ISSN 1464-8997 (on line) 1464-8989 (printed) 143

Geometry & Topology Monographs Volume 4: Invariants of knots and 3-manifolds (Kyoto 2001) Pages 143–160

Loop spaces of configuration spaces

and finite type invariants

Toshitake Kohno

Abstract The total homology of the loop space of the configuration space of ordered distinct n points in R^m has a structure of a Hopf algebra defined by the 4-term relations if m ≥ 3. We describe a relation of between the cohomology of this loop space and the set of finite type invariants for the pure braid group with n strands. Based on this we give expressions of certain link invariants as integrals over cycles of the above loop space.

AMS Classification 55P35; 20F36, 57M27

Keywords Loop space, configuration space, finite type invariants, braid group, iterated integral

Dedicated to Professor Mitsuyoshi Kato on his sixtieth birthday

1 Introduction

The purpose of this article is to present a new approach for finite type invariants of braids based on the loop spaces of configuration spaces. For a smooth manifold M with a base point x_0 we denote by ΩM the loop space consisting of the piecewise smooth loops γ : I → M with γ(0) = γ(1) = x_0 . The main object is the loop space ΩConf_n(R^m) where Conf_n(R^m) stands for the configuration space of ordered distinct n points in R^m . It follows from the work of Cohen and Gitler [6] that, in the case m ≥ 3, the total homology of the loop space ΩConf_n(R^m) has a structure of the universal enveloping algebra of a Lie algebra defined by 4-term relations in the graded sense. Based on this one can show that the space of finite type invariants for pure braids is naturally isomorphic to the total cohomology of Conf_n(R^m) if m ≥ 3. The total homology of the loop space ΩConf_n(R^m) has a uniform structure for m ≥ 3 except a shift of grading. In this article, we mainly deal with the case m = 3. From our point of view the space of weight systems for Vassiliev invariants for knots in the sense of [13] lies in the direct sum ⨁ n≥2 H^∗(ΩConf_n(R^m)). The

Published 19 September 2002: © Geometry & Topology Publications

de Rham cohomology of ΩConf_n(R^m) is described by Chen’s iterated integrals of Green forms. We show that a certain link invariant can be expressed as an integral of a differential form on ΩConf_n(R^m) over a cycle defined associated with a link. It is still work in progress to obtain a general formula for any finite type invariant. Let us recall that based on the work of Guadagnini, Martellini and Mintchev [8] for Chern-Simons perturbative theory, Bott and Taubes developed a method to express a knot invariant by means of iterated integrals of Green forms associated with Feynman diagrams. In this approach one needs to add integrals associated with graphs with trivalent vertices to obtain a knot invariant. Our method does not use trivalent vertices, but we add integrals of some non closed differential forms on the loop spaces of configuration spaces to obtain topological invariants.

The paper is organized in the following way. In Section 2, we give a description of the homology of the loop space ΩConf_n(R^m) by means of the graded 4-term relations. In Section 3, we briefly review Chen’s iterated integrals describing the de Rham cohomology of loop spaces. In Section 4, we discuss a relation between the above homology and finite type invariants for braids. In Section 5, we express certain link invariants in terms of an integral of a differential form on the loop space of the configuration spaces. Section 6 is devoted to a brief overview of a work in progress in [7] on the homology of the loop space of orbit configuration spaces associated to Fuchsian groups. A more detailed account of this subject will appear elsewhere.

2 Homology of the loop spaces

We denote by Conf_n(X) the configuration space of ordered distinct n points in a space X . Namely, we set

Conf_n(X) = {(x_1, · · · , x_n) ∈ X^n ; x_i ≠ x_j if i ≠ j}.

Let Δ_{ij} be the diagonal set of X^n defined by x_i = x_j . We will deal with the loop space ΩConf_n(X) of the configuration space Conf_n(X) with a fixed base point x_0 .

For the rest of this section we consider the case X = R^m with m ≥ 3. The boundary of a tubular neighbourhood of the diagonal set Δ_{ij} is identified with the tangent sphere bundle of X and we have a map

γ_{ij} : S^{m−1} → Conf_n(R^m), 1 ≤ i < j ≤ n,

Geometry & Topology Monographs, Volume 4 (2002) so that γ_{ij}(S^{m−1}) has the linking number 1 with the diagonal set Δ_{ij} . Since S^{m−1} is considered to be the suspension of its equator S^{m−2} , we have a natural map α_{ij} : S^{m−2} → ΩConf_n(R^m), 1 ≤ i < j ≤ n, induced from γ_{ij} .

