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OYHKIMOHAJIBHOE IMPEACTABJIEHUE
[TPOCTPAHCTB KAHTOPOBUYA
ITIOCPEJCTBOM BYJIEBO3HAYHLIX MOJIEJIEN

A. E. T'yrman, . B. Pabko

B panmoit pafoTe BBENEHO INOHSATHE BHEIIHETO CEYeHMs HOnuBepPCyMa ((hyHKIHOHAIBHOIO HpPEs-
cTaBieHus OyJIEBOBHAYHOTO YHHBEPCYyMa) U IIOJYyHYEHO HOBOE (DYHKIMOHAJIBHOE MPEJCTABICHHUE
K-tipocTpaHCTB ¥ BEKTOPHBIX PEIIETOK B BHUZE BHEIIHUX CEYEHUN. B 4acTHOCTH, MOCTPOEH U30MOP-
bu3M Mexk/1y MPOU3BOJIBLHON BEKTOPHOU PEIIETKON M BHENIHUM IMOAMHOXKECTBOM TIOJISI BEIECTBEHHBIX

YHCEJI COOTBETCTBYIOIIErO OYyJIEBOBHAYHOTIO yHUBEPCYMA.
B pamkax HOBOro (hbyHKUMOHAJILHOrO MPEACTABIEHNS] HAWAEHbI aHAJIOTM OCHOBHBIX MOHATHN U (bak-

TOB TEOPHUU BEKTOPHBIX PEIIETOK. B Tom quciie, yCTaHOBJIEHO, KaKHe U3 paCCMaTPUBAECMBbBIX CBOMCTB

K-1IpoCcTpaHCTB UMEIOT «IIOTOYEYUHble KDUTEPUH» .

1. Begenue

B pabore [2] mist mpon3BosIbHOTO OyJIEBO3HAYHOIO YHUBEPCYMa HPEIJIOKEH yI00HbII
GYHKIIMOHAJIBHBIA aHAJIOr — HEIPEPLIBHLIN MOJIMBEPCYM, IIPEACTABIIONINI CODOI Hempe-
PBIBHOE pacciaoenue (HaJ, HEKOTOPHIM 3KCTPEMAJIBHO HECBSI3HBIM KOMIAKTOM (), CIOsSMU
KOTOPOTO SBJISIOTCA KJIACCHYECKHE MOJETH TEOPUU MHOXKECTB. lIpum 3ToM OysieBO3HAMHBII
YHUBEPCYM OPEACTABJIAECTCA B BUAC KJIAaCCa HEIIPEPHIBHBIX ceueHnn noJInBEPCyMa — HEIIPpe-
PBIBHBIX (DYHKIIHI1, COMOCTABJIIONINX KAXKIOH TOYKE KOMITAKTA () 9JIeMEHT COOTBETCTBYIO-
IIETO CJTOSI.

B Il‘a.HHOfI CTaThe€ BBEACHO MOHATHUE HEIIPEPHIBHOT'O BHEIITHET'O CEYECHU A, B OITPEICJICHHOM
CMBICTE 0DOOIAIOIIEe MOHATHE CeYeHnd. 3HAYeHneM BHEITHEro CeUYeHNsA B TOUKEe KOMITAKTA
Q) ABJSIETCA HE JIEMEHT, a MOJAMHOXKECTBO COOTBETCTBYIOIMIETO CJIOs MOJIMBEPCYMaA. Takum
00pa3oM, BHEIIHEE CEUeHne IMOJINBEPCYMa, KAK U CAM IOJUBEPCYM, IBJIFETCA HEIIPEPLIBHLIM
PaCCIIOeHIEM, MHOXKECTBO HEIIPEPLIBHBIX CEUEHN KOTOPOTO HA3BIBAETCS €0 CIIYCKOM.

Criycku BHEITHUX CeveHwuil, 00JIaJai0uX ONpeaeeHHBIMIA CBOMCTBAMU, SIBJISTIOTCS BEK-
TOPHBIMH pemieTkaMu. bostee Toro, jgobasg BEKTOPHAs PEIIeTKa OKA3BIBAETCI M30MOPQHO
CIIYCKY IOIXOISIIEr0 BHEIIHEr0 CeIEeHMS.

C moMoIpIo TpeacTaBienrs OyJIeBO3HATHONO YHUBEPCYMAa B BUE OJIUBEPCyMa B pabo-
Te [3] BBeJeHO TOHATHE GECKOHETHON OGJIM30CTH IEMEHTOB HOPMUPOBAHHOTO POCTPAHCTBA
(4, B 9aCTHOCTH, BEIIECTBEHHBIX IHUCEJT) BHYTPH CJIOS TIOJUBEPCYMA U MPEJIJIOKEHBI AHAJIOTH
HEKOTOPHIX TeopeM MHPUHUTE3NMAJIHLHOTO aHAJIN3a, KACAIOIINECS BEIeCTBEHHBIX dnces. B
TOM YHCJIe, YCTAHOBJIEHO, UTO KaXKJI0€ OIPAHHYIECHHOE UHCIO A MMEET CTAHIAPTHYIO YACTh
°A — eIMHCTBEHHOE CTAHIAPTHOE TUCJIO, OECKOHEYTHO OJIM3KOoe K .

[Tousitme craHgapTHONW YACTH MO3BOJISET IMOJYyYATH SIBHOE OMMCAHWE U30MOpdU3Ma
MEeXK/Iy CIIyCKAMH BHEITHUX CEYEHUil MOIuBEpcyMa u nojpernreTkaMu npocrparctsa Co, (Q),
npejacTaBisdionero coboit obmmit Bu i pacimpennoro K-npocrpancrsa. A UMEHHO, KaK1as
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nozpernreTka Co, (Q)) coBmamaeT ¢ pemerkoit byHKuii ¢ — °u(q), r1e u — 3JIeMEHTHI CITyCKa,
HEKOTOPOr'O BHEHTHEr'0 CEYCHUA TTOJIUBEPCyMa.

Horoe ¢pyHKImonaasHOE TPeICTABIEHAE TIO3BOIAET YIPOIIATH JT0KA3ATENHCTBA MHOTHX
yTBEPXKJIeHWH 0 K-NPOCTPAHCTBAX U BEKTOPHBIX PEIIETKAX ¢ TOMOIIBIO TIEPEX0oa K UX «II0-
TOYEIHBIM» aHaJOraM. B manmoit pabore popmain30BaHO MOHATHE TOTOYECTHOIO KPUATEPHUST
JIJTs TIPOM3BOJIBHOTO CBOMCTBA BEKTOPHOM PEIIETKH U YCTAHOBJIEHO, KAKHE U3 PACCMATPHUBA-
€MBIX CBOWCTB UMEIOT MOTOYeUHbIe KPUTEPUH.

Heobxonumble cBeIeHNST W3 HECTAHJIAPTHOTO aHAIN3a CM. [4-6].

2. IIpenBapuresbHbIE CBEAEHUS

KomMmmakT Ha3bIBAETCS IKCTPEMAJIHHO HECBI3HBIM, €CIIU 3aMbIKAHUE JTI0O0TO €r0 OTKPHI-
TOrO MOJMHOXKECTBA, OTKPHITO. Ha mpoTsKeHun Bcero TekcTa, () — KCTPEMABLHO HECBSI3-
ueiii kKoMnakT. Cumsosiom Clop(()) 0603HAYAIOT COBOKYIMHOCTH BCEX OTKPBITO-3aMKHYTHIX
nogMuOKeCTB (), a cumBosioM Clop(g) — COBOKYIMHOCTH BCEX OTKPBITO-3AMKHY THIX MOJMHO-
*KecTB (), comepKalmx TOUKy ¢ € ().

Touka  TOMOJOTHYECKOrO  MPOCTPAHCTBA  HA3BIBACTCA  O-W30JIMPOBAHHON (wim
P-roukoii), eciu mepecedenue JIOOOr0 CYETHOrO MHOXKECTBA, €€ OKPECTHOCTEH ABJIsieTcs
OKPECTHOCTBIO 3TOIl TOYKHU.

[Tycrs D — Berogy miorHOe moaMHOX)ecTBO (Q u f: D — R — HenpepbiBHAS (DYHKIHUSI.
Bynem rosoputsh, uro dpyuruusa f umeem npedes A € R B Touke q € ), ecnu jjia mioboit
OTKPBITON OKpecTHOCTH V' TOYKHM \ Haiimercs OTKpPbITas OKpecTHOCTh U TOYKM ¢ Takad,
gro f[U] C V. Baaromapsa HempepbIBHOCTH f HAIe ONPEIESIeHHe MPEIesa OTIINIAETCI OT
KJIACCUYECKOTO JIMIIB TEM, UTO 3HaUeHUs PYHKIUK B H30JMPOBAHHBIX TOYKAX O0bABJISAIOTCS
ee IpeJesaMé B 9THX TOYKAX. PaccMoTpmm MHOXKecTBO DD BCeX TOUeK ¢ € (), B KOTOPBIX
byukmus f umeer npezen, m 0603HAMIM 3TOT Ipees depes f(q ). @ynkuus f: D — R, oue-
BUJIHO, SBJIsieTCs mpopoxkenneMm f. V3BecTHo, uTo (pyHKIMs f HepepbiBHA U OMPeIesIeHa,
na koromeM nojmuoxecrse @, (cm. [1, Teopema 1.1.1]). @yukiuio f nazeiBaioT Maxcu-
MaavHuvim pacwupenuem f. OmpeneneHHas Ha BCIOLY IJIOTHOM TOJAMHOXKeCTBe () DyHKIUS
HA3BIBACTCS PACUUPEHHOT, €CITN OHA COBIAIAET CO CBOMM MAKCHMAJIHLHBIM DACITHPEHHEM.

MuoxkecTBo pacmupeHubix byHKIuii obozuagaior cumBoioMm Co, (Q). 3amernm, aT0o
mobas pynxums f € Co(Q) mmeer npomomxenne f € C(Q,R). pe byukmuu f,g €
Co(Q)) paBHBI B TOM ¥ TOJBKO TOM CJIydae, KOTJa OHU PABHBI HA BCIOAY TJIOTHOM IIOJIMHO-
xecTBe (.

