BiragnkaBka3cKuii MaTeMaTHIECKHH Ky DHA
Anpenp—urons, 2004, Tom 6, Beimyck 2

VK 517.98

XAPAKTEPUBAINS JOTIOJIHIEMBIX TIOJAPOCTPAHCTB
B IEKAPTOBBIX [IPOU3BEJEHUAX CTPYKTYPHO HECPABHUMBIX
MIPOCTPAHCTB KETE 13 KJTACCOB (f)o 1 (f); JPATUJIEBA

B. II. Kongakos

B pabore mokaspiBaercs, 9ro B gekapToBoMm mpoussBemenun E X F' npocrpancts Kére E, F u3 kjac-
cos [parmnesa (f)o, (f)1 COOTBETCTBEHHO TIpW YCIOBWUHM CTPOTOH CHHTYJIIPHOCTH BCEX HETPEPBIBHBIX
orobpakennii F' B F kKax10e JOMOJIHSIEMOE TIOAIPOCTPAHCTBO nMeeT 6a3uc 1 M30MOpPGHO MOAXOIAIIEMY
KOOP/IMHATHOMY TIOAIIPOCTPAHCTBY.

IIycTps Ha unc/ioBO# OCM 3a/iaHa HedeTHas JIOTapuMUUECKU BhITyKJas yHKnus f Obl-
crporo pocta, T. €. dyukmums In f(exp(:)) Beimykna g z > 0 u npu o6om a € (0, 1)

- f(as)
M7 (@)

B craTthe paccMaTpmBaioTCsa €KAPTOBBI NMIPOM3BENIEHNS MPOCTPAaHCTB KéTe uncmoBBIX mOce-

=0.

JOBATEJIbHOCTEN BUIA
bolexp fOvbn)] = {s — () Sl exp2f(\b) = [£2 < o0, 7 € N},
n=1

rme A, T A, A= —1,0,1 wanm oo, by, T 00, ¢ TOTOIOTHET, OTIPEALTISTIEMON CIETHON CUCTEMON THIh-
6eproBeix HOPM (| - |,)$ . B BaBucmMmocTn or 3navenns A\ 3T mpoctpancrsa Kérte ormocsr
k xiaaccam (f)_1,(f)o, (f)1,(f)eo coorBercTBennO (cM. [1]). IIpm paccMoTpenHun pasaum<aHBIX
dbyukumit fi1, fo, ykazanuoro suga, kaaccel (f1)—1 u (f2)o ((f1)1,(f2)eo) MOTYT MMETH mIE-
pecedenns, HO Mexk 1y mapamu npoctpacTB ((f1)-1, (f1)o) # ((f2)1, (f2)co) mepecedenwmii e,
MOCKOJIbKY 9TH MaPbl PACIIONIOKEHBI B 60JI€€ MUPOKUX Hemepecekaommxces knaccax (dg) n (dy)
COOTBETCTBEHHO, BBLIJIEJIEHHBIX TakXke B [1].

Hanomunwm, uro npocrpancteo Kére ls[ay(n)] (0 < ar(n) < apy1(n)) orHOCHT K Kaaccy
(di) (i = 1,2), ecm coorBercTBenHO (CM. [1]):

1) (3r)(Vs)(3t) sup, % < 00;

2) (¥r)(3s)(vt) sup, =G < oo,

M3BecTHO, 9TO B CYeTHO-TUILOEPTOBBIX mpocTpancTeax Kére knaccor (f)g C (dz), (f)1 C
(d1) xax0€ IOMoTHIeMOe MOANPOCTPAHCTBO MMeeT Oe3yCIOBHBIN 6a3uc 1 n30MOpGHO HEKO-
TOPOMY KOOPAWHATHOMY MOAIPOCTPAHCTBY, MOPOKIAEMOMY YACTHIO0 KAHOHWUYECKOTO 6aszmca

(opros) (cm. [2-4]).
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IIpoctpancTBa @pere F u F Ha30BEM cCmpykmypHo HECPABHUMBIMY, €CTTH He CYIIeCTBYET
mapbl m30MOPGHBIX APYT Apyry noanpocrpaucte Ky C E u Fy C F takux, a0 b0 n30MOP-
dusm Fy va Fy, 60 006paTHBI K HEMY MOYXKHO TPOIOJIZKUATE 10 HETPEPBIBHOTO OTOOPaYKEHNUsT
E s F, mbo F 8 E (cp. [2]).

B macrogmeit pabore Oymer mokazaHO, UYTO U B IEKAPTOBLIX MPOU3BEIEHUIX CTPYKTYPHO
HECPABHUMBIX TIPDOCTPAHCTB U3 YKA3aHHBIX KJIACCOB MMEET MECTO TaKad 2KE XapaKTepusalnusd
JIOTIOJTHSIEMBIX TIOANPOCTPAHCTE. A MMeHHO, OyIeT TOKA3aHO CIeIyIONIee YTBEpK IeHe.

