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BOPHOJIOI'MN 1 ECTECTBEHHOE PACHINPEHUE KJIACCOB
PEI'VJIAPHBIX 9/JIEMEHTOB B AJI'EBPAX OIIEPATOPOB

B. 1I. Kongakos, JI. B. Pynos, B. E. KoBambayk

B asirebpe HempepbIBHBIX JTUHEHHBIX SHIOMOP(MOU3IMOB CIETHO-HOPMUPOBAHHOIO MTPOCTPAHCTBA PACCMAaT-
PHUBaeTCsl eCTECTBEHHOE PACIIMPEHNE KJIACCa PEryJIsPHBIX 3JIEMEHTOB U ITOKa3aHO, YTO TO PaCIIUpEHUE,
KOTOPO€ Ha3BIBAIOT KAGCCOM KEA3UPELYAADPHHIT INEMEHMOE, CONEPKUT KOMIAKTHBIE U IPYTUe BO3MYIIle-
HUSI HEKOTOPBIX OOPATHUMBIX 9JIEMEHTOB U IIPOEKTOPOB. KBasuperysisapHble 3/1eMEHTHI IMEIOT CDABHUTEIb-

HO IIPOCTBIE CIIEKTPAaJIbHbIE CBOMCTBa IpU JOIIOJTHUTEJIBHBIX OTPAHUYCHUAX Ha IIPOCTPAHCTBO.

[Iycrs E — moJiHOE OT/Ie/iuMOoe JIMHEHHOe TOHOJIornYecKoe pocrpancTso u L(E) — aj-
rebpa HelpPePBIBHBIX JIMHEWHBIX 3HI0MOP(MU3MOB IIPOCTPAHCTBA F.

B ciyuae HeHOpMEPYEMOTo JIOKAJIBHO BBIMYKJIOro npocrpancrsa E wa L(E), Kak n3Bect-
HO [1], He cyIecTByeT HUKAKOIl CTaHIAPTHO TOIIOJOINI PABHOMEDHO! CXOJMMOCTH Ha Orpa-
HUYEHHBIX MHOXKECTBAX, [IPU KOTOPOI omepalius yMHOXKeHUs Obli1a Obl HEIIPEPbIBHA WJIM MHO-
2KECTBO 0OPATUMBIX 3JIEMEHTOB OBLIO ObI OTKPBITO.

HenpepbiBHOCTS KOMITO3UITUN ONEPATOPOB IOJI€3HA B psife ciaydaeB. Hampuwmep, npu mo-
CTPOEHWU CIIEKTPAJILHON TEOPHH, aHAJOIUYIHON Teoprun OaHAXOBBIX ajredp, IPU HOCTPOEHUU
roJioMOp(HOTO (HPYHKIMOHAIBHOTO UCIUCTCHUS U JIP. ITOOBI 00eCIIednTh HEITPEPBIBHOCTD YKa-
3aHHOIT oneparuu ymHoxKenusi, L(E) Hajessitor u6o ncesjoromnosorueii 2], mmbo 6opHosio-
rueii ([3], c. 23-44).

B macrosieii pabore anaredpbl oepaTopoB HAJESIIOTCST OOPHOJIOTUSIMA U B HUX OIUCHI-
BAIOTCH KJIACCHI 3JIEMEHTOB, KOTODbIE MOXKHO PACCMATPUBATEH KAaK PACIIUPEHHE HU3BECTHDLIX
KJIACCOB PEryJISIpHBIX (OrPaHUYEHHBIX) 9JIEMEHTOB STHX ajrebp (ompejeseHust OYIyT JAHBI
HI/I}Ke). I_IOKHS&HO7 9TO paCIUPEHHbIE KJIaCChl TaK Ha3bIBAEMbIX KBASUPEr'yJIAPHBIX 9JIEMEHTOB
coJIepKaAT MHOTHE yHOTPeOUTE/bHbIE KJIACCHI OIIEPATOPOB U B HEKOTOPBIX CJIyUAsX UCUYEPIIhI-
BaloT L(E) ¢ TOYHOCTBIO JI0 JMArOHAJIBHBIX OIIEPATOPOB B HeKoTOpoM Oasmuce. Ha npumepax
00CY2KJIAI0TCS CIIEKTPBI 9TUX OLEPATOPOB.

s ynobceTBa unTaresieil HAIIOMHUM OT/e/IbHble (DAKTHI U3 TEOPUU OOPHOJIOTUYECKUX IIPO-
CTPaHCTB (KeJIaoliue MOryT HOIpobHee 03HAKOMHUTLCH B [3-7]).

OnpPEIEJNEHUE 1. Ilycrb Bo MHOXKecTBe Y BbIJI€JIEHA CUCTEMAa IIOAMHOXKECTB [, obJiaia-
FOIAs CJIEAYIONUMA CBOMCTBAMMU:

1)ecrm Ae BuBef, o AUB € 3

2)ecitu AC Bu B € (3, 10 A€ f3;

3) Jutst KazKIoit Toukn y € Y ogHovIeMeHTHOE MHOXKeCTBO {y} € .

CucreMy TOIMHOXKECTB (3 HA3BIBAIOT O0pHOoA0zuet Ha Y. DJIeMEHThI MHOXKeCTBa [ Ha3bI-
BAIOT 02PAHUYEHHDIMU MHONHCECTNEAMU.
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MuozkectBo Y ¢ 3agaHHOil Ha HeM GOpHOJIOrHeill (3 HAZBIBAIOT 00PHOAO2UMECKUM TMPOCTPAH-
cmeom n obosuauator (Y, 3). Bosepamasics k anrebpe suipomopduzmos L(E) JI0KaJIbHO Bbl-
nykJioro npocrpancrsa F, wajgennm L(E) 6opHOJIOrHeil paBHOCTENEHHOl HEIIPEPBIBHOCTH, T. €.
B Ka1deCTBe OI'PaHNYCHHBIX B L(E) MHO2KE€CTB BOSbMEM MHOXKECTBO BCEX PaBHOCTEIIEHHO HeIIpe-
PBIBHBIX MOJMHOXKECTB npocTpancTBa L(E).

