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�ä®à¬ã«¨à®¢ ­  ¨ ¤®ª § ­  â¥®à¥¬  ® ¯«®â­®áâ¨ ¯à®áâà ­áâ¢  ¡¥áª®­¥ç­® ¤¨ää¥à¥­-

æ¨àã¥¬ëå äã­ªæ¨© ¢  ­¨§®âà®¯­ëå ¯à®áâà ­áâ¢ å �®¡®«¥¢  ¯à¨ ­¥ª®â®àëå ãá«®¢¨ïå

­ «®¦¥­­ëå ­  ®¡« áâì.

� ­ áâ®ïé¥© à ¡®â¥ ¨§ãç ¥âáï ¢®¯à®á ® ¯«®â­®áâ¨ ¯à®áâà ­áâ¢  ¡¥áª®-

­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© ¢  ­¨§®âà®¯­ëå ¯à®áâà ­áâ¢ å �®¡®«¥-
¢ . �ë ¡ã¤¥¬ à áá¬ âà¨¢ âì ¯à®áâà ­áâ¢  Ll

p(
) å à ªâ¥à¨§ãîé¨¥áï ª®­¥ç-
­®áâìî ­®à¬ë:

kfkLl
p(
)

=
X

j�:lj=1

kD�fkLp(
);

§¤¥áì 
 | ®âªàëâ®¥ ¬­®¦¥áâ¢® ¢ R
n , 1 6 p 6 1, � = (�1; : : : ; �n) ¨ l =

(l1; : : : ; ln) | ¬ã«ìâ¨¨­¤¥ªáë, j� : lj := �1
l1
+ � � �+ �n

ln
, D�f = @�f

@x
�1
1

:::@x
�n
n
.

� ¨§®âà®¯­®¬ á«ãç ¥ à §«¨ç­ë¥  á¯¥ªâë § ¤ ç¨ ® ¯«®â­®áâ¨ ¯à®áâà ­áâ¢ 
¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ëå ­¥¯à¥àë¢­ëå äã­ªæ¨© ¢ ¯à®áâà ­áâ¢ å �®¡®-
«¥¢  å®à®è® ¨§ãç¥­ë ¢ à ¡®â å ¬­®£¨å  ¢â®à®¢, á¬., ­ ¯à¨¬¥à, �. �. �®¡®-
«¥¢ [1], �. �. � §ìï [2], �.-�. �¨®­á, �. � ¤¦¥­¥á [3], �¦. �®«ª¨­ [4], �. �¥¤-
¡¥à£ [5].

�  ­¨§®âà®¯­®¬ á«ãç ¥ ¢®¯à®á ® ¯«®â­®áâ¨ ¨§ãç «áï ¤«ï ®¡« áâ¥©, ã¤®¢-
«¥â¢®àïîé¨å ãá«®¢¨î à®£  ¨ ¤«ï ¡«¨§ª®£® ª« áá  ®¡« áâ¥© ¢ à ¡®â å �. �. �¥-
á®¢ , �. �. �«ì¨­ , �. �. �¨ª®«ìáª®£® [6], �. �. �á¯¥­áª®£®, �. �. �¥¬¨¤¥­ª®,
�. �. �¥à¥¯¥«ª¨­  [7], �. �. �¨§®àª¨­ , �. �. �ãà¥­ª®¢ , �. �. �®¤®¯ìï­®¢ 
¨ ¤à.

1. �à¥¤¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï

�ãáâì R
n | ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® â®ç¥ª x = (x1; : : : ; xn), l =

(l1; : : : ; ln) | ¬ã«ìâ¨¨­¤¥ªá, li > 0.

� áá¬®âà¨¬ ®¤­®¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¯à¥®¡à §®¢ ­¨© R
n

Ht(x) = (t
l�

l1 x1; : : : ; t
l�

ln xn) (t 2 R
+); (1)

c
 2001 �«¡®à®¢  �. �.
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£¤¥ 1
l�
= 1

n

Pn
i=1

1
li
, ¨ £« ¤ªãîHt-®¤­®à®¤­ãî ¬¥âà¨ªã, ®¯à¥¤¥«ï¥¬ãî ¢¥ªâ®à®¬

l 2 N
n ¯® ä®à¬ã«¥

�(x; y) =

 
nX
i=1

jxi � yij
2li

! 1

2l�

(2)

­¥¯à¥àë¢­ãî ­  Rn .

