlochśKato’s description of

U_iK_m(F ) + pK_m(F )/U_{i+1}K_m(F ) + pK_m(F )

in terms of products of quotients of Ω^j_{Kn−1} (section 4). Ω^j_{Kn−1} and its quotients are őnite-dimensional vector spaces over K_{n−1}/K^p_{n−1}, so the intersection of all neighborhoods of zero there with respect to the induced from K_{n−1} topology is trivial. Therefore the injectivity of d implies Λ_m(F ) ⊂ pK_m(F ).

Thus, the intersection of open subgroups in V K_m(F ) containing pV K_m(F ) is equal to pV K_m(F ).

Induction Step.

For a őeld F consider the pairing ( , )_r: K_m(F )/p^r × H^{n+1−m}(F, μ^{⊗n−m}_pr ) → H^{n+1}(F, μ^{⊗n}_pr ) given by the cup product and the map F^∗ → H^1(F, μ_pr ). If μ_pr ⊂ F , then Blochś Kato’s theorem shows that ( , )_r can be identiőed (up to sign) with Vostokov’s pairing V_r( , ). For χ ∈ H^{n+1−m}(F, μ^{⊗n−m}_pr ) put A_χ = {α ∈ K_m(F ) : (α, χ)_r = 0}.

One can show [F5, Lemma 4.7] that A_χ is an open subgroup of K_m(F ).

Let α belong to the intersection of all open subgroups of V K_m(F ) which contain p^rV K_m(F ). Then α ∈ A_χ for every χ ∈ H^{n+1−m}(F, μ^{⊗n−m}_pr ).

Set L = F (μ_pr ) and p^s = |L : F |. From the induction hypothesis we deduce that α ∈ p^sV K_m(F ) and hence α = N_{L/F} β for some β ∈ V K_m(L). Then 0 = (α, χ)_{r,F} = (N_{L/F} β, χ)_{r,F} = (β, i_{F/L}χ)_{r,L} where i_{F/L} is the natural map. Keeping in mind the identiőcation between Vostokov’s pairing V_r and ( , )_r for the őeld L we see that β is annihilated by i_{F/L}K_{n+1−m}(F ) with respect to Vostokov’s pairing. Using explicit calculations with Vostokov’s pairing one can directly deduce that β ∈ (σ − 1)K_m(L) + p^{r−s}i_{F/L}K_m(F ) + p^rK_m(L), and therefore α ∈ p^rK_m(F ), as required.

Thus p^rK_m(F ) = ⋂ open neighbourhoods of p^rV K_m(F ).

To prove the second statement we can assume that l is a prime. If l ≠ p, then since K^{top}_m (F ) is the direct sum of several cyclic groups and V K^{top}_m (F ) and since l-torsion of K^{top}m (F ) is p-divisible and ∩_rp^rV K^{top}m (F ) = {0}, we deduce the result.

Consider the most difőcult case of l = p. Use the exact sequence 0 → μ^{⊗n}_ps → μ^{⊗n}_{ps+1} → μ^{⊗n}_p → 0 and the following commutative diagram (see also subsection 4.3.2) μ_p ⊗ K_{m−1}(F )/p −−−−→ K_m(F )/p^{s p}−−−−→ K_m(F )/p^{s+1}

H^{m−1}(F, μ^{⊗m}_p ) −−−−→ H^m(F, μ^{⊗m}_ps ) −−−−→ H^m(F, μ^{⊗m}_{ps+1} ). We deduce that px ∈ Λ_m(F ) implies px ∈ ⋂ p^rK_m(F ), so x = {ζ_p}·a_{r−1} +p^{r−1}b_{r−1} for some a_i ∈ K^{top}_{m−1}(F ) and b_i ∈ K^{top}_m (F ).

Deőne ψ: K^{top}_{m−1}(F ) → K^{top}_m (F ) as ψ(α) = {ζ_p} · α; it is a continuous map. Put D_r = ψ^{−1}(p^rK^{top}_m (F )). The group D = ∩D_r is the kernel of ψ. One can show [F5, proof of Th. 4.7] that {a_r} is a Cauchy sequence in the space K^{top}_{m−1}(F )/D which is complete. Hence there is y ∈ ⋂ ( a_{r−1} + D_{r−1} ) . Thus, x = {ζ_p} · y in K^{top}m (F ).

Divisibility follows.

Remarks. 1. Compare with Theorem 8 in 2.5.

2. For more properties of K^{top}m (F ) see [F5].

3. Zhukov [Z, §7ś10] gave a description of K^{top}n (F ) in terms of topological generators and relations for some őelds F of characteristic zero with small v_F (p).

6.7. The group Km(F )/l

6.7.1. If a prime number l is distinct from p, then, since V_F is l-divisible, we deduce from 6.5 that K_m(F )/l ≃ K^{top}_m (F )/l ≃ (Z/l)^{a(m)} ⊕ (Z/d)^{b(m)} where d = gcd(q − 1, l).

