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AJIBTEPHATUBHASA AOPIMTHHA IIJIOCKOCTD

A. N. HNoarapes, U. A. loarapes

N3yuarorcst mepsbie cBoiicTBa adHUHHON ITOCKOCTH, IIOCTPOEHHOM B akcnomaruke |. Beitnsa Ha meiicteu-
TeJIbHOM JIMHEHOM IPOCTPAHCTBE, OIepallny Ha KOTOPOM 3a/IaHbl HeJIMHEHHBIMU paBeHCTBaMH. l'eomer-
pusi aJbTEPHATUBHON ad@OUHHON MIIOCKOCTH KOMMYTATHBHA W HEJIMHEHHA, OHA HE COBIAJIAET C KJIACCH-
qeckoit addurHON TIaHnMeTpreit. OnucaHbl MpsiMble AJBTEPHATUBHON IJIOCKOCTH, UX YPABHEHHS OKa-
3a7uch HeauHedHbIMU. [IpsMble TUHUN IJIOCKOCTH NIPEACTABIISIOTCH TaJinjeeBbIMU IUKIaMu. DopMyss
KOJIJTMHEAIN B O0IIEM CTydae HeJTMHEHHBI. BoieieHbl KOIIMHeAInH, OTTUChIBAEMbIe JTUHEHHBIMU (DOPMY-
navu. OTHOCUTEIBHO KOMITO3UITMH MTPeoOpa30BaHMI JTUHENHHDIE KOJJIUHEAIINH COCTABJISIOT MOATPYIIY B
rpymite JIu Bcex KoJutmHeanunii miockoctu. IlapasiesnbHble mepeHOCH! aabTepHATUBHON adPUHHOMN 11710C-
KOCTHU COCTaBJISIIOT JIMHEHHOE MPOCTPAHCTBO, M30MOPQHOE JIMHEHHOMY MPOCTPAHCTBY 3TOM IJIOCKOCTH.
Vka3aH crocod MOCTPOEHMS TUNEPOOJIMIECKO TaInuIeeBoil MIOCKOCTH HA OCHOBE aJIbTEPHATUBHOMN ad-
dunnoit wrockoctu. Crarbs sBJISIETCA NEPBON PabOTO B JAHHOM HAIIPABJICHUH.

Kuarouesbie ciioBa: anbrepHaTuBHas adOUHHAS LTIOCKOCTD.

Pamnee, B pabore [1], omucano 2-mepHoe JIMHEHOE TPOCTPAHCTBO L2 wax moiem R feii-
CTBUTEJIbHBIX THCEJI, OIEPAIMY HAJI BEKTOPAMEH KOTOPOTO OTJIUYAIOTCS OT OllepaIluii Ha, KJrac-
ciraeckoM Jmneitnom mpocrpancrse L2 nag R. Cpoiicrsa npocrpancrs “L? n L? smaunressao
pasimyatorcs. Hacrosiimast pabora sIBIIsSIeTCsl HELOCPEICTBEHHBIM pojjoskerneM |1]. Huxke
Ha aJbTepHATHBHOM JuHelinoMm npocrpancrse “L? B akcnomarnxe I Beiisi crpontest adb-
dunnas mwiockocts A%, ee cBoiicTBa He COBIAIAIOT CO CBOHCTBAME KJIACCHUeCKOH adduH-
Hoit mwiockoctn A2 ¢ KiaccmuecknuM JmHeHbIM npoctpancTBoM L2 Has nosem R. Ouucast
IpsIMble AJbTEPHATUBHON ockocTH A2, YpaBHEHHs IPSMBIX OKA3aJINCh HEJIMHEHHbIMIE, a
B3aMMHOE PaCIIOJIOXKEHHUE TIPSIMBIX 00OBIYHOE J1JIsT ADMUHHON IIJIOCKOCTH, TIO9TOMY H IIJIOCKOCTH
@A? gpnsercs addunnoi. [Ipsvble muamn mwiockocTn *A? HpeacTaBIISIOTCS TAJIIIEEBBIMI
nukigamu. [losydeno onmcanme KojinHeanuii ajbrepuaTuBHoil addunnoit miockoctu. Pop-
MyJIbl KOJUITMHEeAWii B 00IIeM ciiydae HeJMHeHHbI. BbIaeseHbl KOJIMHEAIMH, OIMUChIBAEMbIE
JimHeWHbBIME (bopmysiamu. OTHOCHTEIBFHO KOMIIO3UIIAY IPeobpa30BaHuil JIMHEHHbIE KOJIJIMHEA-
UM COCTABIISIIOT TIOATPYIIITY B rpyiie JIu Beex KosumnHeanuil miockoctn A2, ITapaiuiebHbie
IIEPEHOCHI ATbTePHATHBHOI addUHHOMN m1ockocTH *A? coCTaBIIMIOT TMHEHHOE IIPOCTPAHCTBO,
uszomopduoe mnpocrpancrsy “L2. Bekropst mwiockocrn A2 MoryT GbITH HpeICTABIIECHDL €€ Ma-
paJLIeJIBHBIMU TIEPEHOCAMU; OHU ODPa3yioT MOJArPYIILY B 3-MEepHOM oiyje Jlu, Ha3biBAEMOM
cuBCOHOM M OIHMCAHHBIM B [2|. DT0 eMHCTBEHHBIN 3-MepHbIii HUJILIIOTEHTHBIN O/1ys1b JIu. YKa-
3aH CII0COD OCTPOEHHSI TUIIEPOOJIMIECKON MraIMIeeBOM IIJIOCKOCTH Ha OCHOBE aJIbT€pHATHBHOMN
addunnoi mrockocTu. AsbrepHarucuas adpPUHHAS [LJIOCKOCTH MOXKET ObITHL 00O0OIEHa IIPU
MOJEPHU3AINN OIepalii Ha ee JIMHEHHOM IpocTpaHCcTBe. ['pylna KOJINHeaIlnil ajJbTepHa-
TuBHON adPUHHON IIJTOCKOCTH OTJUYHA OT I'PYIILI KOJJINHeAIN! Kiaccudeckoit adduunoi
IJIOCKOCTH, COTJIACHO JpJiaHreHckoit mporpamme @. Kieitna, reomerpust ajabrepHATUBHON ad-
(bUHHON TIJIOCKOCTU OTJIUYIACTCS OT F€OMETPUH KJIACCUIeCKOH adpOUHHOM TLTOCKOCTH.