First we describe the cohomology ring of the configuration space Conf_n(R^m). Let ω be a homogeneous (m−1)-form on R^m \{0} defining a standard volume form of the unit sphere S^{m−1} . Namely, ω satisfies ∫ S^{m−1} ω = 1, ω(λx) = (sgn λ)^mω(x) for x ∈ R^m \ {0} and λ ∈ R \ {0}. Here sgn λ stands for λ/|λ|. We define the Green form ω_{ij} by ω_{ij}(x_1, · · · , x_n) = ω(x_j − x_i), x_1, · · · , x_n ∈ R^m, which is an (m − 1)-form on Conf_n(R^m) for i ≠ j . The de Rham cohomology class [ω_{ij} ] defines an integral cohomology class and is dual to the homology class [γ_{ij} ]. We put ξ_{ij} = [ω_{ij} ]. It is known that the cohomology ring H^∗(Conf_n(R^m); Z) is generated by ξ_{ij} , 1 ≤ i ≠ j ≤ n, with relations ξ^2_{ij} = 0 ξ_{ij} = (−1)^mξ_{ji} ξ_{ij}ξ_{jk} + ξ_{jk}ξ_{ik} + ξ_{ik}ξ_{ij} = 0, i < j < k where deg ω_{ij} = m − 1 (see [5]). In general, the total homology H_∗(ΩM; Z) = ⨁ j≥0 H_j(ΩM; Z)

of the loop space of M is equipped with a product H_i(ΩM; Z) ⊗ H_j(ΩM; Z) → H_{i+j}(ΩM; Z) induced from the composition of loops. We also have a coproduct H_k(ΩM; Z) → ⊕_{i+j=k}H_i(ΩM; Z) ⊗ H_j(ΩM; Z) induced from the cup product homomorphism on cochains. Let us now investigate the total homology of the loop space ΩConf_n(R^m) in the case m ≥ 3 as a Hopf algebra with the above product and coproduct.

Geometry & Topology Monographs, Volume 4 (2002)

Let us first consider the simplest example ΩConf_2(R^m). Here the configuration space Conf_2(R^m) is homotopy equivalent to S^{m−1} . The structure of the total homology of the loop space of a sphere was determined by Bott and Samelson [2] (see also [4]). We have isomorphisms of Hopf algebras H_∗(ΩConf_2(R^m); Z) ∼= H_∗(ΩS^{m−2}; Z) ∼= Z[X_{12}] where Z[X_{12}] stands for the polynomial algebra with one indeterminate with deg X_{12} = m − 2 and X_{12} corresponds to the homology class represented by α_{12} defined above.

In general we have relations among the homology classes X_{ij} = [α_{ij} ] analogous to the 4-term relations. We set X_{ij} = (−1)^{m−2}X_{ji} for i > j .

Proposition 2.1 In H_∗(ΩConf_n(R^m); Z), the homology classes X_{ij} satisfy the relation [X_{ij} , X_{ik} + X_{jk}] = 0 for i < j < k. Here deg X_{ij} = m − 2 and we consider the Lie bracket in the graded sense.

Proof We fix i, j and k with 1 ≤ i < j < k ≤ n and define φ : S^{m−1} × S^{m−1} → Conf_n(R^m) in the following way. We take u ∈ R^m with ‖u‖ = 1 and fix r_1 and r_2 such that 0 < r_1 < r_2 < 1. For x_1, x_2 ∈ S^{m−2} and 1 ≤ l ≤ n we set

φ_l(x_1, x_2) = lu, l ≠ j, k iu + r_1x_1, l = j iu + r_2x_2, l = k and φ is defined to be φ(x_1, x_2) = (φ_1(x_1, x_2), · · · , φ_n(x_1, x_2)). We denote by α ∈ H_{m−1}(S^{m−1}; Z) the fundamental homology class. Let us notice that α determines a generator ^α of the total homology of the loop space H_∗(ΩS^{m−1}; Z). We consider the induced homomorphism φ_∗ : H_{m−1}(S^{m−1} × S^{m−1}; Z) → H_{m−1}(Conf_n(R^m); Z).

Then we have ⟨ξ_{ij}, φ_∗(α × 1)⟩ = 1, ⟨ξ_{ik}, φ_∗(α × 1)⟩ = 0, ⟨ξ_{jk}, φ_∗(α × 1)⟩ = 0 and ⟨ξ_{ij} , φ_∗(1 × α)⟩ = 0, ⟨ξ_{ik}, φ_∗(1 × α)⟩ = 1, ⟨ξ_{jk}, φ_∗(1 × α)⟩ = 1,

Geometry & Topology Monographs, Volume 4 (2002) which implies φ_∗(α × 1) = α_{ij}, φ_∗(1 × α) = α_{ik} + α_{jk}.

The map φ gives

Ωφ : Ω(S^{m−1} × S^{m−1}) → ΩConf_n(R^m).

Let us consider the induced homomorphism

Ωφ_∗ : H_∗(Ω(S^{m−1} × S^{m−1}); Z) → H_∗(ΩConf_n(R^m); Z).