Bopnosiornueckoe npocrpancreo L(E) ¢ 6opHoJiorueii paBHOCTENEHHOH HENPEPBIBHOCTH
npuHATo oboznadaTh depe3 Lec(F). Takum obpasom, muoxkectBo M C Lec(FE) sBisercs
orpanmyenubiM B Lec(E) Torjga m TOJBKO TOTJA, KOLJA JJisl BCAKONH OKpeCcTHOCTH Vo HyJis

B E muokecrso [ A7H(V) — oxpecrnocts nynsa B E.
AeM
Ecisin Tonosiorust B E' onpejiesisiercst caeTHoit cucremoii moynopm (|| - || )ren, TO Kpurepunii

orpanuyeHHoCcTH MHOXKecTBa M B GopHOsormueckoM npocrpancTse Lec(E) MoxHO chopmy-
JIIPOBaTh U B TePMUHAX MOJYHOPM || - ||, r € N.

ITpensoxxenne 1. Muoxecrso M C Lec(E) orpannderno B npocrparcrse Lec(E) Torga
" TOJIBKO TOTJa, Korja cyiecTByior orobpaxkenne 7 : N — N u ¢pyukmus C' : N — R, takmne,
9710
sup {[|[Az|lr : [|2[lr(y) <1} < C(r) (r€N).
AeM

ONPEAENEHUE 2. [Tycts Y — BekTopHOoe npoctpanctso nas mojeM C (mmm R). Tosopsir,
aro GopHosiorust § Ha Y coryiacyercst ¢ ajredpanvdeckoil CTpyKTypoii, ecjin ajrebpandeckue
oneparun B (Y, 3) orpaHudensl, T. €. IEePEBOJIAT OrPAHMYEHHBIE MHOXKECTBA B OlPAHUIEHHBIE.
B srom ciyuae rosopsr, uro (Y, ) — eexmoproe 6opHoaozuveckoe npocmparcmeo.

[Tpocrpancrso Lec(F) — BeKTOpHOE GOPHOIOTHIECKOE TIPOCTPAHCTBO.

ONPEJEJEHUE 3. [oBopsT, 4T0 060011IeHHASI TIOCIE0BATENHHOCTD {Y) } B BEKTOPHOM GOP-
HosioruveckoM npocrpancTse (Y, 3) cxomurest K yo € Y 6 cmmeae Maxku (wmu 6opronozuse-
CKU), ecjll CyIIeCTByeT OrpaHUYeHHOE MHOXKeCTBO B € [ Takoe, 4ro Jyisi BCIKOro £ > 0
cymiecTByer Ao Takoe, 9To (yx — yo) € €B st Becex A > \.

st npocrpancrsa Lec(E) cupaseyinso

IIpengioxkenne 2. O6oburenHast nociegoarebHocTh {Th}acp omeparopos Ty € L(E)
cxomurest KT € L(E) B embiciie Makkn B Lec(E) Torjga u ToJbKO TOrJa, KOrja CyIIeCTBYIOT
dyurmun s : N —- N u C: N — Ry rakue, uro s soboro € > 0 cymecrByer A\o(e) Takoe,
qTO

”T/\ - T”s(r),r < EC(T) ()‘ >N, Vre N)a

ve [T = sup{| T2l - lloll < 1}, T € L(E).

Oyuxrmonayst || - |5, s, € N, obiragaor cremayonmmu cBoficTBAMIE:

1) 0 < ||T|lps < 400, T € L(E); ecm T' = 0, To ||T||s, = 0 st sio6bix s,r € N; ecin
T # 0, To pyist moGoro r € N cymecrsyer s(r) € N raxoe, uro 0 < ||T[ 5(),» < 00;

2) | AT ||sr = |A T ||s,r Avist m06b1x A € C 1 5,7 € N;

3) T + Tallsyr < T |sr + |T2]|s,r fwrst mobbix T, Ty € L(E) Vs, r € N;

4) oneparop T npunasexunr Lec(E) Torma u TOJBKO TOI/IA, KOIJIa CyIIECTBYIOT 0TOOpa-
xenus 51 N— Nwu C: N— Ry rakue, uro [|T|s¢, < C(r) ama seex r € N.

[Tocaennee ciegyer uz roro, uro eciu L(FEs, E,) — MHOXeCTBO BCeX HEIPEPBIBHBIX JIH-
HEHHBIX OIEPATOPOB, JEHCTBYIONMX U3 MOJyHOPMUPOBaHHOTO TpocTpancTBa (E, | - ||s) B mo-
JiyHOpMupoBaHHOe 1poctpancTBo (E, || - ||,), To oneparop T upunaiexur L(Es, E,) Torga u
TOJILKO Torna, Korga || 1||s, < oo.

ONPEJAETEHUE 4. Anrebpa R HasbBaeTcs 60pHoao2udeckotll  anzebpoti, ecim
R — BekTOpHOE OGOPHOJIOIMYECKOE MHPOCTPAHCTBO, B KOTOPOM OIepaIlis yMHOXKEHUs
R x R> (z,y) — zy € R orpanndena.
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Anrebpa Lec(E) ¢ koMmosunueil oneparopoB B KadecTBe YMHOXKEHHs SBJIAETCs GOPHOIIO-
TUYIecKoil aarebpoii.

B pa6orax (|3; c. 83|, [6; c. 400], [4; c. 94], [7] u 1p.) HPOSLYKTUBHO HUCIIOIB30BAIKCH IIOHSI-
THsI PEryJISIPHOIO 3JIEMEHTA KOJIbIA U PEryJISIPHOrO CIIEKTPa 9JIEMEHTa KOJIbIA. PerysspHble
9JIEMEHTBI KOJIbIIa HA3bIBAINCH Tak:Ke orpanudeHHbiME (K. AJiieH) i i-orpaHnIeHHBIMU

(C. Bapuep).