(© 2007 Honrapes A. U., Hosrapes 1. A.
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1. DaemMmeHTHI ajibTepHaTUBHOI adduHHO reomeTpun

1.1. AabTepHaTUBHOE 2-MepHOeE JIMHEeHOoe IMIPOCTPAHCTBO HAaJ II0JIeM deCTBU-
TEeIbHBIX YuCes. AJbTEepHATHBHOE 2-MEpHOE JIMHEHHOe MPOCTPAHCTBO HaJ R OmpeeseHo
B [2] oneparusanu Ha mapax uucen R2, cpoiicTsa npocrpancrsa nsydaercs B [1]. O6o3nauaer-
¢s1 9T0 mpocTpancTBo depes L2, ero BekTope! o6osnavaorcs «, 3, ..., 7,0, ... IlpuseieM us
|1] neobxommmbre cBenenns. Ilycrs 7 = (z,y), 0 = (u,v), t € R. Onepanun Ha i BeKTOpaMu B
1,2 3a/1a10TCsI pABEHCTBAMM

T+o=(zy)+ ()= (@+uy+v+zu), (1)
t(t—1
tr =t(z,y) = <xt,yt + x2¥> , teR. (2)
Hyunebim siBisiercst Bektop ¥ = (0,0). IIporusonosoxkubiii st BekTopa 7 = (Z,y) €CTb
BEKTOD
—7 = —(2,y) = (—x,2% —y). (3)

Basucom smmeiinoro mpocrpancrsa L2 ssaserca B=(a, 8), a = (1,0), # = (0,1). Cormac-
HO [1], Besikmii BekTOp T = (1, y) obajaeT eIMHCTBEHHBIM pa3jioxkKeHneM 1o basucy B:

x(x —1)

5 )B; teR. (4)

v=(z,y) =ra+(y—
ycrs B’ = (o, 3) eme oaun 6asuc mmeiinoro npocrpancrsa L2, Koopaunars! BeKTOpOB
o/, 3 6azuca B’ B 6asuce B obosnagaroTcs

o = (a,p), B =(0,b).

Bech Bomosastiorest yeaosus a # 0, b # 0. Koopaunarer Bektopa 7 B 6asuce B’ — (z,y), a
B 6azuce B’ oboznauenst (2, y’). @opMysibl 3aMeHbI KOODMHAT BEKTOPOB IIPU 3aMeHe Gasuca
B 6asucom B’ TakoBb

x = ax’,
y = (a2—b)w + pa’ + by’

©: (5)

DopMyIIbl 3aMeHbl KOOD/IMHAT HEJIUHEHBI.

Beiofly Ipu BBIMHCIICHNSIX C BEKTOPAMH H3 aJbTePHATHBHOrO mpocTpancTsa “L? memosn-
gytorcst oneparun (1) u (2).