The homology classes α × 1 and 1 × α determine the homology classes, say ^α_1 and ^α_2 , in H_{m−2}(Ω(S^{m−1} × S^{m−1})). The total homology H_∗(Ω(S^{m−1} × S^{m−1})) is isomorphic to the graded commutative polynomial ring Z[x_1, x_2] with deg x_1 = deg x_2 = m − 2. Here x_1 and x_2 correspond to ^α_1 and ^α_2 respectively. We have [x_1, x_2] = 0 where the bracket is defined by [x_1, x_2] = x_1x_2 − (−1)^mx_2x_1 . This implies the relation [X_{ij} , X_{ik} + X_{jk}] = 0.

The structure of H_∗(ΩConf_n(R^m); Z) as a Hopf algebra for m ≥ 3 was determined by Cohen and Gitler [6]. We denote by L_n(m) the graded free Lie algebra over Z generated by X_{ij} , 1 ≤ i ≠ j ≤ n, where the degree for X_{ij} is m−2. Let T denote the ideal of L_n(m) generated by X_{ij} −(−1)^mX_{ji} together with [X_{ij} , X_{ik} + X_{jk}], i < j < k, [X_{ij} , X_{kl}], i, j, k, l distinct We define the Lie algebra G_n(m) by G_n(m) = L_n(m)/T and denote its universal enveloping algebra by UG_n(m). The following theorem is shown inductively by means of the fibration

ΩConf_{n+1}(R^m) → ΩConf_n(R^m).

Theorem 2.2 [6] If m ≥ 3, then we have an isomorphism of graded Hopf algebras H_∗(ΩConf_n(R^m); Z) ∼= UG_n(m).

Geometry & Topology Monographs, Volume 4 (2002)

3 Chen’s iterated integrals

Our next object is to describe the de Rham cohomology of the loop space ΩConf_n(R^m). For this purpose we briefly review Chen’s work on the de Rham cohomology of the loop space. Let ω_1, · · · , ω_q be differential forms on a smooth manifold M . Let Δ_q be the q-simplex defined by

Δ_q = {(t_1, · · · , t_q) ; 0 ≤ t_1 ≤ · · · ≤ t_q ≤ 1}.

We have an evaluation map

ϕ : Δ_q × ΩM → M^q

defined by ϕ(t_1, · · · t_q; γ) = (γ(t_1), · · · γ(t_q)).

Chen’s iterated integral of the differential forms ω_1, · · · , ω_q along the path γ is by definition ∫

Δ_q

ϕ^∗(ω_1 × · · · × ω_q)

Following Chen, we denote the above integral by ∫ ω_1 · · · ω_q. Let p be the sum of the degrees of ω_j for 1 ≤ j ≤ q. The iterated integral ∫ ω_1 · · · ω_q is considered to be a differential form of degree p − q on the loop space ΩM . Let B^{p,−q}(M) be the vector space over R spanned by the iterated integrals of the form ∫ ω_1 · · · ω_q where the sum of the degrees of ω_j , 1 ≤ j ≤ q, is equal to p. As a differential form on the loop space ΩM d ∫ ω_1 · · · ω_q is expressed up to sign the sum of ∫ Δ_q ϕ^∗d(ω_1 × · · · × ω_q) and ∫ ∂Δ_q ϕ^∗(ω_1 × · · · × ω_q). Thus we obtain the two differentials d_1 : B^{p,−q}(M) → B^{p+1,−q}(M), d_2 : B^{p,−q}(M) → B^{p,−q+1}(M).

Geometry & Topology Monographs, Volume 4 (2002)

The direct sum ⨁ p,q B^{p,−q}(M) has a structure of a double complex by the differentials d_1 and d_2 . The associated total complex B^•(M) is a subcomplex of the de Rham complex of the loop space ΩM .

A basic result due to Chen [4] is formulated as follows. Let us suppose that the manifold M is simply connected. Then one has an isomorphism H^j(ΩM; R) ∼= H^j(B^•(M)) for any j .

In the case when M is not simply connected, the fundamental group of M is related to the 0-dimensional cohomology of the bar complex B^•(M) in the following way. Each element of H^0(B^•(M)) is represented by a linear combination of iterated integrals of 1-forms which is a function on the loop space ΩM depending only on the homotopy class of a loop. Thus we have a natural evaluation map π_1(M, x_0) × H^0(B^•(M)) → R, which induces a bilinear pairing Rπ_1(M, x_0) × H^0(B^•(M)) → R.

Here Rπ_1(M, x_0) stands for the group ring of π_1(M, x_0) over R. Consider the increasing filtration

R = F^0B^•(M) ⊂ F^1B^•(M) ⊂ · · · ⊂ F^kB^•(M) ⊂ F^{k+1}B^•(M) ⊂ · · · defined by F^kB^•(M) = ⨁ q≤k B^{p,−q}(M). This induces the increasing filtration F^kH^0(B^•(M)) ⊂ F^{k+1}H^0(B^•(M)) on H^0(B^•(M)). We denote by I the augmentation ideal of Rπ_1(M, x_0). It can be shown that for ω ∈ F^kH^0(B^•(M)) the associated evaluation map Rπ_1(M, x_0) → R factors through I^{k+1} and we obtain a bilinear map Rπ_1(M, x_0)/I^{k+1} × F^kB^•(M) → R.

