ISSN 1464-8997 (on line) 1464-8989 (printed) 69

Geometry & Topology Monographs Volume 4: Invariants of knots and 3-manifolds (Kyoto 2001) Pages 69–87

Quantum invariants of Seifert 3–manifolds

and their asymptotic expansions

Søren Kold Hansen Toshie Takata

Abstract We report on recent results of the authors concerning calculations of quantum invariants of Seifert 3–manifolds. These results include a derivation of the Reshetikhin–Turaev invariants of all oriented Seifert manifolds associated with an arbitrary complex finite dimensional simple Lie algebra, and a determination of the asymptotic expansions of these invariants for lens spaces. Our results are in agreement with the asymptotic expansion conjecture due to J. E. Andersen [1], [2].

AMS Classification 57M27; 17B37, 18D10, 41A60

Keywords Quantum invariants, Seifert manifolds, modular categories, quantum groups, asymptotic expansions

1 Introduction

In 1988 E. Witten [34] proposed new invariants Z^G_k (X, L) ∈ C of an arbitrary closed oriented 3–manifold X with an embedded colored link L by quantizing the Chern–Simons field theory associated to a simple and simply connected compact Lie group G, k being an arbitrary positive integer called the (quantum) level. The invariant Z^G_k (X, L) is given by a Feynman path integral over the (infinite dimensional) space of gauge equivalence classes of connections in a G bundle over X . This integral should be understood in a formal way since, at the moment of writing, it seems that no mathematically rigorous definition is known, cf. [17, Sect. 20.2.A]. The invariants Z^G_k are called the quantum G–invariants or Witten’s invariants associated to G.

Shortly afterwards, N. Reshetikhin and V. G. Turaev [27] defined in a mathematically rigorous way invariants τ^{sl2(C )}_r (X, L) ∈ C of the pair (X, L) by combinatorial means using irreducible representations of the quantum deformations of sl_2(C ) at certain roots of unity, r being an integer ≥ 2 associated to the

Published 19 September 2002: © Geometry & Topology Publications

order of the root of unity. Later quantum invariants τ^g_r (X, L) ∈ C associated to other complex simple Lie algebras g were constructed using representations of the quantum deformations of g at ‘nice’ roots of unity, see [32]. We call τ^g_r for the quantum g–invariants or the RT–invariants associated to g.

Both in Witten’s approach and in the approach of Reshetikhin and Turaev the invariants are part of a topological quantum field theory (TQFT) (or more correctly a family of TQFT’s). This implies that the invariants are defined for compact oriented 3–dimensional cobordisms (perhaps with some extra structure on the boundary), and satisfy certain cut-and-paste axioms, see [3], [9], [25], [31]. The TQFT’s of Reshetikhin and Turaev can from an algebraic point of view be given a more general formulation by using so-called modular (tensor) categories [31]. The representation theory of the quantum deformations of g at certain roots of unity, g an arbitrary finite dimensional complex simple Lie algebra, induces such modular categories, see e.g. [20], [8], [21]. For an invariant to be powerful one should be able to calculate it. A problem with the quantum invariants of knots and 3–manifolds is that they are rather hard to calculate. In fact people have only been able to calculate these invariants for certain (families of) knots and 3–manifolds. The lens spaces and more generally the Seifert 3–manifolds constitute such a family, and there is a wealth of literature about different calculations of quantum invariants of these spaces, see [11, Introduction] for some references. In [11] the RT–invariant associated to an arbitrary modular category is calculated for any Seifert manifold, cf. [11, Theorem 4.1]. (Here and in the rest of this paper a 3–manifold means a closed oriented 3–manifold. In particular, a Seifert manifold is an oriented Seifert manifold.)

A solution to the above problem and to the general problem of understanding the topological ‘meaning’ of the quantum invariants could be to determine relationships between the quantum invariants and classical (well understood and calculable) invariants. However, this seems to be a rather hard task. This leads us into one of the themes in this article, namely asymptotic expansions of the invariants. By using stationary phase approximation techniques together with path integral arguments Witten was able [34] to express the leading asymptotics of Z^G_k (X) in the limit k → ∞ as a sum over the set of stationary points for the Chern–Simons functional. The terms in this sum are expressed by such topological/geometric invariants as Chern–Simons invariants, Reidemeister torsions and spectral flows, so here we see a way to extract topological information from the invariants. A full asymptotic expansion of Witten’s invariant is expected on the basis of a full perturbative analysis of the Feynman path integral, see [6], [7], [5]. It is generally believed that the family of TQFT’s of Reshetikhin and

Geometry & Topology Monographs, Volume 4 (2002)

Turaev is a mathematical realization of Witten’s family of TQFT’s. This belief has together with known results concerning asymptotics of the RT–invariants lead to a conjecture, the asymptotic expansion conjecture (AEC), which specifies in a rather precise way the asymptotic behaviour of the RT–invariants. The AEC was proposed by Andersen in [1], where he proved it for mapping tori of finite order diffeomorphisms of orientable surfaces of genus at least two using the gauge theoretic definition of the quantum invariants.

In this paper we explain recent results of the authors concerning the RT– invariants of Seifert manifolds. Explicitly we state formulas for the invariants τ^g_r of all Seifert manifolds in terms of the Seifert invariants and standard data for g, g being an arbitrary complex finite dimensional simple Lie algebra, cf. Theorem 3.5. Moreover, we analyse more carefully the invariants τ^g_r (X) for X any lens space, thereby determining a formula for the large r asymptotics of these invariants, cf. Theorem 4.2 and the remark following this theorem. This formula is in agreement with the AEC.

A part of the paper is concerned with studying a certain family of finite dimensional complex representations R = R^g_r of SL(2, Z). These representations are known from the study of theta functions and modular forms in connection with the study of affine Lie algebras, cf. [19], [18, Sect. 13]. They also play a fundamental role in conformal field theory and (therefore) in the Chern– Simons TQFT’s of Witten, see e.g. [10], [33], [34]. In case g = sl_2(C ), Jeffrey [15], [16] has determined a nice formula for R^g_r(U) in terms of the entries in U ∈ SL(2, Z). Theorem 3.3 is a direct extension of Jeffrey’s result to arbitrary g. The representations R^g_r are of interest when calculating the RT–invariants of the Seifert manifolds since certain matrices, which can be expressed through R^g_r , enter into the formulas of the invariants.