1.2. AsabrepHaTuBHOe addUHHOE TPOCTPAHCTBO. PaccmarpuBas B aKCHOMaTHKE
I. Beiins addunnoro npocrpancTsa [3], BMECTO KIACCHYECKOro JuHEiHOro mpocrpancTsa L2
aJIBTePHATHBHOE IpocTpancTBo “L2, momyuaem aavmepramuenoe addumnnoe npocmpancmeo
@A?. Cdhopmymupyem akcuomsr I. Beiis.

Hanbr muoxectso Touek A—={A, B,..., M, ...}, mmeiitnoe nmpocrpamcrso L2

1 oTobparke-
at 2 o at 2
e A X A — %L“ map Todek B jmHeiiHOe IpocTpaHcTBO L, yIoB/IeTBOpSIIOIIee epedncIeH-
HBIM HUZKe akcuoMaM. Eciu mape touek (A, B) coorBercTByeT BeKTOp v, TO muiieM AB = v.
Axcuowmer I, Beitst:
1. st Besikoit TOYKU A 1 BCSIKOTO BEKTOPA U CYIECTBYET €IMHCTBEHHAsT TOUKa B Takas,
uyro AB = v.

2. Hns mobsix Tpex Touek A, B, C, ectu AB = v, BC = w, 10 AC = v + w.
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Jlarmnoe MHOXKECTBO TOUeK A HasbIBaeTcsi agdumnnotl naockocmuvio u obosuadaercs *A2.
JInHeitHOE TPOCTPAHCTBO 21,2 Ha3bIBACTCS JIMHEHHBIM MIPOCTPaHCTBOM adPUHHOTO IIPOCTPAH-
crBa “A?. Bekropsr n3 *L? nasbiBatorcst BekTopamu mockoctn ¢A?.

Caencreue. /s jaro6bix Tpex touek A, B, C Bemosasercs AB + BC = AC; ecin
AB =wv, 10 BA=—v; AA=49.

Bcee nousrus kiaccudeckoro adpdurnoro npocrpancrsa A, n = 2, IEpeHOCIATCS B aJIbTEP-
naTusHoe rpocrpanctso A2, CosokymHocTs HekoTOpoil Toukn O 1 Gasuca B=(«, ) nuneii-
roro npocrpancrea “L? ssisercst perepom addunroro npocrpancrsa *A?. Koopaunaramn
touku M B peniepe B naszwiBatorcst koopauaarsl Bekropa OM B 6azuce B. Eciu OM = (x,y),
To M = (z,v).

Iycts A = (a,h) u B = (b, g) ase Touku uz “A?. Io crencrsuio u3 akcuom I. Beits
qtst rouek O, A, B Boinosiasiercst papeactBo OA + AB + OB, orkyna AB = —0OA+ OB =
OB — OA. Cornacno (3) umeem —OA = (—a, —h + a?). Ilostomy Ha ocnopanuu (1) BepHO
AB = (b,9)—(a,h) = (b,g9)+(—a, —h+a?®) = (b—a,g—h-+a?—ab), niu 6e3 IPOMEKY TOTHBIX
DABEHCTB:

AB=(b—a,g—h—a(b—a)). (6)

Sro BexTop B “L2, onpeensiemerii aymst Toukamu A u B adbdunnroro mpocrpancrsa *A2.

1.3. IIpsimbie anprepHaTuBHOU adduHHON 1I0CKOCTH. lIpsiMmyto, orpejersieMyto
TOYKOIl A 1 HEHyJIeBBIM BEKTOPOM (i, 00o3Ha4daeM (A, u). IIpsimast ecTb MHOXKECTBO TOUYEK

(Aypy ={M : AM = tu,t € R}. (7)
OnucbiBaeT IPSMYIO BEKTOPHOE PABEHCTBO
AM = tp. (8)

O6osouka (i) BEKTOpa i SBJISIETCS JIMHEHHBIM TPOCTPAHCTBOM NpsMOil (A, i), BCAKUI Bek-
Top v € (u),v # U, ecrb Bekrop npsimoit (A, ). Ipsimasi siBisiercst 1-mepabIM adbPUHHBIM
IPOCTPAHCTBOM — MOIPOCTPAHCTBOM adbduHHOro mpocrpancrea *A2.

Teopema 1. Ecin (A, ) nv € (u), v #9, 1o (B,v) = (A, ).