It was shown by Chen (see [4]) that we have an isomorphism F^kH^0(B^•(M)) ∼= Hom_R(Rπ_1(M, x_0)/I^{k+1}, R).

Geometry & Topology Monographs, Volume 4 (2002)

4 Finite type invariants for braids

The notion of finite type invariants for braids can be formulated by means of the group ring in the following way. We denote by P_n the pure braid group with n strands. As in the previous section we donote by I the augmentation ideal of the group ring ZP_n . An invariant v : P_n → Z is said to be of order k if the induced map v : ZP_n → Z factors through I^{k+1} . The set of order k invariants for P_n with values in Z has a structure of a Z-module and is identified with

Hom_Z(ZP_n/I^{k+1}, Z)

and we denote it by V_k(P_n). We have a natural inclusion V_k(P_n) ⊂ V_{k+1}(P_n) and we set V (P_n) = ⋃_∞ k=0 V_k(P_n). We call V (P_n) the space of finite type invariants for P_n with values in Z. The above notion of finite type invariants for P_n is naturally generalized for B_n , where B_n stands for the braid group with n strands. We consider the ideal J in the group ring ZB_n generated by σ_i − σ^{−1}_i , for a standard system of generators σ_i , 1 ≤ i ≤ n − 1, for the braid group. Now an invariant v : B_n → Z is defined to be of order k if v vanishies on J^{k+1} . We denote by V_k(B_n) the set of order k invariants for B_n with values in Z and we set V (B_n) = ⋃_∞ k=0 V_k(B_n).

Considering P_n as the fundamental group of the configuration space Conf_n(C) we readily obtain the isomorphism

F^kH^0(B^•) ∼= V_k(P_n) ⊗ R

using Chen’s theorem for fundamental groups (see [10]). The above isomorphism provides the expression of finite type invariants for braids in terms of iterated integrals of logarithmic forms. This is a prototype of the Kontsevich integral in [12].

Figure 1: A chord diagrams and a horizontal chord diagram

Let us discuss a relation to the algebra of horizontal chord diagrams. First, we recall that a chord diagram is a collection of finitely many oriented circles with finitely many chords attached on them, regarded up to orientation preserving diffeomorphisms of the circles (see Figure 1). Here we assume that the endpoints

Geometry & Topology Monographs, Volume 4 (2002) of the chords are distinct and lie on the circles. Let I_1 ⊔ · · · ⊔ I_n be the disjoint union of n unit intervals. We fix a parameter by a map

p_j : [0, 1] → I_j

for each I_j , 1 ≤ j ≤ n. A horizontal chord diagram on n strands with k chords is a trivalent graph constructed in the following way. We fix t_1, · · · , t_k ∈ [0, 1] such that 0 < t_1 < · · · < t_k < 1. Let

(i_1, j_i), (i_2, j_2), · · · , (i_k, j_k)

be pairs of distinct integers such that 1 ≤ i_p ≤ n, 1 ≤ j_p ≤ n, p = 1, 2, · · · , n. We take k copies of unit intervals C_1, C_2, · · · , C_k and attach each C_ν to I_1⊔· · ·⊔ I_n in such a way that it starts at p_{iν} (t_ν ) and ends at p_{jν} (t_ν ) for 1 ≤ ν ≤ k. In this way we obtain a graph with n strands I_1 ⊔ · · · ⊔ I_n and chords C_1, · · · , C_k attached to them. Such a graph is called a horizontal chord diagram on n strands with k chords. We consider chord diagrams up to orientation preserving homeomorphism. Let D^k_n denote the free Z-module spanned by horizontal chord diagrams on n strands with k chords. We define Γ_{ij} as the horizontal chord diagram on n strands with one chord C_{ij} defined by the pair (i, j), 1 ≤ i < j ≤ n. Then D_n = ⨁ k≥0 D^k_n has a structure of an algebra generated by Γ_{ij} , where the product is defined by the concatenation of horizontal chord diagrams.

As is the case of the chord diagrams for knots, we have a natural Z module homomorpshim w : V_k(P_n) → Hom_Z(D^k_n, Z)

where w(v) is called the weight system for v ∈ V_k(P_n). It can be shown that w(v) vanishes on the ideal T in D_n generated by

[Γ_{ij} , Γ_{ik} + Γ_{jk}], [Γ_{ij} + Γ_{ik}, Γ_{jk}] i < j < k, [Γ_{ij} , Γ_{kl}], i, j, k, l distinct. We set A_n = D_n/T and A^k_n = D^k_n/D^k_n ∩ T . We can show that w induces an isomorphism of Z modules

V_k(P_n)/V_{k−1}(P_n) ∼= Hom_Z(A^k_n, Z)

(see [10]).