Teopema 1. Ilycts cuerno-ruiapbepToBbl npoctpanctBa Ppemre E u F uzomopabr CTPYK-
TYPHO HeCpaBHHUMBIM TIpocTpancTBaMm Kére u3 kmaccos (f1)o u (f2)1 coorBercrsenno. Torma
B gekapToBoM mpomnssegennn X = F X F kaskgoe JOMOTIHSIEMOe MOAIIPOCTPAHCTBO HMeeT 6e3-
YVCIOBHBIH 6a3UC H H30MOPHO MOJAXOIANEMY KOODAHHATHOMY MOJIPOCTPAHCTBY, IOPOXKIae-
MOMY HEKOTOPOI MOJIOCIEN0BATEILHOCTHIO KAHOHHIECKOTO 0a31uca OPTOB.

< CHagaja C MOMOIIBI0 MOAMMPUKAIINN U3BECTHOTO MPUEMA, HUCIIOJb3YIONIETO SJIeMEHTHI
reopun Pucca (cm., Hanpumep, 2, 3]), mokazkem, 4To KaxK/10e JI0MOIHIEMOe MOANPOCTPAHCTBO
G upoctpamncTBa X m30MOpdQHO JeKapTOBY Ipom3BeaeHuio suga Ky X Fy, roe E; — momomHs-
eMoe moAnmpocTparcTeo B K, a F| — momoaHsiemMoe ToAmpoCTPpaHCcTBO B F.

YTBepKIeHne TeopeMbl Toraa OyIeT CIeJ0BaTh U3 Pe3yJabTaToB pabor [4-7|, B KOTOPBIX
nokaszaHo, 4To Fj n30MopdHO HEKOTOPOMY KOOPMHATHOMY nojnpocrpancTsy B B (cm. [4-6]),
a Fi-moxoisitemMy KOOpANHATHOMY MOANPOCTPAHCTBY B F' [7].

Jng m3noxenns ynoMstHyTOi Bbie Moaudukanuu npueMa u3 [2, 3| maMm moHamo6uTCs
cenyronmit paxT.

Jlemma 1 [3]. Ecin E € (d2), a F' € (dy), 10 Besikoe HenpephIBHOE JIHHEHHOe 0T06paskeHne
T : E — F rommakTHO (B cMbIcTe [8]).

U3sBectabl puMeps! map npocrpancts F € (di), F € (dy) Takux, 9T0 BCE HENpPEpPLIBHbBIE
orobpaxkennst u3 E B F xomnakrubl (cMm., Hanpumep, [9]). B srom ciaysae E u F, ouesn-
HO, CTPYKTYPHO HeCpaBHUMbBI. HamoMHUM ompejiesieHne CTPOTO CHHTYJISPHOTO ONepaTropa B
cvpicaie T. Karo (cm., nanpumep, [10]).

Omnepatop T : E — F Ha3bIBAOT CMP0o20 CUHZYAADHbIM, €CTU HUKAKOe cykeHune T Ha
beckonegHOMeEpHOE moanpocTpancTBo Ky C E we asiserca nzomopdusmom Fy na THy.

Jlerko mpoBepuTh, YTO KOMIAKTHBIN OmepaTop, AeficTByomuii B mpocTpancTteax Pperre,
SIBJISIETCS CTPOTO CUHTYIIPHBIM. VIMEI0TCS TPOCThIe TPUMEPBI CTPOr0 CUHTYISIPHBIX OMEPATO-
pOB (HAPUMED, ONEPATOP TOXK/IECTBEHHOTO BJIOXKEHUs [1 B lg), HE SIBJISIONINXCS KOMIAKTHBI-
MHA.

YromuHagmmiicst Beite w3omopduszm G ~ i + Fy Oyjger nojiyueH B CIeyIONEM BCIIOMO-
raTeIbHOM YTBEDPKJICHUN, AHAJIOTHIHOM TOJIydeHHOMY B [2].

Jlemma 2 (cp. [2]). ITycrs G — pononusiemoe nognpocrpancrso B X = E+ F| E € (da),
F € (d1) u E, F — crpykrypHO HECpaBHUMBIE TpOCTPpaHcTBa. Torga cymecTsyer n3oMopgusm
T n3 X ma X rakoii, o TG =TGN E + TGN F.

