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O HEJIOKAJIBHBIX KPAEBBIX 3AJAYAX
JJ1d KBASUJIMHENHOTO YPABHEHI A
C BBIPOZKIEHUVEM IIOPAJIKA 11 TUITA

X. I'. BxxuxatJjoB

PaCCMOTpeHbI BOTIPOCHI CYIIECTBOBAHUA U €IUHCTBEHHOCTU DENMIEHUA KBAa3UJIUHEHAHOTO yYpaBHEHUdA C BbI-

POKOEHUEM IIOPAOKa WU THUIIA.

B pa6orax A. B. Bunasse [1, 2] ormedeno, 9To a1 ypaBHEHUs
Y Usy + 4" Uyy + a(z, y) Uy + b(z,y)Uy + (2, y)U = 0,

rae m U N HaTypaJbHbIEC YHCJIa, C BBIPDOXKJIECHHEM THIIA W IIOPAAKA KJIaCCHYECKHE KpPaeBble
3aJa91 HE ABJIAIOTCA KOPPEKTHO MOCTABJIECHHBIMU. Tawm ke AJIA MOJEJIBHOTO YPAaBHEHUA

y2mUmm + yUyy + >\Uy = 0, A= COHSt,

yKazaHa MeTOJIWKA, TTOCTAHOBKM aHAJIOTOB KJIACCHIECKMX KPAEBbIX 3aJad.
IIpejcTaBasier MHTEpPEC UCCIEI0BAHUE HEJOKATBHBIX KPaeBbIX 3ajad i Gojee 00IIUX

ypaBHeHHﬁ, COXPaHAIOIINX OCHOBHBIC CBOMCTBaA 3TOTr0 YpaBHEHUA U YCTAHOBJIECHUEC CTPYKTYD-

HBIX CBOfiCTB perrernii. Ha 9ToM myTu BCTpevaroTcs MpUHIUIHATBHBIE TPYIHOCTH (CM. [2]).
PaccmorpnM KBazunHeiiHoe ypaBHeHNe

Y " Usg + yUyy + AUy + 3" U, + yU; =0 (1)

B obstactu D, orpaHnveHHONl HOPMAIbLHBIM KOHTYPOM O

9 2
2 2m+1:
T x—i—(rn_'_l)y 0 mpm y>0

1 XapaKTEePUCTUKaMN

2 2m+1 2 2m+1

AC:m—2m+1(—y) 2 =0, BC: z+

ypasuenus (1) mpu y < 0.
Ilycte DY (D) — snmnruyeckas (runepbonmyeckast) yactu obaactu D,

2
2 1 2m+1
I={0<z<1}, ®o(x):§—i< m4+ :v) ,
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On(z) = 1;‘” —i<2m4+1(1—:v))2m+1 (Vz € T)

TOUKM TIEpeceveHns XxapakTepucTnk ypasuenns (1), Bexoaammx u3 Toukn £ € I ¢ xapakre-
puctukamu AC n BC' cOOTBETCTBEHHO.

Bagaqa 1. Haitte dyukimo U(z) = U(z,y) co crexyrommynu ceoiictsamu: U(z) € C(D)U
C?*(D* N D7), U(z) — perynapuoe 8 DT N D~ pemenue ypasnenns (1), yaosiersopsiomniee
YCTIOBUSIM

U(‘/an) = @(xay)a (w,y) € o, (2)
a(z) exp U(O¢(z)) + B(z) exp U(O2(z)) = v(x) (3)
Wi p p
- il — /
L expU(O@) + b expU(61(x) = (). @)
Y i (A _

Jim y"UyexpUl(z,y) = lim (—y) Uy exp(z,y) = v(z). (4)
[peamonoxmy, aro dymkmua v(z) € C?(I) w npu x = 0, + = 1 MoxeT obpamaThca B

0eCKOHEYHOCTh TIOpsIIKA MeHbine 1 — 2¢, rje € = %,
a(z) = 2Pa.(X), p> 2, a.(z), Blz), y(z) € C°(I), (5)
(e (x)zP ¢ (1 — 2)° — B(z) cos me)? + B (x) sinme #0  (Vz € I). (5")

EnvHCTBeHHOCTD pemenns 3amauu 1 BBITEKAET W3 TMPUHIMIA IKCTpeMyMa 2], KOTOpbIit
dbopmymmnpyerca rak: pemenne U(x,y) 3agaun 1, korga v = 0, HOJI0KATEIbHBI MAKCAMYM 1
OTpHIATELHEIH MAHAMYM B 3aMKHYyTOil o61actn D mpuAEMaeT Ha JyTe o.

