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B pabore cTpourcs nociemoBarenbHas TeOpUst IPOOHBIX TuddepeHnaibHbIX (GopM, 0000IIaoIas 0ObIH-
HyI0 Teopuio audpepeHnnaabHbIX (POPM B €BKJIUIOBOM MIPOCTPAHCTBE C IPUBJIEYEHUEM ITOHSITUS JIPOO-
Horo auddepenimaia. BBoasSTCs COOTBETCTBYOMME 00OOIIEHNS [IJIsT BHEITHETO quddepeHImaia u aud-
depeHIpyeMbIX 0TOOPAXKEHN U UCCIENYIOTCA UX OCHOBHBIE CBOWCTBA.

1. dpob6usie mudpdepennuaibHbie HPOPMbI

1.1. Omnpenesenusi. PaccMoTpuM TPOU3BOJIBHYIO OTKPBITYI 00/iacTb G N-MEPHOTO

eBKIMI0Ba mpocTtpancrBa  E". Toukm obmactu G Oyaem o0o3HaYaTh  CHMBOJIAMU

r = (x17x27""xn)) y: (y17y27"‘?yn) T rIL'

OnpPEAENEHUE 1.1.1. Hpobuoit nuddepeHiuaipHoi (hOPMOii CTEIIEHN P U TOKA3ATEIEM
JpOOHOCTHU (v, OIpejiesieHHOil B obyractu (G, GyjeM Ha3blBaTh HMapaMETPUUIECKYI0 (DYHKITUIO
w*(x,&1,&2,...,&p), ¢ BemecTBeHHbIM HapamerpoM 0 < a < 1, KoTopast Ipu KayK/10M (bUKCH-
posarHOM x € G u « € (0,1) npejcraBisieT coboit 3HAKOIEpeMeHHY0 p-hopmy u3 A,(E™).

Baecs A,(E™) — mpocTpaHCTBO BCeX 3HAKOIEepeMeHHbIX p-bopm u3 E™. MHoxkecTBO
Bcex JIpOoOHBIX JguddepeHnuaababix p-popM THopsiaka « B objgactu (G 00603HAUNM Uepe3
Q5(G) = Q5(G, E™). Bynem canrath, uto npu buKCHpoBaHHBIX 1,...,&, € E" p-dopma
w® npejicTaBiisier coboit 6eckoreano nuddepeniupyemyio B G dyukuio. Corsacto [1], kax-
nas p-dopma u3 A,(E™) MoxkeT OBITH IIPEJICTABIIEHA B BUJIE:

w = Z wil,,,ipfil VAYAN fip, (1.1)

11<...<ip

rje A — 3HAK BHENIHErO IPOM3BEICHUs, T. €. CyMMa JIAHHOI'O BLIPArKEeHHs II0 BCEM IIepecTa-
HosKaM unjiekcos. Hanpumep, £ A .. A& =3 (sgn 0)Ele) . o) rae o(k) — dymxims
HepecTaHOBKH, OlpeeaeHHas Ha unciaax 1 < k < p u orobpazKkaiomas nxX B3aUMHO OJHO3HAY-
HO Ha cebst. Uucna €9 = €% (€), rae BekTopwl {e;}"; obpasytor 6azuc B npocrpancree Em,
a {e »_| — COUpsAKeHHBIN K HeMy 0asuc, IIpH 3TOM JHHelHas ¢gopma e'(¢) ma amemenTax
6aszuca {€;} npuHUMaeT 3HAUEHUS ei(ej) = 0;5. Ynena wy, ., CyThb KOMIOHEHTHI JIMHEHHOI
cdopmbl w B Basmce €;,...,€; , T. e Wi i, = w(€;,...,€).

P
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I[Ipn mocrpoenmn o0OBIYHON Teopuu AuddEpeHInaIbHbBIX (HOPM B KadecTBE BeEK-
TopoB & Oepyrca auddepeHIna bl HE3ABUCUMBIX IPUPAIICHUN KOMIIOHEHT BEKTOpa
v dx = (dr',dz?, ..., dz"). B 1pobHoil Teopuu HEOHXOMMMO JI00IPeaeTnTh (hOPMaIBHOE Mo-
Hatue japobunoro muddepeHiuana mpu IPUPAIIEHUNA HE3ABUCUMOIO apryMeHTa T 110 CBOUM
koMrioHeHTaM. C 3TOH 1e/IbI0 BOCIIOIL3YEMCS CIEIYIONNUM [IPEJICTABJIEHUEM OIIepaTOPa APO0-
noro juddepenruposanus Pumana — Jluysmwuig DY, nopsgaxa o € (0,1) ¢ HagagoM B TouKe
a € R. Hanomuum, uro oneparop 1pobHoit mpoussoaHoit D, neficTsyer Ha HEKOTOPYIO QyHK-
muio f(x) o npasuiy [2]:

Dgy f(z) = ﬁ%/ (i(?;l)ta ) (1.2)

rae I'(z) — ramma-ynknus Ditnepa; paerncrBo (1.2) omnpesiesieHO Ha <«JIOCTATOYHO XO-
pormx» dynkiuax f(z), Haupumep, u3 Kiacca L, = Ly(—00,400) MHOXKeCTBa H3Me-
puMbix Ha R = (—00,+00) dyHKIWMii, BOOOIIE TOBOPsi, KOMILIEKCHO3HAYHBIX, JJIsi KOTOPBIX
Jg [f(x)|9dz < 0o, rre 1 < ¢ < o0.