The paper is organized as follows. In Sect. 2 we introduce notation for the Seifert manifolds and recall surgery presentations for these manifolds. In Sect. 3 we explain our calculation of the g–invariants of the Seifert manifolds. In Sect. 4 we state the asymptotic expansion conjecture and determine the asymptotic expansions of the g–invariants of the lens spaces. In the appendix we sketch the proof of the formula for the entries in R^g_r(U), U ∈ SL(2, Z), Theorem 3.3. The paper is to some extend expository. Details and most technicalities, in particular in connection to the proof of Theorem 3.3, will be given in [13].

Acknowledgements This work were done while the first author was supported by a Marie Curie Fellowship of the European Commission (CEE N^o HPMF–CT–1999–00231). He acknowledge hospitality of l’Institut de Recherche

Geometry & Topology Monographs, Volume 4 (2002)

Mathématique Avancée (IRMA), Université Louis Pasteur and C.N.R.S., Strasbourg, while being a Marie Curie Fellow. A part of this work was done while the second author visited IRMA. She thanks this department for hospitality during here stay. Another part was done while both authors visited the Research Institute for Mathematical Sciences (RIMS), Kyoto University. We would like to thank RIMS for hospitality during the special month on Invariants of knots and 3–manifolds, September 2001. We also thank the organisers of this program for letting us present this work at the workshop of the special month. Finally the first author thanks J. E. Andersen for helpful conversations about quantum invariants in general and about asymptotics of these invariants in particular.

2 Seifert manifolds

For Seifert manifolds we will use the notation introduced by Seifert in his classification results for these manifolds, see [29], [30], [11, Sect. 2]. That is, (ϵ; g | b; (α_1, β_1), . . . , (α_n, β_n)) is the Seifert manifold with orientable base of genus g ≥ 0 if ϵ = o and non-orientable base of genus g > 0 if ϵ = n (where the genus of the non-orientable connected sum #^kRP^2 is k). (In [29], [30] (ϵ; g | b; (α_1, β_1), . . . , (α_n, β_n)) is denoted (O, ϵ; g | b; α_1, β_1; . . . ; α_n, β_n), but we leave out the O, since we are only dealing with oriented Seifert manifolds.) The pair (α_j , β_j ) of coprime integers is the (oriented) Seifert invariant of the j ’th exceptional (or singular) fiber. We have 0 < β_j < α_j . The integer −b is equal to the Euler number of the Seifert fibration (ϵ; g | b) (which is a locally trivial S^1 –bundle). More generally, the Seifert Euler number of (ϵ; g | b; (α_1, β_1), . . . , (α_n, β_n)) is E = − ( b + ∑_n j=1 β_j /α_j ) . We note that lens spaces are Seifert manifolds with base S^2 and zero, one or two exceptional fibers. According to [23, Fig. 12 p. 146], the manifold (ϵ; g | b; (α_1, β_1), . . . , (α_n, β_n)) has a surgery presentation as shown in Fig. 1 if ϵ = o and as shown in Fig. 2 if ϵ = n. The ⌣g indicate g repetitions.

For completeness we will also state the results in terms of the non-normalized Seifert invariants due to W. D. Neumann, see [14]. For a Seifert manifold X with non-normalized Seifert invariants {ϵ; g; (α_1, β_1), . . . , (α_n, β_n)} the invariants ϵ and g are as above. The (α_j , β_j ) are here pairs of coprime integers with α_j > 0 but not necessarily with 0 < β_j < α_j . These pairs are not invariants of X , but can be varied according to certain rules. In fact, X has a surgery presentation as shown in Fig. 1 with b = 0 if ϵ = o and as shown in Fig. 2 with b = 0 if ϵ = n. The Seifert Euler number of X is − ∑_n j=1 β_j /α_j (which is an invariant of the Seifert fibration X ). For more details, see [14, Sect. I.1].

Geometry & Topology Monographs, Volume 4 (2002)

· · · · · · ⌣g

0 0 0 0 −b α_1 β_1 α_n β_n

Figure 1: Surgery presentation of (o; g | b; (α_1, β_1), . . . , (α_n, β_n))

· · · · · · ⌣g 2 2

1 2 1 2 −b α_1 β_1 α_n β_n

Figure 2: Surgery presentation of (n; g | b; (α_1, β_1), . . . , (α_n, β_n))

3 Quantum invariants of Seifert manifolds

In this section we explain our calculation of the g–invariants of the Seifert manifolds, g being an arbitrary complex finite dimensional simple Lie algebra. Our starting point is a formula for the RT–invariants associated to an arbitrary modular category of the Seifert manifolds, derived in [11].

The RT–invariants of the Seifert manifolds for modular categories Let us first give some preliminary remarks on modular categories. We use notation as in [31]. Let (V, {V_i}_{i∈I} ) be an arbitrary modular category with braiding c and twist θ. The ground ring is K = Hom_V (I, I), where I is the unit object. Let i → i^∗ be the involution in I determined by the condition that V_i∗ is isomorphic to the dual of V_i . An element i ∈ I is called self-dual if i = i^∗ .

Geometry & Topology Monographs, Volume 4 (2002)

For such an element we have a K –module isomorphism Hom_V (V ⊗ V, I) ∼= K , V = V_i . The map x → x(id_V ⊗ θ_V )c_{V,V} is a K –module endomorphism of Hom_V (V ⊗ V, I), so is a multiplication by a certain ε_i ∈ K . By the definition of the braiding and twist we have (ε_i)^2 = 1. In particular ε_i ∈ {±1} if K is a field. There is a distinguished element in I denoted 0, such that V_0 = I.

The S – and T –matrices of V are the matrices S = (S_{ij})_{i,j∈I} , T = (T_{ij} )_{i,j∈I} given by S_{ij} = tr(c_{Vj ,Vi} ∘ c_{Vi,Vj} ) and T_{ij} = δ_{ij} v_i , where tr is the categorical trace of V , δ_{ij} is the Kronecher delta equal to 1 if i = j and zero elsewhere, and v_i ∈ K such that θ_{Vi} = v_iid_{Vi} .