[ToxpoGuble cBejieHnst O paclIMpeHHbIX (QYHKIMsIX MOXKHO Hafitu B [1, §1.1].

B npowusBosibHoit OysieBoit asrebpe cumBos L 06o3HadaeT OTHOIIEHNE JTU3bIOHK THOCTH:
alb & aANb = 0. CemeiicTBo 351eMeHTOB OyJieBOil ajireOpbl HA3BIBACTCA OU3BIOHKIMHbILM,
ecytu JITOObIE JIBA €ro JIEMEHTA, MOMAPHO JU3bIOHKTHHI.

Teopema (upunuun ucuepusisanus). [lycrs B — moanas 6ynesa aarebpa. Torma
JUIST BCAKOTO CeMeHcTBa (ag)gez IT€MEHTOB B cylnecTByer Takoe JH3BIOHKTHOE CEMeHCTBO
(be)eez, uto be < ag ra Beex § € Z 1 SUPgez G = SUPgeg be-

JokazaresbCTBO NOCIIEHEH TeOpeMbl MOXKHO HaiiTh, HanpuMep, B [7, Teopema 20.2].

Teopema Croyna — Oracasapsr [8, 9]. Ilycrs B — monnas GyneBa airebpa u
Q — cosokynHocTs Beex yibrpaduiabtpos B B. Jlins kaxgoro siaementa b € B obosnaunm
mHOXKECTBO {q € Q) : b € q} yepes b. MuoxecTso {b b € B} aisiercst 6a30ii HEKOTOPOIi TO-
II10JIOr'u" HA Q, OTHOCHUTEJIBHO KOTOpOI/I Q ABJIACTCA IKCTPEMAJIPHO HECBA3HBIM KOMIIAKTOM.
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Kpowme toro, orobpazkernne b — b OCyIIeCcTBIAET OyJ/IeB H30MOp(HU3M MeXKIy ajarebpavu B
n Clop(Q)

KommakT (), mocrpoeHHbIil B (DOPMYJIUPOBKE TOCIETHEN TEOPEMbI, HA3BIBAETCS CMOY-
HOBCKUM Komnaxmom OyraeBoit anredpor B.

Bciony auxke 1101 BEKTOPHO PEMIeTKO| Mbl IOHMMAEM PEIeTOTHO Y0P I0TeHHOE BEK-
TOPHOE MPOCTPAHCTBO. [Ipw 3TOM, €ciii IBHO He OrOBOPEHO MPOTHBHOE, BCE PACCMATPHBAE-
MbI€ BEKTOPHBIC DEIIECTKHU IIPEAITOIaraoTCdad apXuMeJ0OBbIMHA.

B BekTOpHOI perreTke F 31eMeHThI € U f Ha3bIBAIOTCA Ju3slonkmmumu, eciu |e|A|f| =
0. JuzbionkrHoe gonosnuenue {e € E : el f nua Beex f € F} muoxecrsa F' C E obo3naua-
ercsa depe3 FL. IToaMHOXKECTBO BEKTOPHOI pemerkn, uMmeromiee Bug F-L s HeKoToporo
F C E, naswaerca noaocoti. [lomvmuoxectso F' C E gBiisieTcs mOJIOCOM TOTIA W TOJBKO
TOTJIa, KOTJIA F+L = F. Tlonocer Buma {e}J-l, rne e € E, HazpBatorca eaasnvimu. [loio-
ChI BEKTOPHOI pererkn 00pasyioT moyiHyo OyseBy ajarebpy. djement 1 € F Ha3blBaeTcs
caaboti nopadkosoti edunuyed, ecm 1> 0 m {1} = B, n cuavnoti nopadkosots edunuuer,
ecIn JIJIst KaxkJIoro sieMenTa e € F cymecrsyer gucio A € R takoe, uro |e] < Al o snemenT
le k.

Jluneitnpiii oneparop 7: E — E Ha3biBaeTcss nopaokosuim NpoeKmopom, eciiu m2 = T
n 0 < me < e g BceX MOJIOXKUTENTBHBIX JIeMEeHTOB ¢ € F. MHO0XecTBO BcexX MOPSJIKO-
BBIX NPOEKTOPOB BEKTOPHOU pemerkn FE obosmagaerca cumsonom Pr(E). O6pas Jo6oro
MOPSIIKOBOTO MPOEKTOPA ABIAETCS TOM0CON. KarkIplii TOPSIKOBBIH MPOEKTOP OJHO3HATHO
onpejesisieTcsa cBouM obpa3om. [lopsakoBbie mPoeKTOPHI BEeKTOPHOI pemrerku F obpazyior
6ysieBy anrebpy. B mpocrpancrse Co (Q)) 1itst TI060T0 TOPSIKOBOTO MPOEKTOPA T HANIET-
ca epmHacTBeHHOE MHOXKeCTBO P € Clop(Q) Takoe, uro wf = xpf mus Becex f € Cuo(Q),
rje xp — Xapakrepucruueckas ¢pyHkmusa mHOX)ecTBa P. Cooreercreue m — P saBiisiercs
A30MOP(MUIMOM MKy OyJIeBbIME arebpaMu Pr(C’OO(Q)) u Clop(Q).

MuoxkectBo F' C F Ha30BEM KOHEYHO-UUKAUYECKUM, €CITH JIJIs JTIOOBIX 3JIEMEHTOB
fiy-- s fn € F u 1y1st I00BIX TOMAPHO U3 BIOHKTHBIX TIOPSIAKOBBIX TPOEKTOPOB 1, - . . , Ty €
Pr(E) sanemenr 71 f1 + - - - + 7, f, npuHaiexur F.

Tor dakT, 9To ceTh (€4)acA MOHOTOHHO yObIBAET M infyca = €, KOPOTKO 0003HAYAIOT
dbopmynoii e, e. ToBopaT, 9TO ceThb (€4 )aca 0-czOdUMCEA K 1€MenTy e € E v numyT e = o-
limyea €4, ecin B E naiigercs cers (f3)sep Takas, uro VG € BIa e AVa > @ le, ©e| <
f3. Ecim B ponu ceru (f3)sep BBICTYIAeT MOCTEIOBATENBHOCTD (f /1), en A HEKOTOPOTO
f =0, To roBOpAT, 9TO CeTh (€4 )acA T-crodumca x smementy e € E (¢ perynaropom f) u
muamyT e = r-lim,ep €q.

Bekroproe mogupocrpancrso F' C E Ha3bBaOT (nopsadkosbim) udeanom BEKTOPHOMR
pemerku F, ecim jisg mobeix f € Fue € E us |e|] < |f| cnenyer e € F. Upean F
HA3BIBAIOT 2446HbLM (TIOPOKIEHHBIM 31eMeHToM e € F') ecymm yrst siio6oro snementa f € F
BepHO |f| < nle| ma mekoroporo umcna n € N. Umean F HasbBaloT dyHndamenmon, ecim
Fii =FE.

IIpocmpancmseom Kanmoposuua nmu K-npocmpancmeom HA3BIBAETCS BEKTOPHAS pe-
nieTka, B KOTOPOH J1060€ OrpaHmveHHoe CBepxy (CHU3Y) TOJMHOXKECTBO WMEET TOu-
HYI0 BEpXHIOIO (HUXKHIOK) rpanuiy. Pacwupennwm K-npocmparncmeom Ha3bIBaeTCs
K-upoctpancTBO, B KOTOPOM JIi000€ JTU3BIOHKTHOE ITOAMHOXKECTBO orpanmdeno. JIroboe
K-npoctpaHcTBO sBiIsieTCs (DYHIAMEHTOM HEKOTOPOro (€IMHCTBEHHOTO € TOYHOCTHIO JIO
uzomopdusma) pacmupennoro K-npocrpancrsa. Jlio6oe pacmupennoe K-mpocTpaHcTBO
uzomopduo mpoctpaHcTBy Cop (Q), T () — CTOYHOBCKHiT KOMIAKT GyJieBoii asreOphl mo-
JIOC JIAHHOTO MTPOCTPAHCTBA.
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Cumsonom V MbI 0603HATAEM KJIACC BCEX MHOXKECTB U MpPEIIoiaraeM, 9To V gBisiercs
mogzesnbio ZFC (a Tounee, NBG; cm., nanpumep, [4, § 1.3]).

IIycrs @V C Q x V — Kiacc-coOTBETCTBUE, Ha KOTOPOM 33,JaHA HEKOTOPAs TOIIOJOTHSI
(em. [2, 1.2]). Kumacc Bcex OTKPBITO-3aMKHYTHIX mojmHoxects @V obosmauaercs uepes
Clop(®V). Jlna xaxmoii Toukn ¢ € @ Kaace

VN (g} x V) = {(¢:2) : (4,2) € OV}

obozmauator cumsomom V. Coorsercreue @V HAZBIBAIOT MENPEPHIEHBIM DPACCAOCHUEM
Hag @, a xkiace 1V — caoem paccnoenus @V B Touke q. @yukmmo u: D — @V mazpiBaior
ceuenuem paccaoenmss @V man muoxkecrsom D C Q, ecim u(q) € 9V st Beex ¢ € D. Tlog,
HENPEPHENBLM cevenuem paccioerns @V MOHMMAETCs CedeHue, sBIISIONeecs HermpephIBHOM
bynkmueit. g moboro nogmuoxectsa D C @Q cumsosnom C(D, V) obosnadaerca Kiace
BCeX HempephIBHBIX cedenmit QV man D.

Kak ycranossiero B [2, mpejgoxenus 2.3 u 2.5], eC/id BHIIOJIHEHBI yCIOBUSI

(1) VgeQ VetV JueC(Q,%V) ulq) =;

(2) Yu € C(Q,9V) VAE€Clop(Q) wu(A) € Clop(?V),
TO HenpepbIBHOEe paccioenue @V 06JaiaeT CIeLyIONIMy CBOACTBAMIL

(i) Tomomorua @V xaycmopdosa;

(ii) mos mobeix u € C(Q,9V) u g € Q muoxecrso {u(A) : A € Clop(q)} asasercs

6a30ii okpecTHOCTEN TOUKT U(q);

(iii) Bce smemenTsr C(Q, ?V) SBASIOTCS OTKPHITBIME U 3aMKHYTHIME OTOODAIKEHUSIMIL;

(iv) romosorus ®V skcrpemasbHO HECBA3HA.