OMNPEAEJEHUE 5. DyieMeHT a OOPHOJOTMYIECKON ajirebpbl R ¢ eIuHUIE e Ha3hIBAeTCs
pe2YAAPHBIM, eCII pe3osibBeHTa R(\, a) onpesiesieHa 1 orpaHindeHa B OKPECTHOCTH OECKOHed-
HOCTH.

U3 ompeieniennst 5 HEMOCPEJICTBEHHO CJIEJIYET, YTO PE30JBLBEHTA B OKPECTHOCTH HECKOHEY-
HOCTHU aHAJIUTUYIHA U IpejcTaBuma psagoMm Helimana. PeryiagpHocTb s71eMeHTa @ PAaBHOCUIBHA,
(em. [3; c. 83]) Tomy, uro cymecrByer koncranta M > 0 takasi, aro MuoxkecTBo {a”/M"™}en
SIBJIIeTCsT OrpanndeHHbiM. [loaromy ssement T € Lec(FE) Gyjer pery/sipHbIM TOTJIA U TOJBKO
TOra, KOorma cymecTByior Koncranta M u dyukmusa s : N — N rakue, 910

1T [[s(ry,r < M™ (r € N) (1)

i || Tz, < M"|z]/s) M Beex 7 € N uw z € E. PerynapHbie sleMeHTbI B IIPOCTPAHCTBE
Lec(E) MOXKHO 0XapaKTePU30BATDH U € HOMOIIBIO CIEKTPAIBHOTO PaIyca

R(T) = inf Tm {/| 7%y, = inf{M > 0: (V€ N) 77|y, < M"}
reN n—oo

(em., mamp., [13]). dus roro, urobsr anement T € Lec(E) 6bl1 peryisipHbiM, HEOOXOIUMO 1
nocrarodno, 4tober R(T') < oo.

B [8] 6bw10 mpeiozkeHo MOMUIIUPOBATH N3BECTHBIE XaPAKTEPUCTUKU TIEJIbIX (DyHKIUIL
u xapakrepusoBarh oneparopbl T € L(E) nopsukom B(T'), rae

B(T) = sup inf lim M
reN seNn—oo nlnn

1 THUIIOM

- . T \ ||An‘s,r . T ln”AnHSJ“
olT) = supoflim =gy~ e GO =1l =

Torma, oueBuHO, 1715t TOro, 4T06bl sy1eMeHT 1T € Lec(E) 6bu1 peryssipHbIM, HEOOXOAUMO W
JIOCTATOYHO, 4T00bI OPsiioK [3(T") 6bLI MO0 OTPULATETHHBIM, JIUOO PABHBIM HYJIIO IIPU TUIIE
a(T) < oo.

ONPEJEJIEHUE 6. (cM. [3; c. 83]) Pe2yaaproim pe3osb8enmmvim MHOHCECTEOM PETYIIsSIP-
HOT'O 3JIEMEHTa ¢ DOPHOJIOIMYECKOi ajarebpsl R ¢ e uHuIeil Ha3bIBAETCST MHOYKECTBO BCEX Ta-
KUX KOMIIJIEKCHBIX YUCEJT A, JIJIsi KOTOPBIX pe3oJibBeHTa R(\,a) CylecTByer u siBIsieTcst pe-
TYJISIPHBIM 9JIEMEHTOM. DTO MHOXKECTBO OyzeM obo3HadaTh pr(a). Pezyaaprovim cnexmpom a
HA3BIBAETCS JIOTIOJIHEHUE PEryJIsIDHOTO PE30JIbBEHTHOIO MHOXKECTBA..

Perynsipubiii ciekTp ssiemenTa a 6yjeM obo3HadaTh Sp,.(a).

Ilpennoxxxenune 3. PeryisapHoe pe30JbBEHTHOE MHOXKECTBO DPETrYJISIDHOTO 3JIEMEHTa
pr(a) — 910 HamboJIBIIIEE OTKPBHITOE MHOXKECTBO, Ha KOTOPOM DE30JIbBEHTa JIOKAJIBHO Orpa-
HU4YEeHa.

pr(a) =inf {M: M >0, {a"/M"},cn — orpanmIeHHOe MHOKECTBO}.
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Perynsapubiii cieKTp peryJsisipHOro 3jieMeHTa KOMIAKTEH U He IIYCT.
[Ipenmoxkenue 3 cieyeT U3 ABYX TOXKIECTB:

(a—so—h)"'=(a—s0)"" = (a—s0)((a—s0) ' —h™ "7,

((a —so) ' =A™ )™t = (a—s0)hla —s9g— h)~L.

B omnpenenennn 6 M0KHO OTKa3aThCsd OT PEryJsipHOCTH 3jeMeHTa o € R. B srom ciyuae
PE30JIbBEHTHOE PEryJsipHOE MHOXKECTBO pr(a) MOXKET OKa3aThCsl IIyCTBIM, HO 00s13aTeIbHO OT-
KPBITBIM MHOKeCTBOM. CIIeKTp Sp,.¢ — HEOrPDAHWYEHHOEe 3aMKHYTOe MHOXKECTBO.

Ha peryJisipubie 3jieMeHTBI H0PHOJIOITIECKOi aJireOpbl R iepeHocuTCst 6oJIbIast 9acTh T€0-
pun lesibdanma st 6araxoBbix ajarebp. Crpourcs (PyHKIMOHAJIBHOE HcYncieHne Pucca —
Handopaa. Ecin R — xommyTaruBHas G0pHOJOTHYECKas ajaredbpa ¢ equHuIlell, TO MHOXKe-
cTBO R, peryiasipHbIX 3JieMeHTOB u3 R 00pa3yeT KOMMYTATHBHYIO MOJIAIreOpy, IJIsi KOTOPOI
CHEKTPAJIbHBIA PaJUyC SABJISAETCH MYJIbTUINIMKATUBHON ITOJYHOPMO#. DTOT (DaKT sIBJIAETCS
KJIFOUEBBIM K JIAJIbHEHIIEMY PA3BUTHIO TEOPUN.

