ISSN 1464-8997 (on line) 1464-8989 (printed) 313

Geometry & Topology Monographs Volume 4: Invariants of knots and 3-manifolds (Kyoto 2001) Pages 313–335

Skein module deformations of

elementary moves on links

Józef H Przytycki

Abstract This paper is based on my talks (“Skein modules with a cubic skein relation: properties and speculations” and “Symplectic structure on colorings, Lagrangian tangles and its applications”) given in Kyoto (RIMS), September 11 and September 18 respectively, 2001. The first three sections closely follow the talks: starting from elementary moves on links and ending on applications to unknotting number motivated by a skein module deformation of a 3-move. The theory of skein modules is outlined in the problem section of these proceedings (see [12, 26, 36]).

In the first section we make the point that despite its long history, knot theory has many elementary problems that are still open. We discuss several of them starting from the Nakanishi’s 4-move conjecture. In the second section we introduce the idea of Lagrangian tangles and we show how to apply them to elementary moves and to rotors. In the third section we apply (2, 2)-moves and a skein module deformation of a 3-move to approximate unknotting numbers of knots. In the fourth section we introduce the Burnside groups of links and use these invariants to resolve several problems stated in Section 1.

AMS Classification 57M27; 20D99

Keywords Knot, link, skein module, n-move, rational move, algebraic tangle, Lagrangian tangle, rotor, unknotting number, Fox coloring, Burnside group, branched cover

1 Elementary moves on links: history and conjectures

Knot theory is more than two hundred years old; the first scientists who considered knots as mathematical objects were A Vandermonde (1771) and C F Gauss (1794). However, despite the impressive growth of the theory, there are

Published 13 November 2003: © Geometry & Topology Publications

simply formulated yet fundamental questions, to which we do not know answers. These problems are not just interesting puzzles but they lead to very interesting theory (structure).

The oldest of such problems is the Nakanishi 4-move conjecture, formulated in 1979 [17, 22, 24]. Recall that an n-move on a link is a local change of the link illustrated in Figure 1.1. In our convention the part of the link outside of the disk, in which the move takes part, is unchanged.

Two unoriented links are said to be n-move equivalent if there is a sequence of ±n-moves which converts one link to the other.

Figure 1.1: n-move

Conjecture 1.1 (Nakanishi, 1979) Every knot is 4-move equivalent to the trivial knot.

The conjecture holds for closed 3-braids and 2-algebraic links (i.e. algebraic links in the Conway sense) [17]. Because the concept of algebraic links [6, 3] and its generalizations will be used often later in the paper, let us recall the definition [30].

Definition 1.2

(i) The set of n-algebraic tangles is the smallest family of n-tangles which satisfies:

(0) Any n-tangle with 0 or 1 crossing is n-algebraic.

(1) If A and B are n-algebraic tangles then r^i(A) ∗ r^j (B) is n-algebraic; r denotes here the rotation of a tangle along the z -axis by the angle^{2π}_{2n} , and * denotes (horizontal) composition of tangles.

(ii) If in the condition (1), B is restricted to tangles with no more than k crossings, we obtain the family of (n, k)-algebraic tangles.

(iii) If a link, L, is obtained from an (n, k)-algebraic tangle (resp. n-algebraic tangle) by connecting its endpoints without introducing any new crossings then L is called an (n, k)-algebraic (resp. n-algebraic) link.

Two examples of 2 and 4-algebraic tangles are shown in Figure 1.2.

The inductive character of our definition allows us to show:

Geometry & Topology Monographs, Volume 4 (2002)

Figure 1.2

Proposition 1.3 [28] (a) Every 2-algebraic tangle without a closed component can be reduced by 4-moves to one of the following six 2-tangles, Figure 1.3.

(b) Every 2-algebraic knot can be reduced by 4-moves to the trivial knot.

Figure 1.3

In 1994 Nakanishi began to suspect that the (2, 1)-cable of the trefoil knot cannot be simplified by 4-moves [17]. However N.Askitas was able to simplify this knot [2]. Askitas, in turn, suspects the (2, 1)-cable of the figure eight knot as the simplest counter-example to the Nakanishi 4-move conjecture. Not every link can be reduced to a trivial link by 4-moves, in particular the linking matrix modulo 2 is preserved by 4-moves. Furthermore Nakanishi demonstrated that the Borromean rings cannot be reduced to the trivial link of 3- components [23].

Kawauchi expressed the question for links as follows:

Problem 1.4 [17]

(i) Is it true that if two links are link-homotopic then they are 4-move equivalent?

(ii) In particular, is it true that every 2-component link is 4-move equivalent to the trivial link of two components or to the Hopf link?

Geometry & Topology Monographs, Volume 4 (2002)

We can use an inductive argument to show that any 2-component 2-algebraic link is 4-move equivalent to a trivial link or a Hopf link. We also have proved that the answer to Kawauchi’s question is affirmative for closed 3-braids [28]. Nakanishi identified the “half” 2-cabling of the Whitehead link, W , Figure 1.5, as the simplest link which he could not reduce by 4-moves but which is link homotopy equivalent to the trivial link^1.

Figure 1.5

The second oldest and the most studied elementary moves question is the Montesinos-Nakanishi 3-move conjecture.

Conjecture 1.5 Any link is 3-move equivalent to a trivial link.