B manpHeiimeM MBI IpeamosaraeM, ITO JJId Kaxk a0l Touku q € () kiacc 7V gpiasger-
cs1 anrebpanyveckoii cucremoii curnarypst {€}. st npoussosibHOi dopmyist @(ty,. .., t,)
cUTHATYpPL {€} U cedenwmit uy, ..., u, paccmoenus 2V cumsonom {p(ui,...,u,)} obo3ma-
YAI0T MHOXKECTBO

{q € domu; N---Ndomu, : 1V = p(ui(g), ..., ua(q)) }.

Hng moboro smementa x € U, rne U — kmaccnueckas nnm GyneBosnadnas (cu. [4])
asirebpanyeckasi cucremMa CUrHaTypsl { € }, ciryckom z HasbiBaercs kiacc 2, = {y € U: U |=
y € z}. Ecim B cucreme U ucTuHHA aKCHOMA, 9KCTEHCUOHAIIBHOCTH, TO Jyis Beex .,y € U pa-
BEHCTBA ) = y| u & = y paBHOCU/IbHLI. Jlajiee HAC B OCHOBHOM Oy Iy T HHTEPECOBATDH CJIyIan
U=9%uU-=C(Q,?V). Jdna npoussonsroro cedenns u € C(Q, V) kmacc Ugeo w(@)d
HA3BIBAETCA PACNAKOSKOT cedenus: U u 0D03HAYATCA CUMBOJIOM LUui. HenpepbiBHOE pac-
coerme ?V maspiBaeTca (menpepuishuiM) nosusepcymom A (), eciu B KaxkaoM cioe IV
(¢ € Q) MCTUHHBI AKCHOMBI SKCTEHCHOHAJBHOCTH W PETYJIAPHOCTU U, KPOME TOrO, B JOIOJ-
nernne K (1) u (2) BBINOIHEHDI CJIEIYIONIUE YCIOBUS:

(3) Yu € C(Q,9V) Lua € Clop(?V);

(4) VX € Clop(PV) JueC(Q,?V) Lu.=X.

Jlist TpoM3BOMLHEIX cedennit u, v € C(Q, ®V) muoxecrsa {u = v} u {u € v} oTKpHITO-
3aMKHYTHI (cM. [2, 3.3]), 4TO 103BOJISIET BBECTH B PACCMOTPEHME JBe KJacC-(hyHKIuu

=1, lI-€-]I: €(Q,%V) x C(Q,?V) = Clop(Q),

nomarag ||u=v|| = {u=v} u [[u€v| = {uev}. Hecmoxuo ybegurscsa B TOM, ITO TPOHKA
(C(Q,°V),||-="]I,||- € - ||) npeacrasusier coboit orneanmyio Clop(Q)-sHaunyio anreGpau-
Jeckylo cucreMmy. Kak mokazano B [2, Teopema 4.10], Kiacc HEOPEPBIBHBIX CEYEHUIl MTOJTH-
BepcyMa, IPEICTaBsieT coboit 0bImii BUI OyJI€eBOZHAYHOTO yHUBEpCyMa. Tounee, ecan () —
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CTOYHOBCKHMIi KOMIIAKT IIOMTHO# 6yneBoit anre6psr B, To kitace C(Q, V) HenpepbIBHBIX ce-
wennit mommusepcyma @V wax Q sBisiercs Gysmesosnaunbiv yrusepcymom mag Clop(Q), u
nng moboro Gynesoszuaunoro ymusepcyMa U mag B cymectByer momusepcyM @V man Q,
kaace C(Q, V) menpepsiBubix cedenuii koroporo nzomopden U.

[Tonpobubie cBeieHUs O HEIPEPHIBHBIX PACCIOCHUIX W HEITPEPHIBHOM TOJIMBEPCYME HMe-
1oTcs B [2].

Berony nasee YV — mempepsisrsrii mommeepcyM. B arom maparpade Mbr pukcapyem
cnoit 7V B Touke ¢ € Q. (Bamerum, uro 7V mpexacrasisier coboit Mmogens ZFC.)

YenosuMcsa obozHadaTh cuMBosiamMu R 1 N MHOKeCTBa BEIECTBEHHBIX M HATYPAJTHHBIX
ancen (0 ¢ N), a cumponamu R u N — snementer C(Q, V), apmsiommecs 8 C(Q, V) yka-
3aHHBIMH MHOXKeCTBaMH. Bpenmem takxke oboznagenus /R = R(q), IN = N (q), n aua aucaa
a € R cumponom Yo Gygem obozuadars snement o’ (q) € 1V, roe (-) — kamoHWUECKOE
proxenme V B C(Q, ?V) (cm. [4, 2.2.7]). Ecm snement X aagerca sayTpn ¢V moseM wiim
YIIOPSI0YEHHBIM MHOXKECTBOM, TO Ha X | MOXKHO €CTeCTBEHHBIM 00Pa30M BBECTH OIEPAIUU
TOJTS WJIW, COOTBETCTBEHHO, OTHOIIEeHME opsaka. Hampumep, musd o, 8 € IR] cymma o +
onpezessieTcss Kak Takoii snement y € IR], aro 1V = (y = a + ).

JIerko mpoBepuTh, YTO CIIYCK MMOJIs siBjistercs mojreM. MuoxkectBo YR aBiiserca Takxke
BEKTOPHOIi PEIIeTKOii (BOOOIIe roBopsi, He apXUMeI0BOii).

[Tpu KJIACCMYECKOM TOIXO0/IE K OINPEJIEIEHUIO BENECTBEHHBIX YUCEN (B BHUJE JIEJECKUH-
JIOBBIX cevenwmii) st yioboro aucia o € R smement Yo € 1V gpasiercsa aucsiom saytpu 4V,
T e. ‘o € IR|. Oynkuus 9(+): R — YR WHBEKTUBHA W COXPAHIET OTHOIIEHUE MOPSIIKA W
onepanuu cjaoxenus u ymaoxenusa. Kpome toro, N* (¢) = IN u R” (¢) C YR Buyrpu ?V.

VeoBuMCA B TAJIbHERIIIEM OTOXK AECTBIITE 3jieMeHThl o € R u Yo € IR| u TeM caMbIM
cuntarh, 9To R C 9R].

DnemenTsl {R| HA3BIBAIOT BHYMPEHHUMY YUCAGMYU. BHYTPEHHEE YHCIO A\ HA3BIBAETCH
cmandapmusim, ecau cymecTByer takoe umcio o € R garo Y = . Takum obpaszom, c
y49€eToM NMPpUHATOTO COIVIAIEHUA MbI OTOXKJACCTBJIAEM CTaHIAPTHBIE YUC/Ia U IJIEMEHTHI R

Ozparusennvm YUucAoM HA3BIBAIOT BHYTPEHHEE TUCIO, MOLYITb KOTOPOTO MEHbIIIE HEKO-
TOpPOro CTaHIAPTHOrO uncia, u cumBosioM O(?R) 0603HAYAIOT MHOXKECTBO BCEX OMDAHUYEH-
HBIX yuces. ducia, He SBJISIONMecs: OrPAHMYeHHBIMU, HA3BIBAIOTCS OECKOHEUHO GONDULUMU.

BHyTpeHHee 9uciio A HA3BIBACTCA OECKOHEUHO MAAbLM, €CTH || < v J1yis 106oro cran-
papraoro umcaa « > 0. CumBosmom 0(?R) 0603HAYAIOT MHOXKECTBO GECKOHEYHO MAJIBIX
BHYTPEHHUX YHCEST. [OBOPAT, ITO JIBa BHYTPEHHUX UHCIA OecKoHeuHno OAU3KU, €CTH UX
pasnocth Heckoneuno maja. OTHomenne GECKOHEIHON GJIM30CTH ABJIAETCA OTHOIEHUEM
9KBUBAJIEHTHOCTH HA MHOXKECTBE BHYTDEHHUX UHCEJ. YCIOBUMCSI 0003HAUATH CHMBOJIOM [A]
KJTACC 9KBUBAJIEHTHOCTH, COMEPIKAIINI BHYTPEHHEE TUCIIO .

Jutst 1100010 OrPAHUYEHHOTO UMCJIA A CYIIECTBYET €IWHCTBEHHOE CTAH/IAPTHOE UHUCIIO
a, Geckoredno 6am3koe K A (cM. [3, mpemoxenne 3]). Uncmo o HazbBAIOT cmandapmmnot
yacmovlo A U 00o3HaIAI0T Tepe3 °A.

3AMEYAHUE 1. Jlerko mpoBeputh, 9TO s 006X o, 3 € R u A, p € R cupasegmuBo
pasencTBo °(aX + fu) = a’A+ B°pu.

B [3] nokazano, 9T0 HecTaHJAPTHBIE YHMCIA €CTh TOJBKO B CJIOSX NOJIMBEPCYMa, COOT-
BETCTBYIOIIUX HE 0-H30JHPOBAHHLIM TOYKaM. B Toil ke paboTe cOmepkKaTCA MOIAPOOHBLIE
CBEJICHUS O BHYTPEHHUX TUCJIAX.

Ananornuno Tomy, Kak Ha MHOXKecTBe ?R| OLLIM BBEIEHLI ONEPAIMH IOJ, 333 1M
Ha, MHOXKeCTBe R omepamnmyu BEKTOPHOTO TpocTpaHcTBa Had R u oTHOIeHwne nopsigka. B
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qacTHOCTH, 1Jid 4, v € R u o, f € R cymmoit cu+ Pv gaBiisiercs Takoii sjgeMeHT w € R, 9To
C(Q,9V) | (w = a’u+ B"v). Ouesnuno, R sBjisiercs BEKTOPHON PENIETKOMN, B KOTOPOii,
HAIIPUMED, CYOpeMyMOM u V v 3JIeMEHTOB u,v € R| dBisercda Takoii smemeHT w € R,
aro C(Q, V) = u V v. 3amernm, uto BBejeHHbBIEC Ha R ONepanum u OTHOIIEHHE MOPSIKA
SIBJISIIOTCS TIOTOYEYHBIME, T. €. Hampumep, (au + fv)(q) = au(q) + fv(q) nng Beex g € Q,
riae u,v € R, a,f € R, a nepasencrso u < v pasaocusibao 4(q) < v(q) musa Beex g € Q.

