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MMPUBJINKEHUE HEIIPEPLIBHBIX OYHKIINN
CPEJHUMU BAJIJIE — ITYCCEHA
1A TUCKPETHBIX CYMM ®YPBE — AKOBU

®. M. Kopkmacos

PaccMoTpuBaeTcs cucrema {Pf"ﬁ (@)} (N =1,2,...) Muoroumenos Sko6u, 06pa3yONITX OPTOTOHATH-

HYIO CHCTEMY Ha JUCKPETHOM MHOXKecTBe Qn = {21, Z2, ..., TN }, cOCTOsIEM U3 HyJeil MHOrOWIeHA SK06H
P]‘i‘,’ﬁ (z). Jna npomsBonbHO HEnpepbiBHON Ha oTpe3ke [—1,1] dynkumm f(t) mocTpoensr cpemnme Tuma
Bamne — Ilyccena Uf‘nﬁnN(f) = Uzz,f}n,,N(f’ t) nns auckpetHbx cymm @ypbe — k06w 1O OPTOHOPMUPO-
BaHHOI CHCTeMe {ﬁﬁ‘ﬁ (t) = {hg’ﬁ}fl/QPﬁ"ﬁ(t) M-}, Moxazamo, wro mpu ycmosun —1/2 < o, 8 < 1/2,

<aN (0<a<1),0<bm<<n<dm(a,bdeR) Uf‘n’ﬁl,N(f, t) mpubmkaoT f(t) Ha orpeske [—1,1]

€O CKOPOCTBIO Hamytywmero npubamxkenns B, (f).

1. BBenenue

B paznuuHbIX TPUKIATHBIX U TEOPETHIECKUX 33Ja9aX IMUPOKO UCIOMB3YIOTCA PA3JI0Ke-
Hus pyskimit B paasl Pypbe Mo OPTOHOPMUPOBAHHBIM CUCTEMAaM, B YACTHOCTHU, IO OPTOHOP-
mupoBanabiM MHOrO4IeHaM (Yebbimesa, Akobu u ap.). Hepeako BMecTo 9acTuvHOli CyMMBbI
pana Oypbe 110 BHIOPAHHON OPTOHOPMUPOBAHHON CHCTEME B KAUECTBE anmapaTa npuO/InKeHns
ucnob3yorea cymvbl (nmm cpegane) Deitepa u Banne — Ilyccena mo Toit ke 0pTOHOPMHUPO-
BAHHOH cucTreMme. B cOBpeMeHHBIX 331a49ax, CBA3AHHBIX ¢ 00pabOTKOM, CXKaTheM U Iepeaadei
IUCKPeTHOH nudOopManmu, BOITPOCH Npub inkenns: (QyHKIN, 3aJaHHBIX HA JACKPETHBIX MHO-
JKEeCTBAX TOUEK (CETKAaX), 4aCTO PEIIAoTCsa ¢ TOMOUILI0 psiioB Pypbe (Wam ux CpegHux) 1o
COOTBETCTBYIOIIEH CHCTEMe OPTOHOPMWPOBAHHBIX HA ITUX CETKAX MHOTOWIEHOB. Bwuibop To-
0 MWW WHOTO anmaparta MpubIMKEHUsT TPOJUKTOBAH CTPEMJeHNeM O0eCIednTh KaK MOYKHO
Jiydiriee TpuOnyKeHne JaHHoN (DyHKIINN.

[Tycts H™ — npoCTpaHCTBO aarebpandecKux MHOTOWIEHOB P, = Pyp, () CTENeHn He BBIIIE 1,
C[—1, 1] — mpoctpancTBO HenpepbiBHBIX Ha [—1, 1] dyukiwmii, Q = {zg, x1,...,Tp,...} — ceT-
Ka, — JUCKPETHOE MHOXKECTBO, COCTOAIIEE U3 KOHETHOTO WM OECKOHETHOTO UNCIa PABTUIHBIX
Touek geiicrBuTenbHON ocum R. Obo3naumm gepes Pﬁ,’ﬂ () (o, B > —1) KTaCCHIECKHE MHOTO-
wnensr SIko6u crenenn N, oproronamsmbie Ha otpeske [—1,1] mo ecy p(z) = (1—2z)*(1+x)5.
Teopust K1aCCHIECKUX OPTOTOHAJIBHBIX MHOTOUJIEHOB, B YaCTHOCTA MHOTOYIEHOB f1K0OHU, XOpO-
10 W3yveHa B Hay4dHOi guTeparype. OgHaKko, Kak Oyjger moKa3zaHo HUKe, MHOTOUIeHbl KoOu
P(;l’ﬂ(x), Pf"ﬁ(m),. . PJ(\J‘,’EI () (N = 1,2,...) MOryT OGBITH PACCMOTPEHBI KAK MHOTOUJIEHBI,
obpasyiolye OpTOroHaIbHyIo cucremy Ha cerke = {xg,z1,...,ZN}, cocrosiueil n3 HyJeii
MHOrowreHa fko6m Pﬁ,’ﬂ (). B sToM cumbIciie MEHOTOWIEHB! SIKOOH SIBJISIFOTCST OPTOrOHATBHDI-
MU MHOTOWJIEHAMU JUCKPEeTHON mepementoii. [loaromy mpeacTaBisger mHTEpeC MCCIETOBAHIE
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CBOICTB MUCKpeTHBIX cymMmM ®Pypbe — fKoOM M X JUHEHHBIX cpeaHmx. B HacToameil crtarne
MBI PACCMOTPUM AIMTPOKCUMATUBHBIE CBOMCTBA cpeannx Bamne — Ilyccena mist mucKpeTHBIX
cymm Pypoe — Axrobu.