Nakanishi first considered the conjecture in 1981. J. Montesinos analyzed 3- moves before, in connection with 3-fold dihedral branch coverings [20]. The conjecture has been proved to be valid for several classes of links: by Y.Nakanishi for links up to 10 crossings and Montesinos links, by J.Przytycki for links up to 11 crossings, 2-algebraic links and closed 3-braids, by Q.Chen for links up to 12 crossings, closed 4-braids and closed 5-braids with the exception of the class of γ̂ – the square of the center of the fifth braid group (γ = (σ_1σ_2σ_3σ_4)^{10} ), by Przytycki and T.Tsukamoto for 3-algebraic links (including 3-bridge links), and by Tsukamoto for (4, 5)-algebraic links (including 4-bridge links), [17, 5, 30, 35].

Nakanishi presented in 1994, an example which he could not reduce by 3-moves: the 2-parallel of the Borromean rings, L_{2BR} . The link L_{2BR} has 24 crossings and γ̂ can be reduced to a link of 20 crossings (Figure 1.6) which is the smallest link not reduced yet by 3-moves^2.

1In June of 2002 we have shown that this example cannot, in fact, be reduced by 4-moves, [9]. We discuss this result in Section 4.

2We proved in [8] that neither γ̂ nor L_{2BR} can be reduced by 3-moves to a trivial link; see Section 4.

Geometry & Topology Monographs, Volume 4 (2002)

Figure 1.6: L_{2BR} and the Chen’s link

Not every link can be simplified using 5-moves, but every 5-move is a combination of more delicate (2, 2)-moves, or, more precisely of a (2, 2)-move ( ) and its mirror image (−2, −2)-move ( ).

Figure 1.7: 5-move as a combination of ±(2, 2)-moves

Conjecture 1.6 (Harikae, Nakanishi, Uchida, 1992) Every link is (2, 2)-move equivalent to a trivial link.

Conjecture 1.6 has been established for several classes of links.

Lemma 1.7 [28] Every 2-algebraic link is (2, 2)-move equivalent to a trivial link.

Geometry & Topology Monographs, Volume 4 (2002)

Lemma 1.8 [28] Every link, up to 9 crossings, is (2, 2)-move equivalent either to a trivial link or to 9_{40} or 9_{49} knots^3 , or to their mirror images ¯9_{40} and ¯9_{49} .

Lemma 1.9 [28] Every closed 3-braid is (2, 2)-move equivalent to a trivial link or to the closure of the braids (σ^2_1 σ^{−1}_2 )^3 or σ^2_1σ^2 σ^{−2}_1 σ^2σ^2_1 σ^{−2}_2 , or their mirror images.

Notice that the knot 9_{49} and the closure of (σ^2_1 σ^{−1}_2 )^3 (i.e. the link 9^2_{40} in Rolfsen’s notation [31]) are related by a (2, 2)-move; Figure 1.8. Similarly, the knot 9_{40} and the closure of the 3-braid σ^2_1 σ^2σ^{−2}_1 σ^2 σ^2_1σ^{−2}_2 are (2, 2)-move equivalent [28].

Figure 1.8

Similarly as in the case of 5-moves, not every link can be reduced via 7-moves to a trivial link. The 7-move is however a combination of (2, 3)-moves^4 which might be sufficient for a reduction. We say that two links are (2, 3)-move equivalent if there is a sequence of ±(2, 3)-moves and their inverses, ±(3, 2)- moves, which converts one to the other.

Problem 1.10 (Kir) Is every link (2, 3)-move equivalent to a trivial link?

The answer is affirmative for 2-algebraic links. Furthermore every 2-algebraic tangle can be reduced to one of the 8 “basic” algebraic tangles (with possible additional trivial components) presented in Figure 1.10.

Six months ago, in March of 2000, presenting the talk “Open problems in knot theory that everyone can try to solve” at the conference in Cuautitlan I tried

3 We showed in [9] that the knots 9_{40} and 9_{49} are not (2, 2)-move equivalent to trivial links; see Section 4.

4To be precise, a 7-move is a combination of a (−3, −2)- and a (2, 3)-move; compare Figures 1.9 and 1.7.

Geometry & Topology Monographs, Volume 4 (2002)

Figure 1.9

Figure 1.10

to extend the range of classical unknotting moves, so I proposed the following question.

Problem 1.11 Can every link be reduced to a trivial link by (2, 5) and (4, −3) moves, their inverses and mirror images?

As before the question was motivated by the observation that the answer is positive for 2-algebraic links. In the proof we noticed that every 2-algebraic tangle can be reduced to one of the 12 “basic” algebraic tangles (with possible additional trivial components) presented in Figure 1.11.

We can ask: how to generalize further our problem? Notice that (2, 5) and (4, −3) moves are equivalent to 2 +^1_5 =^{11}_5 and 4 +^1_{−3} =^{11}_3 rational moves, respectively. Figure 1.12 illustrates the fact that an (s, q)-move is equivalent to the rational s +^1_q =^{sq+1}_q -move.

These suggest the following extension of the problem using rational moves^5.

Problem 1.12 Let p be a fixed prime number, then

5In each^p_q -rational move, a 0-tangle is replaced by a rational^p_q -tangle.