� à®¬ á æ¥­âà®¬ ¢ â®çª¥ x à ¤¨ãá  r ­ §ë¢ ¥âáï, ª ª ®¡ëç­®, ¬­®¦¥áâ¢®

Br(x) = fy 2 R
n : �(x; y) < rg:

�ãáâì 
 � R
n | ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢®, p > 1. �ã¤¥¬ £®¢®à¨âì, çâ®

äã­ªæ¨ï f 2 Lp(
) ¯à¨­ ¤«¥¦¨â ª« ááã Ll
p(
), ¥á«¨ äã­ªæ¨ï ¨¬¥¥â ®¡®¡-

é¥­­ë¥ ¯à®¨§¢®¤­ë¥ D�f 2 Lp(
), j� : lj = 1. �¤¥áì D�f = @�f

@x
�1
1

:::@x
�n
n
,

� = (�1; : : : �n) ¨ j� : lj = �1
l1
+ � � �+ �n

ln
. �«ï â ª¨å äã­ªæ¨© ®¯à¥¤¥«¨¬ ¯®«ã-

­®à¬ã

kfkLl
p(
)

=
X

j�:lj=1

kD�fkLp(
): (3)

�à®áâà ­áâ¢®¬
�

Ll
p(
) ­ §®¢¥¬ § ¬ëª ­¨¥ ¢ ­®à¬¥ (3) ¬­®¦¥áâ¢  C1

0 (
)
¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© á ­®á¨â¥«¥¬ ¢ 
.

�ãáâì K | ¯®¤¬­®¦¥áâ¢® Rn . �¡®§­ ç¨¬ ¬­®¦¥áâ¢® äã­ªæ¨© ¨§ Ll
p(R

n)

¨¬¥îé¨å ª®¬¯ ªâ­ë¥ ­®á¨â¥«¨ ¢ K ç¥à¥§ (Ll
p)K .

�ãáâì e � R
n | § ¬ª­ãâ®¥ ¬­®¦¥áâ¢®. �¬ª®áâìî ¬­®¦¥áâ¢  e ­ §®¢¥¬

¢¥«¨ç¨­ã:

cap (e;
�

Ll
p) = inffkUkp

Ll
p
: U 2 N(e)g;

£¤¥ N(e) = fU 2 C1
0 : U = 1 ¢ ®ªà¥áâ­®áâ¨ eg (á¬. [8]).

�¢¥¤¥¬ ¥é¥ ¯®«ã­®à¬ã:

jU jp;l�;Br
=

X
0<j�:lj61

rl
�(j�:lj�1)

kD�UkLp(Br);

£¤¥ � = (�1; : : : ; �n) 2 N
n .

�à¨¢¥¤¥¬ á«¥¤ãîé¨¥ ­¥®¡å®¤¨¬ë¥ ­ ¬ ¢ ¤ «ì­¥©è¥¬ à¥§ã«ìâ âë.

�¥®à¥¬  [9]. �ãáâì e | § ¬ª­ãâ®¥ ¯®¤¬­®¦¥áâ¢® è à  Br. �«ï ¢á¥å
äã­ªæ¨© U 2 C1( �Br) â ª¨å, çâ® dist(suppU; e) > 0 ¢¥à­® ­¥à ¢¥­áâ¢®

kUkLq(Br) 6 CjU jp;l�;Br
;

£¤¥ 1 6 p 6 q 6 1, � = ( 1
p
�

1
q
)
Pn

i=1
1
li
6 1, ¯à¨ � = 1, 1 6 p = q < 1.

�®­áâ ­â  C ¤®¯ãáª ¥â ®æ¥­ªã

C�p
> r�

np

q ; cap (e;
�

Ll
p(B2r)):
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�«¥¤áâ¢¨¥ 1. �ãé¥áâ¢ã¥â ¯®áâ®ï­­ ï M â ª ï, çâ®Z
�(x;y)6"

jD�f(y)jpdy 6M"pl
�(1�j�:lj)

X
j�:lj=1

Z
�(x;y)62"

jD�f(y)jpdy (4)

¤«ï ¢á¥å x 2 R
n , " > 0 ¨ ¤«ï ¢á¥å f 2 Ll

p(R
n), ª®â®àë¥ ®¡à é îâáï ¢ ­®«ì ­ 

®âªàëâ®¬ ¯®¤¬­®¦¥áâ¢¥ B"(x).