Corracno omuoMmy U3 1Hoaxonos [3] omeparop D, MOXKHO paccMaTpUBaTh KaK JPOOHYIO
crereHb oneparopa guddepeHnpoBanns, OTKY/Ia 1 BOSHIKAET HEOOXOIMMOE IIPEICTABICHUE:

d\o d\—«

D= (g) 1e=(g) (13)
rae 0 < a <1, I§, — omeparop jpobHOro nHTerpuposanus Pumana — JInyBuiis ¢ HadaaoMm
B Touke 0; (1.3) mMeer CMBICII IPH HAJIIEZKAIIEM TOJTKOBAHUY TIOHSITHs TPOOHOI CTEIeHH Orle-
paropa. QakTudecku ujies, CBA3aHHas ¢ npejcrasaenneM (1.3) ciyKuia OCHOBHON MOJIEIBIO
[PU PA3BUTUU aDCTPAKTHON Teopuu JPOOHBIX CTEIEeHEl OlepaTopoB B GAHAXOBOM IIPOCTPAH-
CTBe.

Ucnonb3ys npexacrasienne (1.3), jlerko mpoussecT HeOOXOAUMBIE jtoonpeesennsi. Jleii-
crputenbno, ucxond u3 (1.3), umeem, uro Df, = (d/dx)* = d*/dz®, rae do® = (dz)* n
Dg, f(xz) = d*f(z)/dz®. C apyroii cTOPOHBI, HCHOIB3Ys APOOHYIO HPOU3BOIHYIO CTEICHHOM
byuxiuu 27: DY, 2P = Jéf—mxﬁ_a, Hafitem npu 3 = 1: D§, x = d*z/dz® = z' 7% /T (2—a),
OTKYJIa CJEIYET, ITO:

IL‘l_a N
d%x = T2—a) dz (1.4)
d*f(z) = (D§.f(x))dz® =T(2 — a)z*! (%@) d*z. (1.5)

IIpu a = 1, ouesnano, d'zx = dz' = dr u d* f(z) = df (z).

Tak kax B mjIaHe gajabHeEHIMX 0003HAYEHWI yI0OHO IOIB30BATHCSI CHUMBOJIOM d%x
(a me dx®), TO BCIOJY B jajdbHeilimem BekTOop & OyjgeM 0003HAYATH CUMBOJIOM
d%z = (d%z',d"2?,...,d*2™), a Bexropbl & — cumBomamu d{z = (d%z!',dYz?, ... d%a™).
B kauecrse 6aszuca B E™ Boibepem BekTopsl € = {0,0,...,1,0,...,0}, rae equnuma crour Ha
k-om Mecte. DjiemenTamMu conpsizkenHoro 6asuca 6yayT dynxman e (€) = e¥(d*z), onpeens-
eMbIe PaBEHCTBAMU

eF(d%z) = d*at.

Torga muddepenmmanbuas dopma (1.1) npumer Buj

w(x,d{x, .. Z Wi i, x)d®z™ Ad¥z AL A do2. (1.6)

11<...<ip
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I[TpumMmEP 1.1.1. IpobHas muddepennuanbuas 0-dbopma, T. e. hopma w® npu p = 0 ectb
dbyurIws w(x), T. e. a0bast DyHKIWMs, onpe/ieneHHas B obiactu G (1, B CUILy HAIIUX [IPEIIO-
Joxennii, 6eckoneuno nuddepenupyemas B G).

[TpuMEP 1.1.2. dpobras auddepenrmaibias 1-dpopma uMeeT BUI:
1 n
w(z,dx) Zw z)d%zk = “Ti—a) Z(xk)l_o‘ W () - d(zF)e
-«
k=1

B wacrhoctu, xorma n = 1, w*(x,d*z) = fo(x)d%x = r](:i—:aa) fa(z)dz®. Tuddepennuanbayio
dopmy cremnenn 1 6yaeMm Ha3bIBATH TaKKe JUHEHHON qpobHO#l muddepennnaabHoil POPMOLL.

I[TpuMEP 1.1.3. Hpobuas muddepenmmanbaas 2-GpopMa mMeeT BUI:

w(z,dfx,dSx) = szk Y%t A deaxk.
i<k

ITo onpefiesiennio BHeIHEro npousseienus [1]:
dozt A doa® = (&' A ) (dSz, dSa) = el (dSx)ef (dix) — e (dSz)e (dSx)

izt dyat
dyzt dga*

=T72(1 = a){(z125)' " d1(a") da(2")™ — (ahal)' " da(2")*da (a")*}.

B wacraoctu, npu n = 2 nomyvaem:

:d?xldgxk— o 'Lda k _

da 1 da$2

« o' « 1

w(x,diz,d5r) = T

( y Y1y U2 ) fa( ) da 1 dng

B ciyuae, xorma n = 3, obosnavas wiy = Ry, was = Py, wiz = —Qq, HOILyIHM:

PO[ QO[ ROL
= Pod®z? N d%a® — Qud®z! A d%2® 4+ Rod®axt A d®z? = | d§at d9a?  d§a’
da 1 da 2 d%xi’)

[TpuMEP 1.1.4. JIpobuas muddepennnanbias 3-hopMa B TPEXMEPHOM IIPOCTPAHCTBE
UMeeT BUIL:
da 1 da 2 dtlxl,S
w(z, dSz, dSx,d5z) = fo(z) g“xl dgz?  dga?
da 1 da 2 dg 1‘3
Omnpenenmreh paBeH 3JIeMeHTy 00beMa, OTBevaloNleMy BeKTopaM d{'x,ds T, ds
Kak BuIHO U3 IPOBEIEHHBIX BBIIIE IIOCTPOEHMIA, JIJIsT HUX JIEFKO OCYIIECTBUTEH 0DODIIECHHE,

KOT/Ia, BMECTO OJIHOT'O TOKA3aTesis APOOHOCTU (v, UCIIOIB3YeTCs IEeJIbli HabOp BENeCTBEHHDBIX
qHUCeI.