Geometry & Topology Monographs, Volume 4 (2002)

Figure 1.11

Figure 1.12: (s, q)-move as^{sq+1}_q -move

(i) Is it true that every link can be reduced to a trivial link by rational p q -moves (q any integer).^6

(ii) Is there a function f(n, p) such that any n-tangle can be reduced to one of “basic” f(n, p) n-tangles (allowing additional trivial components) by rational^p_q -moves.

The method of “Lagrangian tangles”[10] has allowed us to prove that f(n, p) ≥ Π^{n−1}_{i=1} (p^i + 1). We will discuss the method in the second section.

6We proved in [9] that the answer is negative: for p ≥ 5 the closure of the 3-braid (σ_1σ_2)^6 cannot be reduced; compare Section 4.

Geometry & Topology Monographs, Volume 4 (2002)

2 Symplectic structures, Lagrangian tangles and Rotors

I will illustrate here how the symplectic structure can be used to answer the “classical” question about homology of double branched covers (or Fox colorings). I will describe how symplectic structures came into the picture and finally use them to analyze how homology of double branched covers changes after rotation [1, 10, 27].

Definition 2.1 Fox colorings

(i) We say that a link (or a tangle) diagram is k-colored if every arc is colored by one of the numbers 0, 1, ..., k − 1 (forming a group Z_k ) in such a way that at each crossing the sum of the colors of the undercrossings is equal to twice the color of the overcrossing modulo k; see Figure 2.1.

(ii) The set of k-colorings forms an abelian group, denoted by Col_k(D). The cardinality of the group will be denoted by col_k(D). For an n-tangle T each Fox k-coloring of T yields a coloring of boundary points of T and we have the homomorphism ψ : Col_k(T ) → Z^{2n}_k . .

Figure 2.1

It is a pleasant exercise to show that Col_k(D) is unchanged by Reidemeister moves and by k-moves (Figure 2.2).

Figure 2.2

It is known that the module Col_k(T ) = H^1(M^{(2)}_T , Z_k) ⊕ Z_k where M^{(2)}_T denotes the double branched cover of D^3 with the tangle, T , as the branch set (compare [25]).

Geometry & Topology Monographs, Volume 4 (2002)

I was curious for a long time how to characterize images ψ(Col_k(T )). I was sure that such a description could be used to analyze elementary moves on links^7. Below I describe the solution in which spaces ψ(Col_k(T )) are identified as Lagrangians in some symplectic spaces [10].

Consider 2n points on a circle (or a square) and a field Z_p of p-colorings of a point. The colorings of 2n points form Z^{2n}_p linear space. Let e_1, . . . , e_{2n} be its basis,

Figure 2.3

e_i = (0, . . . , 1, . . . , 0), where 1 occurs in the i-th position. Let Z^{2n−1}_p ⊂ Z^{2n}_p be the subspace of vectors ∑ a_ie_i satisfying ∑ (−1)^ia_i = 0 (alternating condition).

Consider the basis f_1, . . . , f_{2n−1} of Z^{2n−1}_p where f_k = e_k + e_{k+1} . Consider a skew-symmetric form ϕ on Z^{2n−1}_p of nullity 1 given by the matrix

ϕ = 0 1 0 . . . −1 0 1 . . . . . . . . . . . . . . . 0 . . . −1 0 that is

ϕ(f_i, f_j ) = 0 if |j − i| ≠ 1 1 if j = i + 1

−1 if j = i − 1.

7 At the time I was giving my talks in Kyoto I had high hopes that the Fox 3- colorings are the only obstructions to 3-move equivalence of links. I extended this hope to tangles. From May of 2000 I was very much involved in an analysis of the structure of the space of 3-colorings of tangles, Col_3(T ). In particular, we had two invariants of 3-move equivalence classes of tangles: the space Col_3(T ) and its image under the map ψ : Col_3(T ) → Z^{2n}_3 , where Z^{2n}_3 represents the space of colorings of 2n boundary points of T . By interpreting tangles as Lagrangian subspaces in the symplectic space Z^{2n−2}_3 we were able to prove that there are exactly Π^{n−1}_{i=1} (3^i +1) different images ψ(Col_3(T )). Obstructions to the Montesinos-Nakanishi conjecture, constructed in February of 2002 (see Section 4), show however that there are more 3-move equivalence classes of ntangles than predicted by 3-coloring invariants [8]. To understand these classes is the major task.

Geometry & Topology Monographs, Volume 4 (2002)

Notice that the vector e_1 +e_2 +. . .+e_{2n} (= f_1 +f_3 +. . .+f_{2n−1} = f_2 +f_4 +. . .+ f_{2n}) is ϕ-orthogonal to any other vector. If we consider Z^{2n−2}_p = Z^{2n−1}_p /Z_p , where the subspace Z_p is generated by e_1 + . . . + e_{2n} , that is, Z_p consists of monochromatic (i.e. trivial) colorings, then ϕ descends to the symplectic form ϕ̂ on Z^{2n−2}_p . Now we can analyze isotropic subspaces of (Z^{2n−2}_p , ϕ̂), that is subspaces on which ϕ̂ is 0 (W ⊂ Z^{2n−2}_p , ϕ(w_1, w_2) = 0 for w_1, w_2 ∈ W ). The maximal isotropic ((n − 1)-dimensional) subspaces of Z^{2n−2}_p are called Lagrangian subspaces (or maximal totally degenerated subspaces) and there are ∏_{n−1} i=1 (p^i + 1) of them.