Xoporo uzBecTHa creayommas Keajgparyprast ¢opmysa laycca [1]:

N

1
/P($)02N1($)d$ = ZM;‘@N&(SE]'), (1)
|

=1

cIIpaBeIIBag J1d J060ro Maorodwtena ooy 1(z) € H*V=1. B (1) Tj=1; o _ HYJIH MHOIO-

718

amera Axobn Pﬁ,’ﬂ (), pj = p] — uncna Kpucroddens (wmm Beca KBa,HpaTypHOﬁ dopmy-

JIBI),

wipii TN +a+1)D(N + 6 +1 1
= gL )I'( ) @)

TVADT(N +at A1) (g g {Pﬁ,ﬁ,(xj)}g'

Ecnu, B wactaoCTH, ONMOKUTE 09N _1 (L) = Pﬁ”g(m)Pﬁl’ﬁ( ), m+n<2N —1, 1o us (1)
1
/P(w)Pr?’ﬁ(w)P%’ﬁ )dx = ZM; WP (25) Py () = by S, (3)
1

20+6+1  T(n+a41)I'(n+p+41) .
T tatBFT " T(nd DT (nFatpeD) ™ Omn — cumBos KpoHnekepa.
N-1

W13 (3) Buano, 9TO CHCTEMAa MHOTOUIEHOB fIK0OM {Pia’ﬂ (x)};5," AaBISETCS OPTOTOHATBHOM

rie hf{’ﬁ =

Ha cetke 0y = {z1,T9,...,xN}, cocTOsIIIEl U3 Hysell MHOrOWIeHa AKOOH Pﬁ}’ﬁ (z), oTHOCH-
TEJHLHO CKAJIAPHOTO MPOU3BEICHNS

(f.9)= > n(@)f(z)g(z) (ulz;) = py).

TEQN

ITonaraa R
PP(t) = {hePA =12 peh (1), (4)

onpezenuM i npomssosbaol dyukimu f(t) € C[—1,1] auckpernyo gactayio cymmy Dy-

pbe — SIkobu nopsaka n < N — 1 10 OPTOHOPMUPOBAHHON CUCTEME {ﬁﬁ‘ P (t) 7]:7:_01

SENf) = Z FEnpes (e (5)

e _]/t;?” Z pif(x ) o8 (xj) — nuckpernsle Kosbdurmentsr Pypre — Axobm.

COCTaBI/IM cpennne Bamie — Ilyccena dynkmun f(t) € C[—1,1]:

v N D) = ) = =[S0 + SaE N0+ 4 S5 (0] (6)

rmem+n< N —1.

Bynem paccmarpuBarh &P

o, ~(f) Kak snumeitHBI# OmepaTop, JeifiCTBYIONMI B IPOCTPaH-
cree C[—1, 1], HOpMY KOTOPOTO 0603HAYNM Uepe3 ||vm 'n.v||- B HACTOAIIE! CTAThE IpH yCIOBHH
—-1/2<a,<1/2,m<aN (0<a<1),0<bm<n < dm (a,bu d — dpukcuposanuble Jeii-

CTBHUTEIbHBIE YHC/IA) HAME JOKA3bIBAETCS paBHOMepHasi orpanmdeHnocts B C[—1, 1] HOpMBI
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o,
omepaTtopoB Base — Ilyccena Vpom, ~(f). Kak cescTBre 5TOr0 pesyibTaTa, yCTaHABINBACTCS

HOpﬂ,uOK npubsmkenus nponssonbHoit yukunn f(t) € C[—1, 1] cpegunvn Basie — ITyccena
(f,t) B mpocrpanctee C[—1,1].

mnN

2. BcnomoraTeJsibHbIE YTBEP>KJI€HNHA

IIpuBenem 6e3 moKa3aTE/NBCTBA CASAYIOIIEE OUEBUIHOE YTBEPKICHUE.

Jlemma 1. Ilycrb ¢pynkmus f(x) HempepblBHA H HEOTPHIIATETbHA HA IPOMEXKYTKE [y, by ]
bid {tj};-":(] — cerka, Takasg 910 a1 < tg < t1 < ... < tp < by. Iycre At; = tjy1 —tj n
[ag,bQ] C [al,bl]. Torna,

1) ecan f(z) momoronHO BO3pacraer Ha [az,ba], TO

ba
S ft)A < / F(2)dz + f(b)A", (7)

a2t <

2) ecin f(z) moHoTOHHO yOBIBaer Ha [ag, bs, TO

Z f(tj)At; < /f )dz + f(az) A",  A* = max At;. (8)

a2 <t] <b2 J

Jlemma 2 [1; 1.15.3]. Ecm xj = cos6; (0 < §; < m) — Hysmm mHOro41ena Sxobu Pﬁ’ﬂ(x),
—1/2 < o, < 1/2, ro amst ancenr Kpucrogppers i, onpenenennbix paBencrsamu (2), crpa-
BEJTUBBI CJICJIYIOUIHE OIeHKH

A
B < N(sinHj)zo""1 (0<8; <m—eo), 9)
A
K < ﬁ(sian)w“ (60 < 9]' < 71'), (10)
e A u €9 — (pHKCUpOBAHHbBIE MOJIOXKUTE/IbHBIE uncia, j = 1,2,..., N.

Hawm nonamobsitest HeKOTOpBIe cBoiicTBa MHOTOUIeHOB fAK0o6m [1]. dnsa ymoberBa cehbLIok
MBI cobepeM HX B 9TOM maparpade.
CrpaBeJiuBO CJIEIYIOIIEE PABEHCTBO

PP (z) = (—1)" P (~a). (11)

Hna —1 <t <1, n > 1 cipaBeyuBa CaeIyoIIast OleHKa

oo < (vimin 1) T (v D) T (12

Baecw n manee uepes ¢, c(a, f, ... ,w) 0003HAUAIOTCS NOJOKUATETBHBIE TTOCTOSTHHBIE, 3ABU-
CAIAe JINIMIb OT YKA3aHHBIX MapaMeTPOB.
(67
Ecmn zj = cos §; — mynu Muorodsiena SIkobm PN’B(:E), —1/2 < a, f < 1/2, 3anymepoBas-
HbIE B yOBIBAIOIIEM TIOPSIIKE:

1>z >29> ... > 28 > —1, 0<bO<by<... <Oy <m,
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To [1]

2j — 1 2 .
<0, < —1,2,...,N). 13
vt SlsSgy g U ) (13

Orcrona
™
Abj=0j1—0; > INFT (14)
3

AG; < 1
TN +1 (15)

Nmeror MecTo criegyromnme paBeHCTBA [2]:
Lllpu -1 <zt <, x#t

k
_KaHB — hazﬂ *1Pa7ﬂ Pazﬂ _ _k(]' B t)(]' + .’.E) Pa‘i'lzﬁ Pazﬁ‘i'l
p (tz) = E ,{ iR ()P () = 9B+ (t — ) (t) Py (2)

- P,?ﬁ WP @) PP OR@) R R ()

