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1. Introduction

First Ergodic Theorems for actions of arbitrary countable groups were obtained by
Oseledets [26], who followed an idea of Kakutani [17]. For actions of free groups Guivarc’h [14]
considered uniform averages over spheres of increasing radii in a group and proved the related
mean ergodic theorem. Grigorchuk [12] announced the Pointwise Ergodic Theorem for Cesaro
averages of the spherical averages. Nevo [24| and Nevo and Stein |25] published a proof of the
Pointwise Ergodic Theorem. In [13] Grigorchuk announced an Ergodic Theorem for Actions
of Free Semigroups. In [3] Bufetov generalized classical and recent Ergodic Theorems of
Kakutani, Oseledets, Guivarc’h, Grigorchuk, Nevo and Nevo and Stein for measure-preserving
actions of free semigroups and groups.

The first results in the field of non-commutative Ergodic Theorems were obtained by
Sinai and Anshelevich [29] and Lance [22]. Developments of the subject are reflected in the
monographs of Jajte [15] and Krengel [21].

Majorant ergodic theorem for the operators affiliated to tracial von Neumann algebras
was proved in [6].

The aim of the present paper is to generalize Bufetov’s results from [3] to the non-
commutative case to obtain non-commutative Ergodic Theorems for the actions of free finitely
generated semigroups on von Neumann algebras.

REMARK]. The paper extends results presented by the authors in [7] and [§].

2. Non-commutative Operator Ergodic Theorems

Let the pair (M, 7) be a non-commutative probability space, where M is a von Neumann
algebra with a faithful, normal tracial state 7.
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Let aj,a9,...,a, @ M — M be positive kernels or linear maps satisfying following
conditions: (a;(M4) C My; «a;1 <1; 7oay < 7).

All the {a;}’s could be extended to operators Li(M, ) — Li(M,7), which we will also
call {a;} without loss of generality.

Let Q = {w = wiwa...wp ... : w; = 1,...,m} be the space of all one-sided infinite
sequences in the symbols 1,...,m.

We denote by o, the shift on ,,, defined by the formula (opw); = wiy1.

Consider the set W, = {w = wyws...w, : w; = 1,...,m} of all finite words in the
symbols 1,...,m.

Denote by |w| the length of the word w. For each w € Wy, let C(w) C €, be the
set of all sequences starting with the word w. For an arbitrary Borel measure p on €,,, set

p(w) = p(C(w)).
Measure p on 2, invariant with respect to shift o,, we call o,,-invariant measure.
For each w € W,,, introduce the operator

Qy = Quyy,, Qlagy,, 4« - - Olagyy - (2.1)

Let p be a Borel o,,-invariant probability measure on €2,,. Consider the words w with
|w| = [, and the sum of the corresponding operators a,, with the weights p(w),

@) = 3 plw)au.

wl|=l
Average s}’ (a) over [ =0,...,n—1,
1n—l
ch(a) =~ s (a).

DEFINITION 2.1. A sequence {X,} C Li(M,7) is said to converge to Xo € Li(M,T)
doubleside almost everywhere if for every € > 0 and § > 0 there exists N € N and projection
E € M such that 7(I- F) < 6 and E(X,,— Xo)E € M and ||E(X,,— Xo)F||c < € forn > N.

Suppose p is a oy,-invariant Markov measure on €,,,. We will show that the averages ch, ()¢

converge both doubleside almost everywhere and in L1 (M, ) for any operator ¢ € Ly (A, 7).

DEFINITION 2.2. A matrix ) with non-negative entries is said to be irreducible if, for
some n > 0, all entries of the matrix Q + Q2 + ... + Q™ are positive (if Q is stochastic, then
this is equivalent to saying that in the corresponding Markov chain any state is attainable
from any other state).

DEFINITION 2.3. A matrix P with non-negative entries is said to be strictly irreducible if
P and PPT are irreducible (here P stands for the transpose of the matrix P).