We have ψ : Col_pT → Z^{2n}_p . Our local condition on Fox colorings (Figure 2.1) guarantees that for any tangle T , ψ(Col_pT ) ⊂ Z^{2n−1}_p . Furthermore, the space of trivial colorings, Z_p , always lays in Col_pT . Thus ψ descents to ψ̂ : Col_pT/Z_p → Z^{2n−2}_p = Z^{2n−1}_p /Z_p . Now we have the fundamental question: Which subspaces of Z^{2n−2}_p are yielded by n-tangles? We answer this question below.

Theorem 2.2 [10] ψ̂(Col_pT/Z_p) is a Lagrangian subspace of Z^{2n−2}_p with the symplectic form ϕ̂.

The natural question would be whether every Lagrangian subspace can be realized by a tangle. The answer is negative for p = 2 and positive for p > 2 [10]. As a corollary we obtain a fact which was considered to be difficult before, even for 2-tangles.

Corollary 2.3 For any p-coloring of a tangle boundary satisfying the alternating property (i.e. an element of Z^{2n−1}_p ) there is an n-tangle and its pcoloring yielding the given coloring on the boundary. In other words: Z^{2n−1}_p = ⋃ T ψ_T (Col_p(T )). Furthermore, the space ψ_T (Col_p(T )) is n-dimensional.

A few months ago we have found a rather spectacular application of the “Lagrangian tangles” method to rotors of links [10]. We have given criteria when n-rotation preserves the space of Fox p-colorings, Col_p(L).

Definition 2.4 [1] Consider an n-tangle, that is a part of the link diagram, placed in the regular n-gon with 2n boundary points (n inputs and n outputs). We say that this n-tangle is an n-rotor if it has a rotational symmetry, that is the tangle is invariant with respect to rotation along z -axis by the angle^{2π}_n ; see Figure 2.4.

Geometry & Topology Monographs, Volume 4 (2002)

Figure 2.4

Theorem 2.5 [10] Let L be a link diagram with an n-rotor part R. Let the rotant ρ(L), be obtained from L by rotating R around the y-axis by the angle π and keeping the stator, L − R, unchanged. Assume that either n = p, where p is a prime number, or n is co-prime to p and such that there exists an s with p^s ≡ −1 mod n. Then the space Col_p(L) is preserved by any n-rotation.

The technique we use in the proof of the theorem is to analyze eigenspaces of the symplectic space Z^{2n−2}_p with respect to rotation. We obtain conditions under which the Lagrangian subspace which is invariant under rotation is also invariant under dihedral “flype” ρ. Figure 2.4 illustrates a pair of 4-rotants which have different space of Fox 5-colorings, Z^2_5 and Z^3_5 , respectively. One can also compute from Figure 2.4 that kerψ = Z_5 , therefore there exists a nontrivial 5-coloring which is equal to 0 on the boundary of R^8.

We can construct analogous examples if gcd(p − 1, n) > 2 [10].

3 Unknotting number from a skein module deformation of moves

We discuss, in this section, how certain substitutions in skein module deformation of elementary moves define weighted Fox colorings and can be used to find unknotting numbers of links^9.

8It follows from the fact that any rotation preserves the determinant of L which is equal to the order of H_1(M^{(2)}_L , Z) ([27]). Thus if a rotation changes the space of

Geometry & Topology Monographs, Volume 4 (2002)

Figure 3.1

We describe here the case of the 2-move whose deformation leads to the Kauffman polynomial of links and speculate about the deformation of a 3-move, cubic polynomial and weighted 7-colorings.

In order to find a relation between the Kauffman polynomial and the Fox 5-colorings, we study first how the Kauffman polynomial is changed under ±(2, 2)-moves^{10}. We look for substitutions for a and x such that

Condition 3.1 F_L = cF_L and F_L = c^′F_L for some

constants c and c^′ .

From the definition we get:

F_L = xF_{L+} −F_{L0} +a^{−1}xF_{L∞} , and F_L = −xF_{L+} +(a^{−1}x+x^2)F_{L0} +

(−1 + x^2)F_{L∞} .

If we assume Condition 3.1 and compare coefficients of elementary tangles (L_+, L_0, L_∞ ) we obtain: c = c^′ = −a^2 = −1 and x^2 +ax−1 = 0. These lead to x =^{−a±} √ 5 2 (if we let x = b + b^{−1} then x^2 + ax − 1 = b^2 + ab + 1 + ab^{−1} + b^{−2} = b^{−2}(^{b5−a}_{b−a} ) so b is a 5th primitive root of 1 for a = 1, and 10th primitive root of 1 for a = −1). Let us assume that a = 1 and x =^{−1+} √ 5 2 = 2cos(2π/5). Then

5-coloring then always ker(ψ) ≠ {0}.

9We follow the Traczyk’s idea how to use invariants of links satisfying skein relations to approximate the unknotting numbers of links. Traczyk described this for the Jones polynomial V_L(e^{2πi/6}) [34, 25] and in this case |Col_3(L)| = 3|V_L(e^{2πi/6})|^2 . A.Stoimenov implemented the method for the Brandt-Lickorish-Millett-Ho polynomial [33]._{10}

The Kauffman polynomial is the Laurent polynomial invariant of framed links satisfying the skein relation F_{L+} (a, x)+F_{L−} (a, x) = x(F_{L0} (a, x)+F_{L∞} (a, x)) (Figure 3.1), and the framing relation F_L(1) (a, x) = aF_L(a, x), where L^{(1)} denotes a link obtained from L by one positive twist of the framing of L.