�¥¬¬  1. �ãáâì K � R
n | ª®¬¯ ªâ. �ãé¥áâ¢ã¥â äã­ªæ¨ï '"(x) â ª ï,

çâ® '"(x) = 1 ¤«ï «î¡®£® x 2 K, '"(x) = 0 ¢­¥ "-®ªà¥áâ­®áâ¨ K ¨ ¤«ï «î¡®£®

¬ã«ìâ¨¨­¤¥ªá  � = (�1; : : : �n) 2 N
n ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

jD�'"(x)j 6 K� � "
�l�j�:lj: (5)

C � ä¨ªá¨àã¥¬ äã­ªæ¨î ' 2 C1
0 (Rn), ®â«¨ç­ãî ®â ­ã«ï ¢ è à¥ �(x) < 1

¨ â®¦¤¥áâ¢¥­­® à ¢­ãî ­ã«î ¢­¥ íâ®£® è à . �ãáâì �(x) =
P

� '(x � �), £¤¥

� | ¯à®¡¥£ ¥â ¢á¥ â®çª¨ á æ¥«®ç¨á«¥­­ë¬¨ ª®®à¤¨­ â ¬¨ ¢ R
n . �ç¥¢¨¤­®

�(x) > 0. �®«®¦¨¬ ��(x) =
'(x��)
�(x)

. �¬¥¥¬ ��(x) 2 C1(Rn), ��(x) = 0 ¯à¨

�(x� �) > 1 ¨ ¤«ï ¢á¥å x 2 R
n ¢¥à­®

P
� ��(x)= 1. �ãáâì â¥¯¥àì h = 1

2c
", £¤¥

c | ¯®áâ®ï­­ ï ¨§ ­¥à ¢¥­áâ¢  âà¥ã£®«ì­¨ª  ¤«ï ¢ë¡à ­­®£® �-à ááâ®ï­¨ï.
� áá¬®âà¨¬ á¨áâ¥¬ã äã­ªæ¨© ��(Hh�1(x)). �ãáâì f�g | ¢á¥ ¢¥ªâ®àë, ¤«ï
ª®â®àëå ­®á¨â¥«ì äã­ªæ¨¨ ��(Hh�1(x)) ¯¥à¥á¥ª ¥â ¬­®¦¥áâ¢® K. �®«®¦¨¬

'"(x) =
X
f�g

��(Hh�1(x)):

�ç¥¢¨¤­®, '"(x) 2 C1(Rn), '"(x) = 1 ¤«ï x 2 K, '"(x) = 0 ¤«ï ¢á¥å x,
«¥¦ é¨å ¢­¥ "-®ªà¥áâ­®áâ¨ K ¨

jD�'"(x)j 6
K�

"l
�j�:lj

: B

�â¬¥â¨¬, çâ® ¤®ª § â¥«ìáâ¢® «¥¬¬ë ®á­®¢ ­® ­  áå¥¬¥, ¯à¥¤«®¦¥­­®© ¢
¨§®âà®¯­®¬ á«ãç ¥ �. �. �¥è¥â­ïª®¬ [10] ¨ à á¯à®áâà ­¥­­®© ­   ­¨§®âà®¯-
­ë© á«ãç © �. �. �®¤®¯ìï­®¢ë¬ [8].

�ë ¡ã¤¥¬ à áá¬ âà¨¢ âì ®¡« áâ¨ K, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (A):

(A) �ãé¥áâ¢ãîâ � > 0, � > 0 â ª¨¥, çâ® ¤«ï «î¡ëå x; y 2 R
n nK, ã¤®¢-

«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ã �(x; y) < � ­ ©¤¥âáï á¯àï¬«ï¥¬ ï ¤ã£  
 � R
n nK

¤«¨­®© l(
), á®¥¤¨­ïîé ï x ¨ y, ¯à¨ç¥¬ l(
) 6 c�(x; y) ¨ ¤«ï «î¡®£® z 2 


¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

�(z; @K) > ��(x; @K); �(z; @K) < ��(y; @K);

§¤¥áì ¯®áâ®ï­­ ï c ­¥ § ¢¨á¨â ®â x ¨ y. �¥âà¨ª  � ¡¥à¥âáï ¢¨¤  (2).

2. �¥®à¥¬  ® ¯«®â­®áâ¨

�¥®à¥¬ . �ãáâì K � R
n | ª®¬¯ ªâ, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î (A). �®£-

¤  C1
0 (K) ¯«®â­® (Ll

p)K .
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C �á¯®«ì§ãï á«¥¤áâ¢¨¥ 1, ¬ë ¢¨¤¨¬, çâ® áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï M â ª ï,

çâ® Z
�(x;y)6"

jD�f(y)jpdy 6M"pl
�(1�j�:lj)

X
j�:lj=1

Z
�(x;y)62"

jD�f(y)jpdy (6)

¤«ï ¢á¥å f 2 (Ll
p)K , x 2 @K ¨ ¤®áâ â®ç­® ¬ «®¬ ".