B ciayuae nekoMMyTaTuBHOCTH aarebpbl R (Kak B MHTEPECYIOIIEM HAC CIydae ¢ aarebpoii
Lec(F)), 6epyT OHKOMMYTAHT PEryJIsIPHOTO 9JIEMEHTa G, 3aT€M — PEeryJspHYIO0 9acTh STOTO
bukoMmyTaHTa. Ilo/yIaoT KOMMYTATUBHYIO OOPHOJIOTUYECKYIO AJIredpy, COCTOSIIYIO U3 pe-
CYJISIPHBIX JIEMEHTOB. PeryiisipHble CIIeKTPbI HOBOH HOJAJINeOPhl COXPAHAIOT CBOU 3HAYEHUS,
U JlaJiee CTPOUTCST TEOPUsi, AHAJOTUIHAST CIydaio .

OrmeuenHble GakThl COCTABISIIOT cyTh pabot (3| u [6]. ITo cyriecTBy, B HUX BBIJIEJIEH KiIace
9JIEMEHTOB aaredopsl R, CIIEKTP KOTOPBIX «TOCTATOYHO XOPOITy. HO MOXKHO paCIIupUTh KJIACC
«XOPOIINX» 3JIeMEHTOB ajreopel Lec(F).

ONPEJEJEHUE 7. Dnement T € Lec(E) Ha30BeM K6a3upe2yiapHbiLM, €CIIH CYIIECTBYIOT
orobpaxenns s: N — N un C:N— Ry raxue, aro [|[T"|[s;), < C™(r) ans Bcex n € N u
r € N (cpasunte ¢ nepasencrsom (1)).

ONPEAEJEHUE 8. Yncsio A\g Ha30BeM cuavto peeyaaphol mowkotl oneparopa T € Lec(E),
ec/ B 9TOi TouKe onpejiesena pesonbeerta R(Ag, T) = (Aol — T)~!, xoropas siBstercs KBa-
3UPEryJIAPHBIM 3JIeMeHTOM KoJjblia Lec(E).

Kak u jyist 3aMKHYTBIX OIIepaTopoB B OaHaxoBOil curyanuu, B Kosblle Lec(E) akTyasab-
HBIM BOIIPOCOM SIBJISIETCS PEryJISPHOCTb OeckoHedIHOCTHU. J[JIsi PeryIsipHbIX 3JIEMEHTOB yI0OHO
NPUHUMATH OECKOHEYHOCTH 3& 9JIEMEHT PEryJISIPHOTO PE30JIbBEHTHOIO MHOXKECTBa, TaK KaK B
OKPECTHOCTU GECKOHEUTHOCTH PE30JIbBEHTA OIpeJIeJIeHa U JIOKAJLHO orpanudena. s He pe-
IYJISIPHBIX 9J1eMeHTOB KoJiblia Lec(F) mamum

OMNPEJEJEHUE 9. BeckoHeYHOCTH HA30BEM CUABHO Pe2yaapHoli moukot oneparopa 1 €
Lec(E), ecin T siBsiercsi KBa3superyJsipHbIM 3jeMeHToM Kouiblia Lec(E). MuoxkecTBO BCex
CHJILHO peryJsipHbIX Touek oreparopa 1T’ € Lec(E) 6ynem obosnadars yepes p.(T).

OnPEAEIEHUE 10. Honomenue C\p.(T) nasosem yavmpacnexmpom oneparopa T'. Virb-
TpacrekTp oneparopa 1’ 6ymem obosuadaTh depes Sp, (7). OueBumHO, CIpaBeyINBLI BKIIOYC-
st pr(T') C pe(T) C p(T), Sp(T) C Sp(T) € Sp,(T).

[TonaTus KBa3UPEryJsipHOil TOYKHU OIEpaTopa W yJILTPACIIEKTPa Olleparopa ObLIH BIep-
BbI€ BBEJIEHBI JIJIsI OIIEPATOPOB, JIEHCTBYIONMX B MPOCTPAHCTBAX AR aHAJIUTHYECKUX BHYTPH
kpyra {z : |z| < R} dynkuuii, B paborax [9], [11]. B [11] paccmarpusasiocs 06061enHoe DyHK-
nuonabHoe ucunciaenne B Lec(Ag). Muorue uaen pador [9] n [11] mocstyzkuam ocHOBOI st
JanbHeinx 060bmenuit B paborax [13-15| u apyrux.

B mpuBosmuMBIX HUXKE IPUMEPAX PACCMATPUBAETCsI IIPOCTPAHCTBO A g Beex (DyHKIHIA, aHa~
JuTHYecKuX B Kpyre {|z| < R} ¢ Tromosorueii paBHOMEPHOI CXOAMMOCTH Ha KOMITAKTaX BHYTPH



BopHosorun u ecrecTBeHHOE PACITHPEHHE KJIACCOB PETYJISIPHBIX 3JIEMEHTOB 3-33

9TOr0 KPyra. JTa TOIOJIOIUs CIeTHO-HOPMHUPOBAHHAS U OIUCHIBAECTCS, HAIIPUMED, CJIEJLYIOIIIM
HabOpPOM HOPM:

I fllr, = max |f(2)], tne m, T R,

nJjin
1l = Z\an\rn, e f(z Zakz

[Tycrb oneparop T € L(AR). B nanbheitiem 6y/1eM paccMaTpuBaTh JiBa ClI0CO0a KOHKPETHOI'O
3ajTaHns oreparopa 1"
a) oneparop T onpejiesnsiercss MaTpuiieilt {s,y} TeilopoBckux Ko3hGUINEHTOB CUCTEMBI

dyHKINNT
o0
2" ) = Z Spk2"
n=0

6) oneparop T 3amaercs cucremoit bynxmuii s (z) = T(2F).