The total homology H_∗(ΩConf_n(R^m); Z) is interpreted as the algebra of horizontal chord diagrams on n strands modulo the 4-term relations in the graded

Geometry & Topology Monographs, Volume 4 (2002) sense. The homology group H_{m(k−2)}(ΩConf_n(R^m); Z) corresponds to the subspace consisting of k horizontal chords. The cohomology H^{m(k−2)}(ΩConf_n(R^m); Z) is identified with the space of weight systems on such horizontal chord diagrams with values in Z. We obtain the following theorem (see also [6]). Theorem 4.1 For m ≥ 3 we have an isomorphism of Z-modules H^{k(m−2)}(ΩConf_n(R^m); Z) ∼= V_k(P_n)/V_{k−1}(P_n).

Let us suppose that m is even. Then we have an isomorphism of Hopf algebras H^∗(ΩConf_n(R^m); Z) ∼= V (P_n).

The above theorem is generalized to finite type invariants for the full braid group in the following way. The symmetric group S_n acts naturally on the cohomology ring H^∗(ΩConf_n(R^m); Z) where the action is induced by the permutations of the n components of Conf_n(R^m). Then we have an isomorphism H^∗(ΩConf_n(R^m); Z) • Z[S_n] ∼= V (B_n) where the left hand side stands for the semidirect product with respect to the above action (see [11]).

Let A be the vector space over R spanned by chord diagrams on a circle modulo the 4-term relations. The dual space A^∗ = Hom_R(A, R) is the space of weight systems for Vassiliev invariants of knots. We have a surjective map c : ⨁ n≥2 A_n → A obtained by taking the closure of a horizontal chord diagram as in Figure 2. By means of this construction we have the following theorem. Theorem 4.2 We have an injective homomorphism of vector spaces A^∗ → ⨁ n≥2 H^∗(ΩConf_n(R^m); R).

for m ≥ 3.

Certain cohomology classes in ⨁ n≥2 H^∗(ΩConf_n(R^m); R) play a role of weight systems for Vassiliev invariants. It would be an interesting problem to characterize geometrically such cohomology classes.

Geometry & Topology Monographs, Volume 4 (2002)

Figure 2: Closing a horizontal chord diagram

5 Integral representations

To explain the idea we interpret the Gauss linking number formula in terms of an integral on the loop space ΩConf_2(R^3). Let ϕ : I × ΩConf_2(R^3) → Conf_2(R^3) be the evaluation map defined by ϕ(t, γ) = γ(t). We pull back ω_{12} and integrate along the fibre of the projection map p : I × ΩConf_2(R^3) → ΩConf_2(R^3) to obtain the 1-form ∫ I ϕ^∗ω_{12}

defined on the loop space ΩConf_2(R^3). This differential form on the loop space is denoted by ∫ ω_{12} .

A two-component link L = K_1 ∪ K_2 is given by a map f : S^1 × S^1 → Conf_2(R^3).

Let us consider the induced map Ωf : Ω(S^1 × S^1) → ΩConf_2(R^3).

A fundamental homology class of S^1 ×S^1 defined by a chain μ : I ×I → S^1 ×S^1 gives in a natural way a 1-chain ^μ : I → Ω(S^1 × S^1) (see [4]). We set ^c_f = Ωf_∗(^μ) which is a 1-cycle of the loop space ΩConf_2(R^3). Now we can express the linking number as lk(K_1, K_2) = ∫ ^c_f ∫ ω_{12}.

Our next object is to describe the de Rham cohomology of the loop space H^∗_{DR}(ΩConf_n(R^m)).

Geometry & Topology Monographs, Volume 4 (2002)

We see that the configuration space Conf_n(R^m) is simply connected when m ≥ 3. Thus we can apply Chen’s theorem to compute the de Rham cohomology of ΩConf_n(R^m). Let us recall that the de Rham cohomology H^∗_{DR}(ΩConf_n(R^m)) is generated by the Green forms ω_{ij} , 1 ≤ i < j ≤ n. We have the following theorem.

Theorem 5.1 If m ≥ 3, then the de Rham cohomology H^{k(m−2)} DR (ΩConf_n(R^m)) is represented by iterated integrals of the form ∑ a_{i1j1···ikjk} ∫ ω_{i1j1} · · · ω_{ikjk} + (iterated integrals of length < k)

where the coefficients a_{i1j1···ikjk} ∈ Z satisfy the 4-term relations.