JL1st oKazaTe bCTBa CyIeCTBOBAaHNs pellenns 3a1aun 1 tpancgopmupyem ypasaenue (1)
1o dopmyne U = &(V), rue ®(v) u V(z,y) noka npoussosbHble QyHKIMH.

(?/2mV:mc +yVyy + AVy)(I)V + (?/2me2 + ?/Vy2)((1)vv + (bz%) =0.

Orciona BuanO, uro ypashenue (1) OymeT ymOBJIETBOPEHO, €CIW Pa3pelInMbl HeJUHEHHOe
obbikHOBeHHOE AndPEPEHITHATHHOE YPABHEHNE

yy + 0% =0,  Py(V)#0 (6)

7 ypaBHEHUE

Y™ Vog + yViyy + AV, = 0. (7)

Herpyano Bugers, uro pemenunem ypasuaenns (6) saeasiercs dynkuua = InV (z,y), a qia
onpezenenns V(z,y) umeem junHeiinoe ypasuenue (7). Ilpu mepexome ot dbyuknuu U(z,y) K
V(z,y) ycnosus (2)—(4) nepexousit B ycioBusi

V(z,y) =e’ =p(z,y), (z,9)€o, (2)
o(2)V (O0(#)) + BV (01(+) = 7(2), ®)
LV (00(2)) + bV (O1()) = 1(a), )
lim 3V,(r,9) = lim (~9)Vy(2.9) = o(a) )

y—0-+ y—0—
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Paccmorpum crauamna ciydait, korga m = 1, A = 0. Torga ypasuenue (7) mepexoauT B
ypaBuenne TpukomMu OTHOCUTEHHO V

YViw + Vyy =0, (10)
a KpaeBble yCAOBUS MPUHUMAIOT BUJ

Viz,y) = o(z,y), (2,y)€ o, ylg(g;(w,y) =v(z). (9)

Perynsiproe B ob1actu D pemenne 3a/a4um BuinmuceiBaeTcs B suje [2]

1 1
Vie,y) = - /0 o()G(1,0; 2, ) dt — /0 o(s)o(s; 2.) ds.

3aeck p(s;z,y) ecTh peleHre HEKOTOPOTO WHTErpaabHoOro ypapuenus, G(&,n;z,y) — dyHK-
s 'puHa.

B ciayuae mopmanbraoro xourypa o dbyukuusa [puna G(&,7; T, 1y) BBIIUCHIBAETCA B ABHOM
Buje. [lomaras B aToit dpopmysie y = 0, ¢ yuerom cBoiicTB ¢yukiun ['puna u runepreoMerpu-
qecKoil (pyHKIMHU, mMeeM

(@) +k/01 <|m —1t|% - (m+ti2mt)%>v(t) 4 = ¢(a),

rae k = const, ¢(z) — aHaIUTHUECKAS OTHOCUTEIHHO X (DYHKIHMs, 3aBucsIias ot ¢(z,y). 1o
ecTh OCHOBHOE cooTHomienue mexky 7(z) u v(zr) npunecennoe uz DT .
®opwmyna Japby, maromas pemenne 3amaun Komm mag ypasuenns (10) ¢ Hava bHBIMI

JaHHBIMI

Via,0)=r(), lm Vioy) = o)

UMeeT BU/J

[N

Ve =V = [ o+ 3w

+ <§) %vw/olv<fv+ %(—y)

rae y1 = T(1/3)/T*(1/6), 2 = (3/2)*°T(5/3)/T*(5/6).
IMoxcrasnasa B (11) z = Og(z) u z = O1(x) Gyaem nmers

(2t — 1)) (t(1 — )76 at
(11)

Nl

(2t — 1)) (t(1 — )75 dt,

V(Oo(z)) = mas /Om T(£)(H(x — 1)) 76 dt — 7 /Um v(t)(t(z — 1)) dt,

1 1

V(©1(z)) =n(l —$)%/ T(#)((t — z)(1 — t)) 76 dt _72/ w(d)((t = 2)(1 — )7 dt.