IIpennoxenne 4 (cu. [9] win [10]). Touka \g € p.(T') mrst mHexoroporo T € L(Ay) Toraa
U TOJIBKO TOIJIa, KOIJIa B HEKOTOPOH OKPECTHOCTH TOYKH A cyijecTByeT Marpuia {m,i(A)},
obpartHasi marpuue, 3ajatonieii oneparop N\ — T, u mo Jirobomy r < R naiinercst p(r) < R,
c(r) < oo md(r) > 0 rakmue, 410

1AL =T) pryr = SUPZITFnk )rtp™F <elr) YA A= Xo| <O(r).

Jlist \g = 00 Haji0 6paTh OKpecTHOCTD |A| > 6(r).

IIpennoxenue 5. Touka \g € p.(T) Torga u Tosbko Torja, Korja jst jioboro r < R
cymecrByior p(r) < R, 6 > 0, ¢ > 0 Takue, 4T0 JJIsT BCEX A, YJIOBJIETBOPSIIOIUX HEPABEHCTBY
A — Xo| < 6, BbiosHSIETCST

S S

PaccmaTpuBaembie mpuMephl cofepzKaT OIMCAHUSA OIEePATOPOB B (DYHKIIMOHAJIBHBIX MIPO-
CTpPaHCTBaX, UMEIOIIUX PEeAJIM3aIlii B BUJIE TPOCTPAHCTB KETe YHCIOBBIX IOCJIEI0BATEIHLHO-

cren
- 1
plarn]l = €= (&)t | D _llPal, | =&l <oo,reN
n=1
¢ Tomosorueii, 3agaBaeMoit cucremoii moayropM (| - |p), tae 1 < p <00, 0 < arpy < Gryin,

r,n € N. B pa6ore [16] mokazano, 9410 B 9THX IPOCTPAHCTBAX BCETJa UMEETCsI CHCTEMa Orpa-
HUYEHHBIX MHOYKECTB, COCTOSAIAs U3 P-3JUIMICOUJIOB, U 9T CUCTEMA SIBJISIETCs 6a30ii HEKOTO-
poii GopHOJIOrHH, KOTOPYIO MHOI/IA HA3bIBaOT Ooprosozuet gorn Hetimana (cm., mamp., [4]).
EcrecTBenno nHaswiBarh ee Kéme-b6opHorozuet.

B 3amerke |17] mokazano, uro nmeercs Kiacce npoctpancTs Kére, B KOTOPbIX KaxKIblil orre-
parop u3 L(E) ¢ TOYHOCTBIO JI0 IMarOHAJILHOTO OllepaTopa B HEKOTOPOM Hasuce siBJISeTCs ML
KOMITAKTHBIM BO3MYIIEHUEM IIPOEKTOPA, JIMOO TOXKJIECTBEHHOI'O OIEPATOPA, WU IIPOCTO KOM-
[AKTHBIM OIIEPATOPOM. 31eCh KOMIIAKTHOCTD MI0[Pa3yMeBAJIACh B KAXKJIOM aCCOIMUPOBAHHOM
6aHAXOBOM IIPOCTPAHCTBE (3TO crabee KOMIAKTHOCTH B ).
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Tem cambiM Kaxkjiplii oreparop u3 L(F) ¢ TOYHOCTBIO /10 JMATOHAIBLHOTO [TPE00PA30BAHIS
SABJIIETCS KBA3UPETYJISPHBIM C JOCTATOYHO «XOPOIIUMUY  CIEKTPAJIHLHBIMUA CBOMCTBAMHU, TAK
KaK B HOpPMUPOBAHHBIX IIPOCTPAHCTBAX CIEKTP YKa3aHHBIX OIIEPATOPOB XOPOIIO U3y YeH.

JlJist cu9eTHO-HOPMUPOBAHHOIO MPOCTPaHCTBa F mokaxkem, YTO KJIACC KBAa3UPEryJISPHBIX
OIIepATOPOB BKJIIOYAET PA3JIMYHBIE BO3MYIIEHUS OOPATUMBIX OIIEPATOPOB U IIPOEKTOPOB.

IIpengioxxenne 6. [lycro juisi oneparopa T € L(E) B cdeTHO-HOPMUPOBAHHOM IIPOCTPAH-
cree E oneparop T? — T = R sB/IsieTCsl KBA3UPETYISPHEIM, T. €. HMEETCs CHCTEMa, IOJIyHOPM
(Il - ), 3azxaromas mexommyro ronosoruto E, rakas, aro s Jrobbix r € N cymecrByer
C(r) > 0, obecrreunsaromee nepasenctso ||Re|, < C(r)|e|l, npr Bcex e € E. Toryza T' Toxe
KBa3HPETYJISIPEH.

< IIpoctpamcTBo F Beeryia MOYKHO CUUTATH HAJEJEHHBIM TOTOJIOTHElH, 3a1aBaeMOil MOHO-
TOHHO}T cucremoit moynopM (|| - [|r), ™ e. st okpecrrocreit wyns U, = {e€ E: | - |, < 1}
BBITTOTHEeHB! BjoxKeHnus Uy D Uy D ... D U, D U,41 D .... B cuily HeIpepBIBHOCTH OIlepaTopa
T st moboro r € N cymectsytor s(r) u B(r) > 0 taxue, uro || Tel|, < B(r)]le|s) mpu Beex
e € E. IlokaxkeM, ITO BBITTOJTHEHO YCJIOBUE

(vreN) (3s(r)) 3D(r)>0) VeeE [T, < (D(r))"[lellsq)-
Beuny mepaBeHCTBA TPEYTOJLHUKA TIOTYTaeM
1Tl < (T2 = T)ells + [ Tellr < C(r)llellr + B(r)llellspy < D*(r)lellsy, e € E.
Ecan nokazano, aro
1Tl < (D(r))'llellsey, e€ B, i<n—1,
TO CHOBA C HUCIIOJIb30BAHNEM HEPABEHCTBA, TPEYTOJIbHUKA TOJIYIAEM

IT"ellr < (T = T" Dellr + [T =T elly + ... + (1% = T)elly + [|Tellr
n—2 n—2

<D DO ellsry < D (D)™ lell e

i—0 =0
< D%)();‘_ 1( )He||s(r) < (D))" lellsrys e € E.