DEFINITION 2.4. A Markov chain is said to be strictly irreducible if the corresponding
transition matrix is strictly irreducible.

Let (M, ) be a non-commutative probability space, a, ..., ay, : M — M positive kernels,
and aq,...,qy : Li(M,7) — Li(M,7) their corresponding extensions. Let p be a o,-
invariant Markov measure on §2,,,. Then, for any element ¢ € L;i(M,7), there exists an
element p € L1(M, 1), such that c;(a)p — @ in Li(M,T) norm as n — oo.

Theorem 2.1. The following equality holds whenever aq, ..., ., preserve the state T:
7(p) = 7(®). If the measure p is strictly irreducible, then o;¢ = @, for j = 1,...,m. If
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o € Ly(M,7), p > 1, then ch(a)p — B both doubleside almost everywhere and in L,(M,T)
norm as well.

REMARK 2. Theorem 2.1 generalizes Ergodic Theorems of Grigorchuk [13], Nevo [24],
Nevo and Stein [25], and Bufetov [3] to the non-commutative case.

Now we discuss an operator version of Theorem 2.1.

Let (M,7) be a non-commutative probability space and ai,...,apm, : L1(M,7) —
Li(M, ) be linear operators. The operators av,, s}'(a), and ¢j;(«) are introduced as above.

Recall the standard terminology. A linear operator on a Banach space is called a
contraction, if its norm is not greater than one.

DEFINITION 2.5. A linear operator o : Ly(M,7) — L1(M, 1) is said to be positive, if the
image of each non-negative element is a non-negative element.

DEFINITION 2.6. A linear operator « : Li(M,7) — Li(M,7) is called an Lj-Lso-con-
traction, if [afl,, <1 and [[af;  <1.

DEFINITION 2.7. A linear operator « : L1(M,7) — Li(M,7) is said to be T-preserving,
if 7(p) = 7(a(yp)) for any ¢ € Ly (M, ).

The following is a non-commutative Operator Ergodic Theorem:

Theorem 2.2. Let pu be a op,-invariant Markov measure on Q,,, let (M, T) be a non-
commutative probability space, and let aq,...,a,, be positive Li-Ls.-contractions. Then
for each ¢ € Li(M,T), there exists € Li(M,T), such that ch(a)p — @, as n — oo
both doubleside almost everywhere and in Li(M, ). If the measure p is strictly irreducible,
then a;p = @ for all i = 1,...,m. If the operators azi,...,q,, preserve the state T, then
() = 7(®). If p > 1, then ch(a)p — P, in L,(M,7) norm as well (modulo the definition of
the actions in Ly(M,T)).

It is easy to see that Theorem 2.1 is a consequence of Theorem 2.2.

The following is a generalized version of the Mean Ergodic Theorem for operators on
Hilbert spaces.

Theorem 2.3. Let u be a o,,-invariant Markov measure on §,,, let H = Lo(M,T), be
the Hilbert space constructed using non-commutative probability space (M, ), and let the
linear operators aq, .. .,apy, : Lo(M,7) — Lo(M,T), be contractions. Then for each operator
h € Ly(M, ), there exists an operator h € Lo(M,T), such that ch(a)h — h, in Lo(M,T) as
n — oo. If the measure p is strictly irreducible, then a;h = h for alli=1,...,m.

The following is a non-commutative version of the Ergodic Theorem for operators on
L,(M,).

Theorem 2.4. Let p be a o,,-invariant Markov measure on §,,,. Let (M, 7) be a non-
commutative probability space and let p > 1. Suppose that all operators aq,...,0, :
L,(M,7) — L,(M,T), are positive contractions. Then for each ¢ € L,(M,T), there exists
® € L,(M, ), such that ch(a)p — P, as n — oo both doubleside almost everywhere and in
Ly(A, ). If the measure p is strictly irreducible, then a;ip =@ for alli =1,...,m.