� áá¬®âà¨¬ äã­ªæ¨î '"(x) ¨§ «¥¬¬ë 1. �á¯®«ì§ãï ª« áá¨ç¥áª¨© ¬¥â®¤,
¤®áâ â®ç­® ¤®ª § âì, çâ® D0(K) \ Ll

p(R
n) ¯«®â­® ¢ (Ll

p)K . �ãáâì f 2 (Ll
p)K

¨ ¯ãáâì f" = '" � f . �®ª ¦¥¬, çâ® fD
�f"g, ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢® ¢ Lp ¤«ï

0 6 j� : lj 6 1 ¨ çâ® ff"g áå®¤¨âáï ª f ¢ Lp. �®£¤  áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ â¥«ì-

­®áâì ff"jg á« ¡® áå®¤ïé ïáï ¢ L
l
p ª äã­ªæ¨¨ f . �® â¥®à¥¬¥ � ­ å  | � ªá 

á« ¡® áå®¤ïé ïáï ¯®á«¥¤®¢ â¥«ì­®áâì ff"jg á®¤¥à¦¨â ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì,
á¢¥àâª¨ ª®â®à®© á¨«ì­® áå®¤ïâáï ª f ¢ Ll

p.

� ª ª ª D�f" =
P�

�

�

�
D���'" �D

�f , â® ¤®áâ â®ç­® ¯®ª § âì, çâ® fD
'" �

D�fg ®£à ­¨ç¥­  ¢ Lp, j
 + �j = j�j, j� : lj = 1. �à¨ 
 = 0, ãâ¢¥à¦¤¥­¨¥
®ç¥¢¨¤­®. �®«®¦¨¬ 
 6= 0. �ãáâì �(x) | à ááâ®ï­¨¥ ®â â®çª¨ x ¤® K, �(x) =
inff�(x; y) y 2 Kg. �ã­ªæ¨¨ D
'" ¨¬¥îâ ­®á¨â¥«¨ ¢ ¬­®¦¥áâ¢¥ L" = fx :
�(x) 6 "g. �«¥¤®¢ â¥«ì­®,

Z
jD
'"(x)D

�f(x)jpdx 6 c
"
l�j
:lj

Z
L"

jD�f jpdx: (7)

�®ªà®¥¬ R
n è à ¬¨ B"(x). � á¨«ã ãá«®¢¨ï (A) áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï N â -

ª ï, çâ® ª ¦¤®¥ x 2 R
n ¯à¨­ ¤«¥¦¨â ­¥ ¡®«¥¥ ç¥¬ N è à ¬. �ãáâì fzkg |

­ã¬¥à æ¨ï æ¥­âà®¢ è à®¢, ª®â®àë¥ ¯¥à¥á¥ª îâ L". �®£¤  ¤«ï ª ¦¤®£® k à á-
áâ®ï­¨¥ ®â zk ¤® @K ­¥ ¡®«ìè¥ ç¥¬ 2�", â ª¨¬ ®¡à §®¬ ­ ©¤¥âáï â®çª  xk 2 @K

â ª ï, çâ® �(xk; zk) 6 2�" ¨ B2"(zk) � B3�C"(xk). �, á«¥¤®¢ â¥«ì­®, è àë
fB3�C"(xk)g ¯®ªàë¢ îâ L". �á¯®«ì§ãï (6) ¨¬¥¥¬

Z
L"

jD�f jpdx 6M
X
k

Z
�(x;xk)63�C"

jD�f(x)jpdx

6M"pl
�(1�j�:lj)

X
n

X
j�:lj=1

Z
�(x;xk)63C�"

jD�f(x)jpdx

6M"pl
�(1�j�:lj)

kfkLl
p
:

(8)

�¥à ¢¥­áâ¢  (7) ¨ (8) ¯®ª §ë¢ îâ, çâ® kf"kp;l 6 Mkfkp;l ¤«ï ¢á¥å ¤®áâ â®ç­®

¬ «ëå ". �ª®­ç â¥«ì­® ®â¬¥â¨¬, çâ® f�f" ¨¬¥¥â ­®á¨â¥«ì ¢ L" ¨ kf�f"kp;l <

M"l
�

kfkp;l, â ª¨¬ ®¡à §®¬ f" ! f ¢ Lp. B
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