Assume that V has a rank D, i.e. an element of K satisfying

D^2 = ∑ i∈I dim(i)^2,

where dim(i) = dim(V_i) = tr(id_{Vi} ). We let Δ = ∑ i∈I v^{−1}_i dim(i)^2.

Moreover, let τ = τ_{(V,D)} be the RT–invariant associated to (V, {V_i}_{i∈I} , D), cf. [31, Sect. II.2]. For a tuple of integers C = (m_1, . . . , m_t), let G^C = T^{mt} S · · · T^{m1} S. The Rademacher Phi function is defined on P SL(2, Z) = SL(2, Z)/{±1} by Φ ([ p r q s ]) = {_{p+s} q − 12(sign(q))s(s, |q|) , q ≠ 0, r s , q = 0, (1) see [26]. Here, for q ≠ 0, the Dedekind sum s(s, q) is given by s(s, q) = 1 4|q| |q|−1∑

j=1 cot πj q cot πsj q (2) for |q| > 1 and s(s, ±1) = 0. We put a_o = 2 and a_n = 1. Moreover, let b^{(o)}_j = 1 and b^{(n)}_j = δ_{j,j}∗ , j ∈ I . Given pairs (α_j , β_j ) of coprime integers we let C_j = (a^{(j)}_1 , . . . , a^{(j)}_{mj} ) be a continued fraction expansion of α_j/β_j , j = 1, 2, . . . , n, i.e. α_j β_j = a^{(j)}_{mj} − 1 a^{(j)}_{mj −1} − 1 · · · − 1 a^{(j)}_1

.

Geometry & Topology Monographs, Volume 4 (2002)

Theorem 3.1 [11] Let M = (ϵ; g | b; (α_1, β_1), . . . , (α_n, β_n)), ϵ = o, n. Then τ(M) = (ΔD^{−1})^{σϵ} D^{aϵg−2−} ∑_n j=1 m_j × ∑ j∈I (ε_j)^{aϵg} b^{(ϵ)}_j v^{−b}_j dim(j)^{2−n−aϵ g} (_n ∏ i=1 (SG^{Ci} )_{j,0} ) , where

σ_ϵ = (a_ϵ − 1) sign(E) + n∑ j=1 sign(α_j β_j ) + 1 3 n∑ j=1 (_{mj} ∑ k=1 a^{(j)}_k − Φ(B^{Cj} ) ) .

Here E = − ( b + ∑_n j=1 β_j α_j ) is the Seifert Euler number.

The RT–invariant τ(M) of the Seifert manifold M with non-normalized Seifert invariants {ϵ; g; (α_1, β_1), . . . , (α_n, β_n)} is given by the same expression with the exceptions that the factor v^{−b}_j has to be removed and E = − ∑_n j=1 β_j α_j .

The theorem is also valid in case n = 0. In this case one just has to put all sums ∑_n j=1 equal to zero and all products ∏_n i=1 equal to 1. Note that ϵ^k_j = 1 if k is even and ϵ^k_j = ϵ_j if k is odd since ϵ^2_j = 1. In particular, (ε_j )^{aϵg} = 1 if ϵ = o. The sum ∑_n j=1 sign(α_j β_j ) is of course equal to n for normalized Seifert invariants.

Let us next consider the lens spaces. For p, q a pair of coprime integers, recall that L(p, q) is given by surgery on S^3 along the unknot with surgery coefficient −p/q. In the following corollary we include the possibilities L(0, 1) = S^1 × S^2 and L(1, q) = S^3 , q ∈ Z.

Corollary 3.2 [11] Let p, q be a pair of coprime integers. If q ≠ 0 we let (a_1, . . . , a_{m−1}) be a continued fraction expansion of −p/q. If q = 0, put m = 3 and a_1 = a_2 = 0. Then

τ(L(p, q)) = (ΔD^{−1})^σ D^{−m}G^C_{0,0},

where C = (a_1, . . . , a_{m−1}, 0) and σ =^1_3 (∑_{m−1} l=1 a_l − Φ(B^C ) ) .

The RT–invariants of the Seifert manifolds for the classical Lie algebras It is a well-known fact that quantum deformations of the classical Lie algebras at roots of unity induce modular categories, see [20], [8], [21]. Let us provide the details needed. For simplicity we will only consider simply laced Lie algebras in this paper, except in Remark 3.6 where we give a few remarks

Geometry & Topology Monographs, Volume 4 (2002) with respect to what have to be adjusted to include the general case. (See also [13] for the general case.) Therefore, let in the following g be a fixed complex finite dimensional simple and simply laced Lie algebra.

First let us fix some notation for g. Let h be a Cartan subalgebra of g, and let α_1, . . . , α_l be a set of simple (basis) roots in the dual space of h. We denote by h^∗_R the R–vector space spanned by α_1, . . . , α_l and let ⟨ , ⟩ be the inner product on h^∗_R defined by ⟨α_i, α_j ⟩ = a_{ij} , (a_{ij} )_{1≤i,j≤l} being the Cartan matrix for g. In particular, all roots have length √ 2. The root lattice Λ^R is the Z–lattice generated by α_1, . . . , α_l , and the weight lattice Λ^W is the Z–lattice generated by the fundamental weights λ_1, . . . , λ_l , i.e. λ_i ∈ h^∗_R such that ⟨λ_i, α_j ⟩ = δ_{ij} for all i, j ∈ {1, 2, . . . , l}. The (open) fundamental Weyl chamber is the set C = {x ∈ h^∗_R | ⟨x, α_i⟩ > 0, i = 1, . . . , l}. For a positive integer k, the k–alcove is the (closed) set C_k = {x ∈ C̄ | ⟨x, α_0⟩ ≤ k}, where C̄ is the topological closure of C and α_0 is the highest root of g, i.e. α_0 is the unique root in C . The Weyl group is denoted W .