Tpebyemoe ycnosue mist creneneii T’ mokaszano. B nem moxkuo npeanonarars D(r) < D(r + 1),
r € N, gero, B ciaydae HeOOXOIMMOCTH, MOXKHO JOOUTHCS YBEJIUIeHUEM 3TUX KOHCTAHT.
OmupenennM Ha F HOBYIO CHCTEMY OKDECTHOCTEN HYJIs, HOJIaras

0o Tn

W1 = span U 4HU1, s
U o)
00 TN

WT — span U WUT,
n=0

(31ech B 00bequnenusix npu n = 0 npucyrcrsyer U,.). Jlerko samerurs, aro W, D U, D W),

COTJIACHO JIOKA3aHHOMY BBIIIIE yCJIOBI/IIO, tak 9r0 (W,)22; — 6a3mc OKpeCTHOCTEH HyJIs HCXO/I-
" Te Tntl
uoii rononoruu E. Ecim e € [COR ( ))n U,, 1o Dy € ey Uy, 1. e. Te € D(r)W,, a 3nauur,

o6oznauus || - ||, dynknnonas Munkosckoro Muoxkecrsa W, mveem

ITell: < D()llell e < E,
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9TO U TPeGOBAIOCH JOKA3ATh.

AHaOrnIHBIMI PacCy KIEHUSAMEI MOYXKHO MOKa3aTh, UYTO B IPOU3BOJIBHOM JIOKAJIHHO BBI-
IYKJIOM TIPOCTpancTBe F KJIace KBa3UPEryIsipHbIX ONEePaTOPOB BKJIOUAeT B cebsl pasIudHble
BO3MYIIEHNs] HHBOJIIOTUBHBIX U30MOPMOHU3MOB.

JIy1st C9€THO-HOPMHUPOBAHHBIX IIPOCTPAHCTB KéTe npy pas/jmvHbIX JTOMOJIHATEIHHBIX Orpa-
HUYEHNSX Ha ONPEJIENAIONLYI0 MATPHUILy MOXKHO MOJIyIUThL OoJlee TeTaabHy0 MHPOPMAIHIO, B
YaCTHOCTH, ¥ O CIIEKTPAJIBHBIX CBOHCTBAX KBA3UPEIYJISPHBIX ONEPATOPOB.

Ilycrs E = l,[ary], p > 1, 1 MaTpuna [a, | yAOBIETBOPSIET JOMOIHATEILHOMY yCIOBHIO

10 (ntoo), reN,

Qr4+1.n

KOTOPOE HA3BIBAIOT NPASUALHOCTLIO 68 cmuicae J[pazunesa. B 9TOM ciydae roBopsT Takke,
qT0 F mMMeeT NpaBWJIbHBIN KAHOHHYIEeCKUil 6a3uc (0pToB).

ITpocrpancrsa Ar(Aos) B IPHUBEIEHHBIX BbIIIE U HUXKE IIPHMeEPAX N30MOPGhHBI, OYEeBUI-
HO, pocTpancTBaM Kére nocieoBarenbrocTeit K03 HUIEHTOB THHIOPOBCKUX PAa3JI0KEHHUIT,
OIIpeesIsAeMbIM IIPpAaBUJIbHBIMU MaTpPHUILaAMMI. HpI/I HaJIMIUN ITPaBUJIBHOI'O 63.31/1(3& OpPTOB B IIPO-
crpancrse Kére E, 1. e. mpe/mosaras IpaBUIbHOCTb MATPHUIEL (¢, p |, PACCMOTPHM CJIELyIOIIee
YCJIOBUE PA3PEXKEHHOCTHU 3TOM MaTPHUIIB

(¥r) (3s=s(r)) lim ezl g (2)

N—=00 Qg ndrn—1

B [18] nokazano, 4To 9T0 ycj0BUE SIBJISIETCS TOMOJOTHIECKUM UHBAPUAHTOM U 3aIIMCHIBACTCS
B TepMHnHaX TaK Ha3bIBa€MbIX OTHOCUTEJ/IbHBIX N-IIOII€PECIHNKOB OerCTHOCTeﬁ HYJIA. I/I3 HETro
HEIoCPeJICTBEHHO CJIelyeT sSIepPHOCTL npocTpancTsa Kére.

Ilycrs T : E — E — nuneiinslii onepaTop ¢ marpuieii ((b;j)) B ocHOBHOM 6a3Ice IPOCTPaH-
crBa. O6o3HauuM yepes J oneparop, UMeIONHii (B TOM ke 6a3uce) JIUAroHaJIbHYI0 MATPUILY C
sjeMeHTaMu bj; 10 TiaBHOIl auaronasi. [Ipu HeKOTOPLIX ycroBusix omeparop 1 passaraercst
B CyMMy B

T=J+L, Le\E), (3)

rjae A\(E) — kjacc Bcex Tex JiMHEHHbIX onepatopos L : E — E,| xoropsie 1ipu jobom 7 € N
MOTYT OBITH IIPOIOJI?KEHBI 0 KOMIIAKTHOrO oreparopa L, : . — E,.

Teopema. Bceskuii oneparop T : E — E, nomyckaroruii npu JII060M T PaCIIHPEHUE 0
HEKOTOPOIrO OrpaHHIeHHOrO oneparopa B Ey, pasiaraercs B cymmy (3) Torja u TOJIBKO TOIJA,
korja B E Boiosneno yciosue (2).