Kpome Toro, Ha R} MOXKHO BBECTH ONEPAIUIO YMHOXKEHHUS 110 AHAJIOTHA C TEM KAK 3TO
6bu10 caeaano gis YR|. B pesyabrare zanucu o u u aqu, e o € R u u € R|, oboznagamor
OJIHO M TO K€ CedeHue.

3. N3zomopduszm mexay R u Coo(Q)

Cmandapmmoti wacmovro cevenua v € R| HazoBem R-3maunyto GbyHKIUIO °u, ompe-
JleJTIeHHy10 Ha MHOXkKecTBe dom °u Tex Touek ¢ € (), B KOTOPBIX BHyTpeHHee umciio u(q)
orpamnteno, nonaras (°u)(q) = °(u(q)) mrsa Beex g € dom °u.

Ceuenue u € R mazosem oepanusernnvim (ha muoscecmee D C @), ecim nyisa moboii
Touku q € @) (¢ € D) BuyTpennee unciio u(q) orpanudeHo. MHOXKECTBO OrpaHUIEHHBIX
cevennii u3 R obozuaaum cumsosom O(R]). Herpyano nposepurs, uro muoxecrso O(R)
SIBJISIETCSI BEKTOPHON TOperteTkoi R.

Jlemma 1. Cedernne u € R orpaHHYeHO B TOM H TOJBKO TOM CIydae, KOI/a CYIIeCT-
Byer Takoe 4nciao o € R, gro |u| < o”.

< Ilycth ceuenue u € RJ orpanudeno. [lns sroboit Touru ¢ € () HARAETCT YHCITIO
oy € R, maxoe uro |u(q)| < %(ay). Muoxecrso {|||u| < af| : q¢ € Q} smnserca orxpbirbivm
HOKPBITHEM KOMOAkTa (). BbibepeM u3 3TOr0 MOKPBLITHS KOHEYHOE MOANOKpHITHE |||u] <
ap |l lllul < af |l, n monoxum @ = max;gign ;- fcno, uro |u| < o, Obparnas

UMILTAKAIASI OUeBUIHA. >

IIpenyioxxenne 1. /s moboro cevenns u € R ¢yuknus °u npunaanexkur Coo (Q).

< [Mokaxkem, uro dom °u — Bcroy mIoTHOE moAMHOXKECTBO Q. Ilycrh ceuenne N € R
apngerca B C(Q, ®V) menoit wactpio amcma u. Torma

Q=[INeN|=|NeN|
=c | J{geQ: N(g) =n"(9)}
n€eN
ce|J{g€eQ: N(g) <n"(9)}
n€eN
=cl U {q€Q:u(g) <n"(g)} = cldom °u.
neN

Hastee, mokaxkem, aTo (PYHKIHU “u OMPeIesieHa Ha, OTKPBITOM MHOMXKECTBE W HEIPEPhIB-
ua. g mobeix g € dom °u u € € R umeoT MecTo HEpaBeHCTBA,

(Cu(q) ©5)"q) <ulg) < (°ulq) + 5)"(q)-

CrenoBaresibHO, MHOXKECTBO
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SIBJISIETCSI OKPECTHOCTHIO TOUKU ¢, OTKYJA CJIEJIyeT, YTO 0OJIACTh OIpeeeHus *t OTKPBITA.
Kpowme Toro,

u(P(q,e)) C (°ulq) ©e, ulq) +¢€),

a 3Ha9uT, QYyHKIHU °U HEITPEPHIBHA.

Hast mobeix ¢ € Q\dom°u n n € N okpecrnocrs P(q,n) = |lu > n|| Toukn ¢
VIOBJIETBOPSAET COOTHOIIEHUIO °u(P(q,n)) > n. CnenoBarenbHo, QyHKIUS “u HE UMEET
npejiesia B Jii000i TOYKE BHE CBOeil OOJIACTH OIpeJiesieHus W, TeM CaMbIM, COBIAJIAET CO
CBOMM MAaKCHUMAaJIbHBIM PacHInpeHuem. >

Jlemma 2. /list mob6bix uy,us € R} u ay,ay € R umeer mecro pasencrBo °(cjuy +
04211,2) = oy u1 + as us.

< Cormacuo 3amedanuio 1 g Bcex ¢ € dom ®uy N dom ®uy BBIIOIHEHO COOTHOIIEHUE
°(1u1 + avu)(q) = a1 *u1(q) + as “us(q). Ocraercs 3amernTh, 9TO MO MpeIOKEHUIO 1 BCe
paccmarpuBaeMble hyHKImA aBiagoTcs teMenTamu Co, (Q). >

Jlemma 3. ITycrtb uq,us € Rl. Torma uy < us < uy < “us (B wactHOCTH, U1 = Us &
°u1 = 0U2).

< Tlonoxkum v = us <uy. C yderom JjieMMbl 2 JOCTATOYHO MOKa3aTh, 910 4 > 0 <
°u > 0.

Cragaja mokaxkeMm dkBUBaJeHTHOCTH paBeHcTB u = 0 m °u = 0. IlepBoe paBencTBO,
o4eBuIHO, Byieder BTopoe. llokaxkem obparnoe. Ilycts °u = 0. Obozmauum cumBosiom P
MHOXKeCTBO ||u # 0| m npeamosnoxkum Bonpeku joka3biBaeMoMy, uro P # &. Ounpegenum
cedenne v crenyomum obpasom: v(q) = ?1/u(q) mpu ¢ € P u v(q) = 91 upu q € Q\P.
OueBugHO, 9TO ceueHme v HempepbiBHO. [lo mpemioxkennto 1 cedeHme v OrpaHUYEHO HA
BCIOJLY TLIOTHOM MOIMHOXKECTBE () ¥, CJIeIOBATEIHHO, B HEKOTOPO# Touke ¢ € P. TIocKombKy
BHyTpenHee unciio 1/u(q) orpaunyeno, °u(q) # 0, aro nuporusopeuur pasercrsy °u = 0.

Temeps mokaxkem, 9to °u > 0 < u > 0. UMonukamusa «=-» odeBuaHa. [lo J0Ka3aHHO-
My Boime 4 > 0 Biaeder °u # 0. Ocramock 3amernTh, 9To u3 v > 0 BeiTeKaeT “u > 0. >

IIpemyoxxenune 2. ns moboii pynknun f € Cy(Q) cymecTByer eamHCTBEHHOE Ce-
genue u € R| rakoe, aro °u = f.

<! EguucrBennocts ciiemyer u3 jieMMbt 3. JlokaxkeM CyIecTBOBAHUE.

DOyuknuio g € Coo (@) HA30BEM CTYIEHUATOl, €CiM HANYTCS MOCIEI0BATENLHOCTD 0~
HapHO PA3JIMIHBIX IUCeIT ((, )pen U pasbuenne exuaunst (P, ),cn B anrebpe Clop(Q) takwue,
910 g|p, = @, Auig Beex n € N, Jljia takoil (pyHKIMU ¢ onpeneauM cedeHue *g Kak mepe-
MemmBanue cedenuit oy ¢ secamm P, n € N (em. [4, 2.3.1, 2.5.3]). Ouesumno, °g € R} n
°(*g) = g. CumBosom St((Q) 0603HAIUM MHOMKECTBO BCEX CTYMEHUYATHIX (DYHKIIUIA.

Hauee, nycts f € Coo(Q)). Be3 orpannmuenust o6IHOCTH MOXKHO cauTaTh, 9To f > 0.
Kak sierko Bmjers, maiigerca takag dbyukmusa h € St(Q), mia xoropoit f < h. O6o-
suaunM 4depe3 S(f) muoxectBo {*%¢ : g € St(Q), 0 < g < f}. DTO MHOKECTBO cede-
HUIi OrPaHMYEHO CBEpXy cedenmeM *h, a cHU3y — HyJeBbiM cedenumeM. CJiel0BaTEIbHO,
C(Q,9V) & (S(f)T C [0,'h]). IMycte u € R] — Takoe cedenue, 9To u = Sup (S(f)T)
sayTpu C(Q,“V). Ycramopum pasencTso °u = f.

[Ipemmomnoxkum cuagamra, 110 “u(q) < f(g) mrs Hekoropoit Touku ¢ € dom(f)Ndom(°u).
OGozuaxmm (f(q) + °u(q))/2 1epes z. Tak kax dyHKuuM f 1 °u HEMPepHIBHBI, HaiigeTcs
takoe mHOXkecTBO P € Clop(g), uro °u(p) < =z < f(p) mua Becex p € P. Onpenenum
ceuenme v creaytomum obpazom: v(p) = 2 (p) npu p € P u v(p) = P0 B 1poTUBHOM CITydae.
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Scno, aro v € S(f) u rem cambim u > v. C apyroit cropoHsl, |u < v|| # &, MOCKOIBKY
P C |lu < vl.

Urak, f < %. [Ipenmonoxum Temnepsb, aro Haiigercs Touka p € dom(f) Ndom(°u) s
KOoTOpO#t BepHO °u(p) > f(p). Ilycrs z = (°u(p) + f(p))/2. Haiimercs takoe MHOXKECTBO
P € Clop(p), aro °u(q) > = > f(q) mna Becex Touek ¢ € P. Onpegenum ceuenne u’
crnemyomum obpazom: u'(q) = 2™ (q) npu ¢ € P u u/'(q) = u(q) npu q ¢ P. Torma u' > v
s Beex v € S(f), m, crenosarensno, C(Q,2V) = u' > sup (S(f)T) = u. C gpyroii
cTOpoHLL, u' < u.