OnPEAENEHUE 1.1.2. [pobuoii muddepennuanbuoit HhopMoit cTerneHn p U yHuopsjio-
JeHHOro Habopa mokasaTeseil npobrocTn (aq,...,op), Tne 0 < a; < 1, ¢ = 1,p, Oy-
JIeM Ha3blBaTh OIpeJeNeHnyo B obsactu G mapaMeTpuyeckyio (DYHKIMIO pP-IIapaMeTpPoOB
WA (z, €1, &a, ..., &), KOTOPasT IPH KaxKJA0M (BUKCHPOBaHHOM & € G 1 (BUKCHPOBAHHBIX
ai,...,ap € (0,1) mpeacrasisier coboit 3HaKOmEpeMeHHyI0 p-popmy u3 A, (Ey,).

MuozkecTBO BCex ApOoOHBIX auddepeHnnaibubix p-bopM mopsiaka (o, ..., q,) B 0bia-
ctn G obosmaunmM wepes 2P (G) = QP (G, E™). Ouesnano, 9TO TPH f = Qg =
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o=y =a UG = Q5(G). Uz (1.6) serko nosmyunth TakxKe obmuit BUJ JisA
npobuoit muddepeniuaabuoit popmMbr W
W (p dM ... dyP ) = Z Wi () dO g A dO2 2 A LA dOP e, (1.7)

115.0p
11 <...<ip

O606muM B cBsi3u ¢ BhIpaxkenueM (1.7) pazobpanHble Bbille npuMepbl. B ciayuae p = 0
0-dopma coxpausier cBoit Bu. [Ipu p = 1 oueBHIHO TaKKe HUKAKUX PA3/INIUil HE BO3HUKAET.
[Tpu p = 2 2-dopma nopsiyika (aq, vy) UMeeT BUJL;:

W (z, d x, d5?x) Zwalm )zt A d2 ok
i<k
Baeco
Azt A d*2a® = (e A eP)(dS x, d32x) = ' (d) x)eb(d5%x) — e'(dS>x) e (dS x)

dtat d9tat
dg2$z deIL'k

Y

= d¥ 2 2t — dS2atd oF

T. €. BUJIHO, YTO U 3/IeCh HUKAKUX CYIIECTBEHHBIX OTJIMYNI HEe BO3HUKAET.
1.2. Buenrnuii nuddepeniiuan apo6GHOTO ITOPsiaKa.

ONPEIEJEHUE 1.2.1. BruemnanMm apobabIM quddepeHnagoMm p-InHeiHoi 1pobuoit tud-
p P p %
€PEeHINAILHOM OprI nopﬂm{a Qt,. .., 0p) W € QP (Q) Gynem HazbBATH HOP-
P P

My dPwter ¢ Qﬁ Y1 (@), onpeienTseMy o CoOTHOTIEHTEeM:

dﬂwal,...,ap — Z dﬁ Qaq,.. ’Lap Adall‘zl A dapl‘ip,

'Llu
11<...<ip

rje corsiacHo onpegeserusiv (1.4) u (1.5)

n aﬂ QL. (:L')
B, Qe Qp Wiy, B,.k
d”w 21, zpp _; aﬁl.l:’) d”z".

Taxkum obpazom, ecian

WO = N B () gt AL A dOP e,

115--52p
11<...<ip

TO
ﬂ Q1,...,0p

dBporrap — Z Z “’ Zp dBaP A dOT AL N dO

k=1141<...<ip

[TPUMEP 1.2.1. Ipo6usrit juddepennnasn crenenn Hyb (1. e. byukuuu f(x)) umeer Bu;
d°
d°f(x Z f - d’ah. (1.8)
I[TPUMEP 1.2.2. Beraucianm auddepeHimat oT JUHEHHOR (hOpPMBI

w* = w¥(z,d%r) Zw dal
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TTosryanm
B B a (e 6.k o z
d’w® = d°w(z,d"x ZZ aﬁ k ) 4B e
k=111=1
Tak kak d’zF A d®z' = —d%z A dPaF u dBzF A d¥zF = 0, 1o

zﬁk .l zﬁk o, 0 i 8.k o,k
;aﬁ d’x AdeFKZkaﬂ d’z Adm+zaﬁ$dx A d%

: , 98 .
= Z 3;}21@ dPzF A do2t — Z Wi d®z* A dﬂa:’,
T

3 i
k<i k<18x
T. € 5
P ws 0wy .
B o _ i g8,k az__k:ak B0
dPw _Z{aﬁ d°z* A d 5y A /\d:v}. (1.9)

k<i

B wacrHocTn, npu # = « Beipazkenue (1.9) ymnpormaercs:

a, o aawa aawk «, k az
d®w —Z<3%k T Z)dw Adoz

k<i

Hamnpumep, korma n = 2, moyaum s

w = wi(z,y)dx + wy (x,y)d"y = Pod®x 4+ Qad™y,

rae xl - 1.7 x2 = y7 w?(%y) = Pa(377y) = POH w§<x7y) = ro(x7y) = QO(; 9To
8 Q PP,
B, o a a8 a a jo 8
d°w® = rre d”x N d%y aBydnv/\dy,
0%Qs 0P,
dw® = — d%x N\ d%y.
© ( oo 0oy > ney