Here we say that a_{i1j1···ikjk} satisfy the 4-term relation if X_{i1j1···ikjk} → a_{i1j1···ikjk} gives a well-defined Z-module homomorphism UG(m) → Z. In particular, in the case n = 2, the de Rham cohomology H^∗_{DR}(ΩConf_2(R^m)) is spanned by the iterated integrals 1, ∫ ω_{12}, ∫ ω_{12}ω_{12}, · · · , ∫ ω_{12} · · · ω_{12}, · · ·

As an application of the above description of the de Rham cohomology we give an integral representation of an order 2 invariant. Let L be a 3-component link, which is represented by f : S^1 × S^1 × S^1 → Conf_3(R^3). As in the case of the Gauss formula for the linking number we can construct a 2-cycle ^c_f of the loop space ΩConf_3(R^3) associated with f in the following way. We start from a cubic 3-chain μ : I^3 → S^1 × S^1 × S^1 corresponding to the fundamental homology class of the torus S^1 × S^1 × S^1 . Then μ gives a 2-chain ^μ : I^2 → Ω(S^1 × S^1 × S^1).

Composing with Ωf : Ω(S^1 × S^1 × S^1) → ΩConf_3(R^3) we obtain a 2-cycle ^c_f of the loops space ΩConf_3(R^3). There is a 3-form ϕ_{123} on Conf_3(R^3) such that the relation ω_{12} ∧ ω_{23} + ω_{23} ∧ ω_{13} + ω_{13} ∧ ω_{12} = dϕ_{123}

Geometry & Topology Monographs, Volume 4 (2002) is satisfied. Now the iterated integral ∫ (ω_{12}ω_{23} + ω_{23}ω_{13} + ω_{13}ω_{12}) + ∫ ϕ_{123}

is a closed 2-form on the loop space ΩConf_3(R^3). The integral ∫ ^c_f (∫ (ω_{12}ω_{23} + ω_{23}ω_{13} + ω_{13}ω_{12}) + ∫ ϕ_{123} )

of the above 2-form on the loop space over the 2-cycle ^c_f defined above is an invariant of L. A relation of this invariant to known invariants will be discussed elsewhere. We see that the first term

I_1 = ∫ ^c_f (∫ (ω_{12}ω_{23} + ω_{23}ω_{13} + ω_{13}ω_{12}) )

is expressed by chord diagrams with 2 chords on 3 circles. It is important to notice that I_1 is not a link invariant. A prescription suggested by Chern- Simons perturbation theory is to compensate this integral by adding an integral defined by graphs with trivalent vertices (see [8] and [3]). From our point of view, instead of an integral associated with trivalent graphs, we add

I_2 = ∫ ^c_f ∫ ϕ_{123}

to obtain an integration of a closed 2-form on the loop space over a 2-cycle. By suspension we obtain an (m − 1)-cycle of ΩConf_3(R^m) associated with f : S^1 × S^1 × S^1 → Conf_3(R^m) for m > 3 and we have an integral analogous to the above I_1 + I_2 in the case m > 3 as well.

Let ^c_1 and ^c_2 be p-chain and q-chain of the loop space ΩM . Then by the composition of loops we can define a (p + q)-chain denoted by ^c_1 · ^c_2 (see [4]). With this notation the above construction is generalized in the following way. Let L be an n-component link in R^3 . We consider an n-dimensional torus

T^n = S^1 × · · · × S^1 n . Then the link L gives a map f : T^n → Conf_3(R^3). For a q-dimensional subtorus T^q ⊂ T^n we have a q-cycle α : I^q → T^n corresponding to the fundamental homology class of T^q , which gives a (q − 1)-chain ^α : I^{q−1} → ΩT^n. Composing with Ωf : ΩT^n → ΩConf_n(R^3)

Geometry & Topology Monographs, Volume 4 (2002) we obtain a (q − 1)-cycle Ωf_∗(^α) of the loop space ΩConf_n(R^3). Let ^c_f be a k-cycle of ΩConf_n(R^3) represented as the product of cycles of the above type for any subtorus of T^n . Then we have the following.

Theorem 5.2 Let ω be a closed k-form on ΩConf_n(R^3) given by iterated integrals as in Theorem 5.1. Then the integral ∫ ^c_f ω over a cycle ^c_f defined as above is a link invariant.

6 Orbit configuration spaces

The aim of this section is to give a brief review of the article [7] where we describe the relation between the homology of the loop spaces of the orbit configuration associated the action of Fuchsian groups acting on the upper half plane and finite type invariants for braids on surfaces. Let us consider the situation where a group Γ acts freely on a space X . We define the orbit configuration space by

Conf^Γ_n(X) = {(x_1, · · · , x_n) ∈ X^n ; Γx_i ∩ Γx_j = ∅ if i ≠ j}

where Γx stands for the orbit of x ∈ X with respect to the action of Γ.