Geometry & Topology Monographs, Volume 4 (2002)

F_{Tn} = ( √ 5)^{n−1} and for links (2, 2)-equivalent to trivial links one has immediately that Col_5(L) = 5(F_L(1, 2cos(2π/5))^2 . To see this one should compare initial data (for trivial links) and use the fact that both sides of the equation are preserved by ±(2, 2)-moves. In fact the equality holds in general.

Lemma 3.2 For every link L we have Col_5(L) = 5(F_L(1, 2cos(2π/5))^2 .

Proof As mentioned before Col_5(L) = H_1(M^{(2)}_L ; Z_5)⊕Z_5 . Furthermore Jones proved ([15, 32]), analyzing the Goeritz matrix of L, that (F_L(1, 2cos(2π/5))^2 is the order of H_1(M^{(2)}_L ; Z_5). The diagrammatic proof of Lemma 3.2 was given in [14] but due to the untimely death of Francois Jaeger the paper is not published yet (compare the remark on p. 283 in [25]).

From the fact that every ±(2, 2)-move is changing the sign of F_L(1, 2cos(2π/5)) and from Theorem 3.4 we obtain the following very elementary but very powerful statement (we formulate it before Theorem 3.4 because of its very elementary character)^{11}:

Corollary 3.3 [29]

(i) If a knot K can be reduced to the trivial link of two components by an even number of ±(2, 2)-moves then the unknotting number u(K) is at least two.

(ii) If a knot K can be reduced to the trivial link of n components by k ±(2, 2)-moves then u(K) ≥ n +^{(−1)n−k −1}_2 .

From Corollary 3.3 we get that u(7_4) = 2, u(8_8) = 2 and u(8_{16}) = 2. Namely, first we check by inspection that two crossing changes trivialize our knots. In Figure 3.2 we illustrate how to reduce the knot 7_4 to T_2 by four ±(2, 2)-moves (two 5-moves). In Figure 3.3 the reduction of the knot 8_8 by two ±(2, 2)-moves is illustrated. Finally in Figure 3.4 the reduction of the knot 8_{16} by an even number (six) of ±(2, 2)-moves is illustrated.

11Our method is related to that used by J R Rickard, a student of W B R Lickorish in his unfinished PhD thesis where he shows that the knot 8_{16} has the unknotting number equal to 2. Rickard died from cancer before finishing his PhD thesis. The short outline of his work is given in [18, 17].

Geometry & Topology Monographs, Volume 4 (2002)

Figure 3.2

Figure 3.3

For the knot 9_{49} one should use Traczyk method in full its generality^{12}. As we noted before, for a = 1, x = 2cos(2π/5), we have F_L = ±

√_1 5 col_5(L) = ϵ(L) √ 5^{λ(L)} where ϵ(L) = ±1 and λ(L) is an integer.

Theorem 3.4 [29, 33] For a knot K , its Kauffman skein quadruplet, K_+, K_−, K_0, K_∞ and invariants u(K), ϵ(K) and λ(K) we have the following properties of the unknotting number:

(i) u(K) ≥ λ(K).

(ii) If u(K_+) = λ(K_+) and u(K_−) < u(K_+) then u(K_−) = λ(K_−) = λ(K_+) − 1 and ϵ(K_−) = −ϵ(K_+) = ϵ(K_0) = ϵ(K_∞).

(iii) If ϵ(K) = −(−1)^{λ(K)} then u(K) > λ(K).

12The authors of [29] tried, but failed to simplify the knot 9_{49} to a trivial link by (2, 2)-moves. Hence, Corollary 3.3 could not be used. The full reason for this is explained in Theorem 4.5(3).

Geometry & Topology Monographs, Volume 4 (2002)

Figure 3.4

Proof Part (i) is a special case of the Wendt theorem, the first nontrivial result concerning unknotting number [40] (compare Lemma 2.2(h) of [25])^{13}. Assumptions of part (ii) guarantee that λ(K_−) = λ(K_+) − 1 as λ(K) can be changed at most by 1 when K is modified by a crossing change. Thus u(K_−) = λ(K_−). Now we have two cases to consider:

(a) ϵ(K_+) = ϵ(K_−). We put ϵ(K_+) = ϵ(K_−) = 1 (the case of −1 being

13 λ(K) = log_5Col_5(K) − 1 and a crossing change can change dimension of Col_5(K) at most by one. This can be proven quickly by observing that the relations for L_+ = are a = c and a − b + c − d = 0, and the relations for L_− = are b = d and a − b + c − d = 0. Thus the linear spaces Col_5(L_+) and Col_5(L_−) differ by at most one equation, so their dimensions differ by at most one.

Geometry & Topology Monographs, Volume 4 (2002) analogous). Then we have √ 5^{λ(K+)} + √ 5^{λ(K−)} = (

−1 + √ 5 2 )(ϵ(K_0) √ 5^{λ(K0)} + ϵ(K_∞) √ 5^{λ(K∞)})

Therefore ( √ 5 + 1) √ 5^{λ(K−)} = (^{−1+} √ 5 2 )(ϵ(K_0) √ 5^{λ(K0)} + ϵ(K_∞) √ 5^{λ(K∞)}) Thus (3 + √ 5) √ 5^{λ(K−)} = ϵ(K_0) √ 5^{λ(K0)} + ϵ(K_∞) √ 5^{λ(K∞)} which is impossible (just compare coefficients of 1 and √ 5 in the formula).