3. Convergence of Multiparametric Cesaro Averages

In this section we discuss the convergence of time averages in Theorems 2.1-2.4. The main
idea here is to use the operator «, introduced later in this section.

Let L be a Real or Complex linear space, let a1,...,qy, : L — L, be linear operators,
and let u be a op,-invariant Markov measure on €2,,, with initial distribution (p1,...,pn) and
transition probability matrix P = (p;;). We always assume in what follows that p; > 0 for
any 1 =1,...,m.
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Consider the weighted sum of operators «,, over all words of length [ with given last
symbol,

sf’i(oz) = Z (W) oy (3.1)

{w:|w|=lw;=i}

For the sake of convenience, we set ., with |w| = 0 equal to an identical operator on M.
Now we average s)"'(a) over I =1,...,n —1,

. el
() = 13t a),
1=0

The following lemma describes relation between s () and sy’ 4’_]1 ().

Lemma 3.1. For any positive integer | and any j € {1,...,m}, we have
. m .
st (@) =Y pijags)(a).
=1

<1 The proof of the lemma follows directly from definition (3.1) of s (@) and ay,. >

We can rewrite expression from the above lemma as follows:

(@) ey (sf‘%a))

pj pi '\ m

i=1

Now we consider the space L™, i. e., the m-th Cartesian power of L. We introduce operators
ay o L™ — L™ defined by the formula

au(vi,...,vm) = (U1,...,0m), (3.2)

where

Lemma 3.2. For any v € L andn € N or (n > 1), we have

sﬁ’lav sﬁ’mav
aﬁ(v,...,v):( () e () >

b1 Pm

< Follows by induction from the formulae 3.2 above. >

Corollary 3.3. For any v € L and n € N,

n—1 1 m
1 ch () e (a)v
;g az(v,...,v):( yeeey )

p1 Pm

< Follows from the previous lemma. >

Applying the classical non-commutative Individual Ergodic Theorem of Goldstein [5],
Theorem 1.1 to the operator «, and using Corollary 3.3, we obtain statements on the
convergence of the averages ' («).
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Lemma 3.4. Let u be a o,,-invariant Markov measure on Q,,, let H = Lo(M,T)
be the Hilbert space constructed using non-commutative probability space (M, T), and let

linear operators ayq,...,amy @ Lo(M,T) — Lo(M,T) be contractions. Then for any operator

h e Ly(M,7) and i € {1,...,m}, the sequence <p%> A (a)h — hi in H as n — oo, where

hi € La(M,7), and oy (B, ... hn) = (R, ..oy huy).

< If aq,. ..,y are contractions on Ly(M,T), then «y is a contraction on (La(A,7))™.
Corollary 1 and the Mean Ergodic Theorem for o, complete the proof. >

The relation ¢k (a) = ' (@) + ... + ™ (a) yields the following assertion.

Corollary 3.5. Under the assumptions of previous Lemma, for any h € Lo(M,T), the
sequence ch(a)h converges in Lo(M, ) norm as n — o0o.

Corollary 3.5 proves the convergence of time averages in Theorem 2.3.

Similarly, the following results are valid.

Theorem 3.6. Let p be a o,,-invariant Markov measure on §,,,. Let (M, ) be a non-
commutative probability space and let p > 1. Suppose that all operators ai,...,Q, :
L,(M,7) — L,(M,T) are contractions. Then, for any v € L,(M,7) and i € {1,...,m},

the sequence (p%) ' (a)v — T; in L,(M,T) as n — oo, where the operator v; € Ly(M, ),

and o, (U1, ..., 0m) = (U1,...,0Um)-

< If a1,...,ay are contractions on L,(M, ), then oy, is a contraction on (L,(M,7))™.
The result follows from Corollary 3.3 and Lorch’s Ergodic Theorem applied to the contraction
ay (see [3| or [21, p. 73, Theorem 1.2]). >

Corollary 3.7. Under assumptions of the previous Theorem, for any v € L,(M, ), the
sequence ¢, (a)v converges in L,(M,T) as n — co.