< Tak kak B € (A, u), o no (7) cymecrsyer uucio p, aro AB = ppu. Ilpunaexnocrs
v € (u) o3HAYAeT CyIIeCTBOBAHME TAKOrO YUCJA S, UYTO V = S WIA (I = %1/. Torma nst
Joboit Touku M upsivoit cornacHo (8) umeem AM = tu. s touek A, B, M BbinosHsieTcst
pasenctBo AM = AB + BM, otkyna BM = —AB + AM. TlojcTtaBuB ciojia BBIpaXKEeHUST
BeKTOpoB AB u AM wepes p, nonyuaum BM = (t — p)u, u Boipasum BM depes BeKTOp V:
BM = t_pr. Teneps Touku M mpsimoii (A, () ONECBIBAIOTCS € WCIOJIb30BAHUEM TOYKH B u
BEKTOpA V:
t—p

S

(A,u):{M:BM: u,teR}:(B,y>. >

CocraBuM ypasHeHus: npsaMoii (A, u).

Teopema 2. IIpsmast (A, ) omuceiBaercst HesmHedHbIME ypaBHenusymu. Ecan B pemepe
B= (0, a, ) mrockocr *A? umeem A = (a,h), i = (m,p) u M = (x,7) nponssobHas TOUIKA
mpsivoii (A, p), To ee mapaMerpuIecKie ypaBHeHHsI HMEeT BHJL

r=mt+a, (9)
y:(amﬁ—p)t—}—mQ@—i—h.
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< Cormacno (6) umeem AM = (z — a,y — h — a(x — a). Bekrop tu, Ha ocroBe onepanuu

(2), paBen
Lt —1)
tp = | mt,pt +m —

Brmucanmbie BEKTOPbBI paBHbI, CM. (6), cjieJ0BaTeJIbHO, PaBHBI 1 UX COOTBETCTBYIOIIUE KOM-
IIOHCHTDI:

{x —a =mit,

— 2t(t=1)
y—h—a(x—a)=pt+m =5,
OTKyJIa TOJly9aeM MapaMeTpudecKue ypaBHeHus mpsMoit (9). >

IIycrs Mo = (zo,y0) 1 M1 = (x1,y1) ABe Toukn upsivoit (9), mycTs £ — mapaMeTp TOIKH
My, t1 — napamerp Touku M;. Torma

to(to — 1
My = (mto—}—a, (am+p)to+m2%—|—h>,

t1(1—1
M, = (mtl +a, (am + p)t; + mz% + h) )

Corumacuo (6), MoMy = (z1 — xo,y1 — Yo — Xo(x1 — Tp)). Beruucienus: ¢ KOOpIUHATAMEI TOYEK
My, My, BEIpaXXeHHBIMHI U€pe3 UX MMapaMeTpPhl, JAF0T

MOM1 = (tl — to),u.
Ypasuenust (9) upsivoit (A, p) suneiiner Tosbko eciim m = 0. B sTom ciyvae
r=a, y=pt+h.

1o npsimbie ¢ BekTopamu p = (0, p), npoxozsmue depe3 rouku A = (a, h).
Uckirouast napamerp t B (9), noaydaem npu m # 0 obiee ypaBHeHHE MPSAMOIi:

1
y = 5xQJerJrC, (10)
K03 PUIUEHTHI KOTOPOTO PABHBI
ot M o (B-3)+n (11)
= — = — = —— —qa - .
m 2’ 2 m 2 ’
n npu m = (0 moxydaeM
T = a. (12)
D10, KaK yKe yKas3blBaJoCh, mpsiMble ¢ BekTopamu i = (0,p), Ipoxojsiine depe3 TOUKH

A= (a,h).
Teopema 3. Yepes jBe pazimansie roukn A = (a,h), B = (b, g) npoxoaur eauHcTrBeHHast
mpsimMast maockocTn ¢ A2,

< Eciim a # b, To xoopauHaThl TOUYeK A, B OIHO3HAYHO OIIPEJEJSIIOT KO3(DMUIMEHTHI
ypasuenus (10). Vimeem cucremy ypaBHeHwMi

h=%a’>+ Ba+C,
g=3b*+Bb+C,
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JmHeHbpIx orHocuTenbHo B u C. Pelienue 3Toi CUCTEMBI €CTh

_g—h 1
T b—a 2

g—nh
b—a’

B

1
(b+a), C’:h—iab—a

3nech b —a # 0. >

[Mpsimbie (A, p) u (B, V) HA3BIBAIOTCS NAPAALEALHLMU, €CJIT OHU UMEIOT 00Iiee JIMHEHHOe
[POCTPAHCTBO, MHAYE TOBOPs V € ([1).

Teopema 4. IIpsimble anbprepHaTuBHOl miIockocTn *A” He HMeOT OGIIHX TOYEK, €CJH U
TOJIBKO €CJIH HX BEKTODBI [ U V KOJIHHEAPHDBI, H TPSIMBIE TTEPECEKAIOTCS, €CJIH HX BEKTODBI
HEKOJJIMHeapHbI, T. €. ux obosouku () u (V) obuagator coiicroM () N{v) = ().