Let Γ be a Fuchsian group acting freely on the upper half plane H. The quotient space H/Γ is an oriented surface denoted by Σ. For d ≥ 1 we consider the action of Γ on H × C^d where Γ acts trivially on C^d . We will describe the homology of the loop space of the orbit configuration space

H_∗(ΩConf^Γ_n(H × C^d); Z).

The factor C^d appears for the degree shifting. The reason why we consider the orbit configuration space rather than the configuration space itself is that the homology of the loop space of the former one has a more sensible structure in relation with finite type invariants for braids on surfaces.

We introduce the notion of horizontal chord diagrams on Σ. First, we recall chord diagrams on surfaces following [1]. Here we assume that the endpoints of the chords are distinct and lie on the circles. Let D be a chord diagram. We consider a continuous map γ : D → Σ and we denote by [γ] its free homotopy class. We call such pair (D, [γ]) a chord diagram on Σ. We denote by D_Σ the vector space over R spanned by all chord diagrams on Σ and D^k_Σ its subspace spanned by chord diagrams with k chords. We define A(Σ) to be the quotient

Geometry & Topology Monographs, Volume 4 (2002) space of D_Σ modulo the 4-term relations. We refer the reader to [1] for a precise definition of the 4-term relations in this situation. The chord diagrams on a surface Σ are related to Vassiliev invariants for links in Σ × I in the following way. Let v be an order k invariant for links in Σ × I . Then the associated weight system w(v) defines a linear form w(v) : D^k_Σ → R satisfying the 4-term relations. As in shown in [1], A(Σ) has a structure of a Poisson algebra.

We fix a base point x = (x_1, · · · , x_n) ∈ Conf_n(Σ). The fundamental group π_1(Conf_n(Σ), x) is the pure braid group of Σ with n strands and is denoted by P_n(Σ). We have a natural homomorphism

p : P_n(Σ) → n⨁ j=1 π_1(Σ, x_j )

and Ker p is denoted by P_n(Σ)^0 . Notice that the direct sum ⨁_n j=1 π_1(Σ, x_j) acts freely on the orbit configuration space Conf^Γ_n(H) and the quotient space is the configuration space Conf_n(Σ).

We denote by C^k_n the set of horizontal chord diagrams on n strands with k chords. For Γ ∈ C^k_n consider a continuous map

f : Γ → Σ

such that f(p_i(0)) = f(p_i(1)) = x_i, 1 ≤ i ≤ n

and denote by [f] its homotopy class. Here we consider a homotopy preserving the base point. We shall say that such horizontal chord diagram on Σ is based at x = (x_1, · · · , x_n) We denote by D^k_n(Σ) the free Z module spanned by pairs (Γ, [f]) for Γ ∈ C^k_n and f : Γ → Σ, based at x. The subspace of D^k_n(Σ) spanned by f : Γ → Σ, such that each curve f(p_i(t)), 0 ≤ t ≤ 1, is homotopic to the point {x_i} is denoted by D^k_n(Σ)^0 .

We fix a base point x_0 ∈ Σ and consider the fundamental group π_1(Σ, x_0). Let us fix a path in Σ connecting x_0 to x_j and we identify the set of homotopy classes of paths from x_i to x_j with π_1(Σ, x_0). For γ ∈ π_1(Σ, x_0) we consider (Γ_{ij} , [f]) ∈ D^k_n(Σ)^0 such that f(C_{ij}) corresponds to γ ∈ π_1(Σ, x_0) by the above identification. We denote this (Γ_{ij}, [f]) by X_{ij,γ} . We see that the direct sum

D_n(Σ)^0 = ⨁ k≥0 D^k_n(Σ)^0

has a structure of an algebra over Z where the product is defined by the composition of chord diagrams. As an algebra D^k_n(Σ)^0 is generated by X_{ij,γ} , 1 ≤ i ≠ j ≤ n, γ ∈ π_1(Σ, x_0). We have the following lemma.

Geometry & Topology Monographs, Volume 4 (2002)

Lemma 6.1 The relation X_{ij,γ} = X_{ji,γ}−1 holds for any γ ∈ π_1(Σ, x_0). The direct sum D_n(Σ) = ⨁ k≥0 D^k_n(Σ)

has a structure of an algebra as well. For the subspace D^0_n(Σ) spanned by the chord diagrams with empty chord, we have a natural injection ι_j : π_1(Σ, x_j ) → D^0_n(Σ), 1 ≤ j ≤ n and we have an isomorphism of Z algebras n⨁ j=1 Zπ_1(Σ, x_j) ∼= D^0_n(Σ).

We write μ_j for ι_j(μ) where μ is an element of π_1(Σ, x_j ). The direct sum Λ_n = n⨁ j=1 Zπ_1(Σ, x_j )

acts on D_n(Σ)^0 by the conjugation Γ → μ_jΓμ^{−1}_j , Γ ∈ D_n(Σ)^0, μ ∈ π_1(Σ, x_j ).

We have the following.