Now let (M,7) be a non-commutative probability space as above, and ag,...,q, :
Li(M,7) — Li(M,T), be linear operators.

Now we specialize the construction of «,, from condition of Corollary 3.2 to the case of
L1 (M, 7’).

Let p be a op,-invariant Markov measure on €2, with initial distribution p = (p1,...,pm),
and transition probability matrix P = (p;;), and let ay, : (L1(M,7))™ — (L1(M,7))™, be the
operator defined as before.

The space (L1(M,7))™, can be identified with the space L1(M x{1,...,m}, T X p), where
T X p is the product of the state 7 on the algebra A and the probability distribution p =
(p1,---,pm) on {1,...,m}. Now the operator a, becomes an operator on the space L1 (M x
{1,...,m},7 x p). It is clear that, if a1,..., ay, are positive, then so is ay; if aq,. .., oy, are
L1(A, 7)-contractions, then so is ay; if a1,...,any are Lo (M, T)-contractions then so is ay;
if o, ..., oy, preserve the state 7, then o, preserves the measure 7 x p.

Lemma 3.8. Let (M,7) be a non-commutative probability space and let ajy,...,qn,
be positive Li-Lso-contractions. Then, for any operator ¢ € Li(M,7), and i = 1,...,m,

sequence c’,fji(a)@ converges as n — oo both doubleside almost everywhere and in Li(M,T).

If@z = nh—{go <p%) Cgﬂ(a)% then au(@la s 7¢m) = (@17 e a@m)
To prove the lemma, we use the following standard fact [5]:

Theorem 3.9. If « is a positive L1-Lso-contraction on the non-commutative probability
space (M, T), then, for any ¢ € Li(M,T), there exists an operator ¢ € Li(M,T) such that
%(cp—i— ap+...+a" tp) — B asn — oo both doubleside almost everywhere and in L1(M,T).
The operator p satisfies the relation ap = ©.
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< (of lemma 3.8) Applying Theorem 3.9 to the operator «,, and using Corollary 3.7, we
obtain statement of the Lemma. >

The Lemma 3.8 proves the convergence of time averages in Theorem 2.2.

The doubleside almost everywhere convergence in the Theorem above also holds for spaces
of infinite measure; therefore, we have the following Lemma.

Lemma 3.10. Let (M, 7) be a von Neumann algebra with faithful normal semifinite trace
7 and let aq,...,q, be positive L1-Ly,-contractions. Then for any operator ¢ € L1(M,T),
andi=1,...,m, the sequence cn’i(a)ap converges doubleside almost everywhere as n — oc.

Now consider contractions on L, (M, 7), for p > 1.

Lemma 3.11. Let (M, 7) be a non-commutative probability space, let p > 1, and let

ai,...,an be positive L,(M,T)-contractions. For any operator ¢ € L,(M,7), and i =
1,...,m, the sequence (p%)cﬁ’z(oz)go, converges as n — oo both doubleside almost everywhere

and in L,(M,T) to an operator §; € L,(M, 7). We have o, (@1, ..., @) = (B1s--» Prn)-

< If a1, ..., ay, are contractions, then so is a,. Applying Theorem 2.2 from [33] (see also
[3] or [21, p. 73]) to the operator o, and using Corollary 3.7, we obtain the result. >

Corollary 3.12. Under the assumptions of the previous Lemma, for any operator ¢ €
L,(M, ), the sequence ch(a)p converges both doubleside almost everywhere and in L, (M, 1)
norm.

Corollary 3.12 completes the proof of the convergence of time averages in Theorem 2.4.

4. Invariance of the Limit

In this section we establish the invariance of the limit in Theorems 2.1-2.4 and complete
the proof of these theorems.

The following theorem allows to conclude invariance of the limit in Theorem 2.2 from the
Lemma 3.8 and as consequence invariance of the limit in the Theorem 4.1.