Fot-a Fot-a Fot-g (16)
L PP @) i+ DRI ORI @) — kPP ()P ()
k t—zx 20841 (¢ — )
1-t)(1+2) o o
1 =00t p )_( - ) et ) pooi ).

e H: = O(1), 6, = O(1) (k = o0). B JasibHelties Oy/iem IpeJnonararh, 4To CyIecTByIOT

TaKWe MOJIOKUTE/bHbIE IOCTOAHHbIE g1 U g2, 9T0 |H}| < g1 n |0k < go. Ilpn xenannn snadenne
MOCTOSIHHBIX §] U @9 MOXKHO HAfTH, HCHOIB3Ysl JOKA3aTeILCTBO paBeHcTBa (16), npusegennoe
B pabore [2].
ILTpu -1 <zt <1, x #t
A=t +2) a+1.8 1) psf+1 :
t—ZB ka ( ) _Zgi(tax)a (17)
i=1
rae
(1-t)1+2)(1—z) 1,841 1,
a(t,7) = g [(m et B DR @) P )
—(m+at B+ NPT @) PR )], (1)
1—-t)%(1
92(75’ ZE) — W [(m +a+ ﬁ + 1)P%+2’ﬁ (t)PﬁKL:ﬂ-H(x)
—x
—(m+n+at Pl OPyLT @), (19)
(1—t)(1+$) m+n+oz+,6+2 a+1,3 a,f+1
t = P ()P,
93(t: ) (t — )2 2mwwn+a+5+3’”"()mﬁ(@

_mtot B4l g
2m+a+p+1 "

(t)P%l@)] . (20)
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— z) " « k+a o o
94(t: z) = L (ttz(i; ) ;n (215 +J;i;142(32)(22 +Zi;242 1)Pk 8PS (g (21)
m+n
gslt, ) = CELEROIRLI N pettiy ot ), @)
k=m
B T m—+n
itoa) = S e DA R @)

a(f+ 1) PP P (2)). (23)

3. Ouenka Hopm cpegauux Bassie — Ilyccena
IucCKpeTHbIX cymm Pypbe — Axobdbn

Nwmeer mecTo ciaemyromas

Teopema 1. Ilycts —1/2 < o, < 1/2, b,d — ¢pukcupoBaHHbIE MOJOKHUTETBHBIE J€H-
creurenpubie gncaa (b < d). Torga nopmser cpeaanx Bamwie — Ilyccena ,ng’li ~ (f) mpm ycrosnm
m < aN (0<a<1),0<bn<n< dn paBaoMepHo orpanndersl B npocrparcrse C[—1,1].

< Moxcrasnss B (6) coornomenue (5) n yunthiBas pasencrsa (4), (16), nmeem

m+n
m’iN(f) = m’iN( ZNJ ;) Z K (t, ;). (24)
U3 (24) cremyer crnpaBeyinBOCTh PABEHCTBA
ol = sup o (= 1Vl (25)
rae
N m—+n
Vi = V(1) = Z At 7). (26)
: k=m
Onennm BeTMIMHY V;:’ﬁ (t) mpm —1 < ¢ < 1. Paccmorpum cravana ciydait 0 < ¢ < 1,
KOTODBIii, B CBOIO 0OUepesib, pa3o0dbeM Ha ciaydam: 1) t € [0 1- —] 2)te [1 — %, 1].

1) Bammmewm Hyaum MHOTOWIEHA fK0OH PN’ﬁ (z) B yb6bIBatomem mopsake —1 < zy <
zN—1 < --- < x1 < 1 m cuenaem 3ameny t = cosy, x; = cosf;. C yuerom omenkn (14)
3 (26) caemyer, uTo

m-+n

Z K ’ﬁ (cos @, cos b;)| Ab;. (27)

’ﬁ
Vnolé,n,N(COS ®) (n+ 1 Z Hj

Momoxxum Ay = [3,7r) Ay = [(p—l—m, 3) Az = (@_%7@4_%)7 Ay = (OHP_L]-

m
« e -
Torma BesmunHa Vm”n’  (cos ) omennTcs o cremyromIeii cxeme:

3N
Vrzﬁ’N(cosw) < pr P Z + Z + Z + Z =U+Us+Us+Us.  (28)
O;€A1  0;€Ay  0;€A3  0;€A4
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C yuerom pasencrBa (16) kaxkmas u3z cymm U; (i = 1,2,4) OlEHHBAETCS CJI€IYIOIIIM
obpazom:
6
Ui <Y Uy, (29)
1=0
e
U 3N Z (1 —cos¢)(1 + cosb;)
i0 = I 9atB+1 _ )
m(n+1) ey 20 (cos ¢ — cos §;)
m—+n
X Z kPaH’ﬂ (cos ) Py P (cos 0;)| A0, (30)
k=m
m—+n
Uiy = HLPYE (cos ) PP )| AG; 1
Ut GEZA o cos<p—cos9 Z kPt (cos ) (cos 0;)| A5, (31)
1 m—+n 5 5
Ui = _ H2P® P )| AG, 2
i2 n—i—l Z e cos ¢ — cos 0, Z kg (cos ) k+1(C0593) 05, (32)
0 €A; k=m
1 m—+n
. 7:3 aﬁ . .
Uis = T+ 1 GEZA I —cosgo Ep— Z H} PP (cos @) PP (cos 0;) | A, (33)
3N 1 = 5
_ Q, . .
Uis = P GEZA,M W Z H} ,H_l(cos @) P} (cos 0;)| Aby, (34)
J 7
3N 1 g
AR e ) o.f a,8 )
Uis = w(n+1) O-EZA- Hi 204841 cos ¢ — cos 0} kz: (k + 1)y (cos @) Py (cos 07)
jERi =
3N 1
— kPP PP (cos0,)|A0; = ——— :
(cos ¢) (c0s 0;)| A0; m(n+1) Z Hi 204841 cos ¢ — cos 0]
QjEAi J

X |(m+n+ 1P (cosp)P2P . (cos8;) — mPP (cos o) PSP (cos 6,)| A8 (35)

(1 —cos¢)(1 + cos ;)
cos ¢ — cos 0

3N
Uig = — Z g
m(n+1) P

m—+n
X Z 6kP,?+1’ﬁ(cos @)Pf’ﬁﬂ(cos 6;)

k=m

AG;.  (36)