(b) ϵ(K_+) = −ϵ(K_−). This case leads to part (iii). Furthermore, the formula we obtain is as follows:

ϵ(K_+)( √ 5 − 1) √ 5^{λ(K−)} = (

−1 + √ 5 2 )(ϵ(K_0) √ 5^{λ(K0)} + ϵ(K_∞) √ 5^{λ(K∞)})

Thus 2ϵ(K_+) √ 5^{λ(K−)} = (ϵ(K_0) √ 5^{λ(K0)} + ϵ(K_∞) √ 5^{λ(K∞)}) Which holds iff λ(K_−) = λ(K_0) = λ(K_∞) and −ϵ(K_−) = ϵ(K_+) = ϵ(K_0) = ϵ(K_∞). This completes our proof of Theorem 3.4.

Corollary 3.5 The knot 9_{49} has the unknotting number equal to 3.

Proof We have F_{949} (1,^{−1+} √ 5 2 ) = −5 = − √ 5^2 . Thus ϵ(9_{49}) = −1 and by Theorem 3.2(iii), u(9_{49}) > 2. We can easily check by inspection that the knot 9_{49} can be unknotted by 3 crossing changes thus u(9_{49}) = 3.

It is convenient to reformulate Theorem 3.4 so it applies to links. Consider, after [21], the metric space of links of n components, with the distance, u(L_1, L_2), defined to be the minimal number of crossing changes needed to convert L_1 to L_2 .

Theorem 3.6 [29]

u(L_1, L_2) ≥ |λ(L_2) − λ(L_1)| +

|ϵ(L_1)ϵ(L_2) − (−1)^{λ(L2 )−λ(L1 )}| 2 . Example 3.7 The distance between the trefoil knot and the figure eight knot is equal to two (i.e. u(3_1, 4_1) = 2).

We have, of course, that u(3_1, 4_1) ≤ 2. Furthermore F_{31} (1, 2cos(2π/5)) = −1 and F_{41} (1, 2cos(2π/5)) = − √ 5. Thus ϵ(3_1) = ϵ(4_1) = −1, λ(4_1) = λ(3_1) + 1 = 1. Therefore by Theorem 3.6 on has u(3_1, 4_1) ≥ 1 + 1 = 2 and finally u(3_1, 4_1) = 2.

Geometry & Topology Monographs, Volume 4 (2002)

We predict that Fox 7-colorings should be related with cubic skein modules of S^3 . In turn the cubic skein module should be useful to analyze unknotting number for knots with nontrivial Fox 7-colorings. We analyzed with M.Veve cubic skein invariants, preserved, up to constant, by ±(2, 3) moves. We didn’t get results similar to that for the Kauffman or Jones polynomials. We speculate that the method does not work because instead of a constant one should probably use the invariant related to Z_7 Witt class of the Goeritz form of a link. This line of research awaits exploration.

4 Burnside groups of links

Five months after my talks in Kyoto, several elementary move conjectures have been solved, or more precisely, disproved, using Burnside groups of links. I describe below the joint work with my student Mietek Da̧bkowski. Our tool is a noncommutative analogue of Fox n-colorings which we call the n’th Burnside group of a link, B_L(n), [8, 9].

Definition 4.1 The nth Burnside group of a link is the quotient of the fundamental group of the double branched cover of S^3 with the link as the branch set divided by all relations of the form w^n = 1. Succinctly: B_L(n) = π_1(M^{(2)}_L )/(w^n).

Notice that for the trivial link of k components, T_k , one has B_{Tk} (n) = B(k − 1, n) where B(k − 1, n) is the classical Burnside group of k − 1 generators and exponent n.

For practical applications it is very convenient to have a diagrammatic (and local) description of the groups π_1(M^{(2)}_L ) and B_L(n). Such a presentation, using the core group idea of Bruck [4] and Joice [16] was given in [11, 39]^{14}.

Definition 4.2 Let D be a diagram of a link L. We define the associated core group Π^{(2)}_D of D by the following presentation: generators of Π^{(2)}_D correspond to arcs of the diagram. Any crossing v_s yields the relation r_s = y_iy^{−1}_j y_iy^{−1}_k where y_i corresponds to the overcrossing and y_j, y_k correspond to the undercrossings at v_s (see Figure 4.1).

In the above presentation of Π^{(2)}_L one relation can be dropped since it is a consequence of others.

14The presentation was also found before, in 1976, by Victor Kobelsky a student of O.Viro, but this was never published [38].

Geometry & Topology Monographs, Volume 4 (2002)

Figure 4.1

The relation to the fundamental group of a double branch cover, mentioned before, is formulated below (an elementary proof, working for links and tangles, using only Wirtinger presentation was given in [25]).

Theorem 4.3 (Wada) Π^{(2)}_D = π_1(M^{(2)}_L ) ∗ Z.

Furthermore, if we put y_i = 1 for any fixed generator, then Π^{(2)}_D reduces to π_1(M^{(2)}_L ).

We introduced Burnside groups in order to analyze elementary moves on links.