T T

VYaoBiserBopsist Kpaesoe yciosue (8), 10ayInm

o) (WE% /0 (t(;(? Cz)% S /0 (t(i(? fﬁ)%)

. ! 7(t) dt B ! v(t) dt s
+ﬁ(m)<%(x)(1 ) /m (t—2)(1—1))% 72/0 ((t—x)(1—t))%)_7( -

ol
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Pasenctso (12) ecTs 0CHOBHOE cOOTHOIIEHNE MeXKAY T(x) U v(x), IpUHECEHHOE U3 00/1aCTH
D~ Ha IUHWIO BRIPOXKIEHWS THUTIA W TTOPSIIKA.

Uckmogas 7(z) U3 COOTHOIIEHNIT, CBA3BIBAIONIMX T () U v(), IPUHECEHHBIX N3 JIUIITH-
geckoit m runepbosmyaeckoit acreit obsactu D Ha gunuio y = 0, m0oC/ie HEKOTOPBIX TOXKIe-
CTBEHHBIX TPEOOPA30BAHMII TIOIYINM HHTETPATbLHOE YDABHEHNE

1
v(z) —i—/o K(z,t)v(t)dt = ¥(z),

riae K(z,t) u 4(z) ussecrusie dpyukmu, obagaonme cBoiicTtBaMu obecrnednBaronmMu Gppei-
rOJIbMOBOCTH 3TOTO ypaBHeHUs ucxoas w3 ycaosmit (5) m (5'), HANOKEHHBIX HA 3aJaHHBIE
BYHKITIT.

Haiins v(z) m Boccranasausag no meit V(z,y), maxomum pemenune U(x,y) menmmueiHoi
3agaan 1.

Paccmorpum ciyugaii, Korga A = % — m. Perynapuoe B o6iractu D pemenue V(z,y)

ypaBuenus (7), yIOBJIETBOPSIOIIEE YCIOBUSIM

V(z,0)=1(z), V(z,9) =¢(z,y), (z,y)€0, lim ¢V, =uv(),
y—0+

nmeer Buj [2]

1
(@) = %/g (Inft— 2| — |t + 2 — 2tz|)o(t) dt. (13)

Perynsiproe B D~ perierne ypapuenus (7), yposaeTBopsitotiee yceiaosusm V(z, 0) = 7(z),

li%l (=y)*V, = v(z), BEmUCHIBaETCA B BUIE
y—0—

C2m 1 2 m+ 1

2 amt1 1 2(1—2t) 2m+1
— — LA dt.
(y)2/0v<w+2m+1(y)2)

Ve =V = g7 (o gy 0¥ ) 4 3o (o4 2 0™ »
14

IMoncrasnsist B (14) 2z = Og(z) n z = O1(x) noayanm

1

V(©0o(x)) = %(T(O)—FT(:E)—/OxU(t) dt), V(O1(z)) = %<T(1)+T(:p)—/

x

o(t) dt) .

YaoBieTBopsist KpaeBoe ycaoBue (8), TOCIe HEKOTOPBIX MPeodpasoBaHuii OyIeT NMeTh

1

a(z) /Um'u(t) dt + 5(:16)/ v(t) dt = y1(x), (15)

e
71(z) = 7(0)a(z) + 7(1)B(z) + 7(z)(a(z) + B(z)) — 2v().

Uckmovast 7(z) n3 (13) n (15) noayuum mHTErpaabHOE ypaBHEHHE IKBHBAJIEHTHOE 3ajaue
(7)—(9). YuurbiBag, uro 6e3 orpaHmdeHusi OOIIHOCTH MOYKHO CYHTATh, 910 @(z,y) = 0, a
crneposarenbo 7(0) = 7(1) = 0, uveem

! a(z) + f(z)

x 1
a(m)/ﬂ v(t)dt—i—ﬁ(m)/x o)t = 407 /0(1n|t—:v|—1n|t+m—2t:v|)v(t)dt—2fy(:v).
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UccnemoBanue 9TOr0 ypaBHEHUsI TPOBOJUTCS IO CXeMe mpeiozkennoii B [4, 5|. Tlo maiimennomy
v(z) naxounm V(z,y), a 3arem perienne ocHoBHOI 3agaqn (1)—(4).
Koraa 1722”’ < A < 1, pemenne V(z,y) ypasuerus (7), yJOBJETBOPSIONIEE YCIOBUSAM
V(z,y) = p(z,y), (z,y) € o, li%l y* = v(z) B obmacTu DT BRIMUCHIBAETCS B KBAJIpaTypax
y—0+