Let q = e^{π√−1/r} , where r is an integer ≥ h^∨ . Here h^∨ is the dual Coxeter number of g (equal to the Coxeter number h of g, since g is simply laced). By U_q(g) we denote the quantum group associated to these data as defined by Lusztig, see [22, Part V]. We follow [8, Sect. 1.3 and 3.3] here but will mostly use notation from [31] for modular categories as above. (Note that what we denote U_q(g) here is denoted U_q(g)|_{q=eπ}^√_{−1/r} in [8].) Let ( V^g_r , {V_i}_{i∈I} ) be the modular category induced by the representation theory of U_q(g), cf. [8, Theorem 3.3.20]. In particular, the index set for the simple objects is I = int(C_r) ∩ Λ^W . We use here the shifted indexes (shifted by ρ) (contrary to [8]). (Normally the irreducible modules of U_q(g) (of type 1), q a formal variable, are indexed by the cone of dominant integer weights Λ^W_+ . Here we denote the irreducible module associated to μ ∈ Λ^W_+ by V_{μ+ρ} .) For q a root of unity as above, V_λ is an irreducible module of U_q(g) of non-zero dimension if λ ∈ I . The involution I → I , λ → λ^∗ , is given by λ^∗ = −w_0(λ − ρ) + ρ, where w_0 is the longest element in W and ρ is half the sum of positive roots. The distinguished element 0 ∈ I is equal to ρ. According to [8, Theorem 3.3.20] we can use

D = r^{l/2} | | | vol(Λ^R) vol(Λ^W ) | | | 1/2 ∏ α∈Δ_+ 2 sin ( π⟨α, ρ⟩ r ) −1 (3)

Geometry & Topology Monographs, Volume 4 (2002) as a rank of V^g_r . Here Δ_+ is the set of positive roots. According to the same theorem we have ΔD^{−1} = ω^{−3}, (4) where

ω = e^{2π} √ −1c 24 = exp ( π √ −1 h |ρ|^2 ) exp ( − π √ −1 r |ρ|^2 ) , (5)

where c =^{r−h}_r dim(g) is the central charge. The last equality in (5) follows from Freudenthal’s strange formula |ρ|^2/h = dim g/12.

The matrices S and T for V^g_r are tightly related to a certain unitary representation R = R^g_r of SL(2, Z). On the standard generators Ξ = ( 0 −1 1 0 ) , Θ = ( 1 1 0 1 ) (6) of SL(2, Z) we have

R(Ξ)_{λμ} = √ −1^{|△+|} r^{l/2} | | | vol(Λ^W ) vol(Λ^R) | | | 1/2 ∑ w∈W det(w) exp ( − 2π √ −1 r ⟨w(λ), μ⟩ ) ,

R(Θ)_{λμ} = δ_{λμ} exp ( π √ −1 r ⟨λ, λ⟩ − π √ −1 h ⟨ρ, ρ⟩ ) (7) for λ, μ ∈ I . In the following we also write Ũ for R(U). By using the results in [8, Sect. 3.3], in particular [8, Theorem 3.3.20], we find S_{λμ} = DΞ̃_{λμ}, T_{λμ} = ωΘ̃_{λμ} (8) for λ, μ ∈ I . Let C = (a_1, . . . , a_n) ∈ Z^n and let m ∈ {0, 1}. By (8) we immediately get (S^mG^C)_{λρ} = D^{m+n}ω^{∑nj=1 aj} ( Ξ̃^mΘ̃^anΞ̃Θ̃^an−1 · · · Θ̃^a1Ξ̃ ) λρ (9) for λ ∈ I . Finally we have for any λ ∈ I that

dim(λ) = S_{λρ} = DΞ̃_{λρ} = Dr^{−l/2} | | vol(Λ^W ) vol(Λ^R) | | 1/2 ∏ α∈Δ_+ 2 sin ( π⟨α, λ⟩ r ) , see also [8, Formulas (3.3.2) and (3.3.5)]. All the above data can now be put into the expression in Theorem 3.1 to give a formula for τ^g_r (X), X an arbitrary Seifert manifold, where τ^g_r is the RT–invariant associated to V^g_r . However, the formula to emerge is not detailed enough to be of any use, at least not when it comes to a determination of asymptotics of the invariants. The reason is, that the formula will contain matrix products as in the right-hand side of (9).

Geometry & Topology Monographs, Volume 4 (2002)

A way out of this problem is to determine nice formulas for the entries of R(U) in terms of the entries of U . This has in fact been done for g = sl_2(C ) by Jeffrey [15], [16]. Here method is to write the matrix U ∈ SL(2, Z) as a product in the generators Ξ and Θ and make a certain induction argument. A main ingredient is a reciprocity formula for Gaussian sums. We use a similar argument to extend Jeffrey’s results to an arbitrary complex finite dimensional simple Lie algebra. The following theorem generalizes [16, Propositions 2.7 and 2.8].

Theorem 3.3 Let U = ( a b c d ) ∈ SL(2, Z) with c ≠ 0. Then there exists

an ϵ ∈ {±1} such that

R(ϵU)_{λμ} = √ −1^{|△+|} sign(ϵc)^{|△+|} (r|c|)^{l/2} vol(Λ^R) exp ( − π √ −1 h |ρ|^2Φ(U) )

× exp ( π √ −1 r d c |μ|^2 ) ∑ ν∈Λ^R/cΛ^R exp ( π √ −1 r a c |λ + rν|^2 )

× ∑ w∈W det(w) exp ( − 2π √ −1 rϵc ⟨λ + rν, w(μ)⟩ ) .

The function Φ is given in (1). If c = 0, then U = ϵΘ^b for some b ∈ Z and ϵ ∈ {±1} and the expression for R(ϵU)_{λμ} follows immediately from (7). At first sight the above theorem looks a little strange because of the undetermined sign ϵ. This sign has to do with the fact that R is a representation of SL(2, Z) and not of P SL(2, Z) (except for g = sl_2(C ), where R is in fact a representation of P SL(2, Z)). However, as we shall see now, we will get rid of this sign in the cases we need. In fact, according to Theorem 3.1 and (9), we only need the expression for R(U)_{λμ} in case λ or μ is equal to ρ in the calculation of the invariants of the Seifert manifolds. Since ρ^∗ = ρ, Ξ^2 = −1, and R(Ξ^2)_{λμ} = δ_{λμ}∗ , we have R(−U)_{λρ} = R(U)_{λρ}, R(−U)_{ρλ} = R(U)_{ρλ} for all λ ∈ I . By using this fact and the Weyl denominator formula one can show the following corollary to Theorem 3.3. (To show the first formula in Corollary 3.4 one also has to use unitarity of R.)