< [Tapasenbusl Besikue nBe npsivble Buga (12). Bekropsr npsimbix © = a u ¢ = b cyTh
w = (a,0) mw v = (b,0), cienoBarenbro, v = tu wim p = tv. Beskne JBe npsiMble Buja
(10) m (12) mepecekatorcst. Touxn ux nepecedennst nveor Koopaunatst (a, sa? + Ba + C).
[Mapasiensusl Beskue e npsmble Buga (12). [psavste (10) u

1
y:§m2+Da:+H (13)

[IepPeCeKaIOTCst, TONILKO ecn B paBeHcTse (B — D)z + C' — H = 0, nojiyIeHHOM B pe3ysbrare
BBIYUTAHUS PACCMATPUBAEMbBIX yPaBHEHUIT, BBIOJHsIeTCsI yeaosue B — D £ (. JIBe yka3aHHBIE
upsivere (10) u (13) me mmeroT obmux ToveK, ecan n ToIbko ecin B = D u C # H. Bekropom
upsimoii (10) siBiistercst p = (m, p). Bexrop npsimoii (13) obosuauum v = (n, q). Ilo yciaosuro
B = D na ocuoBanunu (11) nmeem

m
2

3 I

n
92 ’

3=

OTKY/Ia
np—mq _m-—n

mn 2

CymecrByer 4ucio s Takoe, 9ro n = ms. IlojcraBuB 910 3HAUEHUE B IIOCJIE/IHEE DABEHCTBO,
2@. Ho u3z (2) umeem spu = (ms,ps—mQ@), CJIJIOBATEINILHO, UV = S/
uv € (u), . e upsamee (10) u (13) napaJiesabHbl COIVIACHO OIPEEIEHHUIO APAJIIEIbHOCTH.

IIpu B — D # 0 nmeeM v # Sy, BEKTOPBI (4 U V HeKoJUMHeapHbl n npsimble (10) n (13)
epeceKaioTcs. >

HaXOJIUM ¢ = PS—m

Teopema 5. Ecimn 3aqana npsamast (A, j) ansreprarnsroii miockoctn *A? i rouxa B sroit
IJIOCKOCTH, TO CYIIECTBYeT equHCTBeHHas psamas (B, i) miockocrn ®A?, npoxoisinast depes
rouky B u napasuienbrast upsivoii (A, p). BzanmHoe paciiosiozkeHne IpsiMbIX Ha aJIbTepHATHB-
Hoii acppumnroii mmockocrn *A? Takoe ke, Kak Ha Kiaccmdeckoii agpdpummoii mmockocrn A2

Croeobpasue ajibTepHATHBHON aPUHHON IJIOCKOCTH MBI 0OCYIUM HUXKe, B mil. 2.1-2.5.

1.4. KonnuHearun ansrepHaTuBHOI adpdunnoil mtockoctu “A%. Oupenemnum Ko
smHearuy mockocT *A? Tak ke, KAK I KOJIIMHEAINH K/IaCCHaecKoii adIHHOMN IOCKOCTHL.
Iycrs B=(a, 3) u B’ = (¢, §') aBa 6asuca mneitnoro mpocrpancrsa L2 adbdummoi mrocko-
ctu “A?, cBoeobpasue 6azucos npocrpancrsa L2 obcyskaeno B [1, m. 2.3]. meem aa perepa
B—(0,a,p) u B' = (0, d/, f') mnockoctu *A2.

ONPEAENEHUE. Koasureauuet win addurntum npeobpaszosatuem aJIbTePHATHBHON ad-
pUHHOIT IJIOCKOCTH Ha3bIBaETCA OTOOpaskenue, 3aJanHoe npyMsa pernepamMu B u B/, B koropoum
touka M ¢ koopaunHatamu (x,y) B perepe B orobpazkaercss Ha Touky M’ ¢ KoopauHaTaMu
(x,y) B peniepe B'. YV Ttouexk M u M’ onunakoBble KOOPIMHATBHI B PA3JIMIHBIX peliepax.



AusbrepHaTuBHAS ahUHHAS TLJIOCKOCTD 4-9

Konnuueanun oboznauaem @, 1, . . .

Teopema 6. Eciu B 6asuce B: o/ = (a,p), 8/ = (0,b),a # 0,b # 0, B periepe B: O' = (¢, d)
u Touka (r,y) B Koumneanun ¢: B — B'| orobparaercss na Touxy M', umeromyio B periepe
B’ koopmunarer (x',y'), To hopMmysibr KoJLTHHEAIINH (O TAKOBBI:

2’ =ax+c, (14)
7 y’z(aQ—b)@—i—(p—i—ac)x%—by%—d.