1.3. CsoiicTBa aApobHoro BHelrHero auddepennuasa. HemocpeacTBeHHO U3 OIpe-
nesternst (1.2.1) BBITEKAIOT CJIeyIoIye JBa CBOWCTBA, BEPHBbIE B CHJIY JIMHEHHOCTH JPOOHOI
npoussoanoit Pumana — JInysniuis [2]:

(1) ecrm w7 € Q@) wgl’""ap(G), TO
dﬂ{willly---yap +w§1,---vap} — dﬂw?h---vaz) + dﬂwgly---yap
(2) ecmn w2 € QY7 (G) m A — BemecTBeRHOE YHCITO, TO
dﬁ(/\wal,...,ap) — NP

(3) st HaxoXK IeHUsT TPETHEro CBOMCTBA, KOTOPOE JIOJIZKHO OIIPEIIISITh TPOOHBIIT
BHeITHUi nuddepentimas oT BHEITHErO MPOU3BEACHUS ABYX APOOHBIX TuddepeHITna bHbIX
GdOopM TIPOBEIEM CJIeIYIONINE BHIYUCICHUS.
Qa1,...,0p Qa1,...,0p Q1,yeens0lq Q1,yeens0lq
[Tycrs w; € Q (G), wy € Qq (G). B mpousBosibHOM Cilydae, JIs
HEKOTOPOIT S-(POPMBI MTOPSJIKA (], . . . , (g BEPHO:

P8 LI E waly gL )dalle AL /\daS:EiS.

115-. 715
11<...<lg
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Bsenem cremyromne 0003HaAYEHUSI:

Q4 Qs
B0t 8L~ ’ . .
gk = g —alﬁl"'l'c’ls A" AL A ANt
i X . X
11<...<1s

Torma dPw»+% MOKHO 3aIUCATD B BIIE:

n
OB
APt s — § :dﬂxk A
OB xk
k=1
at,...,o azt,...,a ~ ~ ~
[omoxum, aro w™ % = W™ A g% (Tak, 9T0 01 = Qpi1, G2 = Qpio,..., 05 =

Qpiq = Qs, 8 = p + q). Pacemorpun seipacenue 92w /98 zk. Cornacno (1.4) umeewm:

aﬂwalv-was a—1 8ﬁwa17"'7a5
W = F(Q — Oz)],‘k W

Hcnonb3yst onpe/iesieHie BHEITHETO IPOU3BEIeHus 1] 1 yauThIBas KOMMYTATHBHOCTD Ollepa-
TOpa Dg +(:L"k) C OIlepaTOpPOM IIePECTAaHOBKH O, 3aIUIIEM MOCIeI0BATEIbHO:

(Dfy @™ 0) (@) = (DF, (Wi Awh %)) (@) =3 (sgn o) o { DY, (wih " Pwy %) (2F)}.

g

IIpumensisi, B CBOIO 04epeb, K APOOHOI IIPOU3BOJHOI OT IPOU3BEICHHA IBYX IPOOHBIX POpM
(a B KOHEUHOM cUeTe JIBYX OIpeJleJieHHbIX (PyHKIWii) o6obmenHoe npasuio Jleiibuuna [2] B
BUJIE

DE @by = 3 () (e oy L
0+\*1 2 £ m 0+ 1 (9(xk)m ,

=0

HaiijieM, 9To

(D€+wa1,...,as)(xk) _ Z Z < 75 > sen o - U{(Dg_:mw?l""’ap)(l’k) . D&w?l"“’aq)(t’lik)}.

m=0 o
(1.10)
Hamommnnm, «To jieficTsue onepaTopa o M3 HEKOTOPOIO MHOMKECTBA HEPECTAHOBOK ), (0 €
>_p) Ha OpMy w B HaIeM CJIyHae UMeeT BUJL:

Qay,...,0 i i
oWt = E w R () dM T AL AP T, (1.11)
o)t
11<...<Bp
ITpu HEOOXOMMOCTH, KOHEYHO, MOXKHO PACCMOTPETDH JIONOJIHUTEIbHOe 0606IIeHne BhIpazke-
mnst (1.11) BBegeHmMEM HOBOIO OIEPATOpA MEPECTAHOBOK O, OLPEIETEHHOI0 Ha MHOMKECTBE

[IepPECTaHOBOK Ep(a), TAaKOro, 4To
«a e . .
OOl — Yoyt — E w. @) (z)-d Oz AL Adw 2
o 11 5eylp e ’
11<...<lip

a TaKyKe PacCMOTPETh COBMECTHOE JIeficTBUe JIBYX HE3ABHCHMBIX TIEPECTAHOBOK « € ) (a) 1
i € >_,(i), KoTOpBIE, pasyMeeTcs, KOMMYTHPYIOT MeK/Ly coboit:

OO 0P = Z w; e ofeal®) (1) | Jloa() glei() A dPoa® giei® A LA da®) glei).
ar Lo;(1)2+1%0;(p)
11<...<ip
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OzHako B ZaHHON paboTe BK/IIOYEHNE TAKUX OLEPATOPOB IPOU3BOIUTHCS HE OyIeT.
I3 (1.10) cremyer:

Bt Oyt g TGy
T 9Bk Z Z( ) Sgng)a{ F—m ik B(aF)m }

m=0 o

o0 < 3 )aﬁ 01 amwglv---vaq
0

m=

_ 8ﬁwa17 -Qtp /\wah S N i 3 8ﬁ*mw?1,‘..,ap . 8mw§1,-..,&q
OBk 2 m 9B—myk A(ak)ym -

Y4areM cBOICTBO AHTUKOMMYTAaTUBHOCTHU BHEHIHEI'O IIPOU3BEACHUA [].], COIJIaCHO KOTOPOMY

w=wi Awy = (—1)Pwy A wy.