Takum obpazom, pyHKIMY “u ¥ f COBIAIAIOT HA BCIOAY MJIOTHOM MHOXECTBE, & 3HAUNT,
u=f.p>

Teopema 1. (1) Oyuknusa v — °u ocymecTBaseT H30MOPGHU3M BEKTOPHONH DEHIETKH
R ma pacmmpennoe K-npocrpanctso Cu(Q).

(2) @ynknms u — °u ocymecrsiaser u3omopgusm Bekropuoii pemerku O(R]) Ha
K -npocrpancreo C(Q).

< U3 npemnoxennii 1 u 2 ciemyer, uTo PyHKIUS u —> °u OCYIIECTBJISAET OUEKIIHIO
vexay Rl m Cyo(Q); nemmbr 2 u 3 rapanTupyior, uro (ynkmus v — °u u obparHas
K Hell COXPaHSIOT ONepalud BEKTOPHOTO MPOCTPAHCTBA W OTHOIIEHWE Topsaka. Kpome
TOro, 3 jiemMM 1 u 3 CJIe/iyeT, ITO OrpaHUYEHHbIE CEUEHUs] COOTBETCTBYIOT OrPDAHUICHHBIM
dbyukmaM. >

CuencrBue 1. (1) Bekropnasi pemerka R\ siBasercss pacummpeHHbM K-npocTpa-
CTBOM.

(2) Bekropnas pemrerka O(R|) sBasercss K-mpocTpaHCTBOM OrpaHUIEHHBIX JTE€MEH-
TOB.

[TepBas TacTh ITOTO yTBEPXKICHUS TIPEACTABIsIET OO0 M3BeCTHYIO Teopemy l'opmona,
(cm., mHampumep, [4, 5.2.2]).

Dyukuio, 00paTHyio K u — °u, neicreyomyio u3 Cy (Q) Ha R|, 0603HAUAM Uepe3

f=°f

4. Onucanue cBoiictB K-npocTpaHCTB

B TEpMHMWHAX BHEITHUX cedyeHuim

[Iycte D € Clop(Q). @yukmumio s: D — V Ha30BeM 6HEWHUM ceYeHueM, eCITH
s(q) C 2V paa moboit Toukn ¢ € D. Buemmee cewenne s: Q — V HazoBeM GHewHUM
nodmmootcecmseom R, ecim s(q) C YR| myst Beex g € Q.

[Iycts s: D — V — BHemnee ceuenre. CumposoMm s) 0603HAYAM MHOXKECTBO {u €
C(D,V®) : u(q) € s(q) mas Becex g € D}. SIcno, uTo eciim s — BHEIIHEe MOJMHOXKECTBO R,
To s} C RJ.

Bremmuee ceuenme s OygeM Ha3bIBATL HENpepueHvim 6 mouxe ¢ € dom s, ecim s
aroboro aementa x € s(q) Haiimyrcs muoxkecrso P € Clop(q) u ceuenne u € s|pl Takue,
aro u(q) = x. Buemmee nommuoxkecTBo R GyieM HA3LIBATH HENPEPbIGHbILM, €CIU OHO He-
MIPEPBIBHO BO BCEX TOYKAX KOMMAKTA (). MHOXKECTBO BHEITHUX MTOJMHOXKECTB R YCIOBAMCSI
obozuavaTh cuMBosioM S. (R), a MHOXKECTBO HENPEPHIBHBIX BHENIHUX IOJMHOXKECTB R —
cumsosiom C(R). Kpome Toro, o6oznaunm vepe3 S(R) MHOXKECTBO BCEX BHEIIHHUX IOJ-
MHOXKECTB R, HENYCTHIX B KAXKJION TOUke KOoMmakTa (Q, a cumBosioM C'(R) — MHOKECTBO

C.(R) N S(R).
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Jlemma 4. Bremraee mogmuoxectBo s € S(R) HENpepBIBHO TOIJa W TOJBKO TOLJA,
Korga aust Jiobbix ¢ € Q u x € s(q) mafigercs cedenme u € s takoe, aro u(q) = x.

< Ilycrs s menpepsiBuO, ¢ € Q u = € s(g). Iomoxkum z, = T U JyIst KaXX IO TOIKA
p € Q\{q} BeGepem npousBosmbHLLL 1eMeHT T, € $(p). s kaxaoi Touku p € @ Haii-
nyrea maoxkectso P, € Clop(p) u ceuenne u, € s|p,| Takue, a0 u,(p) = z,. MuOKECTBO
{P,: p € Q} npencrasiusier coboil OTKPBHITOE MOKPHITHE KOMIAKTa (). VI3 9TOro moKphITHS
BeiGepeM KoneuHoe noAuokpsirue {P, ..., P, }, KoTopoe, yMEHBIINB IpH HEOOXOIUMOC-
TH €ro 3JeMeHTH, TPeBpaTM B pasbmenwue equaumnn { L) ..., P } B amrebpe Clop(Q).
Omnpegennm ceuenne v € R creayiomum obpasom: u(p) = up, (p) map € Py ,i=1,...,n.
Scuo, uro v € s| u v(q) = z.

ObpaTrHOe yTBEPKIECHUE OYEBUIHO. [>

s powssosbroro 8 € C(R) momokum s| = {°u : u € s|}. Bamerum, uaro s| C
Coo(Q) mo Teopenme 1.

Hna s € C(R) obosnaunm MuHOXkecTBO {g € Q : s(¢) = {?0}} cumBonom {s = 0}, a
ero jomnosnHenue — cuMBOJIOM {s # 0}. Anasormano o6o3nauum depes3 {s C 0} MHOKECTBO
{g € Q :s(q) Co("R)}, a ero nomonuenne — 1epe3 {s ¢ o}. Bamernm, 4ro

{s #0} ={q € Q : u(q) # 70 ayst HEKOTOpPOTO U € S|},
{s Z o} ={q € Q : °u(q) # 0 nna wekoToporo u € sl}.

Jlemma 5. /List moboro s € C(R) muoxecrBo {s # 0} orkpbITO.

< Iyers g € {s # 0}. Paccmorpum cevenue u € sl, jgysi koroporo u(q) # 20. Torna
OTKPBITAA OKPECTHOCTS ||u # 0"|| Touku ¢ sBngerca nommuoxkecTBoM {s # 0}. >

Jlemma 6. /Tus smoboro s € C(R) muoxkectBo {s ¢ 0} OTKPBITO M BCIOAY HJIOTHO B
{s #0}.

< Cuavasia mokaxkem, 4ro MHOXKecTBO {s ¢ o} orkpwiro. Ilycrs ¢ € {s ¢ o}. Pac-
CMOTPHM cedeHue u € s, mis koroporo °u(q) # 0 u uncio € € R rakoe, uro |u(q)| > Ze.
Torma MHOKECTBO |||u| > €”|| aBasieTcs OTKPBITON OKPECTHOCTHIO TOUKH ¢, COMEPIKAIIEHCsT
B {s ¢ o}.

Hasee, mokaxem, 9T0 MHOXKeCTBO {s ¢ o} Bciomy miorao B {s # 0}. Ilycrs sro me
BEPHO, T. €. CYLIECTBYeT Hemycroe oTkpbitoe MHOXKecTBO P C {s # 0}\{s ¢ o}. JliobGoe
cedenue u € s| NPUHMMAET HA MHOXKECTBE P TONBKO GECKOHEYHO MaJble 3HadeHus. Vc-
HOJTB3ysl MPEJJIOKEHne 1 U teMMmy 3, JIETKO YCTAHOBUTB, 9TO JJIA JIIOOOTO cedeHns u € R
muoxkectBo W = {q € Q : u(q) # 0 u °u(q) = 0} 3amkuyTO M HUrge He WioTHO B ). C
JIPYTOii CTOPOHBI, JIJIsi HEKOTOPO# (¢ jaxke jyist yioboit) Touku g € P Haiijercs cedenue
u € s) Takoe, uro u(q) # 0. Torma memycroe orkpwiroe muoXkectso {p € P : u(p) # 0}
conepKuTCa B W, 9TO HEBO3ZMOXKHO. [>

Muoxecrso cedenuit U C C(Q,9V) HazoBeM KOMEUHO-UUKAUMECKUM, €CIIE OHO 3a-
MKHYTO OTHOCUTEJIbHO KOHETHBIX HepeMeIHI/IBaHI/Iﬁ.

IIpeanoxxenme 3. Ilycts U C C(Q,9V) — KoHeUHO-IHKIHIECKOE MHOMKECT-
BO ceuennmii, uy,...,u € C(Q,9V), P — memycroe 3aMKHyTOE HOIMHOKECTBO (Q 1
o(t,t1,...,tx) — npousBombHass GopMysa Teopun MHOXKeCTB. Ecim BepHO yTBepKaeHme

Vpe P JueUPV = o(ulp),ur(p),. .., ur(p)),
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TO

JueUVpe PPV = @(u(p),ul(p),...,uk(p)).

< Joa Kaxa0it To9kn p € P 0003HAMUIM CUMBOJIOM U, TPOU3BOIBHEIN sseMenT U, nya
koroporo PV = ¢ (u,(p), w1 (p), . . . , uk(p)). Muoxkecrso

{@p = le(up,u1,- ., wi)|| : p € P}

SIBJISIETCSI OTKPBITO-3aMKHYTHIM MOKPBITHEM KOMIakTa P. Beibepem u3 HEro KoHe4IHoe mo/I-
HOKPBITHE Q)p s ..., Qp,, n € N, 1 momoxxuM v; = up,, ¢ = 1,...,n. Ilo npuanunmy ncuepmsr-
BaHWs HaWIeTCsl TAKOe M3 bIOHKTHOE OTKPBITO-3aMKHYTOE MOKpbITHE ()], . .., ()], KOMNaKTa
P, aro Q) C Qp, mna Beex @ = 1,...,n. Honoxum Qf = Q\ U, Q) u Bo3bMeM mpom3-
BosibHOE cedenne vy € U. OBo3HaYMM 4Yepe3 u IepeMelrBaHue cedeHuit v; ¢ Becamu ),
1 =0,...,n. Tak KaK MHOKecTBO U KOHEUHO-IIMKJINIECKOE, cedeHne v mpuHagirexxuT U n
ABJISIETCA MCKOMBIM. [>

CuexcrBue 2. I[Iycrb E C Cy(Q)) — KOHEIHO-IHKIHIECKOE MHOMXKECTBO (DYHKIIHIA,
u1,...,ur € C(Q,9V), P — memycroe 3amkmyroe mogmuoxkectso Q m ¢(t,ty,... t) —
TIPOU3BOIBHAS (POPMYJIA TEOPUU MHOXKECTB. ECiu BEpHO yTBEp:KICHHE

Vp €PJdec EPV ): w('e(p),m(p), s auk(p))a

TO

Je € EVp € PPV = p(%(p), ui(p), ..., uc(p)).