Hns onpenenennocrn B jemme 2 Gyjem cuntarh &g = /3. Ilostromy Ha mnTepBane A;
Oyaem momb3oBaThes orenkoii (10), a ma maTepBasax Ay, Ag, Ay — onenkoii (9).
Omnennm Uy. Ilpu onenmBanun Uy; (4 = 0,1,2, 3,4, 5,6) Gyaem yuaureiBaTh, uto j1d 0; € Aq

(sin6;)%°*! = (1 — cos Hj)ﬂ+1/2(1 + cos @-)ﬂﬂ/2 < 2(1 + cos Hj)ﬁH/Q,
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a Takzxke cos ¢ —cosf; > 1/2, (1 — cosb; )_a/2_1/4 <1 u (14 cos) B/2=1/4 L 1. Hpunnmas
Bo Bammanme (10), (12), (30)-(34) npu m < aN (0 <a < 1), 0 < bm < n < dm nmeem

Y (sin6) 1 AY; < 6”” Z AB; < 2Xé2(a, B),

(37)
P m(n + 1

0 c€Aq

0 €A1

m—+n
1
o 12A (e f) a/2-1/4 (1 B/2+1/4 LAUN?
o p 1) q1(1 —cos )~ Z + cos ;) Z Z 0;
k=m
< 1222 (v, B)

< =am T2 N A < g (o, B). (38)
m™m
9j€A1

Benuuunbl Uyg, Uiz, U4 ontermBatoTca anagornduo Uqq. ITosTomy

Uli < 4>\q162(a7/6) (IL = 2a 374)

(39)
Hamnee, 3 (35) un (36) ¢ yuerom (10) u (1

2) BBIBOAUM

) /2-1/4 8/2+1/4
— "7 (1 —cos @ (1 + cosb; ACH
e iy (e 3 (1t

4)\
g 2L ppetl)? AO; < —c* (o, B 40
7T(n + 1) GJEZAI J ( ) ( )

) a/24+1/4 26+1 1
< - ' 7 — _ .
Uig < (n 1) g2(1 — cos @)~ E (siné;) E Ab;

k
0;€Aq

k=m

<——"2q Y Ab; <2227 (o, B). (41)
0;€Aq

O6beaunsist onenkn (37)—(41) u cpaBruBas ux ¢ (29), nonyanm

2
U1 < 2)\c2(a,6) [Sql + q2 + g + 1:| .
Onennm Besmmanny Us. IIjist 31010 uCnoib3yeMm 6e3 10Ka3aTeIbCTBA CIELYIONIee

VYreepkaeane 1. Ecium < aN (0<a<1),0<bm<n<dmn, to

sin 6; ™ 3ma —at1/2
< /= -
6EZA2 (COS(,O—COSHj)_a/2+5/4 X \/g( ( ) + 4 (7T+]-)) ) (43)
i EA:

sin @ 3ra
A0 1 i 1 1— 71/2 44
Z (cos ¢ — cos 0;)2 i < B} < + 1 (m+ )) m( oS ) ; (44)
0]'EA2
Z sin 6; G, < .

g( (o )+i”fT“<7r+1))m 33 (1—cos)tE, (45)

3

a7
0, A (cosp —cosfj) 271
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-
Yy B A <In 2 4 3™ e 1 1), (46)
cos p — cos b; 8 4
0;€A,

Ilpu onenusanuu Uy; (i =0,1,2,3,4,5,6) yurem, uro ans 6; € Ay (1 + cos 0]-)_5/2_1/4 <
V2, (14 cos §,;)P12H1/4 V2,
(sin ;)% = (1 — cos0;)*(1 + cos 0;)* sinf; < V2(1 — cos §,) sinb;,

a taxxe (14 cos @)~ P/2=1/4 L 1.
N3 (31), ¢ yaerom (9), (12) u (43), nmeem

Un < (o, 5)%q1 <cl(a) + ?%“(w + 1)) . (47)
Amnajornuno,
U < o) 220 (e + 22w+ 1)) =280 (1)

Ouenuanne Benmann Uss u Ugg ananmornuno onennsanuio Usy. eiicteurensuo, u3 (35),
(36) c yuerom (9), (12) u (43), umeem

672 (a, B) /o sin6;
U- < AP - a/2—-1/4 J AG.
PN 1+ 1) (1= cos) 6% (cos ¢ — cos f;)—/2+5/4 7]
FASTAY) (49)
2
<2022 (al) + How+ ),
6A2(av, ) Cw/oiild sin 0 =1
Usg < ———>qa(1 — cos ) */2+1/ Z —a7arsi 20 Z 7 | A9
m(n+1) e (cos p — cos 0j)—/2+5/ =k
3V2 3
< a2 P (i) + Fa+ ).
(50)
Haxoner, nepeiigeM K oneHUBaHUIO BenunHbI Usg.
C yuerom (9) u (17) u3 (30) umeem
3\ 6 6 (i)
Uz < p ) Z (sinf;)>**! Z |gi(cos ¢, cos 0;)|A0; = Z Usg » (51)
QjGAQ 1=1 =1
rie
i 3A . .
UQ(O) = T+ Z (sin6;)2*|g;(cos ¢, cos 0;)|Ab; (1=1,2,3,4,5,6). (52)

9]' €Aoy

Ouennm UQ((I)). Ucnonwsys (12) u (18), noayunm

2 _ Na/2+1/4
(1) < 3Ac (e, B) 9 B 1— —a/2+1/4 : ,(1 cos 6;) AD. 53
U’ < w(n+1) o (1= cos ) HjeZA;) sind; (cosp —cos ;)2 — 7 (53)

BocnonbpzoBapimmcs HEPAaBEHCTBOM

(1 = cos 0;)*> T/ < (1 = cos p)*/* 1/ 4 (cos i — cos 6;)*/ >/ (54)
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u onenkamn (44) un (45) u3 (53), momyanm

1) _ 212 (a, B) 1/2 sin 6,
Uy < ——————(1— E Ab;
20N Trn+ 1) (1= cosg) oica, (Cos = cos ;) ’

212¢% (o, B) sin 6,
m(n+1) (1= cos) 022 (cos ¢ — cos f;)=/2+7/4 7]
J

C2 « ma
<%93%i3<1+@@0+§54w+n). (55)

Hanee, npuanmas Bo BHuManue ounenku (12), (44), (46), pasencrea (19)—(23), uz (52)
nveeMm