Torna
85wa1,...,as _ aﬁw?l,...,a o By + pqi oMW ;1, .,0q . 85_mw?1,‘..,ap
OBxk OB xk 2 — A(xk)m OB—mgk
Orcrona

ﬁ (o4 Yl ﬁ k 8 wl o all,...,&q
dPwor s—Zd i @

0y GB—m 010

ey () )Zd“ N

m=1

Al,...,Q0 Al,..0sQ0
Tak xKak mepBoe ciaraeMoe, OYeBUIHO, PABHO dﬁwl TN wy T

, TO B 1j1aHe (opMasib-
HOJl CHMMETPUU C IIEPBBIM CJIATa€MbBIM I1€J1eCO00PA3HO BBECTHU CJIEJLYIOIIEE «CHMBOJIMYECKOE»

BHENIHEE IIPOU3BEJACHUEC!:

0wy aﬁ_mu&

(dPAO™)w1 A wy = Z dPzk A

2 Ak A 55 m gk (1.12)
B wacrtrocTH, npu n = 1:
(d°AO™) w1 A wy = d%z A (?;;0:11 A %Bﬁ_n;of.
Wcnonp3yst obosznadenue (1.12), MCKOMOE BBIparXKEHUE TIPUMET B
o o0
dPuwor s = dﬁw?l’“"a” Aw;“’“"“q + (—1)¥4 Z < Tg >(dﬁA8m) B1-s0ig /\wf‘l"“’a‘“.
m=1

Taxkum obpasoM, JoKa3aHO TpeThe (0000IIeHHoe) CBOCTBO ApobHOro BHemHero uddepen-
. O yeensOlp Q10504 a1,...,0q
I7aJIa, COIACHO KOTOpoMy ecan w % € (0, (G) mw, 771 € Q77 (G), 1o

dﬁ(w?h uap/\ 041, ,O‘q)_dﬂ aq,.. 7ap/\ ah 7~q

o

m=1

(1.13)
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B ciyuae f = 1 mbl nosyunm u3 (1.13) Beipazkenue cpoiicTBa BHerHero uddepenipaia B
obbIuHOi popme

d(w?l""’a” /\wgl""’aq) = dw?l’""% /\wgl’ = +(— 1)%}?1""’% /\dwgl""’aq. (1.14)

U3 cpasuenus (1.13) u (1.14) BugnO, 9TO B OTJIMYME OT HEPBBIX JIByX CBOMCTB, KOTOpPbIE
0000IIar0OTCsT Ha, APOOHBIH crydait 6e3 hopMabHBIX U3MEHEHNH B TPETheM CBOMCTBE BOBHUKALT
CYIIECTBEHHOE OTIMINE, CBI3aHHOE ¢ HAJIUINEM OECKOHETHOTO YHCIa, CJIATAEMBIX BMECTO JIBYX,
KaK B OOBIYHOM CJIydae.

Haiisiem Tenepn 06061ieHIe OCHOBHOTO cBoiicTBa BHerHero nuddepenimana d(dw) = 0 Ha
cirydaii 1po6HOoro BHemHero quddepennyaia ¢ HepaBHBIMU BHEIIHUM U BHYTPEHHUM IIOKa3a-
TegMu apobnoctu auddepeHInaios.

IIpenmonoxknm BHaYAIE, 9TO w ecTh (opma crenenu 0, 1. e. w(x) = f(x). Torna cormacHo

(1.8) ms 3,7 € (0,1) Gyzer

3f "oo9st vf .
B ry — Bk i 8. .k
Y(dPf)=d" E d E E T8k d'x* NdPz”.

=11=1

Tax kax A2 AdPz*F = —dPzF AdYx?, 510 paBeHCTBO MOXKHO HEPENICATD B BUJIE AHATIOTHIHOM
[0 CTPYKType Bhipazkeruio (1.9):

o7 f O e f 8, i
1<

13 [aHHOTO BBIPAZKEHHs BIJHO, 9TO B 00mmeM ciry4dae dY (d° f ) # 0 u, cile10BaTeIIbHO, OCHOBHOE
cBoiictBo BHerHero nuddepennnana d(dw) = 0 He MMeeT HENOCPEJICTBEHHOIO AHAIOIUTIHOTO
06001eHns I APOOHOrO BHEIIHEro JauddepeHiualia ¢ IPpOu3BOJIbLHBIMY IOKA3aTe/JIAMU [ 1
~. OHAaKO, B YaCTHOM CJIydae, Korma [ = 7, JJIsi HeKOTOPBIX KaaccoB dyHKIwmit f(x) MoKHO
OXKUJIATH BBINIOJHEHHsI OCHOBHOIO cBoiicTBa. st sToro monoxkum 0 < [ < 1/2; tak 4ro
0 <28 < 1. U3 (1.15) cuexyer paBeHCTBO