Theorem 4.1. Let (M, T) be a non-commutative probability space and let ay,. .., ay be
positive Li-Loo-contractions on Li(M,T). Let p be a strictly op,-invariant Markov measure
on Qy,. Suppose that the operators 1, ..., om € L1(M,T), satisfy the condition

au(e1,.- o om) = (@1, Pm)- (4.1)

Then o1 =...= ¢y, =9 and ajo = foralli=1,...,m.
In order to prove Theorem 4.1 we first establish a similar result for contractions on the
Hilbert space H = Lo(M, 7).

Theorem 4.2. Let (M,7) be a non-commutative probability space, and let the linear

operators a, ..., 0y, : Lo(M,7) — La(M, T), be contractions. Let i be a op,-invariant Markov
measure on Q,, and let hy, ..., hy, € Lo(M, ), be such that oy (hy, ..., hn) = (R1, ... hin). If
measure i is strictly irreducible, then hy = ... = h,, = h, and a;h = h, for eachi=1,...,m.

The main idea of the proof is just this: if vy, ve, and v3 are operators from Lo(M,T)
such that ||vi]| = ||vz] = |jvs]|, and v; = w, then v; = vy = v3. Y. Guivarc’h used this
observation in [14] to prove the invariance of the limit function in his ergodic theorem.

< Let (p1,...,pm) be initial distribution of the measure p, and let P = (p;;) be the
transition probability matrix of u. For any 4,5 € {1,...,m} and n € N, denote by pz(-;) the
n-step transition probability from i to j (in other words, pz(-;) = (P");j).

We partition proof of the theorem 4.2 into series of steps.
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Proposition 4.3. Let (M,7) be a non-commutative probability space, and let linear
operators o1, ...,0y, : Lo(M,7) — Lo(M,T) be contractions. Let j be a o,,-invariant
Markov measure on ), such that the corresponding Markov chain is irreducible. Suppose
that operators hy, ..., hy, € Lo(M, T) satisfy the relation

ay(hi,... hy) = (hi,..., him). (4.2)
Then there is an r € R, such that ||hi|| = ... = ||hn|| = r and, if p;j > 0, then ||ojh;|| = 7.
< Assume that [|h1] > ||h;]|, for any i = 1,...,m. Since equality 4.11 implies
~ (Pipi
hy = : “) arhi,
() e
i=1
and invariancy of initial vector (pi,...,pm,) with respect to transition matrix P7 implies
m
1= ) BEa Tt follows from the triangle inequality that [[h1]| = [leqhi]| = ||hil[, if pa > 0.
i=1
Similarly, ||hi|| = ||hs||, for any i such that pg) > 0, and so on. The Markov chain
corresponding to the measure p is irreducible; hence, ||hi]| = ... = ||hy||, and [|h;|| = ||kl
if Dij > 0. >
Proposition 4.4. Suppose that hy,...,hy,h € Lo(M,T) satisfy the condition ||hi] =
|hall = ... = ||hnll = ||h]|. Let h = ¢1hy + ... + cyhy, for some ¢; > 0,...,¢, > 0 such that
ci+...+¢,=1. Then hy =hy=...=h, = h.

< This immediately follows from equality condition for the Cauchy—Bunyakowsky—
Schwartz inequality in the Hilbert space. >

Proposition 4.5. Let (M, 7) be a non-commutative probability space, a : Lo(M,7) —
Lo(M,T), be a contraction, and let operators hy, ha € Lao(M,T), satisfy the relations ||h1| =
|hall = ||ahi]| = ||ahs||. Then ahy = ahg, implies hy = ho.

< Indeed, if by # ha, then %H < ||h1|| by Proposition 4.4. Since Ha(%)u — |||
and « is a contraction, we arrive at a contradiction. >

In what follows, (PPT);; stands for the (i, j)-entry of the matrix PP”.