Geometry & Topology Monographs, Volume 4 (2002)

Corollary 3.4 Let U = ( a b c d ) ∈ SL(2, Z) with c ≠ 0. Then

R(U)_{λρ} = √ −1^{|△+|} sign(c)^{|△+|} (r|c|)^{l/2} vol(Λ^R) exp ( − π √ −1 h |ρ|^2Φ(U) )

× exp ( π √ −1 r a c |λ|^2 ) ∑ ν∈Λ^R/cΛ^R exp ( π √ −1 r d c |ρ + rν|^2 )

× ∑ w∈W det(w) exp ( − 2π √ −1 rc ⟨ρ + rν, w(λ)⟩ ) . If a ≠ 0 we also have R(U)_{λρ} = √ −1^{|△+|} sign(c)^{|△+|} (r|c|)^{l/2} vol(Λ^R) exp ( π √ −1 r b a |ρ|^2 )

× exp ( − π √ −1 h |ρ|^2Φ(U) )

× ∑ w∈W det(w) ∑ ν∈Λ^R /cΛ^R exp ( π √ −1 r a c |λ + rν − w(ρ) a |^2 ) .

Because of the length and technical nature of the proof of Theorem 3.3, we defer the argument to the Appendix, and will only give the main ideas there. Detailed arguments will appear in [13].

Given a pair of coprime integers (α, β), α > 0, we let β^∗ be the inverse of β in the multiplicative group of units in Z/αZ. The following theorem is a generalization of [11, Theorem 8.4] (which concerns the case g = sl_2(C )). The proof follows closely the proof of [11, Teorem 8.4] and is therefore left out here. (One has to use the first formula in Corollary 3.4.)

Theorem 3.5 Let M = (ϵ; g | b; (α_1, β_1), . . . , (α_n, β_n)), ϵ ∈ {o, n}. Then

τ^g_r (M) = exp π √ −1 r |ρ|^2 3(a_ϵ − 1) sign(E) − E − 12 n∑ j=1 s(β_j , α_j )

× √ −1^{n|△+|}r^{l(aϵg/2−1)} 2^{|△+|(n+aϵg−2)} vol(Λ^R)^{2−aϵg} 1 A^{l/2} e^{3π} √ −1 h |ρ|^2(1−a_ϵ) sign(E)Zg ϵ (M; r),

Geometry & Topology Monographs, Volume 4 (2002) where s(β_j , α_j ) is given by (2), A = ∏_n j=1 α_j , and

Z^g_ϵ (M; r) = ∑ λ∈I b^{(ϵ)}_λ ε^{aϵg}_λ ∏ α∈Δ_+ sin^{2−n−aϵg} ( π⟨λ, α⟩ r ) exp ( π √ −1 r E|λ|^2 )

× ∑ w_1,... ,w_n∈W ∑ ν_1∈Λ^R/α_1Λ^R . . . ∑ ν_n∈Λ^R/α_nΛ^R n∏ j=1 det(w_j )

× exp −π √ −1 n∑ j=1 β^∗_j α_j ( r|ν_j|^2 + 2⟨w_j (ρ), ν_j ⟩ )

× exp −2π √ −1 r ⟨λ, n∑ j=1 rν_j + w_j(ρ) α_j ⟩ .

The RT–invariant τ^g_r (M) of the Seifert manifold M with non-normalized Seifert invariants {ϵ; g; (α_1, β_1), . . . , (α_n, β_n)} is given by the same expression.

The theorem is also valid in case n = 0. In this case one just has to put the sum ∑ w_1,... ,w_n∈W ∑ ν_1∈Λ^R/α_1Λ^R . . . ∑ ν_n∈Λ^R/α_n Λ^R in Zϵ(M; r) equal to 1,ϵ = o, n,

and put A = 1 and ∑_n j=1 s(β_j , α_j ) = 0.

Let us finally consider the lens space L(p, q). Let b, d be any integers such that U = ( q b p d ) ∈ SL(2, Z). Assume q ≠ 0, let V = −ΞU = ( p d −q −b ) , and let C^′ = (a_1, a_2, . . . , a_{m−1}) ∈ Z^{m−1} such that B^{C′} = V . Then C^′ is a continued fraction expansion of −p/q and U = ΞV = B^C , where C = (a_1, a_2, . . . , a_{m−1}, 0). By Corollary 3.2, (4) and (9) we therefore get

τ^g_r (L(p, q)) = ω^{Φ(U)}Ũ_{ρρ}, (10)

where ω is given by (5). If q = 0 we have p = 1 and L(p, q) = S^3 . In this case we have τ^g_r (L(p, q)) = D^{−1} . We also have U = ΞΘ^d , so by using (7), (3) and (5) we find that the right-hand side of (10) is also equal to D^{−1} . The identity (10) coincides with [16, Formula (3.7)] for g = sl_2(C ), see also [11, Formula (49)].

Remark 3.6 Let us briefly mention the adjustments to be done for including the non-simply laced Lie algebras. In the general case the root of unity q = e^{π√−1/(dr)} , where d = 1 for g simply laced, d = 2 if g belongs to the series BCF and d = 3 if g is of type G_2 . Moreover, Λ^R is in general the coroot lattice, which is dual to the weight lattice. The inner product ⟨ , ⟩ in h^∗_R is

Geometry & Topology Monographs, Volume 4 (2002) induced by an invariant bilinear form on g, and is normalized such that a long root has length √ 2. We stress that α_0 is the long highest root of g.

4 The asymptotic expansion conjecture and Seifert manifolds

For X a fixed closed oriented 3–manifold we consider r → τ^g_r (X) as a complex valued function on {h^∨, h^∨ + 1, h^∨ + 2, . . . }. We are interested in the behaviour of this function in the limit of large r, i.e. r → ∞.