5 8
d°(d°f) :Z{ it M i ,}dﬁxmd%k.
i<k

OBxipBxk  9BxkoB i

Ecim dyukius f(z) npusajieskut MHOXKeCTBY n3MepuMbIx dbyHkiumit Ha R™ = E™, o Beerja
0P f)0Px 0Pk = 0% f J0Px* 3Pz, TlosTomy, ecrm f(x) € Ly(R™), To BBHIOTHEHO CBOMCTBO

d’(d°f) = 0. (1.16)
B ciryuae smneitHoit popmbr w® = w*(x, d“x), ucnonb3ys npecrasiaenue (1.9) u cBoiicTBo

1.3.3 B Bu/ie BoIpazkenus (1.13), umeem

dP(d°w™) = " d°(dPw Adoa') =Y {d°(dPw?) A doa
= =1 (1.17)
(=) < I ) (d°A0™)(do A dPw)}.
1

m=

Saeco

o8
Zdu’vk wi Z 3;)2 dﬂ k



Ipobunbre quchgpeperinaibabie (pOPMBI B €BKJIUIOBOM IPOCTPAHCTBE 2-49

o™ (d*x?) A 8ﬁ_m(dﬁwf‘)
a(l‘k)m 8ﬁfml=k

n
(dPRO™)(d%' A dPug) = dPab A
k=1

Cremyer OoTMETHUTB, UTO COIJIACHO Jjoruke ompenenennst 1.1.1 mau 1.1.2 mepemenHble & u
&1,8,...,& (a snaunt u d¥ 2™, d*222, ... d*z") HeoOX0AUMO paccMaTPUBATL KAaK He3a-
BHCHMBbIE IIEpeMeHHbIe, HHaUe MpU PUKCUPOBAHHOM = € G QyHKIHA w b He OyIET Ipes-
CTaBJIATL COOON HETPUBUAJIBLHYIO 3HAKOIEpeMeHHYI0 p-popmy u3 A, (E™). B atom ciiydae BbI-
paxkenue (1.4) Hy’KHO IOHMMATbH B <«UUCJIEHHOM» CMbIC/IE, YCTAHABJIUBAIOIIEM CBSI3b MEXKILY
sHaveHusIMU d*r u dx®, HO He oupeje/soneM (YHKIHOHAIBHYIO 3aBUCUMOCTb d“x oT = (B
MIPOTUBHOM CjIy4dae JJaHHbIE ITOCTPOEHU A BOO6H.[€ TepAT BCAKNMI CMI)ICJ'[).

am(daxi)

B cuiy ckazanHOro, yacrtHele npousBoiaube B (1.17) Buja “5(zF)m PABHBI HYJIIO, OTKy/a

(dBAO™) (dz A dﬁwz‘?‘) =0 m =1,2,... u, TaK Kax, u3 (1.16) creayer, aro mist 0-bopmbl
wg, d?(dPw) = 0, To as mumeitHOH bopMBI W TAK Ke:

d®(d°w®) = 0. (1.18)
[Iycrs Temepn B o0IeM ciydae gaHa gpopMma

WO = N B () gt A LA dr e

01 ,enslp
11<...<ip

Torna

n

dP i — Z AP P A dO g A LA dOP = Zdﬁxk A M
= 7,1, ,'L - 6,81-](}
i1<...<lp k=1

Coruacho (1.13) BbinosHsteTCst

n

B0 ° I&; . B
d (d w™ p)—g l{d (d X )Aw‘i‘(—l) p gl (m> (d /\8 )d Aw},

rie
aﬂwal’ -Qp dﬁx ) 82ﬁ_mwa17~--7ap

B x gm\ 18..k B0
(dPRO™)dBxk N ———— Zd o0 N g

Yunrsisas pesysnbrarel (1.16) u (1.18), Haxomum, 4To 1t HOPMbI W™ P BBIIOIHSIETCSI
CBOICTBO:

dP(dPwr-r) = 0. (1.19)

2. Ipobusbie mudpdepennupyeMblie OTOOpaA KeHU

2.1. Onpenenenune apobHbIXx nuddepeHInpyeMbIX oToOpakeHuit. Paccmorpum
[IPOM3BOJILHYIO M-MepHyIo objiacTh [ eBKIuIoBa IpocTpancTBa E™ u n-mMepHylo 06J1acTb
G C E". Touxn obmactu D 6ynem obosHauaTh cumposiamu t = (t1, 2 ... ™) a Touku oba-
cru G — cumposnamu x = (z!, 22, ..., 2").

Byjiem rosoputh, uTo ¢ orobpakaer D B G, ecim ¢ = {1, 02, ..., o"}, tae ©F(t) onpe-
nesteHsl B obacTi D, a BeKTOpH @ ¢ KoopauHaTamu xF = ¥ (t) nexxar B obmactn G.

Ompejiesum oTobpazkenne ¢*, koropoe mepesomut Q" "“P(G,E™) = Q"7 (G) B
Q0 (D,E™) = Q0 (D) aas moboro p, 0 < p < n. Ipu 3ToM MBI GyjieM cauTaTh,
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40 KasKjas KoMronenTa oF (t) orobpaskenus ¢ apisercs Geckoneuno mudbdepeHupyemMoit i
u3mepumoit va D C E™ dyuxiueit.

ONPEJAENEHUE 2.1.1. [Iycts ¢ — otobpaxkenne D C E™ B G C E™. O6oznaunm depes
©* orobpaskenue, Kotopoe s Beex 0 < p < n geiicteyer uz QP (G) B Q7 (D) no
CJIEJIYIOIIEMY [IPABUILY: €CIIN

A1,y ; ;
w = @t = g Wy P () dM et AL A d P

11y-52p

11 <...<ip
TO
P1(W) = @) = 3T W () - (@) A A (@),
11<...<ip

rie

m

da 2 Z tk
k=1

[TpuMEP 2.1.1. Ilycrs w — dopma crenenn 0, 1. e. w = f(z). Torma ©*(f) = f(p(t)).