Proposition 4.6. Let (M,7) be a non-commutative probability space, and let linear
operators vy, ...,y : Lo(M,7) — Lo(M, T), be contractions. Let j be a op,-invariant Markov
measure on Qp,, and let hi,..., hy € Lo(M,T), be such that o (hi,...,hy) = (hi,..., hm).
Let transition matrix P of u be irreducible. Then (PPT);; > 0 implies h; = h;.

<1 By Proposition 4.3, if P is irreducible, then ||h1]| = ... = ||hx]|. Note that (PPT);; >0

m
if and only, if there is a k for which p;; > 0, and pjr > 0. Since hy = ) (%i““) aphy, it
follows from Proposition 4.4 and 2.4 that hy = arh; = aihy, and || hy| =7||hi|| = ||hjl|, by

Proposition 4.3. By Proposition 4.5 this yields h; = h;, which completes the proof. >
Combination of statements of the propositions 4.3-4.6 finishes the proof of the
theorem 4.2. >

Let us return to the proof of Theorem 4.1.

Suppose that there exist ¢; and p; € Li(M,7) with i,5 € {1,...,m} and ||¢; — ¢;|lL, >
€ > 0, and satisfying equality 4.2. Since La(M, 7) is dense in the Ly (M, 7) in Li (M, 7) norm,
we can find h; € Lo(M, 1) satisfying ||h; — @]/, < €/3, for each j € {1,...,m}. Let

=z

-1
(s ). (4.3)
0

(hhahm)_]\}gnooﬁ

n
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The limit in equation 4.3 exists in L; and Lo norm. Hence, h; € Lo(M,7). Since ay is
contraction in Li(M,7), then ||h; — ]|z, < €/3. In addition, the following equality holds
au(h_l, eooshm) = (h1,..., hy). Hence, from Theorem 4.2 the following equality holds: h; =
ha = ... = hp,. The latter equality implies that e < i —@jllL, < lloi —hall L, + ||h_j—(,0j||L1 <
2¢/3. We came to contradiction with the suggestion that e < ||¢; — ¢j||r,. Theorem 4.1 is
established.

Theorem 4.7. Let (M,7) be a non-commutative probability space, let p > 1 and let
at,...,0m  Ly(M,7) — L,(M,T), be contractions. Let j be a oy,-invariant Markov measure
on Q,, and let operators @1, ..., om € Ly(M,T), be such that o, (¢1,. .., 0m) = (01, ., Pm).
If the measure p is strictly irreducible, then 1 = ... = v, = @, and a;pp = @, for any
1=1,...,m.

< The proof of the latter Theorem reproduces that of Theorem 4.2 above. The key
observation is that Proposition 4.4 holds for the space L,(M,7) since L,(M,7) is a strictly
convex space (see for example [27]). >

Theorems 4.7 and 4.1 imply Theorem 2.4.

5. Ergodic type theorem for the action of finitely
generated locally free semigroups

DEFINITION 5.1. A locally free semigroup (see [31] and references there) .£.%.% 1, +1 with
m generators is defined as a semigroup determined by generators satisfying the following
relations: ZF .S i1 ={91,---,9m : 9i9j = 9j9i; %, € {1,...,m},|i —j| > 1}.

Semigroup Z.%.% 41 is associated with a topological Markov chain with states
{1,...,m} and transition matrix

L if|i—j[<lori<y;
m = (mi;), mi;=

0, otherwise.

The set of admissible words in the chain corresponds to the W,,, the set of admissible one-
sided sequences corresponds to €2, and left shift o, corresponds to shift on €2,,. Each word
Wi . ..wp corresponds to g, = Guw; - - - Ju,, -

The correspondence w — g, defines a bijection between W, and Z.%.%,,+1, and from
(4.1) it follows that system (€2, 04y, ) mixes topologically, hence ergodic measure has a positive
measure on cylinders corresponding to the words W,,.