@) 212¢% (o, B) 1/2 sin ;
Uyy < ———2(1— AG;
20 m(n+1) (1= cosg) GjezAg (cosp —cos ;)2

c2 a mTa
<EL%JQO+%4WH0.@®

2 : 2
(3) ¢ 12Xc¢* (o, B) sin 6, AG: < 3¢t (o, B) 1 3ra !
U < mm(n + 1) Z (cosp —cosB;)2 7 = b T (r+1)). (57)
(SIAY) J

2

™m 4

4
(58)
75»\62(0{’6) 1 In 3—71-m2 + 37T—a(7r +1)
m 8 4m

9\ (o, B) sin 6,

U(5) < ’ J AD.;

20 ™m Z cos p — cos b J s
0;€A,

N

< 9N (a, B)y(m),

rae y(m) = == In3Tm? + 2% (1 + 1),
Herpymuo BugeTs, 9uTo

9 Iny/gm 34 2 2 3a 4
-z Ry R | W i T P | P iy PR |
y(m) - - +4m(7r+ ) - 5+ 4(7r—i— ) 57r+ (m+1)
TTosTomy
4 3a
U < 9x2 (v, B) <5—7T + Tt 1)) (59)
Hamee,
2 . 2
(6) o I\ (a, B) sin ; Ag: < I\ (a, B) 1 3ma 1
Uzo' S 2mm>2 ZA (cos ¢ — cos §;)? 7= 8 + 4 (m+1)). (60)
2

Cobupas omenkn (55)-(60) n cpaBuuBas c¢ (51), 3ak/09aeM, 910

Usp < 3Xc2 (e, B) [(% + g) (1 + ?’TTa(w + 1))

LT
2b

(m@+%ﬁwH0+g+%m+ﬂ.mn
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3 (29) u (47)-(50), (61) BBIBOgEM

Uy < 3MH (v, a,b)? (v, ),

H1(a,a,b)=\/g< ()+37jTa(7r+1)> <4q1+qQ+ ) <% §>
><<1+3Z—a(7r+1)) 27b< ()+3TTG( N )) 5_2 9a

+ o+ )
Onennm Besmunny Uy. [lpuBenem 6e3 mokazaresbcTBa CIeayoInee

e

Vreepxkaeane 2. Ecium < aN (0<a<1),0<bm<n<dmnm, 10

Na/2—1/4

Z sinf;(1 — cos (P)fa/2—1/4 (1 —cosb;)
0;€A ! cosfj — cos
ATt

T 3ra m24/2
§+cl(oz)(7r+1)+ \/E <1+ )]m,

2

in6; 3m?
5 et g0 < (14757 it oo
hchs (cos@; — cos )

Z (1 — cos Hj)o‘/2+1/4A‘ o (20 + 1)>F1/2 N 317a )
o= (cos B — cos p)? 16(3 — 2a)a—3/2 16

8
[Ipuanumas Bo BHUMaHUe, uTo 1714 0; € Ay (14-cosf;) 2

(sin6;)% ! = (1 — cos0;)*(1 + cos 0;)* sinf; < V2(1 — cos §,) sin6;,

(sin 0;)** " = (1 — cos 0 )a+1/2(1 + cos B, )aﬂ/2 < 2(1 —cosb; )aﬂ/2

a taxxe (14 cos @) ~P/2=1/4 <1, m3 (31) ¢ yuerom (9), (12), (66) momyuamm

3V2X1E (o, B) . _a_1(1— cosH‘)%_% ey

Uy < 2200 P) 0;(1 — ‘ J ~ | Ag;
i m(n+1) an Z sindj(1 = cos ) cos f; — cos ¢ Z k J
0;,€A04 J

=m

3V f) | +ci(a)(m+1) + = (1 + M)] ‘

™

3 /2 4

CoBepIeHHO aHAJOIMYHO MOXKHO JI0Ka3aTh, YTO

T 3ma 22 .
§+c1(a)(7r+1)+ NG <1+ )] (1=2,3,4).

Hamnee, 3 (35) u (36), ¢ yaerom (9), (12) u (64), nmeem

2
U4i < 3\/§>\Q1C (Ck,,B)
T

2 _ Na/2—1/4
Uss < M Z sin@;(1 — cos <p)*a/2*1/4(1 cos ;) A

w(n+1) hAs cos 0 — cos

1<, (1+cos0j)*§+% <

(62)

(63)

(66)

\/§J
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3fAib( b) 3 = er(a)(m+1) + 3% (1+ WZ\/E)] : (69)

6Ag2c* (e, ) 1/2 (1 —cosp)~e/2t 2-1
< P - 0. 1 — cos§,)/2-1/4
Uss m(n+1) (1= cosp) Z ST os 0; — cos (1= cos6;)

0,eA
+ 2 o 2\/_ (70)
1 6Aqoc®(a, B) | m 3ma TN 2
— Al L ———————— | - 1 — 1+ —]].
IMepeitnem k onenke seanannbl Uyg. 13 (30), yunreiBas (9) n (17)—(23), nmeem
3\ 6 6 )
Uy < A+ 1) Z (sing;)2*+! Z |gi(cos ¢, cos 0;)|A0; = Z Uﬂ)), (71)
" 0;€A4 i=1 i=1
e
; 3A . .
Ul = e 0% (sin ;)% |gi(cos @, cos 6;)|A0; (i =1,2,3,4,5,6).  (72)
AV

(1) (1)

Bemmaunsr Uy, onennBaem Tak e, Kak Usy , NCIONB3yst BMeCTO omeHoK (44)-(46) ormenkn

(64)—(66):

’ 1— Na/2+1/4
Ui(l)) < M <2 + E) Z sin (1 — cos (p)—a/2+1/4( cos 6;) A0,

T 2
w(n+1) m) A (cos@; — cos )
212 (e, B) 1/9 sin 6;
(1 —cos )Y/ Z —L A0, (73)
m(n+1) erd (cos B — cos )
2102 (a, B) 3r2a
St S LS
= b 2 <1 T > ’

3v2Xe*(a, B) o _ (1 — cos §;)*/2+1/4

< 24 21— a/243/4 J A6
U40 C2r(n+1) < * m> (1= cosg) Z (cos; —cosp)? 7
0;€Ay
21V2X3 (a, ﬁ) a3/ (1 — cos ;)e/>+1/4
oVeAr \ P AD:
w(n+1) (sin ) Z (cos @ — cos p)? % (74)
0;€Ay
< 20vV203 (o, B) [ (200 + 1) F1/2 3r’a
h b 16(3 —2)2=3/2 16 |’
1— Na/2+1/4
U40 6v2)\c2 (e, B) 2+b(1—cos<p)7°‘/2+1/4 Z (1 —cos8;) A0,

mm(n+1) 1+b (cos 0 — cos p)?