1o dopmy.e [2]

1 1
Vi) = [ wece s+ | w<5>(nmd—§a—§—a—n)a<f,z)ds, cco.  (16)

283 1 ) AT
G(&z)Z“qiﬁ’f)‘ g(éﬁ) g(s,z)=k|z—§|—ﬂp<5,5,2ﬁ;1— j_g )
Lo L4 NI 2m—142)

_E<m+2) 228 P eemrn)
2 m+2 21 m+2
Z:$+m—+2y2a C:§+m+2n2’

F — runepreomerpuueckasi (pyHKIUs, 09 — HOpMasbHbi KoHTYp. [Ipu y — 0 u3 (16) mosy-
YaeM OCHOBHOE COOTHOIIeHWe Mexkay 7(x) m v(Z), MpUHECeHHOEe Ha JIMHUIO BBIPOXKICHUS W3
D+,

Perynsproe B obsact D~ perierne ypapaenus (7), yIOBJETBOPSIIOIIEE yCIOBUIM

V(z,0) = 7(z), yllréli(—y))‘Vy(m,y) =v(r), 0<z<l1,

CyIIECTBYeT, eJJMHCTBEHHO U BBINUCHIBAETCs B Buje [1]

€ 1 — 2m41
V() = Viayy) = o )/0 T<m+ A2 )(t(l )Lt

— 4E 1 — 2m+1
a 2m2+ 1 ?gtl —26§ (_y)l_)\/o ! <$ * 22(71n7+21t)(_y)7) (#(1 =)™ dt.

13 nocnennero pasenctra, npu z = Og(z) u z = O1(x), nocse HEKOTOPBIX MPeodpPazOBa-
HUi, aHAJTOTUIHLIX [4, 5| n mozxcranoBku B (8) mMeem

rou(t) ! v(x) o (2m+1\T%(1 —e)T(2¢)
o) | Gy e | ((1—t)(t—m)>fdt‘2< 7 )r<1—2e>r2(e)
()

129 [T T(z) )l !
x(‘“(m |, oy e e —2) /m«l—t)(t—x))lﬁdt) 4"

om+1\* I'(1 —¢)
_2< 4 > (i —20) 1@k

DTO OCHOBHOE COOTHOUIeHWE MeXAy 7T(x) u v(z), mpuHeceHHoe nm3 obmactn D~ Ha JIHHHIO
n3MeHeHus TUMNa 1 nopsgaka y = 0.

Uckmogas 7(z) u3 cucremst (16), (17), cassBatomieit 7(x) u v(x), moaydnm obobienHoe
ypasuenne AGenst orHOCHTENBHO V(X))

0 O R
o) | Ty 0 | et P 1
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1 1
F(x) :/0 ky(z,t)v(t) dt+/0 ko(z,t)v(t) dt + cy(z),

e

ky (ZB,t) — Cloz(ZE).’L‘lfk /OI (t( G(t, S) dt,

12 7 G(t,s)
talant) = epa)1 —a) > [ e

sKBuBasieHTHOe 3aja4de (7)—(9).

Ypasuenue (18) no cxeme npeioxKeHHol B paborax [4, 5| cBoAMTCST K CHHTYISSPHOMY WMH-
TerpaabHOMY YPABHEHUIO, JJIs KOTOPOTO YKA3BIBAIOTCS JTOCTATOUHBIE YCIOBUSA PA3PEITIMOCTH.

Nwmes v(x), pemas coorBeTcTByIomue 3a1auu, Haxogum V(z,y), a 3arem pemenne U (z, y)
MCXOTHOM 3aTa49M.

Coywait kpaesbix ycnoruii (3'), (8') paccmarpuBaerca aHaIOTHIHO. 3aMeTHM, 9TO KOTA A
—m, 1), HCXOJHYIO 331y MOXKHO PACCMOTPETH HCIIOJIb-

He TPHHAJIEXKUT ToTycerMenty (3
3ysi pe3yJIbTaThl, MONydeHHble B [6].
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