Now we assume that semigroup .Z.%.%,,,+1 acts as a semigroup with generators g; mapped
to the kernels «; acting on a tracial von Neumann Algebra (M, 7). Applying Theorem 2.1, we
obtain an ergodic theorem for the action of Z.%#.% 4.

References

1. Akcoglu M. A. A pointwise ergodic theorem in Ly,-spaces // Canad. J. Math.—1975.—V. 27, Ne 5.—
P. 1075-1082.

2. Bufetov A. I. Ergodic theorems for actions of several mappings // Uspekhi Math. Nauk.—1999.—V. 54,
Ne 4 (328).—P. 159-160; Translation in Russian Math. Surveys.—1999.—V. 54, Ne 4.—P. 835-836.

3. Bufetov A. I. Operator ergodic theorems for actions of free semigroups and groups // Funktsional.
Anal. i Prilozhen.—2000.—V. 34, Ne 4.—P. 1-17; translation in Funct. Anal. Appl.—2000.—V. 34, Ne 4.—
P. 239-251.

4. Dixmier J. Les algebres d’opérateurs dans l’espace hilbertien (algebres de von Neumann). Reprint of
the second (1969) edition. Les Grands Classiques Gauthier-Villars.—Paris: Editions Jacques Gabay,
1996.—367 p.—In French.



1-46

Grabarnik G. Ya., Katz A. A., Shwartz L. A.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

21.

22.

23.

24.

25.

26.

27.

Goldstein M. Sh. Theorems of almost everywhere convergence in von Neumann algebras // J. Oper.
Theory.—1981.—V. 6.—P. 233-311.—In Russian.

Goldstein M. Sh., Grabarnik G. Ya. Almost sure convergence theorems in von Neumann algebras //
Israel J. Math.—1991.—V. 76, Ne 1/2.—P. 161-182.

Grabarnik G. Ya., Katz A. A., Shwartz L. Ergodic type theorems for actions of finitely generated
semigroups on von neumann algebras. I // Proceedings of the 3rd Annual Hawaii International
Conference on Statistics. Mathematics and Related Fields.—Honolulu, 2004.—P. 1-15.

Grabarnik G. Ya., Katz A. A., Shwartz L. Ergodic type theorems for actions of finitely generated
semigroups on von neumann algebras. II // Proceedings of the 4th Annual Hawaii International
Conference on Statistics. Mathematics and Related Fields.—Honolulu, 2005.—P. 1-8.

Grabarnik G. Ya., Katz A. A. On Neveu decomposition and ergodic type theorems for semi-finite von
Neumann algebras // Vladikavk. Math. J.—2003.—V. 5, Ne 2.—P. 5-9.

Grabarnik G. Ya., Katz A. A. Ergodic type theorems for finite von Neumann algebras // Israel J. of
Math.—1995.—V. 90.—P. 403-422.

Grabarnik G. Ya., Katz A. A. On multiparametric superadditive stochastic ergodic theorem for semi-
finite von Neumann algebras, in preparation.

Grigorchuk R. I. Individual ergodic theorem for actions of free groups // Proceedings of the Tambov
workshop in the theory of functions.—1986.—P. 3-15.

Grigorchuk R. I. Ergodic theorems for actions of free groups and free semigroups // Math. Notes.—
1999.—V. 65, Ne 5.—P. 654-657.—In Russian; translation from Math. Zametki.—1999.—V. 65, Ne 5.—
P. 779-783.—In English.

Guivarc’h Y. Généralisation d’un théoreme de von Neumann // C. R. Acad. Sci. Paris Sé r. A-B.—
1969.—V. 268.—P. A1020-A1023.—In French.

Jajte R. Strong limit theorem in non-commutative probability.—Berlin etc.: Spring, 1985.—162 p.
(Lecture Notes in Math.; 1110).

Hajian A., Kakutani S. Weakly wandering sets and invariant measures // Transactions of the American
Mathematical Society.—1964.—V. 110.—P. 131-151.