[TpuMEP 2.1.2. IlycTh ¢ oTobpazkaeT n-Mepuyio objacts D C E™ B n-mMepHYIO 00J1aCThb
G C E" u nyctb w — crieaytoras n-Gopmas

w=d¥z' Nd?z® A .. AN dO

Toraa
80£n n
d% k don kn
9= (X G 1> < > o)
Z Z A N S (2.1)
aoqtkl C Hontkn .
k1=1 kn=1
9l 9oz 2 0P (1) A jass0(2) o 4 (n)
- Z aalta(l) aagto'(Q) T 8anto.(n) d t d t VANPIRAN d t .
B wacTHOCTH, IPH (] = Qg = ... = (v, = @ BbIpazkenue (2.1) CyIecTBEeHHO yIPOMACTCs:

8a901 aawn o y0(1) oo (n)
Zaata(l) e Aot A A dYt

aaspl 8a(pn
ooto(l) "7 gago(n)’

=dt"W A AdT™) Z(sgn o)

nJjm, BBOJsA €CTECTBEHHOE 0003HAYEHIE

80‘@1 9" _ 8a¢i B Da(gpl,(pQ,...,QOn)
Z(Sgn 0') 8at0(1) c. 8at0'(n) = det aat] = _Doé(tl7 t2’ . ,tn) ’

g

HaliileM, 9TO B CHJIy CUMMeTpUIHOCTH quddepennnaioB d*t* npu eIuHOM «:

: D (e ?, 0™
O*(d¥2t NdOzE AL N dY™) = Do (o) dtY AdEN LN dO (2.2)
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BAMEYAHUE. [To ananornu ¢ o6eraubiM ciaydaeM Gopmy ¢*(w) u3 (2.2) MOXKHO Ha3BaTh

npobuoit nuddepenimanbHOit HopMOil, mogyUaroneiicas n3 (GOPMbI W MPHU TOMOIIU 3aMEHbI
MEePEMEHHBIX .

2.2. CaoiicTBa oTob6pakenusi p*. CipaBeyIMBbI CJIEYIONITE CBOMCTBaA, JIPOOHOTO OTOO-
paxkenusi ©*:
2.1.1. Ecmwy € Q77 (G), wy € Qqﬁl"’”ﬁq (@), 10 * (w1 Awa) = ©*(w1) A ™ (wa).
< Ilyctp
wp = wp Y = Z alt () d s A LA O

215-0lp

i< iy
wy=wy = Ny ) dB Ak AL A Pk,
k‘1<...<k:q
Torma
w1 Awg = Z Z ?117’ ,;p b’gi’,]’f;’ (z)d“ ™ AL A doPz NdOaR AL A dPaahe
i1<...<ip k1 <...<kq
U, CJIeIOBATE/IBHO,
*(w1Aws) ZZ ay (o))" (d A . A@* (dPzP)Np* (dP a1 ) A, . Ap* (dPaaka)
_Za (Y A A G (dO ) [Zbﬁ ) A At (Bt

=" (w1) A p*(we). >

2.2.2. Ecmrw € Q5" V@), 10 0% (dPw) = dP o (w).

< JlokazkeMm BHadgaJie 9170 paBeHCTBO st p = 0, 1. e. st w = f(x). Homyanm

o8 .
=S DL o) = 1e)
i=1

(0%
s npencrapnaenns (1.3) mns oneparopa apobroro muddepennuposanus suga D, = (%) ,

(0%
crenyer, uro D, f(xz) = (%) = d“f(x)/dz®, orkyna ns cioxuoii dyukimm f(@(x))
Oy/1eT BEPHBIM IPEJICTABJICHIE

. C(dflp@)\ (Ofdp\*  9°F d
D0+f(go(x))—< dz ) _<8g0d:c) 0% dxe’

Tak Kak jis npupamniennst Gyuxuun (dp(x))® = d*¢(x). VI3 cKa3aHHOrO HAXOAUM, UTO IS

f=fle(=))
d°f 0%fd%
dox 0% dox

(2.3)

Ucnonbsyst (2.3) Jjierko Haiijem, 9To

m a n o m B 8’8 . .
)= e ettt =35 Sh G w3 S e = o)
k=1

=1 k=1




2-52 K. K. Kasbekosn

Jl71sT TpOU3BOJIBHOTO (© MPOBEMEM JIOKA3aTEIbCTBO MO MHAYKIMU. IlycTh w = wh % =

foer (p)dorgh AL A dY e, Torma dPw = dBF7007 (1) Adratt AL LA dOP e

11,eenslp 11 4eenylp
ITo cBoiicTBy 2.2.1 M TOJIBKO YTO JOKA3AHHOMY COOTHOIIIEHUIO

o (dPw) = *(dPf) A @* (d a ) AL A (dOPa™).
C npyroit ¢cTOpOHBI
dPo* (W) = dPo*[(fd™ ™ A ... Nd¥=1z%=1) A doP e
= d’g[cp*(fdalwil A A d%*lmiz’*l) A gp*(da”xi”)].
Hastee B cuity cBoiictBa 1.3.3 BHemHero guddepennnaia BEpHO

dPo*(w) = dP*(fd ot A ... A doP=taie=1) A p*(dOP i)
—i—(—l)p_1 Z < 75 > (dﬁf\ﬁm)cp*(do‘pxi”) A cp*(fdo“xil A A dO‘P‘lxiP‘l).