0;€A4
o 12203 (e, B) [ (20 + 1)>F1/2 N 3nTa\
rn+1) \16B—2a)032 " 16 | ¥

< 6vV2) (o, B) [ (2a 4 1)0H1/2 3r’a
= b 16(3 —2a)2-3/2 16 |’
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Y 1— Na/24+1/4 [mtn
U40 S 6\/_ ¢ (a _ﬁ) (1 — COS ()0)706/24»1/4 Z ( COS&]) ( i Ae

m(n+1) ey (cos @ — cos p)? = k?

1 _ COSH a/2+1/4

6fA ( 6) —a
ﬂCm;‘ +1/2 Z

0; €Ay

(cos B — cos p)? A0 (76)

< 3V2AE (e, B) [ (2a+1)2t12 3774
= I 16(3 —2a)2=3/2 16 |’

2 _ Na/2—1/4
g ¢ Dl f) 1 — cos b))

(1 — cos ) /2 Z sinf;(1 — cos @)*a/%l/‘l(

S on(n + 1) VA, cosfj — cos
m+n 2
x(;%)%gw a1+ %(H 2[)] (91)

92 9 (o, B) (1 —cos@,)/2+1/4 [T
U(G) < 1_ a/2+1/4 j L 4
V2r(n+1) (1= cosg)” ng (cos@; — cos p)? Z k2 A;

k=m
9)\c (., B) [ (2a +1)aF1/? n 3r7a\ 4
V2rm \ 16(3 — 2a a3z " 16 ) ¥

9)\c (aﬁ ( (2a 4 1)2H+1/2 37r7a>

16 3—2aa 3/2+ 16

Cobupas omenkn (73)—(78) n noxcrasisas ux B (71), momydanm

M[—()(i 1) (st 22)

+7+ 3¢y (a)(m+ 1) + %7; (14—#5)] , (79)

e cz(@) = ((2a+ 1)21/2) /(16(3 — 2a)2—3/2).
U3 (67)-(70), (79) nmeem

Us < 3AHa (e, a,b)c*(, B), (80)

1 | 772 3n2a 9v/2 7 3n7a
H hy=—|— (1 = -
(0 ab) W[% ( + 2 )+( b +m)(c3<a)+ 16)

+<\/§<4q1+\/§Q2+%)+3> (§+C1(a)(7r+l)+3\7/rg(1+7T22\/§))]. (81)

Ounennwm Besmmanny Us. 113 (28), yuursiBas ounenkn (9) u (16), mveem

rjae

3\ m—+n k

Us < ooy O (Smé)™ 303 Ky P cos )] - [P (cos )| A8,
0;€A3 k=m i=0



Ipubanxenne menpepoiBabIx ¢pyrkmuii cpeaunmu Basie — Ilyccena

2-33

3A : 2a+1 — a,fy—1 3A . 2a+1
=— Z (sin ;) ACH Z{ho Pt — Z (sin6;)

W(n + 1) GjEAg k=m W(n + 1) GjEA.’S
m4n k L )
< 30 ST RSP (cos )| - [P (cos 87)| A6 = USY + U,
k=m i=1

Omnennm cymmy Uél). YunteiBas, uro ma —1/2 < o, f < 1/2 (cm. (3))

pady-t ot frl  Tlatprl) _ T(a+pB+2) PR AC)
7 20t Tla+ D)T(B+1) 22T (a+ DT(B+1)  [I(1,462))°

TIOJTyJaeM

15. 36)\

UV < =L (n+1) Y (sinf)* Al < 2 Y Al <
3 7r(n 4 1) 0j€A3 J J T 0 =, J

g oneHKn U§2) HaM IOHAIOOUTCA CJIeIyrolee
VrBep:kaeaune 3 [3|. IIpu pUKCHPOBAHHOM p HMEET MECTO PABEHCTBO

-0l v

OCHOBaHHOE Ha XOPOIIO H3BeCTHOIH popmyse CTupuHra.

(82)

< 2.56,

(83)

(84)

B cuity 9TOrO0 yTBEpIXK/I€HUS, BeTHINHA {h?’ﬂ}_l nmveer nops ok O(i) nim {hf"ﬁ}_1 < ¢yl

VaurwiBasi, 9T0 151 0]' € Aj (1 + cos gj)fﬁ/2fl/4 < \/Z
(sin 021 = (1 = cos ;) 1/2(1 + cos ;)12 < VA(L — cos ;)42

1 (14 cos @) ~P2=1/4 < 1, u3 (82) momyuaem

@) _ 6xeac? (o, B) T —a/2-1/4 a/241/4
U™ < W Z Z(l — cos ) Z (1 —cosb;) ACH
k=m i=1 0;€A3

6Acsc(a, ) T 1\ @/2+1/4
< nacias Py _ a/2 1/4 _ _ 4
S ) Z Z (1 —cosy) 1—cos|o =

k=m =1

< < 1) < 1))‘1/2“/4] 2 12xesc (e, B)
+(cos{p—— ) —cos|p+ — — < —F—
m m m mm(n + 1)

ot a1 1 $+i 1 $+1
X 1—cosg) 51| (1= - — 2 sin  sin —
Z Z( Cos ) < oS <<p m)) + < s1n<ps1nm>

k=m 1=1
Do) S5 [ (1= cos (o= ) LN
mm(n + 1) P 1—cosyp (1 — cos ) +4

12Xesc®(a, B) ot 23/4m,
S mm(n + 1) Z; 1+( m(n+1)

L2 + 21 Aesc(a, B) Sy
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3 Xeac? (a i ¢
12(1 +7T2m(7)lA+41)( ,B) (m ) (n+ 1) < 12(1 42 73>\(d+1) 12, B).  (85)

O6beuuss (83), (85), momyunm
Ad+1)
7r

Cobupast ouenkn (42), (62), (80), (86) u conocrasmsist ux ¢ (28), npu —1/2 < a, f < 1/2,
m<aN (0<a<1),0<bm<n< dnm opuxoauM K OIEHKe