Teopema 2. Muoxectso E C Cy(Q) ABasIeTCST KOHEYHO-IIUKJIMYECKUM TOIJIA U TOJIb-
Ko Torga, koria E = s| s mexkoroporo s € C(R).

< Ouesugno, i o6oro s € C(R) MHOXKECTBO S| ABJIACTCH KOHEYHO-IMKJIMUECKIM.
[Tycrs reneps muo)ecTBO E C Cop (@) siBasIETCS KOHEUHO-IMKIMIECKUM. JIiist KaxK 10i
Toukm ¢ € () nomoxuM s(q) = {%e(q) : e € E}. OueBngno, uro s € C(R). Kpome Toro,

sl ={u€eR|:VqgeQu(q) €s(q)}
={ueR|:VgeQ 3ec E u(q) ="e(q)}
={u€eR|:3e€ EVqeQ ulq) =
={ueR|:Je€ Eu="e}
={%:e€ E},

*e(q)} (w0 cinencreuio 2)

Te sl=E. >
Scno, aro s moboro KoneuHoO-nuKMmIeckoro muoxkectsa F C Cy (Q) HenpepbiBHOE
BHelHee moaMHOKecTBO § € C(R), dburypupyiomee B GOPMYIUPOBKE TEOPEMBI 2, €IUHCT-
BEHHO. YCIOBMMCs 0003HAYATH ITO BHEIIIHEE MOJAMHOXKecTBO cuMBojioM E71. OveBniHo, ns
0600 KOHEYHO-IUKIIIecKOro MHOXKeCTBA F C Cu (Q)) umeer MecTo paBeHCTBO F = EII
Crenyrolmee yTBEPKIECHUE SIBJISIETCS MPSIMBIM CJIEJICTBAEM JIeMM 3 1 4.

Ilpenmoxxenne 4. /s KOHEYHO-IUKJIHIECKUX TOAMHOXecTB I/, m E5 nmpocTpaHCTBA
Cwo(Q) cremyromme yTBEp»K €U SKBUBAJIECHTHDI:
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(a) By C By
(6) Ert(q) C Ext(q) mst neex g € Q;
(B) ElI\L C EZIJ,

Hanomuwm, 9o 11 1pom3BosibHON Touku ¢ € () muEOX)ecTBO IR sByIsiercss (BoOOIIE
TOBOPsI, HEAPXMMEIOBOI) BEKTOPHOI PEIIETKOIA.

Jlemma 7. IIyctb ¢ € Q u I C R| — mumean ‘R|. Torma smbo I C o(!R), smbo
O(R) C I.

< JocraTodno 3amMeTuTh, 9To ecau uneas {R| comepxkut He 6€CKOHETHO MAJIOe TUCIIO,
TO OH COIEPXKUT BCE OI'PaHUYEHHbIE YHUCiIa. >

Teopema 3. Kowneuno-mukiamdeckoe muoxectBo E C Cu(Q) sBasercs wumeanom
Coo(Q) B TOM H TOJIBKO TOM Ciydae, Korga st jobod toukn q € () muoxecrso E1(q)
apsgercsa upeaaom IR].

< Ionoxwm s = E1.

Ecmn E — unean C(Q), To mo Teopeme 1 MHOXKeCTBO S| sBisieTcs maeasiom R.
Jokaxem, aro B 3Trom ciy4dae s(q) — wmuean IR| ms moboit roukn ¢ € (. Coryacuo
nevMe 4 JTst TPOM3BOJIBHBIX JIEMEHTOB X,y € s(q) HaiigyTcs cedeHus u,v € S| TaKue, 9TO
u(q) = z, v(q) = y. Hng mobbix aucesn «, 5 € R ceuenne au + (v npunaiexRur s, u,
cremoBaTenbHo, az+ By € s(q). Takum obpazom, s(q) — BekTOpHOE MOAIIpocTpaHcTBO YR,
AHaJIOrMYHO ycTaHABIMBAETCA, 9TO S(q) ABIAETCS TAKXKE W BEKTOPHOI nojapemerkoi IR ].
Hauee, nycts = € s(q), y € 1R] u |y| < |z|. CymecrByior ceuenns u € s u v € R, mis
KOTOPBIX u(q) = x u v(q) = y. SlcHo, uro ceuenne w = |u| A |v| IPUHATIEKAT S/, & SHAIWT,
y € s5(q), rak xak |y| = w(q). Urak, s(q) — naean 1R].

Teneps JoKaxkeM obpaTHOEe yTBepxKJeHme. JIad NMpouM3BONBHBIX CEYeHHmi u,v € S| u
quces «, 3 € R cupasegymso coornomenue (au + fv)(q) = au(q) + fv(q) € s(q), mis Beex
q € Q, a 3HaunT, au + fv € s). AnamormunbiM obpazom eciu u € sl, v € R} u |v| < |ul,
0 v € s). Takum obpasom, s} — wmean R, a cnemosarenvno, F — wupean C(Q). >

Bamerum, 9TO JMOOOH MIEA] BEKTOPHON PEMIeTKH [BJISETCS KOHETHO-IUKJITICCKAM
MHOKECTBOM.

Teopema 4. Unean E C C(Q) asaserca ¢pynmamentom Co((Q)) B TOM H TOJIBKO TOM
ciay4ae, korga maoxecrso { ET # 0} Bcrogy miorHo B Q.

< Iomoxum s = ET. Ilycrs muoxectBo {s # 0} Bciogy mmorHo B (). Bosbmem
NPOM3BOJILHOE HEHYJIeBOE ceuenne u € R|. Muoxecrso ||u # 0| menycro, a 3HaauT, HEmycro
u MHOXKECTBO {q € @ : u(q) # 0"} N {s # 0}. Cnenosarensuo, u ¢ s)t. Takum o6pason,
sit = {0}, orkyza BeITeRaer, uro s — dbyngament R]. (MuoxkecTBo s siBisiercs njeanom
RJ mo Teopeme 1.)

ObpaTrHOe yTBEPXKIECHUE OYEBUIHO. [>

CuexcrBue 3. Koneuno-niukiamdeckoe MaoxectBo E C Coo(Q) sBasIeTCst byHmamen-
ToM C () B TOM B TOJIBKO TOM CiIydae, Korja JJist ato0oii Toukn q € Q muoxecrso E1(q)
apisgercs uiaeaaoMm ‘R| n maoxecrso { E1 # 0} Bciogy mmorno B ().

Teopema 5. IIycrs E — roHedHO-IHKIHYECKas BeKTopHAs moapemerka Co,(Q). B
E ecrs crabast mnopskoBast €[UHHUINA TOIA U TOJBKO TOL/a, Korga Muoxkectso {E1 # 0}
3aMKHYTO (& 3HAYUT, OTKPHITO-3AMKHYTO COIJIACHO JIEMME 5 ).

< IMonoxum s = ET.
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[Tycts B s ecth ciabas mopsiakoBast equnuma u. Ouesumno, |u # 0| C {s # 0}. g
JIOKA3aTeNbCTBA 3aMKHYTOCTH MHOXKecTBa {$ # 0} 10CTATOYHO yCTAHOBUTH PABEHCTBO ||U #

0] = {s # 0}. IlpenmosmoxuM BOIpEKH JTOKA3BIBAEMOMY, 4TO pa3HoCTh {s # 0}\||u # 0]|
COZIEPIKUT HEKOTOPYIO Touky ¢. Torma Hafizercs ceuenue v € s), jyist koroporo v(q) # 0
ullv # 0| N|u # 0] = @. IlocaesHee TPOTHBOPEUNAT TOMY, UTO U SBISETCS CIAOOMN

TOPSIIKOBOH enmHATIEH S .

O6parHo, mycth MHOXKeCTBO {s # 0} 3amkmyro. [ smoboit Touku q¢ € {s # 0}
Haiijercs cedenue u, € s) takoe, uro u(q) # 0. Ilo npemoxkenuio 3 cyuecTByer cedeHue
u € s ynosuerBopsomiee HepaBeHCTBY u(q) # 0 muist Becex g € {s # 0}. Scno, uro ceuenne
U ABJIAETCS B S cJ1aboi MOPSIAKOBOM emuHUIEH. [>

Jlemma 8. ITycrs s € C(R). Ceuenne u € R| npunagrexnr s\ rorma u romsko
roraa, Korga ||u # 0] C cl{s # 0}.

q Myers u € sl Ecam u(g) # 0 ans nexoropoii Toukm ¢ € Q\cl{s # 0}, To
Haiimerca muaoxectBo P € Clop(g) Takoe, aro P C {s = 0} N ||u # 0||. Torma P C ||jv = 0||
s roboro cewenus v € s). Caenosarensno, P C ||v = 0] gna Becex v € )7, a 3Haqwur,
u(q) = 0. IIporuBopeune.

Iycrs reneps ||u # 0] C cl{s # 0}. Paccmorpum npoussombHOe cedenne v € s)™.
[IpeamonokuM BOIPEKH JOKA3bIBAEMOMY, ITO MHOKecTBO P = ||u # 0||N||v # 0] me mycTo.
Ouesnnno, P € Clop(Q). Kpowme roro, P C {s =0} u P C cl{s # 0}. IIporusopeune. >

Teopema 6. Unean E npocrpancrBa Cu(Q) ABISIETCS €ro MOJOCOH TOLJAA U TOTBKO
roraa, korga muoxecrso { E1 # 0} 3amkuyro u st kaxpoii roukn q € Q Bepao E1(q) =
{90} mmm E1(q) = IR].