6.7.2. The case of l = p is more interesting and difőcult. We use the method described at the beginning of 6.4.

If char (F ) = p then the ArtinśSchreier pairing of 6.4.3 for r = 1 helps one to show that K^{top}_n (F )/p has the following topological Z/p-basis: { 1 + θt^{in}_n . . . t^{i1}_1 , t_n, . . . , ^t_l, . . . , t_1 } where p ∤ gcd(i_1, . . . , i_n), 0 < (i_1, . . . , i_n), l = min {k : p ∤ i_k} and θ runs over all elements of a őxed basis of K_0 over F_p .

If char (F ) = 0, ζ_p ∈ F^∗, then using Vostokov’s symbol (6.4.4 and 8.3) one obtains that K^{top}_n (F )/p has the following topological Z_p-basis consisting of elements of two types:

ω_∗(j) = { 1 + θ_∗t^{pen/(p−1)} n . . . t^{pe1/(p−1)} 1 , t_n, . . . , ^t_j , . . . , t_1 } where 1 ⩽ j ⩽ n, (e_1, . . . , e_n) = v_F (p) and θ_∗ ∈ μ_{q−1} is such that 1 + θ_∗t^{pen/(p−1)} n . . . t^{pe1/(p−1)} 1 doesn’t belong to F^{∗p} and { 1 + θt^{in}_n . . . t^{i1}_1 , t_n, . . . , ^t_l, . . . , t_1 } where p ∤ gcd(i_1, . . . , i_n), 0 < (i_1, . . . , i_n) < p(e_1, . . . , e_n)/(p − 1), l = min {k : p ∤ i_k}, where θ runs over all elements of a őxed basis of K_0 over F_p .

If ζ_p ∉ F^∗, then pass to the őeld F (ζ_p) and then go back, using the fact that the degree of F (ζ_p)/F is relatively prime to p. One deduces that K^{top}n (F )/p has the following topological Z_p-basis: { 1 + θt^{in}_n . . . t^{i1}_1 , t_n, . . . , ^t_l, . . . , t_1 } where p ∤ gcd(i_1, . . . , i_n), 0 < (i_1, . . . , i_n) < p(e_1, . . . , e_n)/(p − 1), l = min {k : p ∤ i_k}, where θ runs over all elements of a őxed basis of K_0 over F_p .

6.8. The norm map on K^{top}-groups

Deőnition. Deőne the norm map on K^{top}_n (F ) as induced by N_{L/F} : K_n(L) → K_n(F ).

Alternatively in characteristic p one can deőne the norm map as in 7.4. 6.8.1. Put u_{i1,...,in} = U_{i1,...,in} /U_{i1+1,...,in} . Proposition ([F2, Prop. 4.1] and [F3, Prop. 3.1]). Let L/F be a cyclic extension of prime degree l such that the extension of the last őnite residue őelds is trivial. Then there is s and a local parameter t_{s,L} of L such that L = F (t_{s,L}). Let t_1, . . . , t_n be a system of local parameters of F , then t_1, . . . , t_{s,L}, . . . , t_n is a system of local parameters of L.

Let l = p. For a generator σ of Gal(L/F ) let σt_{s,L} t_{s,L} = 1 + θ_0t^{rn}_n · · · t^{rs}_{s,L} · · · t^{r1}_1 + · · · Then (1) if (i_1, . . . , i_n) < (r_1, . . . , r_n) then N_{L/F} : u_{i1,...,in,L} → u_{pi1,...,is,...,pin,F} sends θ ∈ K_0 to θ^p;

(2) if (i_1, . . . , i_n) = (r_1, . . . , r_n) then N_{L/F} : u_{i1,...,in,L} → u_{pi1,...,is,...,pin,F} sends θ ∈ K_0 to θ^p − θθ^{p−1}_0 ;

(3) if (j_1, . . . , j_n) > 0 then N_{L/F} : u_{j1+r1,...,pjs+rs,...,jn+rn,L} → u_{j1+pr1,...,js+rs,...,jn+prn,F} sends θ ∈ K_0 to −θθ^{p−1}_0 .

Proof. Similar to the one-dimensional case [FV, Ch. III §1].

6.8.2. If L/F is cyclic of prime degree l then K^{top}_n (L) = ⟨ {L^∗} · i_{F/L}K^{top}_{n−1}(F ) ⟩ where i_{F/L} is induced by the embedding F^∗ → L^∗ . For instance (we use the notations of section 1), if f(L|F ) = l then L is generated over F by a root of unity of order prime to p; if e_i(L|F ) = l, then use the previous proposition. Corollary 1. Let L/F be a cyclic extension of prime degree l. Then |K^{top}_n (F ) : N_{L/F} K^{top}_n (L)| = l.