B obiem cirydae ¢popMyJibl KOJLIHHEAIMH aIbTepHATHBHO ah(bUHHOI ILTOCKOCTH HEe/IMHEIHDI.
< Hna rouexk O, O', M', no ciencrsuio u3 axcuom . Beitns, cm. 1. 1.2, cupasenjiuso
PaBEHCTBO
OM' =00"+0'M'. (15)
ITo ycnosuio B peniepe B Bepno OM' = (z,y), OO" = (¢, g); B penepe B’ umeem O'M' = (z, ).
Banummem sekrop O'M' B penepe B, ucnosnbzys (5):

-1
O'M = (aaz, (a? —b)% +p:v+by) .

B koop/unarax B periepe B pasenctso (15) BbiruisianT Tak

(z—1)
2

(@, y') = (c,d) + <aa:, (a2 — b)L +pz+ by> .

Haxo/uM BEKTOP B IIPABOii Y4aCTH PABEHCTBA, UCHOJIL3Ys onepanuio (1),

-1
<a:c+c,(a2—b)%—i—pm%—by—i—acx%—d).

CpaBHUBasi KOMIIOHEHTBI PaBHBIX BEKTOPOB, ToJIydaeM (hOpMyJibl ITpeobpaszoBanus @ — Gop-
Myl (14). >

Teopema 7. MHO)»KecTBO Z Bcex KOJIIHHEAIIHH aJbTEepHATHBHOI ag@dUHHOH IILTOCKO-
cru *A? gpisiercst rpyoit JIi OTHOCHTE/IBHO KOMITO3HIHH IPEOOpPa30BaHHUIL.

< BagamM emie kKosumHearmio v : B — B,

2’ = ha' +e,
v =07 = HFE 4 (g hd)a! + fyf + g

TTosywaeM popMysIbI KOMIIO3UIINN KOJIJIUHEAITUH ¢ U -

2" = hax + hc + e,
y' = (@0 = )R 4 (0 = )"+ (he + fa
+f(ac+p)z + foy + (2 — LD 1 fd 4 g.

1o dhopmysIel TOro XKe Buja, 9to u (14). >

Teopema 8. Popmyirsr kommaeannn @ : B — B’ mrockocrn ® A% jmmmeiinbr, ec/in 1 TOIBKO
ecin penep B onpenensierca smementavu o = (a,p), ' = (0,a?), O' = (c,d).

< B dopmynax (14) ciaraemMoe BTOPOTO TODSJIKA HCYE3AET TOJBKO TIPH YCJIOBUM a2 —

b = 0. D1o o3magaer, uTO BTOPOIl BekTop perepa B’ ects 3 = (0,b) = (0,a?). oprysr
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(14) mpeobpaszoBaHusl ¢ CTAHOBATCS JUHEHHbIMU, ¢ obo3Hauaercss A. Ilpm srom dopmysibl
prOOPETAIOT CJIEIYIONTUI BU 1 UMEIOT CJITYIOIIYI0 MATPHUILY:

' =axr +c, 1 0 0
Aiq, 2 1 g A=| ¢ a 0 |, a#0. (16)
Y = (ac+p)z+ay+d; d act+p a

Marpuria A mpeobpas3oBanust A rajimjieesa. >

Teopema 9. JluHeiiHbIe KOJIHHEAIIHNH ILIOCKOCTH @A? cocrapisior rpymomy Jln — mos-
rpymmy B rpymme JIn 2 Beex kosntnHearpiii miockoct “A2.

<1 Haxoaum dopMysibl KOMIIOBUTINY JIMHEHHBIX KOJIJINHEAInH A\ 1

{x’:bm—i—e, 1 0 0
v

0 oo B=le b0 b0
y = (be +q)z + %y +g; g betq B

Konnureanuss Av onpenesnsteTcss MmaTpurieit

1 0 0 1 0 0
BA = e b 0 c a 0
g betq b d ac+p a®
1 0 0
= e+ bc ab 0

g+ (be +q)c+b%d  (be + q)a+ b*(ac+p) a?b?
U sIBJsIeTCd JUHERHOMI. >

B rpyume Jlu kosummHeannit aabTepHATHBHON TIOCKOCTH A BBIAEINM MTapaJijiebHbIE I1e-
PEHOCEHL.