< Ionoxwm s = E1.

[Tycrs s| — nosoca R. 3adukcupyem npousBosibHYIO TOUKY ¢ € {s # 0} u nokaxewm,
aro s(q) = /R|}. Haiinerca ceuenne u € s| takoe, uto u(q) # 0. IIycTh y — mpou3BOIBHBI
ssement YR u v € R| — makoe ceuenme, aro v(q) = y. Onpenenum cevenne w € R
craexytonmM obpazom: w(p) = v(p) upu p € |lu # 0|| mw w(p) = 0 B mporEBHOM CIIydTae.
deno, uro w € sl = 5| mww(q) =y € s(q). Taxum obpasom, s(q) = YR]. BamxmyrocTs
MHOXKeCTBa {s # 0} BBITEKAeT U3 TEOPEMBI 5.

O6parho, mycrs s(q) = IR mus Becex ¢ € {s # 0} u muOokecrBo {s # 0} 3amKHyTO.
ITokaxem, aro s}~ C s|. Hycrs u € s|™ u g € Q. Ecmm u(q) = 90, To, ouesnano, u(q) €
5(q). Ecam xe u(q) # 90, To s(q) # {90} cornmacuo nemme 8, a 3nauut, s(q) = 1R} 3 u(q). >

IIpensioxxenne 5. Ecin unean E npocrpancrBa Co((Q)) HMEET CHIBHYIO TIOPITKOBYIO
eaunuily, 1o Maoxecrtso { E1 # 0} samkryro u E1(q) siBasiercst riuasabiv miaeaaom IR st
Bcex q € Q.

< IMonoxnm s = ET. Ilycts w € s| — cuabHag NOPSAIKOBad €IMHWUIA TTPOCTPAHCT-
Ba s|. IloCKOMbKY 1 sBJSeTCI Tak:Ke W CIab0i IMOPSIKOBOM €IWHUIEH S|, MHOXKECTBO
{s # 0} 3amkHuyTO B cniy Teopembl 5. OcTajgoch 3aMeTUTh, YTO JJIsi KAXKJI0# TOUYKHU ¢ € ()
MHOXKECTBO $(q) gBJsiercs TiaaBHBIM uaeasoM YR, mopoxaenuasiM u(q). >3 npuBeaeHHOR
HUKE TEOPEMBI 7 BBITEKAET, 9TO 00PATHOE yTBEPXKICHUE HE BEPHO.

IIpensioxxenne 6. Ilycte E — mnean Coo(Q)). Daemenr e € E aBisercss CHIbHOM
MOPsIAKOBOH eauawniiei B F Torga m TOIRKO TOTAa, KOTAa *€ SIBISETCS MOTOYETHOH CHJIBHOH
mnopsiikopoii eaununed 8 ET], 1. e. ®e(q) — cuibnas nopsakosas eqununa B E1(q) mms
Bcex q € Q.
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< Iomoxum s = E1. OueBunno, CHIbHAA HOPAJIKOBAd €JMHAIA B S| ABJIAETCS TaK¥Ke
U MOTOYEYHOU CUJIBLHOU MOPAJKOBON €JIMHUIIEN.

[Toraxxkem obparmoe. Ilycth u € S| — moTOYeYHAS CHIbHAS TOPSIIKOBAS €IHHH-
ma. /Jisg mpowsBoibHOTO ceuenust v € S| u 000l TOYKM ¢ € () HaigeTcs YUCIOo
n, € N, maxoe, uro [v(q)| < nglu(q)]. Muoxecrso {||[v] < nglul|| : ¢ € Q} sBua-
eTCad OTKPBITHIM TOKPBITHEM KOMIAKTa (). BribepeM m3 HEro KOHEYHOE TMOMIOKPBITHE
{lw] < ngJulll,-- -, ] € nglulll}s & € N, u nonosxum n = max{ng,,...,ng}. Oue-
BuHO, |v| < nlul. >

5. IloToyeuyHblEe KPpUTEPUH

yCTa.HOB.T[eHHbIe B TOPEAbIAYIIUX Haparpa(bax pe3yabTaThl TMO3BOJJAIOT yOpoIiaTh
JIOKa3aTeJIbCTBA, MHOTHUX YTBEPXKJIeHUH 0 K-IIPOCTPpaHCTBAaX C TOMOIIBIO ITEPEX0oia K UX «II0-
TOYECYHbBIM » aHaAJIOTaM. Pa.CCMOTpI/IM HOI[‘pO6Hee, B KaKUX CIy4dadX 3TO BO3MOXKHO.

[Iycts mHOXecTBa € M ® — MPOU3BONBHBIE MHOXKECTBA KOHEUHO-IIUKIAIECKAX IIOJ-
MHOKeCTB PoCTpancTBa Cop (Q). Bysmem roBoputs, uaro wa muoscecmee € ecmv nomouey-
HOLl KpUMEPUl NPUHAOAEHCHOCTU MHodHcecmey P, ecan HAWAETCS CEeMEUCTBO MHOXKECTB
vy C P(YR]}), q € Q, yroBIaeTBOpSIOIIee CIEAYIOMEMY YCIOBHUIO:

VE€E (E€d e YgeQ Et(g) € p,). (%)

Yenosue () GyeM HA3BIBATH NOMOYEUHbM KPUMepuem npunadiescrocmu @, a cemeiicTBo
(Pq)geq@ — Peasusayueti ITOT0 KPUTEPUSL.

3AMEYAHUE 2. Ilycrs muOX)ecTBa £, & U ® — HEKOTOpPHIE MHOXKECTBA KOHETHO-
[UKJINIECKUX MOAMHOXKECTB TpocTpaHcTBa Co (Q), mpuuem & C £. Torma ecau Ha MHO-
)kecTBe € eCTh MOTOYEUHBIN KpUTEpUil npuHagjexxHoctu @, To TOoT XKe Kpurepuit Oyaer u
MIOTOYETHBIM KpHUTEeprueM npuHaiexuoctu ¢ #wa muoxectse &y.

Jlemma 9. He cymecrByer nocaemopareabaocru (P ),ecn OTKPBITO-3aMKHYTHIX TTOJI-
MHOXKeCTB () Takoii, uro B mepecedenun (| . P, €CTh pOBHO 0JHA He O-H30JIUPOBAHHAS
TOYKA.

neN

< Mycrs ects Takas nociaegoBareabnocTh (Pp)pen, W IIyCTh ¢ — €JIMHCTBEHHAs He
0-M30TMPOBAHHASA TOUKA MHOKeCTBA [, oy Pn. Torma mmeercs crporo ybpiBaomas mocie-
JIOBATEJILHOCTh OTKPBITO-3aMKHYTHIX MHOXKECTB (W )nen Takas, uro [,y Wn = {q} u
Wy C P, nna eex n € N. Jlasee, maiinerca bynknua f € C(Q) Takag, 910 f|w,, \w,,_, =
0 u flw, \wa, = 1 mst Bcex k& € N. Kaxk sterxo sugiers, ¢ € cl{Jy,cn(Wor\War—1) u
q € clUpen(Wak41\War), 910 mpoTnBOpednT cymiecTBoBaHmio npejena Gynkmum f B TOU-

Ke q. >

Teopema 7. IlycTs 3KCTpeMaIbHO HECBI3HBIH KoMIakT () beckomedern. Torma Ha MHO-
xecrBe pynpamenToB Cy, (Q)) HET IOTOYEYHOrO KpUTEPHs CyMIECTBOBAHUS CUJIBHOH MODSIJI-
KOBOH €IUHHAIIEI.

< Honycrum, uro ma muoxecrse dyugamenTos Cy (Q)) ecTh norouednbiii Kpurepuit
CYIIECTBOBAHMS] CUJILHON MODPSAKOBON eauHuupl, u (¢,) e — €ro peanmsanps, T. €. Jist
npoussonbHOro dbyugamenta F C C(Q) B E ecThb cuibHas NOPSIKOBAS €IMHUIA TOTIA U
TOJILKO TOrAa, Korjga E1(q) € ¢, nost Beex g € Q.

Ompenemam s; € C(R), momaras si(q) = O(R), ¢ € Q. Torma s} = C(Q) —
dbynmavent Cy (Q), mmeomuit CHIILHYIO MOPSAKOBYIO eaunuily. Herpy1HO NpOBEPHUTH, 9TO
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13 OECKOHETHOCTH KOMIIAKTA () CeayeT CyIecTBOBAHHE B HEM IO KpailHeil Mepe OXHON He
0-U30IMPOBAHHON TOUKY ¢o. Ilo npegnonoxkenuo O(®R) € ¢, .

[Tycts v € R| — HeHyJIeBOe B KaxKJIOi TOUKE CeUIeHHe TaKOe, ITO0 U((qy) — GeCKOHETHO
Oosbioe yucsio. st Kaxk0il Toukm ¢ € () MOJIOKWM BHEITHEE CeYEeHUEe So B TOUYKE (
paBHBIM DyTaBHOMY Hjeany YR], MOpOXKIEHHOMY BHYTpeHHUM IucIoM u(q). flcHo, uro so €
C(R) m so) — dymmament Cuo(Q) (cm. crencrsue 3). Tlo nmpemyoxkennio 6 B Spl ecTsb
cunbHasl HOpsiAKoBad enuuuna — bynknusa °u. CremoBarensHo, S3(g) € g I BCex
q € Q. Obosnaunm gepe3 Py MHOXKECTBO Tex TO4YeK ¢ € (), B KOTOPBIX BHYTPEHHEE UUCJIO
u(q) 6eckoneuno Gospimoe. o mocrpoenuto gy € Fy.