It is believed that Witten’s TQFT’s associated to G coincides with the TQFT’s of Reshetikhin–Turaev associated to g, where G is a simply connected compact simple Lie group with complexified Lie algebra g. In particular it is conjectured that Witten’s leading large k asymptotics for Z^G_k (X) should be valid for the function r → τ^g_r (X) in the limit r → ∞, and furthermore, that this function should have a full asymptotic expansion. The precise formulation of this is stated in the following conjecture, called the asymptotic expansion conjecture (AEC).

Conjecture 4.1 (J. E. Andersen [1], [2]) Let {α_1, . . . , α_M } be the set of values of the Chern–Simons functional of flat G connections on a closed oriented 3–manifold X . Then there exist d_j ∈ Q , Ĩ_j ∈ Q/Z, b_j ∈ R_+ and c^j_m ∈ C for j = 1, . . . , M and m = 1, 2, 3, . . . such that τ^g_r (X) ∼_{r→∞} M∑ j=1 b_je^{2π√−1rαj} r^{dj} e^{π√−1Ĩj /4} ( 1 + ∞∑ m=1 c^j_mr^{−m} ) , (11)

that is, for all N = 0, 1, 2, . . .

τ^g_r (X) = M∑ j=1 b_je^{2π√−1rαj} r^{dj} e^{π√−1Ĩj /4} ( 1 + N∑ m=1 c^j_mr^{−m} ) + o(r^{d−N} ) in the limit r → ∞, where d = max{d_1, . . . , d_M }.

As noticed by Andersen [1], [2], a complex function defined on the positive integers has at most one asymptotic expansion on the form (11) if the α_j ’s are rational (and mutually different), see also [12]. This means that if the AEC is true and if we futhermore have that the Chern–Simons invariants are rational (as conjectured by e.g. Auckly [4]), then all the quantities c^j_m , α_j , d_j ,... are topological invariants. The AEC was first proved for the mapping tori of finite

Geometry & Topology Monographs, Volume 4 (2002) order diffeomorphisms of orientable surfaces of genus at least 2 and for any g by Andersen [1] using the gauge theory definition of the invariants. Note that these mapping tori are Seifert manifolds with orientable base and Seifert Euler number equal to zero. Later on, the AEC was proved for all Seifert manifolds with orientable base or non-orientable base with even genus in case g = sl_2(C ), cf. [12]. The proof of this result is partly based on calculations of Rozansky [28]. For more details about the AEC and conjectures about the topological interpretation of the different parts of the asymptotic formula (11) we refer to [1], [2], [12]. One can also find a review about the status of the AEC in these references.

By elaborating on the expression (10) along the same lines as in [16, Sect. 3] (using the last formula in Corollary 3.4) we find the following generalization of [16, Theorem 3.4] (valid in case p ≠ 0).

Theorem 4.2 The RT–invariant associated to g of the lens space L(p, q) is given by

τ^g_r (L(p, q)) = sign(p)^{|△+|} √ −1^{|△+|} (r|p|)^{l/2} vol(Λ^R) exp ( π √ −1 r 12 sign(p)s(q, |p|)|ρ|^2 )

× ∑ w∈W det(w) exp ( − 2π √ −1 pr ⟨ρ, w(ρ)⟩ )

× ∑ ν∈Λ^R/pΛ^R exp ( π √ −1 q p r|ν|^2 ) exp ( 2π √ −1 1 p ⟨ν, qρ − w(ρ)⟩ ) .

From this theorem it is obvious, that the large r asymptotics of τ^g_r (L(p, q)) is on the same form as in (11) (expand the factor exp (_π√_{−1} r 12 sign(p)s(q, |p|)|ρ|^2 ) exp ( −^{2π} √ −1 pr ⟨ρ, w(ρ)⟩ ) as a power series in r^{−1} ). Proving the following conjecture will therefore finalize the proof of the AEC for the invariants τ^g_r (L(p, q)).

Conjecture 4.3 The set of values of the Chern–Simons functional of flat G connections on L(p, q) is given by { q 2p |ν|^2 (mod Z) | | | ν ∈ Λ^R/pΛ^R } .

For g = sl_n(C ) (G = SU(n)) this conjecture should follow from results in [24].

Geometry & Topology Monographs, Volume 4 (2002)

5 Appendix. The proof of Theorem 3.3

In this section we will explain the ideas behind the proof of Theorem 3.3. The underlying Lie algebra g is still assumed to be simply laced for simplicity. However, with some minor adjustments the arguments given are also true for the non-simply laced Lie algebras, see Remark 3.6.

The proof of Theorem 3.3 builds mainly on the key-lemma, Lemma 5.1. Let us introduce some notation. For a tuple of integers C = (m_1, . . . , m_t), let

B^C_k = ( a^C_k b^C_k c^C_k d^C_k ) = Θ^{mk} ΞΘ^{mk−1} Ξ . . . Θ^{m1} Ξ (12)

for k = 1, 2, . . . , t, and let B^C = B^C_t , where Ξ and Θ are given by (6). Moreover, we put a^C_0 = d^C_0 = 1, b^C_0 = c^C_0 = 0.