Kosmnneanus 7 myiockocru ¢ A, onpesienisiemas penepavu B = (O, «, 3) u B’ = (0, «, 3),
ABJISIETCH €€ NAPAALEALHBIM neperocom. PopMyJIbl MapalIeILHOIO [IEPEH0Ca T IOJIY YAI0TCS
u3 dopmya (23) npua=1,p=0,b=1:

’_ 1 0 0
ra TR P=|c10], (17)
Yy =cx+y+d; d ¢ 0

rae P ects MaTpua napaJuiesbHoro mepernoca 7. Onrcarh MHOXKECTBO MapaJslIebHBIX Iepe-
HOCOB TJIOCKOCTH A2 MOMKHO Ha OCHOBE X MAaTpPHII.

Teopema 10. ITapaJiiensHbie mepeHOCH mTockocTH ¢ A2

COCTABJISIIOT JTHHEHHOE TPOCTPAH-
cTBO, m30MOpHOe JmHeiiHoMy npocrpanctBy “L? sroii mrockocr.

< Ilycrs 7 emie ofuH mapaJsieabHbIil eperoc, 1’ ero marpuma:

1 00
I: h
T:{x, v T=[n 10
Yy =hx+y+g; g h 0
Haxomum

1 00 1 00 1 0 0
TP=1| h 1 0 c 1 0 |= c+h 1 0
g h O d ¢ O d+ch+g c+h 0



AusbrepHaTuBHAS ahUHHAS TLJIOCKOCTD 4-11

Marpuna TP ecth MaTpuIla apaJsiieIbHOIO TIEPEHOCca,

¥ =x+c+h,
y=(c+hz+y+d+ch+yg,

~

T. €. KOMIO3HIIUS HaPAJICILHBIX EePEeHOCOB II0CKOCTH “A? sBjIfieTcss mapasIebHbIM Tepe-
HOCOM 9TOM MJIOCKOCTH.

[MapasiesbHOMy TIepeHocy 7 comoctasuM mapy u3 R%: 7« (c,d). Kommosmun ma-
PaJLIEJIBHBIX [IEPEHOCOB COOTBETCTBYET CJICJYIONIAs OLEPAIlsi Ha MHOMKECTBE Hap 7T <
(c,d)+ (h,g) = (c+h,d+ g+ ch), a 310 onepanus (1) cioxenns sexTopos B *L?. Pasencrso
(2) ompejiesisieT BHEIIHIOK OLIEPAIIUIO

t(t—1
t(C, d) = <Ct, dt + C2¥> , t& RQ;

[IOCJIEJHEN I1ape COOTBETCTBYET IapaJljIe/IbHbIA IIepEeHOC

' =z +ct,

tm
_ 2t(t—1)
Yy =ctx+y+dt+c =5,

~

TaxuM 06pas3oM, IapaJulebHbIEe TIEPEHOCH! albTepHATHBHOM adduHHOoil miockoctn *A? co-
CTABJISIIOT JIMHEHHOE IIPOCTPAHCTBO, m3oMopdHoe ‘L2, >

Omepaluiio yMHOYXKEHUsT KOJUIMHEAITNH ( aJIbTepHATUBHON ad@UHHON TJIOCKOCTA MBI HE
onpenenuin. [losToMy omyssipHBbIE CBOMCTBA KOJIMHEAIINH He paccMaTpuBaioTcs. Oy msspHoe
OlMCAaHUE KOJUIMHeANnii Kiaccuaeckoil aduHHON 1II0cKOCTH 1aHo B [4].

[Tposepka 1oka3biBaeT, 9To KosumHeanus (14) miockoctu A2 orobpazkaer Hapasiesb-
HEBIT IIePEHOC Ha, MAPAJLIEIBHBIH HEPEHOC, HHAYEe TOBOPH, Y T eCTh NAPAJLICIbHBIHA IEPEHOC.
I'pynma Jlu mapa/ieqbHbIX TEpEeHOCOB SIBISETCS MHBAPUAHTHON B Tpyrme JIn KosmnHearwmit
asbrepHaTHBHON adduHHOil miockoctn “AZ.