m=1

YuurbiBast CBOMCTBO AHTUKOMMYTATUBHOCTU BHENTHET'O ITPOU3BEICHUI, H&ﬁ,ﬂ;@M

(d°AO™)p* (dOP ') A @*(fd™ x™ AL AdOP i)

— (_1)19—1 idﬂ k A o™ *(fdal i1 A A d%-1 ipfl) A aﬁl *(dap z'p)
= 2 x R ") AL x 5A=m gk ¥ x'P).
Bamernm, uro *(d?x?) = d*p*(2") B cWIy TONBKO UTO JIOKA3AHHOTO. B CBs-

. . o gp—m * ([ JOp
3M C IOJIyTPYIIIOBBIM CBOHCTBOM JIpOGHOMN TponsBojHoil [1] umeem 5=k P (dz') =

%8‘2—; dor*(z'). Tlpu «, = [ cpasy Haiigem, uTO ag—zkdﬁgp*(azip) = 0, Tak Kax
d?(dPyp*(z')) = 0, mo ocHoBHOMY cBOIiCTBY jpoGHOrO BHemmHero mudddepenmumana (1.19).
CirenoBare/ibHO,

dBRO™)* (dP ) A o (fd a™ A ... A dOP1gte1) = 0

( @ @
u

dPo*(w) = dP* (fd o™ A ... A do=tgie=1) A ¥ (dPai).

[To tpe/oIoKenuIo NHAYKIMN, CIPABEJINBOMY It p — 1, BBIBOJAUM
AP (fdrat AL APty = o (dPf A A ZT A LA Ao g,

B pesysbrare nomydum

dPo*(w) = @*(dPf Ad¥ ™t AL A dOP1ate1) A ¥ (dP )
U 110 cBOMcTBY 2.2.1

dPo* (Wt r=18) = ¥ (dP f Adrxt AL A dOP-tgie-t A dPat) >
Curefryioriee BazKHOE CBOWCTBO HA30BEM MPAH3UMUSHOCTBI0 0pobH020 0MOOPadtCENUA

2.2.3. Paccmorpum orkpeiThie obmact u C BV € E™, W C E", TOYKH KOTOPBIX

coorsercrenno u = (ul,u?,... ul), v = (W5, 0%, 0™), w = (whw?,...,w"). Iycrs @
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orobpaxkaer U — V, a 1 orobpaxaer V — W. Yepes 1) o ¢ obozHauuMm oToOparkeHue,
Ha3bIBacMOEe KOMIIO3UIUEH, KOTOpOe JIeHCTBYET 110 IIPABUILY

(¥ 0 p)(u) = Plp(u)].

AHaJIOrHHO BBe/IeM KOMIIO3HIIHIO ¢ 0™, KoTopast 1ist moboro p nepesoqut 2,(W) B Q,(U),
T. €.

(¥ 0y (w) = ¢ [P ()]-

CrpaBeJJIMBO CIIeyIONee paBeHCTBO:
(Pop) = oy
< O6osmaumm (3 = 1 o . Dro osmauaer, uro 3 = (B',53,...,0"), tme B¢ =

Q]Z)k((lpl’ @27 MR (pm)'
I[IpoBeeM cHadaa, JOKA3ATEILCTBO JUIst JIHHeiHo# dopmbr d®w C Q¢ (W). Homyunm

l .
aaqbk 801%0]
*( qo0, kY g0 g% k\ _ ok _ o z o, 1
ﬂ(dw)_dﬂ(w)_dﬂ(u)_i:1aauld ;;aw et AU
Hamee
(" 0 ") (d*w®) = p* [ (d*w*)] = p*[d*¢* (w")] = p*(d*Y")
_*maawkaj_maawk * ( Jo, g
L T T L Y
7j=1 j=1
Ho l
) . ) a d
" (d*?) = d%p*(v)) = d*¢’ = & o !
i=1 gvu
1 TOrIa

U paBeHCcTBO jJokasaHo. OTciofa cienyer CIpaBelJInBOCTb cBoiicTBa 2.2.3. s Ji10b0il J1pob-
Hoit mudpdepennmanbuoil auneinoi dpopmorl. dasee moka3aTebCcTBO TPOBEIEM 10 WHIYKITHH.
IIycrn
w = w0 = f(w)d* W A - AdPw' € Qpt (W),
Torna ' ' ‘
B(w) = B (Fd 1w A~ Adov i) A B (drute)
= (P o) (fd™ W A NPT ) A (97 0 9p*) (A ')
= (P o) (fdM Wt A Nd W) = (9 0yt ().
OcHoBHOI 3aJ1adeil JaJIbHEHIIero pa3sBuTusi Teopun JIpoOHBIX udbepeHInalIbHbIX HOPM
SABJISIETCs TIOCTPOEHUE TEOPUH, TO3BOJIAIONIEN TPOBOIUTL KOPPEKTHOE HHTEIPUPOBAHUE TPOO-

HbIX dopMm. Ilprdem Ha mepBOe MECTO 31€Ch BBIABUIAETCS HETPUBUAJBHBINA BOIIPOC O BHIOOpE
aJIeKBATHOIO MHOT000Opa3nsl MHTETPUPOBAHMS [IJIsT KayK a0 JaHHON IpoOHON (hOpPMHEI.
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