15.36)

™

Us <

[12(1 + 2, ﬁ)} n (86)

A 4
VP (t) < A (o, B)Ha(a, a, b, d) + =15.36 <0 <t<1— W) , (87)
"oy 7‘('
e
2 12(1 + 23/
H3(Oé, a, ba d) =2 <8511 +q2 + g + 1) + 3H1(a7a7 b) + 3H2(Oé, a, b) + ¥C4(d + 1)3
(88)
a Hi(a,a,b) n Hy(a, a,b) onpenensitorcs 3 coornomenwnii (63) n (81).
2) HepasencrBo (27) 3annmieM B CI€IyIOIIEM BHJIE:
2N +1 &
Vnol"g N (cos ) Z 1 Z (cos ¢, cosb;)| Ab;
(89)

<% Z+Z+Z =W+ Wy + Ws,

0;€A1  0j€Ay  0;€A3

_ 2 — 2 —
A = _ﬂ’ ), Ay = |arccos(1— 8 ,—W , Az=[0,arccos |1 — 8
3 m2 3 m?

a cymmnsl Wi (i = 1,2) omennBatorcs ¢ momomnrbio pasencTsa (16) ananormano cymmam U;:

e

6
<> W (90)
=1

(Cymmbr Wy umeror toT x)e cmbica, uto n Uy, Tlostomy Beromy nanee npu ouenke Wy Gymem
nosb3oBarbes pasercreamu (30)—(36)).
ITpn onenmnBannn Beawann Wi u Wy Bmecto omenku (cum. (12))

|POP (1) < ela, BETH2(1 — 1)—/2 14
cJie1lyeT BOCIIOJIb30BAaThCA OILEHKON
PP ()] < (e, BES (1—4/m?><t<1). (91)

Onennm senmanny Wi, Yunteisad, uto a4 0; € A BBINOJHAIOTCA HEPABEHCTBA COS (P —
cos0; > 1/2, (1 — cos ;)2 14 L 1,

(sin6;)**! = (1 cos 6;)7F1/2(1 + cos ;)12 < 2(1 + cos ;)7 172
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 mcmomb3ya pasenctso (16) u omenku (10), (12), (91), momyumm (1 — 4/m? < cosp < 1)

Wl(] 16>‘(d+ ) (aaﬁ)a
Wi < 8Aq1(a, ).
AHaﬂOFI/IqHO MO2KHO TTOKa3aTh, 9TO
Wl'i < 8>\611C2(04a5) (/L = 25 374)

Hamee ( )
ANd+3) 5
TC (a716)’

Wlﬁ 16)\(d + 1)q2c (a ﬁ)
Cobupas onenkn (92)-(96) u moacrasnsas ux B (90), BHIBOgUM
d+3
4 |-

Wis <

Wi < 16Ac(a f) [2q1 g+ 1)+ 1)+

Jlns onenxn Wo; (i = 1,6) ykaxem 6e3 qoKazaTeabCTBa Cleayomee

Vreepkaeane 4. Ecimm < aN (0<a<1),0<bm<n<dmn, to

sin6; 3ra _
P < - at+1/2.
Z (cos (p — cos gj)—a/2+5/4 AO] X <Cl (Ck) + 5 ) m

9]' €Asy

g Wy ¢ yaerom onenok (9) u (98) mmeem

(92)

(93)

<(sin0j)2°‘ < V2(1 —cos6;)®, (1+ cos 0]-)*ﬁ/2*1/4 <V2, (14 cos Hj)*ﬁ/2+1/4 < \/5)

W mae—1/ J AD.:
2 S T Z (cos ¢ — cos f;)—/2+5/4 7]
9 €Ay
12X
< 2 (cl(a) 2 2ap).

Anajiormano JOKa3bIBa€TCA, 9TO

12X
@ <61 (Oé) + 37TTG

W2i < > CQ(Oé,ﬁ) (Z = 25374)

Hasnee, ncrionn3ys pasencrsa (35), (36) u ouenku (9), (98), nomyunm

< —— ¢ (o, B)m*® Ab;
Was m(n+1) ¢(a, f)m Z (cos ¢ — cos f;)—/2+5/4 7]
9]' [SAY)
A(d
b 2
' M) 0
48Aqoc”(a +1/2 sin6;
ZoA92¢ \% 1) )e AD:
Was < Tm?2 m+n) Z (cos ¢ — cos f;)=a/2+5/4 7]

0;€A2

< BAd+ Ve <Cl(a) + 3”—“) (e, B).

™

(99)

(100)

(101)

(102)
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Haxomer, onmennm Wog. g sToro mpusenem 6e3 g0Ka3aTebCTBA

Vreepxkaeane 5. Ecium < aN (0<a<1),0<bm<n<dmn, o

. ) 2
Y e < (1 " ?ﬂ) | (103)

— 0.)2 4 2
s cos ¢ — cos §;)
sin 6, m—et3/2 3ra
A < —— — 104
Z_ (cos @ — cos 0;)— /2T T/A 5 ca(@) + = ) (104)
9j€Az
sin 6; 3 5  3ma
—— —Af; <In- —. 105
Z cos ¢ — cos 0 JNmgm + 2 (105)

9]' EZQ

Benuunny Wy orernm Tem xe criocobom, aro Usg, Be3ie ucmosb3yst onesky (91), a BMmecto
onenok (44)-(46) — ouenkn (102)-(104). B koHeYHOM MTOTE, MOIYHYAETCS

Wao < 3M\Hy(ev, a, b, d)c? (a, ), (106)
e
4(d + 4)? 3
H4(oz,a, b’ d) = % <1 + CQ(a) + %)

+%<1+2¥><;+mu+4y+%@u+@W?+u+m)—§%d+n>.(wn

Cobupas omenkn (99)-(102), (106), momyanm

Wi < )\H5(oz,a,b, d)c2(a,ﬁ), (108)
rie
6 3 d+3
Hs(a,a,b,d) = - <c1(a) + %) <8(q1 + (d+1)g2) + T) + 3H4(,a,b,d).  (109)