< Ilycts ) — uenpepwIBHBII JnHelHbIN npoekTop u3 X = K + F na G. Ilokaxkewm, 4To
Torma cymecrBsyer (pearoasMos oneparop S : E+ F — E+ F ¢ ungekcom 0 u JI0mOJTHSIE-
Mble noanpoctpanctea By C E u Fy C F koneunoit kopaszmepuoctu. OnpesesuM OmepaTop
R:E+F — E+ F no dopmyine R= PiQP, + PoQPy,tne Py : X — E, Py: X — F — nipo-
€KTOPBI Ha CIaraeMble MpsMoii cyMMbl X .

B sTom ciyuae Jsterko nposeputh, 9To0 R = Q — PLQPy; — Po,QP; = Q + K, rie K — cTpo-
IO CHHTYJ/ISIDHBIN OmepaTop. DTO BBITEKAET U3 TOT0, 9TO coryacHo jgemme 1 PoQQ Py — KOMIaKT-
HbI omeparop u eciit @ = —PQ Py — P,QQ P, obpatuMm Ha KaKOM-HUOYIH TOAIPOCTPAHCTBE,
rou ® + P,QP;, = —P;QP, nenpepbIBHO 00paTuM Ha HEKOTOPOM IIOANIPOCTPAHCTBE COIVIACHO
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teopun Pucca (cm., manpumep, [10]), a 970 IPOTHBOPEYUT CTPYKTYPHOI HECpPABHUMOCTH F
n F.

ITokazkem, uro crnektp o(R) npezcraBisier coboii CIeTHOE MHOXKECTBO W UMeeT He Gojee
IBYX mpenebHbix TodeK A = 0 u A = 1, a /ijig OCTAJIbHBIX TOYEK CIEKTPa COOTBETCTBYIOIIWE
CIIEKTPAJIbHBIE OTIEPATOPHI KOHEUHOMEPHBI.

Tak kak omeparop @Q — AI, tme I — ToXaecTBeHHBIH omnepaTop, pu A # 0 u A # 1 ume-
€T HENPEPBIBHBIA 00paTHBIH ﬁ((l — M1 —Q), oneparop Q@ + K — Al nmeer ipu A # 0 u
A # 1 KOHEUHBIN MHIEKC COTJIACHO 0O0DOIIEHN0 KIaccudeckoit Teopun Pucca (cM., Hampumep,
[10]). Onpexnennm muoxkecTBO FR Tex Toyek A € C, mus koropeix R — AI nzomopdusm Ha
HEKOTOPOM TOJTIPOCTPAHCTBE KOHEUHOH KopaszmepHoctu B X . Ero mHOrIa HA3BIBAIOT MHOMKE-
CTBOM TOYEK HE 6eCKOHeqHO CUHTYJIAPDHBIX IJIA R COI‘.HaCHO OTMEYEHHO! BBIINIE KOHEYHOCTHU
unzekca oneparopa R — A, umeem Fp D C\ {0, 1}, a coBokynuocTs TOUek A # 0,1 crekTpa
R npencrapaser cob0it MHOKECTBO M30AMPOBAHHBIX TOYEK B He 6ojee, 9eM CUETHOM Yucie,
u uMeer He Gojee ABYX npepeabHbIX Touek 0 u 1. KoHedHOMepHOCTh CIIEKTPaJbHBIX TOAMPO-
CTPAHCTB, COOTBETCTBYIOMMX TOYKaM criekTpa R, orimaabim o1 0 u 1, BEIBOAUTCA CTAHIaPTHBI-
MU PACCYKIEHUIMU, OCHOBAHHBIMU HA TOM, UYTO CTPOIO CHHTYJISIPHBIE OMEPATOPHI SABJIAIOTCS
I/IBOMOp(bI/ISMaMI/I B YKAa3aHHBIX TIPOCTPAHCTBAX.

Brexem omepartop

S = L Res(\, R) dA,

o
T

e ' — rragkast kpuBas, orpaHnYunBaOIIast (GUrypy, CAMMETPUYHYIO OTHOCUTEIBHO JIeCTBH-
TeJIbHON OCH, He Tiepecekaromias crekTpa o(R), ¢ Toukoit A = 1 BHYTpH yKazaHHON (DUTypbI
u Toukoit A = 0 Bo BHemmnoctu ', Res(A, R) — pesonbrenTa R.