[Monoxum s(qo) = s1(qo) = O(®R) u s(q) = s2(q) upu q¢ # qo. Scno, uro s € C(R)
u s| — dbyngament Co(Q) B cmiy crencrsua 3. Ilo mocrpoenmio s(q) € pq IS BCEX
q € Q, a cieoBATENBHO, B S} eCcTh cuiThbHas mopsikoBag exnanta f. Jis secex ¢ € Po\{qo}
BHyTpeHHee ducio *f(q) 6eckonedno Gospbmioe. Bomee TOro, MHOXKECTBO TeX TOUYEK ¢ € (),
B KOTODPbIX BHyTpeHHee uucio *f(q) Geckoneuno Gosbiioe, pasuo Pp\{qo}. ITockosbky
*f(q0) € O(*R), maiinerca wmcno k € N rakoe, uro *f(qo) < ©k. Torma (), en (lu >
n M| *f < k) = {qo}, aro nporusopeunt nevme 9. >

Curepyoniee yTBepXKI€HHE BHITEKAET U3 TEOPEMbBI 7 C YYETOM 3aMedYaHus 2.

Caeacreue 4. Ilycrp 3KCcTpEeMaabHO HECBSI3HBIH KOMIAKT () Oeckoneden. Torjga Ha
mHOKecTBe HueanoB Cy, (Q)) HET MOTOYEYHOr0 KPUTEPHUsI CyIIeCTBOBAHUS CHIBHOH MODSIJI-
KOBOH €JMHUAIIBI.

Teopema 8. (a) Ha mmuoxecrse ¢pyHmamenToB Co((Q)) ecTh moTodednsrii Kpurepui
cymecrBoBanus ciaaboi eamuaunpr: B pyagamenre E C Cy(Q) ecrb crabast mopsakoBast
eIMHAIA TOLa U TOJBKO Torga, koraa E1(q) # {90} ams Becex ¢ € Q (T. €. HOTOYCYHBIH
KpHTepuii peamusyercs ceMeiicrsom MHOXKeCTB @, = P(TRI)\{{?0}}, ¢ € Q).

(6) Econ sxcTpeMaJbHO HECBA3HBIH KOMIAKT () GECKOHEYEH, TO HA MHOXKECTBE HJIEAJI0B
Cwo(Q) HET OTOYEUHOrO KPUTEPHSI CYIIECTBOBAHHS CIa00H MOPSIKOBON €IHHHIIDI.

< (a) Ouesupnoe ciencreue Teopem 4 u 5.

(6) IlycTs, BOIpeKH JOKA3BIBAEMOMY, YIOMSHY ThIil KDUTEPHI CYMIECTBYeET, 1 (Pq)qeQ —
ero peasm3anust. s kax0it rouku ¢ € Q nonoxum s1(q) = TR] u s2(q) = {20}. Oue-
BHIHO, 51,52 € C(R) m s1l,82) — mmeamsr Coo(Q), B KasKJIOM U3 KOTOPBIX €CTh cirabas
nopsiakoBast eauania. CienosBarensho, s1(q),s2(q) € ¢, ansg Beex ¢ € Q. Jlerko mpo-
BEPHUTH, UTO U3 GECKOHEIHOCTH KOMIAKTA () CJIeIyeT CymecTBOBAHWE B HEM IO KpaiiHeit
Mepe OJHO¥ He W30JIMPOBAHHON TOUKHU ¢o. I[lomoxkum s(qo) = s2(qo) u s(q) = si1(q) mpm
q € Q\{qo}. Mockombky s(q) € ¢, 15 Beex q € @, B TPOCTPAHCTBE S| eCTh (Tabas MOPs/I-
KoBag exuuuna e. Torma *e(qp) = 0 u, ciegoBaTesbHO, HANIETCS OKPECTHOCTH P TOUKH (g
takast, 910 *e(q) = 0 mus Bcex ¢ € P. C npyroii croponsl, P # {qo}, a 3naunt, numeercs
ceduenune v € s, qysa koroporo ||v # 0| N P # &. IIporusopeune. >

Teopema 9. Ha muoxecte uneaoB Cy () ecTs moTO9edHbIH KPATEPUI TPHHA/TICK-
HOCTH MHOXECTBY (DyHIAMEHTOB B TOM M TOJHKO TOM CJIydae, KOTZIa MHOXECTBO H30JHUPO-
BAHHBIX TOYEK KOMITakTa ) Bcroay maoruo B Q. Kpurepuii cienyrommuii: miaean E C Co (Q)
ABJIgeTcs (pyHZAMEHTOM TOLAa H TOJbKO TOLjga, Korga E1(q) € ¢, amsa Bcex q € @), rae
wq = {IR\]}, ecim Trouka q mzonuposana, u @, = P(R]) B nporusoM ciy4qae.

< HamomuwuwMm, arto B ciogx 9V, cooTBeTCTBYOMUX (0-)H30TMPOBAHHBIM TOYKAM () HET
HECTAHJIAPTHBIX (B 9aCcTHOCTH, GECKOHEYHO GOJIBINNX) BHyTPEHHUX uucest. Takum obpasom,



1-48 A. E. I'yrman, /1. B. Psabko

ecm TOYKa ¢ (0-)M30JIMPOBaHA, TO B CHIIY JIEMMBI 7 J1060i uaeas BeKTOpHOI pemrerku YR
6o cosnagaer ¢ 1R, smbo pasen {70}.

[IycTh MHOXKECTBO H30JMPOBAHHBIX TOUYeK () Bciogy miaoTHo B (). OdeBuaHO, ecin
E — dysgament Cy(Q), To st mroboit msosmmposauuoit Touku ¢ € @ Bepuo E1(q) #
{90}, u, cremosaremsuo, E1(q) = R]. O6parno, nycts E — unean Co(Q) u ET(q) =
1R gyt Kaxk 0¥ U30aUpOBAHHONW TOYKU ¢ € (). TIOCKOIBKY MHOXKECTBO W30JIMPOBAHHBIX
TOYEK BCIOLY IJIOTHO B (), JJIsi TMPOM3BOJILHOTO HEHYJIEBOrO CedeHuWs u € R Haiimercs
u3oiampoBannas To49ka ¢ € |lu # 0|, a 3maunr cymecrByer cedenne v € E1] takoe, uro
v(q) # 0 u, cneposarensuo, v f wu.

[Ipeanonoxum Temnepb, 9T0 uMeercs HemycToe MHOXKecTBo P € Clop(Q), B KOTOpOM
HET U30/JMPOBAHHBIX TOYEK, U HA MHOXKECTBe njealoB Cu((Q)) ecTh norouednblii Kpurepuii
IPUHATEKHOCTH MHOXKecTBY ByHnameHToB Co (Q)), peannsyeMblit ceMeiicTBOM (@q)qeq-
Jost kaxxpoit Touku p € P nonoxum s, (p) = {P0} u s,(q) = R} upu ¢ € Q\{p}. fcno,
aro s, € C(R) u s, — dbynnament Co(Q) mis Beex p € P. Crenoparensuo, s,(p) € ¢,
Juist Kaxxaoit roukn p € P. Kpowme Toro, ouesunno, IR € ¢, s Beex g € (). Tlonoxum
s(p) = sp(p) = {P0} mpu p € P u s(q) = ‘R] npu ¢ € Q\P. Kaxk serko Buzers, s € C(R)
u s — muean Coo (Q), He apmsmonmaiica bynmgamentom. C apyroit croponst, s(q) € ¢, ais
BCex ¢ € Q. >

Teopema 10. Eciu 3KCTpeMaJbHO HECBSI3HBIH KOMHAKT () OECKOHEYeH, TO Ha MHO-
kecrBe HpeasoB Cu((Q)) HET MOTOYEYHOr0 KPUTEPHS IPUHAIIECKHOCTH MHOMXKECTBY MOJOC

Coo (@)

< IIpeamosnoxkum, 4T0 TaKoi# KpuTepHit ecTb u (¢ ),eq — ero peanusanust. OueBuHO,
{90} € @, st Bcex ¢ € Q. U3 GeckOHEYHOCTH KOMIAKTA () CJIEAYeT CyNIeCTBOBAHUE
OTKpBITOr0 MHOXKecTBa, P C ) Takoro, uro cl P # P. Ilomoxum si(q) = R| mua Bcex
rouek ¢ € cl P u s1(q) = {90} B ocrasnbubix Toukax. fcuo, uro s; € C(R) u 1no reopeme
6, s11 — monoca Cu(Q). Cremoarennno, s1(q) € ¢, ana seex ¢ € Q. Tomoxum s(q) =
s1(q) = YR} mpm q € P u s(q) = {90} B ocrampubix Toukax. OueBmano, s € C(R),
{s #0} = P # clP = cl{s # 0}, u 1o Teopeme 6 MHOXKECTBO S| He SABJIAETCS MOTOCOH
npocrpanctBa Co (Q). C mpyroii croponsl, s(q) € ¢, a1 Beex g € Q. >

B saksmiouenne npuBesemM TabJIUILy YCJIOBUM CYIIECTBOBAHUS MOTOYEIHBIX KPUTEPHUEB
JIUIS PACCMOTPEHHBIX HAMH MHOXKECTB M CBOHCTB.

Tabuuna. CyiiecTBOBaHNE MOTOYEYHBIX KPUTEPUEB

MHokecTBO MHO2K€eCTBO KOHEYHO- MHokecTBO MHokecTBO
CaoiicTBO LIUKJIMYECKUX MHOXECTB UAEAJIOB dyHIAMEHTOB
BriTh nneamom EcTtps xpurepuii Kpurepuit Tpusnasien
(reopema 3)

Ectps xpuTepuit Toraa u TOJbKO TOLJA, Kpurepnit
BbiTh (BbyHIAMEHTOM | KOIJa MHOXKECTBO M30JIMPOBAHHBIX Touek ()|  rpusnaen

scoay miorso B () (Teopema. 9)

VMeTh CHIIbHYIO EcTh KpUTEpHii TOT/Ia U TOJBKO TOTIA, KOTIA
MOPAJIKOBYIO €IUHUILY kommakr () koueuen (reopema 7, ciencrue 4)

Nwmers citabyro Ectp xpurepuil Toraa u TOJbKO TOLJA, Ecty kpurepmit
10psAKOBYIO equuny | korpa komnakT () koneuen (reopema 8) (Teopema 8)

BriTh mosiocoii Her kxputepus (Teopema 10)
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