Ounennm Besmmanny Ws. 13 (89), ¢ yaerom (9), (16) u (91), mmeem

m+n k

3\ . « — e e
Wa < gy 2 (im0 30 3 (P (cos )] - [P (cos 0,)] A0
9j€Z3 k=m i=0

_ 3 Z (sinO')QO‘HAHmi—n{ha’ﬁ}1 + _A Z (sin )2+t (110)
_7r(n+1)0 - J Jk: 0 7r(n+1) —~ J
i €A3 m 0;€As
m+n k
_ 1 2
x 3 S P (cos )] - [P (cos 0)| A0 = WD + WP

k=m =1

Benuunna W?El) OI[EHUBAETCS AaHAJIOTHIHO Uél) (cm. (83)):

m—+n
(1) 7.68)\ Z 2041 Z ‘ 7.68)\ Z .« a\2a+1Ap
3 S m (Sln 03) k=m : Ae] S ™ il (Slnej) Aej

GjGZ.’i
7.68)\ 8 7.68)\ 2
< arccos <1 — —) < il < 15.36).

s m?2 s m

658, (111)
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Kak 6bU10 TOKA3aHO NpPU OIEHKe BEJTMIUHBI U:,EQ), B CWIy YTBEpXKJEHHS 3 BeJIUINHA
{h?’ﬁ}*l < cqi. Kpome toro, mst 6, € Az (1 + cos;) #2714 < 1 u (sinf;)?0+1/2 <
V2(1 — cos 0;)°+1/2. Tloaromy

2 m-+n
W3(2) < 3\/§>\C (aaﬁ) Ca Z (1 o COSOj)a/2+1/4 (Z ka+3/2) AHJ

mn+1) 0;€8; k=m
< %q <%>a/2+1/4 (m +n+ 1)°73/2(n + 1) arccos <1 - %) (112)
< 24(d +2)°Aesc (@, ) 2w < 24(d + 2res (0, ).
™ m
Oxonuaresnsro u3 (110)—(112)
W3 < 24(d + 2)%Mesc®(a, B) + 15.36\. (113)

O6beauuss ouenku (97), (108), (113) u conocramsisa ux ¢ (89), nomyuaem npu —1/2 <
a,fB<1/2,m<aN (0<a<1),0<bm<<n<dn

4
Vil o (t) < Ac*(a, B) He (e, a,b, d) + 1536 <1 — 5 <1< 1) : (114)
e
d+3 )
Ho(av,a,b,d) = 16 | 201 + (g2 + 1)(d + 1) + —= | + Hs(ov.a,b.d) +24(d +2)%es. (115)

U3 (87) u (114), B cBO®0O 04epens, BoiBoAUM mpu —1/2 < o, < 1/2, m < aN (0 < a < 1),
0<bm<n<dn

1
VL (1) < A (e, B Hi(ay a,b,d) + T

m,n,N

15.36A  (0<t< 1), (116)

rne Hr(a,a,b,d) = Hs(a,a,b,d) + Hg(a, a,b,d).

[Mepeiigem renepn k cayuao —1 < ¢ < 0. Ero ¢ momompio pasencrsa (11) slerko mMoxkuO
cecTn K yKe paccmorperHomy ciaydaio 0 < ¢ < 1. B urore nomyunm npn —1/2 < a, f < 1/2,
m<aN (0<a<1),0<bm<<n<<dn

1
B (1) < AR (e, B)Hs(Branbod) + To115.360  (—1 <t <0), (117)
b b 7"'

rie sBesmanna Hg (S, a, b, d) nonyaaercs w3 Hy(«, a, b, d) 3amenoii o na 3 BO BCEX MOCTOSTHHBIX,
xogamux B Hr(a, a,b,d).

Comocrasias (116), (117) ¢ (26) u (25), BeiBoguM, a0 mpn —1/2 < o, f < 1/2, m < aN
0<a<1),0<bm<n<dn

m,n,N

1
VOO (1) < AP, B)H (o Bra,byd) + 230720 (1<t < 1), (118)
i

e H(a, 8,a,b,d) = Hy(«,a,b,d) + Hs(5,a,b,d). >
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4. llpubsin>kenue HenpepbIiBHbIX (pyHKknii cpegaumu Bajnne — Ilyccena

IIycrs f(t) € C[-1,1], pi,(t) € H™ — MHOTO™WIEH HAMIYIIErO MPUOIHKEHNS (DyHKIINH

f(t) B npocrpancree C[—1,1]. O6o3na4unm 1epes E,,(f) = Ifla,X} |f(t) — pf,(t)| — nanayy-
te[-1,1
mree npubamzkenune dyuxnun f(t) anredpandeckumu MHOrOUIeHaMu crenenu m. Vveer mecto
CITe Ty TOTIAsT
Teopema 2. Ecmu f(t) € C[-1,1], Ug{izv(f) = U N(f, t) — cpeanne Bamne — Ilyccena

aucKpetrHerx cyMmMm @yppe — SIkobum, TO npm —1/2 <ao,f <1/2,m<aN (0 <a < 1),
O<bm<<n<dn, m+n<N-1

[ N (i 8) = F(O] < cBm(f),

1€ ¢ — HEeKOTOpasi MOJIOXKUTe/IbHas MOCTOSTHHASI, 3aBUCAINasI OT «, 3, a, b, d.

< Bamernm, uro u3 (5), (6) caexyer, uro cpeaume Banne — Ilyccena v, o, v (f) He mve-

m 7:3 7:3
HSIOT a/are0paudeckoro MHOro4jeHa py,, € H™, 1. e. vm - N(Dm,t) = vm - N(pm) Ncnonbayst

coornomrenus (24), (26) u (133), mmeem

o (1) = F) < ol (F.1) = Dl ()] + [P (8) — £(2)]
<028 (f = Pl O] + Eun(t) < Bm()VEE (1) + Ene(t)
=(1+ H(a,B,a,b,d))Ep(t) < cEny(t). >

Taxkum obpasom, cpemame Bamme — Ilyccena vm ~(f 1) mmckpermbix cymm ®Pypre —
Axrobu MpUOINKAIOT HENPEPLIBHYIO (DYHKIHUIO (MIpH HATITAI JTHIID uHGOpPMAITNT O 3HAYE-
HUsIX 9TOi (DYHKIMU B KOHeYHOM uuncie Touek Qny € [—1,1]) co ckopocThio Hamiydero
npubmkenust F, (f) sroit dyHKImn cpeau anredbpandecKux MHOTOYIEHOB CTEIEHH 7.
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