< [Mycre T ymosieTBOpsieT ycioBuio TeopeMbl u B E BoimosiHeno yesosue (2). ITokaxkem,
aro T pasznaraercs B cymmy (3). it 3T0ro Hajo goka3arh, 9To s oneparopa 1’ KOTOpbIit

nosyderca nz T', ecm nmosoxkuts bj; = 0, 7 = 1,2, ..., mpn mobom r € N BBIIOIHAETCA yCIOBHIE:
. T,
lim g |bin]— | =0, 4)
n—00 \ < 1 7
1= ’

koropoe gocrarouto st T' € \(E).
JIJ1s1 IPOU3BOJILHOTO T BEIOEPEM '] U 'y TaK, 4TOObI 11 < 1 < T9 1
Ay n ) Qrn—1 0, Qryn ) Arn+1 -0

(n — o0).
Arpn  Qryn—1 Qrn  Qryntl
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D10 MOXKHO cziesiaTh Ha ocHOBaHME (2). C [OMOIIBIO TOXKIECTBEHHBIX peobpa3oBaHuii u
OIIEHOK, BBITEKAOIINX 13 IpaBuiabHOCTH O0asuca {e,} (|len|p = arp), momysaem

Tl
|| en”r _ Z ’bln‘ Qg + Z ‘bln| Qr g Z ’bzn| Qrj Qpryj a7”1, + Z |bzn’ Qg arg,z G’r‘g,

llenllr

L — Qrn Qryn Qry i—nt1 Qrn Qrogmn Qry
. e .
< Qry,n max CL_ ‘bzn| Qryi arz,n max Ay Z |bin] Qry i
Qpp 1iSn—1 Qp 4 =1 QAryn arn izn+l Qpy i1 Qrym
< SR IRL T | 4 SRR LT | 0 (T, ¢ By, — By,)
Arn Gr;n—1 rmn Arg n+

Ipu n — 00 B CWIy BBIGOpa r1 U 7. Takum obpasom, T” ymosrersopsier yenosuio (4) u T
pasjiaraercss B cymmy (3).

[Tpeanonoxkum Tenepb, aro B E ycioBue (2) He BBINOJHSIETCS, T. €. CYIIECTBYET T TaKoe,
Y9TO JIJId JIIOOOTO T BBITOJIHSAETCS

——Qrqgn Arn—1
lim —= D= =% > 0,

=00 Ay n Aryn—1

npudeM Bce o° < 1, Tak Kak
Qrqn Grn—1

Qrn Qrgn—1

[MocrponM HenpepbiBHOE 0TOOpazkeHre IPOoCcTpancTBa E B cebst, KOTOPOe yI0BJIETBOPSET YCJIO-
BUIO JIEMMbI M KOTOPOE HeJIb3sl IIPEJICTABUThL B BUjIE (3).

O6ozuaunm v, (r =rg+ 1,79 + 2, ...) IOCIIEIOBATEIBHOCTH, JJIsi KOTOPBIX
. Qrqn Grn—1
lim —= —"— = a/° > 0.

n€Vr Qrp Qrgn—1
Kpowme Toro, v, 1y yao6cTBa BbibepeM TaKUME, Y9TO

Qron . Qprn—1 > 0
= “r
Qrn  Argn—1

— &y

JUIst BeeX N € vy, tae &, (r =19+ 1,79 + 2, ...) YJIOBJIETBOPSIOT HEPABEHCTBAM

ro
a

1< 1< (c1 — HEKOTOpast KOHCTAHTA).
Er

[TocrenoBarenbuoctu vy (1 = ro+1, ...0) MOXKHO BEIOPATH HETIEPECEKAIONTIMUCS U COCTOSIIIIUMA
U3 HATypPaJbHBIX YMCE] OAuHaKoBoil yernoctu. ITocTrpoum omeparop B =T — I ¢ IOMOIIBIO
TaKOl MaTPUIIbL ((bij)), Y KOTOPO# BCE 3JIEMEHTHI 38 NCKJIIOYCHUEM 3JIEMEHTOB BBIIIE IIABHOMN
[o.¢]
mquaronasn by1, tpun € |J v, paBHBI HyJIIO.
r=ro+1

OTyinvHbIE OT HyJISA SJIEMEHTBI STOIl MATPHIBI OIPEIEIUM CJIeIyIOMHUM 00pa3oM: by, 1, =

aoa, namlZ LnEv (r=rog+1,..). llycts £ € F 1pou3BOJILHbIN 3J1eMEHT

§= Z Enén.
n=0
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CortacHO TTOCTPOEHUIO, JIJIsT JIIOOOTO S > T CIIPaBeInBa OIEHKA

a
HB£HS < Z "Sn’HBean = Z |§n|bn—1,na5,n—1 = Z Z ’fn’a,to kil Qs n—1

neUv, neUv, r NEv, ar,n—l
a a — a
<SPl D Wnlasa + YD [alap TR e
r<s neEvy, r>s nev Arpn—1 Aron  Gromn—1
< T0 aﬁo
< (maxfor’} +sup o o ) lIElls = esliglls

A 3T0 1 03HAYAET OrpaHMYEHHOCTL IIOCTPOEHHOro oneparopa B Ey. B To ke BpeMs HeTPyIHO
y6esmThest, uro oneparop T = I + B nesb3st upejcrasuth B Bujie (3). Teopema jokasana. >

N3 cnexkTpalibHBIX CBOWCTB KBa3UPETrYJIPHBIX ITPOEKTOPOB B YKA3aHHBIX IIPOCTPAHCTBAX
BBITEKAET

CuaencrBue. B npocrpancrsax Kére, ysosiersopsironux ycaosmio (2), obpasbl KBasupe-
IYJISIPHBIX TIPOEKTOPOB HMEIOT OA3HCHI.

[TpumepaMu POCTPAHCTB aHATUTHYECKUX (DYHKIUI, YIOBIETBOPSIONMX YCJIOBHIO TEOPe-
MBI, SIBJISIFOTCsI IPOCTPAHCTBA JIAKYHAPHBIX CTeNeHHbIX psafioB Ar(v), R < 00, HOpOXKIaeMble
IIOCJIeI0BATEILHOCTSME cTetieHeil (2™),, ¢, ¢ orpaHIdeHneM Ha JaKyHbI (IIPOILYCKH)

. Nk+1
lim kt

k—oo Tk

> 1.