O6BI9HBIM 06pa3oM poBepsiercs, uto S2 = S, 1. e. S — npoexnus, u RS = SR. IlockombKy
pesonbeenTa Res(\, R) kommyTtupyer ¢ Py u Py, umeem SP; = P1Su SPy = P,S. Orciona ce-
ayer, aro Im S = By + Fy, rae By = Im P, S, F| = Im P,S. Cuextp o(S — R) = (S — Q — K)
COCTOHUT W3 TIOCEI0BATEIBHOCTH CXOJSAIINXCSA K HYJII0 TOUEK W JJIs BCAKON OTJIMYIHON OT Hy-
nsg Toukn u3 o(S — R) cnekTpasibHasi MPOEKIHMsi KOHETHOMEDPHA. DTO CJIEJYeT U3 TOTO, 9TO
S—R=(I—R)S— R(I—S) uveer o6pa3 Im S u ker S B KauecTBe HHBAPUAHTHBIX TOIIPO-
CTPaHCTB U B 9TUX MMOAIIPOCTPAaHCTBAX S - R nMeeT CIIEeKTD C ONMCaHHBIMYW BBITIIE CBOMiCTBaAMU
(I — R ananoruven R, nockonbky I — R = Pi(I — Q)P + Po(I — Q) P,). Oneparop I —S — R
SIBJIIETCsT (PPEATOIBMOBBIM U, TaK Kak () — R CTpOTO CHHTYJISAPHBIIA,

U=I+(S-R - (Q-R)=I+5-0Q

SABJIAETCSA (PPEArosbMOBBIM OMEPATOPOM C HYJIEBBIM HHAeKCOM. OQ4eBuIHO, 9TO (hpPearoaIbLMOoB
orepatop W orobparkaer JOTOHSEMOe MOANPOCTPAHCTBO Im () Ha 3aMKHYTOE JIOTOIHSIEMOE
noampocrpancTeo W (Im Q).

Yéemnmcs, aro ¥(Im Q) sBaserca noanpocTpaHCTBOM KOHEYHOH KopasMeprocTr B Im S.
Bamernm, uro ¥(Q = SQ, a nmosromy V(ImQ) CImS u ¥ |ing=S |img. Ecim npeamo-
a0xkuTh, aro Im S/ ¥(Im ()) GeckoHeuHOMEDPHO, TO CyLIECTBYeT GECKOHEYHOMEPHOE IOAIPO-
crpanctBo Y C ker ) takoe, uro ¥ |y m3omopdusm u U(Y) C ImS. Ho qia y € Y umeem
U(y) =y + Sy € Im S, a 3naunr y € Im S. Iosromy ¥ C Im S, a sro Biever R |y uzomop-
dbuswm (cornmacno ynommuasmemycs o6o6mennio reopun Pucca). Tak kak R = Q + K, 3aktio-
qaeM, uTo K |y u30M0pdusM, ITO IPOTHBOPEUNT CTporofi cunryapuocrn K.

Paccmorpnm pa3ﬂo>KeHHe X=F+F= E1 + F1 +Z,tne Z=7ZNE+ZNF.

Honoxum U~1(Z) = H + ker ¥. Torna cyxenue ¥ |H H — V(H) msomopdusm u H n
G obpasyior pasnoxenne span{H, G}, rax kax W(H) C Z u U(G) C Ey + F.
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IMoampoctpancTBo Z MOXKHO paziokuth Z = W(H)+ Z1, tne Z; KOHEYHOMEDHO WU
Z1=7Z1NE+ Z;NF. Takum 00pa3oM, CIpaBe/InBbI PA3JI0KEHU

E+F=U(H)+Z +E, + I,
E+ F = H + span{ker ¥, G} + Z>,

rie Zo koneanomepuo n W(Zs) C Evl + E Tak kak U | uzomopdusm, cyxkeHne
U |spanfker w,G}+2,: spaniker W, G} + Zy — By + F1 + 74

ecth oreparop PpearosibMa C HYJIEBBIM UHIEKCOM.
Takum obpaszom, Fy + Fy + Z; u span{ker ¥, G} + Z5 w3omopdubl. Tak kak G mompo-
CTPAHCTBO KOHEYHOi KopasmepHocTy B span{ker ¥, G}, M0xHO nocTponts n3oMopdusm Ha

f:span{ker\I/,G}—i-Zg — 71+ B, + BE»

TAKOM’, 4TO

T(G)=T(G)NE+T(G)NF.

Teneps Tpebyembrit n3omopdusm 1" onpeaeaum mo GhopMyaaM

T |spanfrerw,G}42.=1 u T |g=T.

JlokazaTeabCTBO JIEMMBI 2 3aKOHYEHO. [>

YTBep:KIeHNe TeOpeMBl C YUIeTOM 3TOil JeMMbI IPSMO BBITEKAET U3 PE3yJbTATOB paboT
[5—7], e nokaszano, 9TO B cueTHO-rHILOEPTOBBIX nNpocTpaHcTBax Kére uz kaaccos (f)o, (f)1
KaxKJI0€ JIOMOJIHIEMO€ MOIIPOCTPAHCTBO UMeeT 0a3uc u m30MOPQHO MOJXOASIIEMY KOODU-
HATHOMY MOJIPOCTPAHCTBY. [>
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