Lemma 6.2 With respect to the above action we have μ_lX_{ij,γ} μ^{−1}_l = X_{ij,γ} for l ≠ i, j, μ_iX_{ij,γ} μ^{−1}_i = X_{ij,μγ} . Let I be the ideal of D_n(Σ)^0 generated by [X_{ij,e}, X_{kl,e}], i, j, k, l distinct [X_{ij,e}, X_{jk,e} + X_{ik,e}] i, j, k distinct as a Λ_n module. We set A_n(Σ)^0 = D_n(Σ)^0/I, A_n(Σ) = D_n(Σ)/I.

We have an action of Λ_n on A_n(Σ)^0 by conjugation and the semidirect product A_n(Σ)^0 • Λ_n with respect to this action is isomorphic to A_n(Σ). Lemma 6.3 We have the following relations in A_n(Σ)^0 . [X_{ij,γ} , X_{kl,δ}] = 0, i, j, k, l distinct [X_{ij,γ} , X_{jk,δ} + X_{ik,γδ}] = 0 i, j, k distinct

Geometry & Topology Monographs, Volume 4 (2002)

The above 4-term relations appear naturally when we consider finite type invariants for P_n(Σ). We denote by V_k(P_n(Σ)) the Z module of order k invariants of P_n(Σ) with values in Z. For v ∈ V_k(P_n(Σ)) the associated weight system w(v) defines a Z-module homomorphism w(v) : D^k_n(Σ) → Z satisfying the 4-term relations in Lemma 6.3. We have an injective homomorphism of Z-modules V_k(P_n(Σ))/V_{k−1}(P_n(Σ)) → Hom(A^k_n(Σ), Z) where A^k_n(Σ) denotes the submodule of A_n(Σ) spanned by chord diagrams with k chords.

The algebra A_n(Σ)^0 and A_n(Σ) were introduced in [9] by the above generators and relations. In this article, they constructed an injective homomorphism ZP_n(Σ) → ^A_n(Σ) = ∏ k≥0 A^k_n(Σ)

as Z modules.

The homology of the loop space of our orbit configuration space is related to the algebra of horizontal chord diagrams on Σ = H/Γ in the following way.

Theorem 6.4 [7] We have an isomorphism of Hopf algebras H_∗(ΩConf^Γ_n(H × C^d); Z) ∼= A_n(Σ)^0 for any d ≥ 1.

References

[1] J E Andersen, J Mattes, N Reshetikhin, The Poisson structure on the moduli space of flat connections and chord diagrams, Topology, 35 (1996) 1069– 1083 [2] R Bott, H Samelson, On the Pontryagin product in spaces of paths, Comment.

Math. Helv. 27 (1953) 320-337 [3] R Bott, C Taubes, On the self-linking of knots. Topology and physics, J. Math.

Phys. 35 (1994) 5247–5287 [4] K T Chen, Iterated path integrals, Bull. Amer. Math. Soc. 83 (1977) 831–879 [5] F R Cohen, The homology of C_{n+1} -spaces, n ≥ 0, from: “The homology of iterated loop spaces”, Lecture Notes in Math. 533, Springer-Verlag (1976) 207– 351

Geometry & Topology Monographs, Volume 4 (2002)

[6] F R Cohen, S Gitler, On loop spaces of configuration spaces, Trans. Amer.

Math. Soc. 354 (2002) 1705–1748 [7] F R Cohen, T Kohno, M A Xicoténcatl, On orbit configuration spaces associated to groups acting on the upper half plane, preprint [8] E Guadagnini, M Martellini, M Mintchev, Wilson lines in Chern-Simons theory and link invariants, Nucl. Phys. B 330 (1990) 575-607 [9] J González-Meneses, L Paris, Vassiliev invariants for braids on surfaces, Trans. Amer. Math. Soc. 356 (2004) 219–243 [10] T Kohno, Vassiliev invariants and de Rham complex on the space of knots, from: “Symplectic geometry and quantization (Sanda and Yokohama, 1993)” Contemp. Math. 179, Amer. Math. Soc. Providence, RI (1994) 123–138 [11] T Kohno, Vassiliev invariants of braids and iterated integrals, from:

“Arrangements—Tokyo 1998”, Advanced Studies in Pure Math. 27 (2000) 157– 168 [12] M Kontsevich, Vassiliev’s knot invariants, Advances in Soviet Mathematics 16 (1993) 137–150 [13] V A Vassiliev Cohomology of knot spaces, from: “Theory of singularities and its applications”, Adv. Sov. Math. 1, Amer. Math. Soc. (1990) 23–69

Graduate School of Mathematical Sciences University of Tokyo, Tokyo 153-8914 Japan

Email: kohno@ms.u-tokyo.ac.jp

Received: 19 December 2001 Revised: 9 April 2002

Geometry & Topology Monographs, Volume 4 (2002)