Kaxk mokazano B [19] npu 6oJiee CHILHOM OrpaHUYeHUN

. ng
lim =0
k—oo N1

B yKas3aHHBIX IpocTpaHcTBax Ap(v) 060l HeIpPepbIBHBIN OlIepaTop ¢ TOYHOCTHIO JIO JINAro-
HaJIBHOI'O OIlepaTOpa-MHOXKUTEIs KBA3UPEryJIApeH.

B ciureytomnux rnpumepax o6CyKIAIOTCH COOTHOIIEHUST MEXKY YIIOMUHABIIUMUCS BUJIAMI
CIIEKTPOB OIIEPATOPOB.

[TpuMEP 1. Iyers A\, € C(k € N = {0} UN), oneparop T 3azan cucremoil (byHKIImit
sp(2) = \e2¥, Te
kﬂ V] < 1.
—0Q

Torna T € L(AR), 0 < R < 0o. Pesosbsenta R(A,T') onpenensiercst cucremoii dbyHKmii

7Tk(2, A) = m

Cuektrp Sp(T'), 04eBUIHO, 3a/1A€TCs CIIEAYIOMUM 06pa3oM

— 1
Sp(T):AU{)\:klim {“/ﬁ>l}:AU{)\: lim /A — M| < 1},
—00 — AL

k—o0

rme A = {)\, : k € N}. Ioxaxewm, uto Sp.(T) = A. [leitctBurensno, mycth A\g € A u Tora
CYIIECTBYeT TOJIIOCTIeIOBATENBHOCTE A, — Ag. CriesoBaTesnbho,

k, —k kj —k;
sup (M —T)"'|,.,= sup sup sup  sup

T
- > —_— =X
= M
A=l <5 A=l <6 kel A = Akl T aool<s jem 1Ak — Aol
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rae r < R, r < p < R. A sro n o3naqaer, ato \g € Sp.(T).

Ecmn lim |\;| = oo, To 0o € Sp,.(T). Cnenosarensno, Sp.(T) \ Sp(T) # @, T — nepery-
JISIpHBIL onepaTop u, oueBu o, Sp.(1') = Sp,.(T).

[TpuMEP 2. Oneparop ymuoxenust Ha dyukuuio B Ap, R < oo, (T'f)(2) = ¢o(2)f(2),
e @o(z) € Ap, nopoxkuaercs cucremoit dynkuuit pg(z) = 2¥pg(2). Pesombsenta R(A,T)
OIIPEJIEJISIeTCS CUCTEMON (DYHKIUI

Sk

A —o(z)

Herpynno nposeputs, ato B 9ToM ciaydae Sp(1') = Sp.(T") C Sp(T') = Sp,(T"). Ecan R = oo,
TO, ecJiu po(z) He SIBJISIETCSI MHOTOYWIEHOM, €6 MAKCUMYM MOJLyJIsl pacTeT GeCKOHeYHO ObIcTpee,
9eM MAKCHMyM MOJIyJIs Jiio6oro Muorowiena. [losromy oneparop T yMHOXKeHUsI Ha ©(z) HE
apysercs peryispubiM, Sp,.(T) = C. B wacrrocru, npu g(z) = €7

(2, \) =

7
-1 _ P _
1T =32 = e
n!
7
- —n
Bnaunt MHozkecTBo {¢# T~ "} — orpanuyeno B npocrpancrse L(AC,), rne AC, — 6anaxoBo

POCTPAHCTBO BCEX AHAJIUTUIECKUX B Kpyre |z| < p DyHKIHMi ¢ KOHEIHONH HOPMOI

Il =" larle®,  f(z) =D an2".
k=0 k=0

Crenosaresnsro, 0 € pe(T). Ouesumuo, | T7"|,p < M™ nmas Bcex M > ef, mosromy
pc(T) ={0,00}. B ciryuae, korga T — oneparop ymuoxkenus Ha z, p.(T) = {0}, pr(T) = @.
ITPuMEP 3. Oneparop 7', HOPOXK/ICHHBI CHCTEMOI

2m+1 —
mz , k=2m+1, —
sk(z) = { L2m+2 I — o9m m € N,

npunagyiexxkur L(AR), 0 < R < oo. B arom ciryuae

1 2m—+1 _
=z , k=2m+1, —
Wk(za)‘) = { A_lm 2m k= 92m m € N.

=27
Orcrosia JIerko moJIyIuTh, 9TO
Sp(T) = NU {|)\| < R%}.
Sp(T) = Sp(T) U {oo},  Sp, = Sp,(T) U{|A| = R*}.

Bo Bcex usBecTHBIX npuMepax B npocrpaHcrBax L(Ag) cupase/jinBo BKIIOYEHHE

Sp.(T) < Sp(T). ()

Jokazars crpasemnBocTh BKiodeHust (5) B obieM ciaydae He ynanoch. Ho mpu HEKOTOPHIX
[PEJIIOJIOKEHNSIX OTHOCUTEJLHO olieparopa 1 ObuIo J0Ka3aHo, uTo nepecederue Sp. (1) N
Intp(T") nepsoit kareropuu B Intp(T") u cazano ¢ Frp(T') [12], 1. e. ecoin Sp (") n mmpe Sp(7T),
10 Sp,.(T) ornmmuaercst or Sp(T') Ha JoCTATOUHO PejiKoe MHOXKecTBO. B [12] 6buin jrokazaHbl
HEKOTOPBIE YTOUHEHHsI ¥ PACIINPEHne pe3ynbraToB u3 [11].

[Toxpobuee 0 HyHKIIMOHAILHOM UCYUCJICHIU B MPOCTPAHCTBAX U €r0 MPUIOKEHUAX CM. B

[10], [19] u ap.
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