Theorem 4.4 [9] B_L(n) is preserved by rational^n_q -moves. In particular n-moves preserve B_L(n).

Theorem 4.4 has been used to find obstructions to several Conjectures described in Section 1.

Theorem 4.5 [8, 9]

(1) The third Burnside groups of the 2-parallel of the Borromean rings and of the Chen’s link are different than third Burnside groups of trivial links. In particular we have |B_{Chen link}(3)| = 3^{10} , |B_{T5} (3)| = 3^{14} , |B_{2BR}(3)| = 3^{21} and |B_{T6} (3)| = 3^{25} .^{15}

(2) The fourth Burnside group of the “half” 2-cabling of the Whitehead link, W , is different then the group of the trivial link of 3 component. We have: |B_W (4)| = 2^{10} ≠ 2^{12} = B(2, 4) = B_{T3} (4). For the Borromean rings we get |B_{BR}(4)| = 2^5 which gives a simple proof of the Nakanishi result that the Borromean rings are not 4-move equivalent to a trivial link.

15It is still an open problem whether the 2-parallel of the Borromean rings is 3-move equivalent to the Chen’s link with an additional trivial component; both links have third Burnside groups of order 3^{21} .

Geometry & Topology Monographs, Volume 4 (2002)

(3) The links 9_{40} and 9_{49} are not (2, 2)-move equivalent to trivial links^{16}.

We compare the third terms, L_3( ), of the graded Lie algebra associated to the lower central series of groups^{17} and show that L_3(B_{940} (5)) = L_3(B_{949} (5)) ≠ L_3(B_{T3} (5)) = L_3(B(2, 5)) = Z_5 ⊕ Z_5 .

(4) For p prime , p > 3, the closure of the 3-braid (σ_1σ_2)^6 cannot be reduced to a trivial link by^p_q -moves. We show that the obstruction lies in the third term of the graded Lie algebra associated to the lower central series of the p’th Burnside group.

Notice that Theorem 4.5(1) combined with the fact that 3-algebraic links are 3- move equivalent to trivial links [30] implies that the 2-parallel of the Borromean rings and the Chen’s link are not 3-algebraic. The fact that not every link is 3-algebraic is new. The question whether for any n there is a link which is not n algebraic still remains open. Similarly, Theorem 4.5(3) combined with Lemma 1.7 implies that the knots 9_{40} and 9_{49} are not 2-algebraic^{18}.

We were unable to use our method in the case when the abelianization of the n’th Burnside group (i.e. H_1(M^2_L, Z_n)) is a cyclic group. In particular Nakanishi 4-move conjecture remains open as well as 2-component version of the Kawauchi 4-move question (Problem 1.4(ii)). In the same vain the question whether the knot 8_{18} is (2, 3)-move equivalent to a trivial link remains open.

Acknowledgments I would like to thank organizers of the Kyoto workshop for their hospitality.

16It is still an open problems whether 9_{40} and 9_{49} are (2, 2)-move equivalent or whether the Burnside group B_{940} (5) is isomorphic to B_{949} (5).

17The lower central series of a group G (G_1 = G, G_2 = [G, G], ..., G_n = [G_{n−1}, G]) yields the associated graded Lie ring of the group: L = L_1 ⊕ L_2 ⊕ ... ⊕ L_i ⊕ ... where L_i = G_i/G_{i+1} . The Lie bracket in L corresponds to the group bracket [g, h] = g^{−1}h^{−1}gh,[37].

18The first proof that the knot 9_{49} is not 2-algebraic was by showing that the 2- fold branched cover of (S^3, 9_{49}) is a hyperbolic 3-manifold. In fact, it is the manifold I suspected from 1983 to have the smallest volume among oriented hyperbolic 3-manifolds [13, 17, 19].

Geometry & Topology Monographs, Volume 4 (2002)

References

[1] R P Anstee, J H Przytycki, D Rolfsen, Knot polynomials and generalized mutation, Topology Appl. 32 (1989) 237–249 [2] N Askitas, A note on 4-equivalence, J. Knot Theory Ramifications, 8 (1999) 261–263 [3] F Bonahon, L Siebenmann, Geometric splittings of classical knots and the algebraic knots of Conway, to appear in L.M.S. Lecture Notes Series, 75 [4] R H Bruck, A survey of binary systems, Springer, Berlin (1958) [5] Q Chen, The 3-move conjecture for 5-braids, from: “Knots in Hellas’ 98; the Proceedings of the International Conference on Knot Theory and its Ramifications; Volume 1”, in the Series on Knots and Everything, Vol. 24 (September 2000) 36–47 [6] J H Conway, An enumeration of knots and links, from: “Computational problems in abstract algebra”, (J Leech, editor) Pergamon Press (1969) 329–358 [7] H S M Coxeter, Factor groups of the braid group, Proc. Fourth Canadian Math. Congress, Banff (1957) 95–122 [8] M K Da̧bkowski, J H Przytycki, Burnside obstructions to the Montesinos- Nakanishi 3-move conjecture, Geometry and Topology, 6 (2002) 335–360 [9] M K Da̧bkowski, J H Przytycki, Burnside groups and rational moves, in preparation [10] J Dymara, T Januszkiewicz, J H Przytycki, Symplectic structure on Colorings, Lagrangian tangles and Tits buildings, preprint (May 2001) [11] R Fenn, C Rourke, Racks and links in codimension two, Journal of Knot Theory and its Ramifications, 1 (1992) 343–406 [12] J Hoste, J H Przytycki, A survey of skein modules of 3-manifolds, from:

“Knots 90, Proceedings of the International Conference on Knot Theory and Related Topics, Osaka (Japan), August 15-19, 1990”, (A Kawauch, editor), Walter de Gruyter (1992) 363–379 [13] An interview with W Thurston, Warsaw, August 1983. A Mednykh could not come to the International Congress of Mathematicians in Warsaw (August 1983) so he sent me a list of questions to W Thurston. I met with Thurston and asked him the questions to which he kindly replied in length. Then I wrote his answers (sometimes with my comments).