We say that C has length |C| = t. If it is clear from the context what C is we write a_k for a^C_k etc. From [16, Proposition 2.5], the elements a_i, b_i, c_i, d_i satisfy the recurrence relations

a_k = m_ka_{k−1} − c_{k−1}, c_k = a_{k−1}, (13) b_k = m_kb_{k−1} − d_{k−1}, d_k = b_{k−1} for k = 1, 2, . . . , t. One should note that the expressions (7) for the entries of R(Ξ) and R(Θ) are well-defined for all λ, μ ∈ Λ^W . Note also that if λ or μ are elements of Λ^W belonging to the boundary of C_r then R(Ξ)_{λμ} = 0. This observation allows us to shift between I = int(C_r) ∩ Λ^W and C_r ∩ Λ^W as summation index set in formulas below. This shift is important in the proof of Lemma 5.1. Following Jeffrey [15, Sect. 2], [16, Sect. 2] we consider T^C_{λ0,λt+1} = ∑ λ_1,... ,λ_t∈C_r ∩Λ^W Ξ̃_{λt+1λt}Θ̃^mt_{λt} Ξ̃_{λtλt−1}Θ̃^{mt−1}_{λt−1} Ξ̃_{λt−1λt−2} · · · Θ̃^m1_{λ1} Ξ̃_{λ1λ0}

for λ_0, λ_{t+1} ∈ C_r ∩Λ^W , where we write Θ̃_λ for Θ̃_{λλ} . Then we have the following generalization of [16, Lemma 2.6]:

Lemma 5.1 Assume that C = (m_1, . . . , m_t) is a sequence of integers such that a_k is nonzero for k = 1, . . . , t. Then T^C_{λ0,λt+1} = K^C_{λ0} ∑ w∈W det(w) ∑ μ∈Λ^R /a_tΛ^R exp ( − π √ −1c_t a_tr | | |λ^{t+1} + rμ + w(λ_0) c_t | | | 2) ,

Geometry & Topology Monographs, Volume 4 (2002) where

K^C_{λ0} = √ −1^{(t+1)|△+|} (r|a_t|)^{l/2} vol(Λ^R) ζ^{l Dt} exp ( − π √ −1 h ( t∑ i=1 m_i)|ρ|^2 )

× exp ( − π √ −1 r ( t−1∑ i=1 1 a_{i−1}a_i )|λ_0|^2 ) . Here ζ = exp^π √ −1 4 and D_t = sign(a_0a_1) + · · · + sign(a_{t−1}a_t).

We will not give the proof of this lemma here, since it is long and technical. The lemma is proved by induction on the length of C . The reciprocity formula for Gaussian sums, Proposition 5.2, plays a prominent role in the proof. A proof of this reciprocity formula can be found in [15, Sect. 2].

Let V be a real vector space of dimension l with inner product ⟨ , ⟩, Λ a lattice in V and Λ^∗ the dual lattice. For an integer r, a self-adjoint automorphism B : V → V , and an element ψ ∈ V , we assume 1 2 ⟨λ, Brλ⟩, ⟨λ, Bη⟩, r⟨λ, ψ⟩ ∈ Z, ∀λ, η ∈ Λ, 1 2 ⟨μ, Brμ⟩, ⟨μ, rξ⟩, r⟨μ, ψ⟩ ∈ Z, ∀μ, ξ ∈ Λ^∗

and BΛ^∗ ⊆ Λ^∗ . Then we have the following:

Proposition 5.2 (Reciprocity formula for Gauss sums)

vol(Λ^∗) ∑ λ∈Λ/rΛ exp ( π √ −1 r ⟨λ, Bλ⟩ ) exp ( 2π √ −1⟨λ, ψ⟩ )

= ( det B √ −1 )_{−1/2} r^{l/2} ∑ μ∈Λ^∗/BΛ^∗ exp ( −πr √ −1⟨μ + ψ, B^{−1}(μ + ψ)⟩ ) .

In the proof of Lemma 5.1 we use Proposition 5.2 with Λ = Λ^W , the dual lattice being the root lattice Λ^R . Basically we use the reciprocity formula (t times, recursively) to change the sums in the expression for T^C to a sum with a range which does not depend on r. Another main ingredient in the proof of Lemma 5.1 is symmetry considerations along the same lines as the discussion in [16, pp. 584–586], see in particular [16, Proposition 4.4]. In the proof of Lemma 5.1 and Theorem 3.3 we use several results in [16, Sect. 2], in particularly [16, Proposition 2.5].

Geometry & Topology Monographs, Volume 4 (2002)

Lemma 5.1 nearly proves Theorem 3.3. There is, however, a small hurdle to overcome because of the assumption on the a_k ’s in the lemma. The following small result does the job.

Lemma 5.3 Let U = [ a b c d ] ∈ P SL(2, Z) with c ≠ 0. Then we can write

U = V Θ^n , where n ∈ Z and where V is given in the following way: If a = 0, then V = Ξ; if a ≠ 0, then there exists a sequence of integers C such that V = B^C , see (12), and such that a^C_k ≠ 0, k = 1, 2, . . . , |C|.

From this lemma we see the origin of the undetermined sign ϵ. Let us use the above lemmas to sketch the proof of Theorem 3.3.

Proof of Theorem 3.3 According to the previous lemma there exists an integer n, a sign ϵ ∈ {±1}, and a V ∈ SL(2, Z) as in the Lemma 5.3 such that U = ϵV Θ^n . First assume a ≠ 0 and that n = 0, i.e. assume that ϵU = B^C , where C = (m_1, . . . , m_t) and a_k ≠ 0, k = 1, 2, . . . , t. Let C^′ = (m_1, . . . , m_{t−1}). Then, by Lemma 5.1, (13), and a small calculation, we get R(ϵU)_{λμ} = Θ̃^{mt}_{λλ} T^{C′}_{μ,λ} = ∑ w∈W det(w) ∑ ν∈Λ^R/cΛ^R exp ( π √ −1 r a c | | |λ + rν − w(μ) ϵa | | | 2) , where

K = K^{C′}_μ exp ( − π √ −1 h m_t|ρ|^2 ) exp ( − π √ −1 a_{t−1}a_{t−2}r |μ|^2 ) exp ( − π √ −1 a_ta_{t−1}r |μ|^2 ) . The formula for the entries of R(ϵU) now follows by the fact b/a+1/(ac) = d/c (except for the factor K which we will not rewrite here). Next assume that ϵU = B^C Θ^n with n ≠ 0, where C is as above. Then

B^C = ϵUΘ^{−n} = ϵ ( a b c d ) ( 1 −n 0 1 ) = ϵ ( a −na + b c −nc + d ) , and since Theorem 3.3 is valid for U = B^C (with ϵ = 1) we get the result after a small calculation. Finally one has to consider the case where a = 0, in

which case ϵU = ΞΘ^n = ( 0 −1 1 n ) . Here the result follows by inserting the

expressions in (7) into R(ϵU)_{λμ} = R(Ξ)_{λμ}R(Θ)^n_{μμ} .