Kakutani S. Random ergodic theorems and Markoff processes with a stable distribution // Proceedings
of the Second Berkeley Symposium on Mathematical Statistics and Probability, 1950.—P. 247-261.—
Berkeley and Los Angeles: University of California Press, 1951.

Katz A. A. Ergodic type theorems in von Neumann algebras.—Pretoria, University of South Africa,
2001.—P. 84.—(Ph. D. Thesis University of South Africa).

Kingman J. F. C. Subadditive ergodic theory // Annals of Probability. 1.—1973.—P. 883-909.

Kovacs I, Sziics J. Ergodic type theorem in von Neumann algebras // Acta Scientiarum Mathematicarum
(Szeged).—1966.—V. 27—P. 233-246.

Krengel U. Ergodic theorems. With a supplement by Antoine Brunel. de Gruyter Studies in
Mathematics, 6.—Berlin: Walter de Gruyter & Co, 1985.—357 p.

Lance E. C. Ergodic theorems for convex sets and operator algebras // Inventiones Mathematicae.—
1976.—V. 37.—P. 201-214.

Lorch E. R. Means of iterated transformations in reflexive vector spaces // Bull. Amer. Math. Soc.—
1938.—V. 45.—P. 945-947.

Nevo A. Harmonic analysis and pointwise ergodic theorems for noncommuting transformations //
J. Amer. Math. Soc.—1994.—V. 7, Ne 4.—P. 875-902.

Nevo A., Stein E. M. A generalization of Birkhoff’s pointwise ergodic theorem // Acta Math.—1994.—
V. 173, Ne 1.—P. 135-154.

Oseledec V. I. Markov chains, skew products and ergodic theorems for «general» dynamic systems //
Teor. Verojatnost. i Primenen.—1965.—V. 10.—P. 551-557.—In Russian.

Pisier G., Xu Q. Non-Commutative L,-Spaces, Handbook of the Geometry of Banach Spaces.—North-
Holland, Amsterdam, 2003.—V. 2.—P. 1459-1517.



Non-commutative ergodic type theorems 1-47

28.

29.

30.

31.

32.

33.

Segal I. E. A non-commutative extension of abstract integration // Archiv der Mathematik.—1953.—
V. 57—P. 401-457.

Sinai Ya. G., Anshelevich V. V. Some problems of non-commutative ergodic theory // Uspekhi Math.
Nauk.—1976.—V. 32.—P. 157-174.

Vershik A. M. Numerical characteristics of groups and relations between them // Zap. Nauchn. Semin.
POMI.—1999.—V. 256.—P. 5-18.

Viennot G. X. Heaps of pieces. 1. Basic definitions and combinatorial lemmas. Graph theory and its
applications: East and West (Jinan, 1986).—P. 542-570.—New York: Acad. Sci., 1989.—(Ann. New York
Acad. Sci.; 576).

Yeadon F. J. Ergodic theorems for semi-finite von Neumann algebras, I // Journal of the London
Mathematical Society.—1977.—V. 16.—P. 326-332.

Yeadon F. J. Ergodic theorems for semi-finite von Neumann algebras, II // Mathematical Proceedings
of the Cambridge Philosophical Society.—1980.—V. 88.—P. 135-147.

Received March 17, 2005.

GENADY YA. GRABARNIK
IBM T. J. Watson Research Center,
19 Skyline Dr., Hawthorne, NY 10510, USA

E-mail: genady@us.ibm.com

ALEXANDER A. KaTz

Department of Mathematics and Computer Science,
St. John’s University,

300 Howard Ave., Staten Island, NY 10301, USA
E-mail: katza@stjohns.edu

LARISA A. SHWARTZ

Department of Mathematics,

Applied Mathematics and Astronomy,
University of South Africa,

Pretoria 0003, Republic of South Africa
E-mail: 1shwartz@yahoo.com