[14] F Jaeger, J H Przytycki, A non-commutative version of the Goeritz matrix of a link, in preparation [15] V F R Jones, On a certain value of the Kauffman polynomial, Comm. Math.

Phys. 125 (1989) 459–467 [16] D Joyce, A classifying invariant of knots: the knot quandle, Jour. Pure Appl.

Alg. 23 (1982) 37–65

Geometry & Topology Monographs, Volume 4 (2002)

[17] R Kirby, Problems in low-dimensional topology; Geometric Topology, from:

“Proceedings of the Georgia International Topology Conference, 1993”, (W Kazez, editor), Studies in Advanced Mathematics, Volume 2 part 2. AMS/IP (1997) 35–473 [18] W B R Lickorish, The unknotting number of a classical knot, from: “Combinatorial methods in topology and algebraic geometry (Rochester, N.Y. 1982)”, Contem. Math. 44, (1985) 117–121 [19] A D Mednykh, A Vesnin, Covering properties of small volume hyperbolic 3-manifolds, J. Knot Theory Ramifications 7 (1998) 381–392 [20] J M Montesinos, Lectures on 3-fold simple coverings and 3-manifolds, from:

“Combinatorial methods in topology and algebraic geometry (Rochester, N.Y. 1982)”, Contem. Math. 44, (1985) 157–177 [21] H Murakami, Some metrics on classical knots, Math. Ann. 270 (1985) 35–45 [22] Y Nakanishi, Fox’s congruence modulo (2, 1), Sūrikaisekikenkyūsho Kōkyūroku, 813 (1984) 102–110 [23] Y Nakanishi, On Fox’s congruence classes of knots, Osaka J. Math. 24 (1987) 217–225 [24] J H Przytycki, t_k -moves on links, from: “Braids”, (J S Birman, A Libgober, editors), Contemporary Math. 78 (1988) 615–656 [25] J H Przytycki, 3-coloring and other elementary invariants of knots, from:

“Knot Theory”, Banach Center Publications 42 (1998) 275–295 [26] J H Przytycki, Skein modules of 3-manifolds, Bull. Polish Acad. Sci. Math. 39 (1991) 91–100 [27] J H Przytycki, Search for different links with the same Jones’ type polynomials: ideas from graph theory and statistical mechanics, from: “Panoramas of Mathematics”, Banach Center Publications 34, Warszawa (1995) 121–148 [28] J H Przytycki, Three talks in Cuautitlan under the general title: Topologia algebraica basada sobre nudos, Proceedings of the First International Workshop on “Graphs – Operads – Logic”, Cuautitlan, Mexico, March 12-16, 2001 (to appear 2004) arXiv:math.GT/0109029 [29] J H Przytycki, P Traczyk, M Veve, Notes from the March 2000 workshop at Banach Center in Warsaw [30] J H Przytycki, T.Tsukamoto, The fourth skein module and the Montesinos- Nakanishi conjecture for 3-algebraic links, J. Knot Theory Ramifications, 10 (2001) 959–982.

[31] D Rolfsen, Knots and links, Publish or Perish, 1976, second edition (1990) [32] Y Rong, The Kauffman polynomial and the two fold cover of a link, Indiana Univ. Math. J. 40 (1991) 321–331 [33] A Stoimenov, Polynomial values, the linking form and unknotting numbers, preprint (2000, 2002)

Geometry & Topology Monographs, Volume 4 (2002)

[34] P Traczyk, A criterion for signed unknotting number, from: “Low-dimensional topology (Funchal, 1998)”, Contemp. Math. 233 (1999) 215–220 [35] T Tsukamoto, The fourth Skein module for 4-algebraic links, PhD Thesis:

George Washington University (2000) [36] V G Turaev, The Conway and Kauffman modules of the solid torus, Zap.

Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 167 (1988) 79-89. English translation: J. Soviet Math. 52 (1990) 2799–2805 [37] M R Vaughan-Lee, The restricted Burnside problem, second edition, London Mathematical Society Monographs, new Series, 8. The Clarendon Press, Oxford University Press, New York (1993) [38] O Viro, Personal communication at Gdansk topology conference (Jankowski memorial) May 24–25, 2002; also e-mail to the author, Oct. 18, 2002 [39] M Wada, Group invariants of links, Topology, 31 (1992) 399–406 [40] H Wendt, Die gordische Auflosüng von Knoten, Math. Zeit. 42 (1937) 680–696

Department of Mathematics, George Washington University Washington, DC 20052, USA Email: przytyck@gwu.edu Received: 8 November 2002 Revised: 17 October 2003

Geometry & Topology Monographs, Volume 4 (2002)