Geometry & Topology Monographs, Volume 4 (2002)

References

[1] J E Andersen, The Witten invariant of finite order mapping tori I, to appear in J. Reine Angew. Math.

[2] J E Andersen, The asymptotic expansion conjecture, Section 7.2 of “Problems on invariants of knots and 3–manifolds”, (T Ohtsuki, et al, editors), Geom. Topol. Monogr. 4 (2002) 377–572 [3] M F Atiyah, Topological quantum field theories, Inst. Hautes Études Sci. Publ.

Math. 68 (1989) 175–186 [4] D Auckly, Topological methods to compute Chern–Simons invariants, Math.

Proc. Camb. Phil. Soc. 115 (1994) 229–251 [5] S Axelrod, Overview and warmup example for perturbation theory with instantons, Geometry and physics (Aarhus, 1995), Lecture Notes in Pure and Appl. Math. 184, Dekker, New York (1997) 321–338 [6] S Axelrod, I M Singer, Chern–Simons perturbation theory, Proceedings of the XXth International Conference on Differential Geometric Methods in Theoretical Physics, Vol. 1, 2, World Sci. Publishing (1992) 3–45 [7] S Axelrod, I M Singer, Chern–Simons perturbation theory. II, J. Differential Geom. 39 (1994) 173–213 [8] B Bakalov, A Kirillov Jr, Lectures on tensor categories and modular functors, University Lecture Ser. 21, Amer. Math. Soc. (2001) [9] C Blanchet, N Habegger, G Masbaum, P Vogel, Topological quantum field theories derived from the Kauffman bracket, Topology 34 (1995) 883–927 [10] D Gepner, E Witten, String theory on group manifolds, Nuclear Phys. B 278 (1986) 493–549 [11] S K Hansen, Reshetikhin–Turaev invariants of Seifert 3–manifolds and a rational surgery formula, Algebr. Geom. Topol. 1 (2001) 627–686 [12] S K Hansen, Analytic asymptotic expansions of the Reshetikhin–Turaev invariants of Seifert 3–manifolds for sl_2(C ), in preparation [13] S K Hansen, T Takata, Reshetikhin–Turaev invariants of Seifert 3–manifolds for classical simple Lie algebras, and their asymptotic expansions, in preparation [14] M Jankins, W D Neumann, Lectures on Seifert manifolds, Brandeis Lecture Notes 2, Brandeis University (1981) [15] L C Jeffrey, On some aspects of Chern–Simons gauge theory, D. Phil. thesis, University of Oxford (1991) [16] L C Jeffrey, Chern–Simons–Witten invariants of lens spaces and torus bundles, and the semiclassical approximation, Comm. Math. Phys. 147 (1992) 563–604 [17] G W Johnson, M L Lapidus, The Feynman integral and Feynman’s operational calculus, Oxford mathematical monographs, Clarendon Press, Oxford University Press (2000) [18] V G Kac, Infinite dimensional Lie algebras, 3rd ed., Cambridge University Press (1990)

Geometry & Topology Monographs, Volume 4 (2002)

[19] V G Kac, D H Peterson, Infinite-dimensional Lie algebras, theta functions and modular forms, Adv. in Math. 53 (1984) 125–264 [20] A A Kirillov, On an inner product in modular tensor categories, J. Amer.

Math. Soc. 9 (1996) 1135–1169 [21] T T Q Le, Quantum invariants of 3-manifolds: Integrality, splitting, and perturbative expansion, Proceedings of the Pacific Institute for the Mathematical Sciences Workshop “Invariants of Three-Manifolds” (Calgary, AB, 1999), Topology Appl. 127 (2003) 125–152 [22] G Lusztig, Introduction to quantum groups, Progress in Mathematics 110, Birkhäuser, Boston, MA (1993) [23] J M Montesinos, Classical tessellations and three-manifolds, Universitext, Springer-Verlag (1987) [24] H Nishi, SU(n)–Chern–Simons invariants of Seifert fibered 3–manifolds, Internat. J. Math. 9 (1998) 295–330 [25] F Quinn, Lectures on axiomatic topological quantum field theory, (Parc City, UT, 1991), IAS/Park City Math. Ser. 1, Amer. Math. Soc. (1995) 323–453 [26] H Rademacher, E Grosswald, Dedekind sums, The Carus Mathematical Monographs 16, The Mathematical Association of America (1972) [27] N Reshetikhin, V G Tureav, Invariants of 3–manifolds via link polynomials and quantum groups, Invent. Math. 103 (1991) 547–597 [28] L Rozansky, Residue formulas for the large k asymptotics of Witten’s invariants of Seifert manifolds. The case of SU(2), Comm. Math. Phys. 178 (1996) 27–60 [29] H Seifert, Topologie dreidimensionaler gefaserter räume, Acta Math. 60 (1933) 147–238 [30] H Seifert, Topology of 3–dimensional fibered spaces (english translation by W Heil of: Topologie dreidimensionaler gefaserter räume, Acta Math. 60 (1933) 147–238). In H. Seifert, W. Threlfall, A textbook of topology, Pure Appl. Math. 89, Academic Press (1980) 359–422 [31] V G Turaev, Quantum invariants of knots and 3–manifolds, de Gruyter Stud.

Math. 18, Walter de Gruyter, Berlin (1994) [32] V G Turaev, H Wenzl, Quantum invariants of 3–manifolds associated with classical simple Lie algebras, Internat. J. Math. 4 (1993) 323–358 [33] E Verlinde, Fusion rules and modular transformations in 2D conformal field theory, Nuclear Phys. B 300 (1988) 360–376 [34] E Witten, Quantum field theory and the Jones polynomial, Comm. Math. Phys.

121 (1989) 351–399

School of Mathematics, University of Edinburgh, JCMB King’s Buildings, Edinburgh EH9 3JZ, UK and Department of Mathematics, Faculty of Science Niigata University, Niigata 950-2181, Japan Email: hansen@maths.ed.ac.uk, takata@math.sc.niigata-u.ac.jp Received: 3 December 2001

Geometry & Topology Monographs, Volume 4 (2002)