If L/F is as in the preceding proposition, then the element { 1 + θ_∗t^{prn}_n · · · t^{rs}_{s,F} · · · t^{pr1}_1 , t_1, . . . , ^t_s, . . . , t_n } , where the residue of θ_∗ in K_0 doesn’t belong to the image of the map O_F^{θ→θ} p−θθ^{p−}10 −−−−−−−−→ O_F −→ K_0, is a generator of K^{top}_n (F )/N_{L/F} K^{top}_n (L).

If f(L|F ) = 1 and l ≠ p, then { θ_∗, t_1, . . . , ^t_s, . . . , t_n } where θ_∗ ∈ μ_{q−1} \ μ^l_{q−1} is a generator of K^{top}_n (F )/N_{L/F} K^{top}_n (L).

If f(L|F ) = l, then { t_1, . . . , t_n } is a generator of K^{top}n (F )/N_{L/F} K^{top}n (L).

Corollary 2. N_{L/F} (closed subgroup) is closed and N^{−1}_{L/F} (open subgroup) is open.

Proof. Sufőcient to show for an extension of prime degree; then use the previous proposition and Theorem 1 of 6.6.

6.8.3.

Theorem 4 ([F2, §4], [F3, §3]). Let L/F be a cyclic extension of prime degree l with a generator σ then the sequence K^{top}_n (F )/l ⊕ K^{top}_n (L)/l^{iF/L⊕(1−σ)} −−−−−−−→ K^{top}_n (L)/l^{NL/F}−−−→ K^{top}_n (F )/l is exact.

Proof. Use the explicit description of K^{top}_n /l in 6.7.

This theorem together with the description of the torsion of K^{top}n (F ) in 6.6 imply: Corollary. Let L/F be cyclic with a generator σ then the sequence

K^{top}_n (L)^{1−σ}−−→ K^{top}_n (L)^{NL/F}−−−→ K^{top}_n (F ) is exact.

References

[BK] S. Bloch and K. Kato, p-adic Âetale cohomology, Inst. Hautes ÂEtudes Sci. Publ. Math.

63(1986), 107ś152.

[F1] I. Fesenko, Explicit constructions in local őelds, Thesis, St. Petersburg Univ. 1987. [F2] I. Fesenko, Class őeld theory of multidimensional local őelds of characteristic 0, with the residue őeld of positive characteristic, Algebra i Analiz (1991); English translation in St. Petersburg Math. J. 3(1992), 649ś678.

[F3] I. Fesenko, Multidimensional local class őeld theory II, Algebra i Analiz (1991); English translation in St. Petersburg Math. J. 3(1992), 1103ś1126.

[F4] I. Fesenko, Abelian extensions of complete discrete valuation őelds, Number Theory Paris 1993/94, Cambridge Univ. Press, 1996, 47ś74.

[F5] I. Fesenko, Sequential topologies and quotients of the Milnor K -groups of higher local őelds, preprint, www.maths.nott.ac.uk/personal/ibf/stqk.ps

[FV] I. Fesenko and S. Vostokov, Local Fields and Their Extensions, AMS, Providence RI, 1993.

[K1] K. Kato, A generalization of local class őeld theory by using K -groups I, J. Fac. Sci.

Univ. Tokyo Sec. IA 26 No.2 (1979), 303ś376.

[K2] K. Kato, A generalization of local class őeld theory by using K -groups II, J. Fac. Sci.

Univ. Tokyo Sec. IA 27 No.3 (1980), 603ś683.

[K3] K. Kato, Existence theorem for higher local class őeld theory, this volume. [Kn] B. Kahn, L’anneau de Milnor d’un corps local a corps residuel parfait, Ann. Inst. Fourier 34(1984), 19ś65.

[P1] A. N. Parshin, Class őelds and algebraic K -theory, Uspekhi Mat. Nauk 30(1975), 253ś 254; English translation in Russian Math. Surveys.

[P2] A. N. Parshin, Local class őeld theory, Trudy Mat. Inst. Steklov. (1985); English translation in Proc. Steklov Inst. Math. 1985, issue 3, 157ś185.

[P3] A. N. Parshin, Galois cohomology and Brauer group of local őelds, Trudy Mat. Inst.

Steklov. (1990); English translation in Proc. Steklov Inst. Math. 1991, issue 4, 191ś201. [S] R. F. Snipes, Convergence and continuity: the adequacy of őlterbases, the inadequacy of sequences, and spaces in which sequences sufőce, Nieuw Arch. voor Wiskunde (3) 23(1975), 8ś31.

[V] S. V. Vostokov, Explicit construction of class őeld theory for a multidimensional local őeld, Izv. Akad. Nauk SSSR Ser. Mat. (1985) no.2; English translation in Math. USSR Izv. 26(1986), 263ś288.

[Z] I. B. Zhukov, Milnor and topological K -groups of multidimensional complete őelds, Algebra i analiz (1997); English translation in St. Petersburg Math. J. 9(1998), 69ś105.

Department of Mathematics University of Nottingham Nottingham NG7 2RD England E-mail: ibf@maths.nott.ac.uk