2. CBoeobGpasue agbrepHaTUBHOI adduHHOI miockoctn A2

2.1. ITpsiMble KaK rajmjieeBbl MUKJIbI. B KOMMYTaTHBHON TajnieeBoi IJIOCKOCTH JIU-
HUS BUJA § = ax’ + b + ¢ HasbBaeTca yukaom [5]. BhITe MBI IOIYHHIN IpAMBIE ajbTepHa-
TusHOl adduuHoil IockocTH *A2, omuchBaeMble OBIIIM ypaBHEHTEM (10)

1
Yy = 5:1:2 +Bx+C
i obuM ypasHenueM (12)
= a.

Taxum 06pa3oM, npsiMble wiockocTu *A? npencraBisiorcs rajmieeBbIMU IUKIAMI. B Kiaccu-
9eCcKOil TasniIeeBoli MI0CKOCTH TIPsIMble M IIMKJIbL pasandibl. Ha ocu koopaunar Oz = (O, «)
CMEHHMM HaIIPaBJIEHUE, T. €. IOJIOXKUTE/JIHLHBIM Oy/IeM CIUTAaTh HallpaBJIEHHE, ITPOTUBOIIOI0KHOE
BeIOpaHHOMY BbIIE. Torma npsiMbie OYIyT OIMUCHLIBATHCS YPABHEHUEM BHJIA

1
y:—§x2+Baz+C (18)

U IMKJIbl U300passarcs napabojamu 2-10 mopsijika BepiiuHamu BBepx. Ilycrs A(a,h) mpo-
U3BOJIbHAsE TouKa. depes A mpoxoauT GECKOHEYHO MHOIO MPSMBIX B BUIE IHKJIOB U OIHA
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BepTUKaJbHas IpsMas Bujga T = a. Pusnyeckas MOIEIb OKPECTHOCTU TOYKU A BLILJISIUT
CJIEIYIOIIMM 00pa3oM: Uepe3 TOUKY A MpOoXosiT TpaeKTOPWUH IBUXKEHUSI MaTEPUAJBHBIX TO-
YeK TIOJT JACHCTBUEM CHUJIBI TSI?KECTH, OHU SIBJISIOTCS UKJIAMU (TPACKTOPHU JBHYKEHHS TOYEK
101 JIefiCTBUEM CHJIbI TSIZKECTH €CTh 11apaboJibl) BEPIIMHON BBEPX U OJIHA BEPTUKAJIbHAS TPa-
€KTOpUA NPAMOJIMHEHA.

2.2. Ilony4dyeHue ruriepOOJIMYECKOI rajimjieeBoil 1iockoctu. Ha miockocTu, mps-
MBIMHU KOTOPOIi cunrarorcst uk/bl (18) u munuu (12), paccMarpuBaeM HOJAMHOXKECTBO TOYEK
(x,y), Juist KOTOpbIX y > 0. DTO MOJAMHOXKECTBO Ha3bIBA€M HOBOII IJIOCKOCTHIO. Ee mpsiMbivMu
canraeM Jyru ukaoB (18) crapoil miockocru u Jiydn npsimbix (12), ocraBinmecsi B HOBOIA
mwiockocTu. TeM caMbIM OJIy9eHa MOJIeIb Iuiepbondeckoil mwiockoctu [6], rje mpoBejeHo
moapobHOe IIOCTPOeHne TOI Mozean. depe3 KarKAyio TOYKY A HOBOR IIJIOCKOCTH IIPOXOIUT
JIBe MIPsSIMBbIE 3TOH IIJIOCKOCTH, TIapaJiie/ibHble JaHHO# mpsiMoii. Ha HOBOI mIO0CKOCTH BBOINT-
csl TAJIMJICEBO PACCTOsiHUE Mexkay Toukamu: ecan A = (a,h), B = (b,g), 10 cormacuo (6),
paccrosiuue |AB| rakoBo: |[AB| = |b — al, eciu b # a, u |AB| = |g — h|, eciin b = a.

2.3. AddunHas MIOCKOCTh C BBIAEJEHHBIM HampasjieHumem. [lo cBoiicrBaM B3a-
FIMHOTO PACIIOJIOZKEHNS IPSIMBIX asibrepHaTuBHas adduuHast WI0cKocTb *A2 BBINVISIAT Kak
BesKast apPUHHASA IJIOCKOCTD C MPUBBIYHBIME HIPIMOJIUHEAHBIMU PSIMBIMHU, CM. 1. 1.3, Teo-
pembl 3, 4, 5, HO Ha 9TOM TJIOCKOCTH UMEETCsI BBIJEJIEHHOE HAallpaB/ieHne (MOJIeTUpyeMoe Ha-
[paBJIEHUEM BEPTUKAJIBHOTO JBUKeHust, cM. 1. 2.1). Ilpu ucnosbp3oBannu TOJIBKO TaKONH MO-
nesn iockoct *A? bl Tepsiem MHOrHe cBojicTBa miockoct “A%. HampuMep, HEBO3MOKHO
[TOJIyYUTH Ha 9TOU MOIEIU MOJIEJb THIEPOOINIECKON rajnIeeBoil IJIOCKOCTH U CBOMCTBA, I1e-
pevanc/JieHHbIe HUZKe.

2.4. BeKTOpBI aJIbTepHATUBHOMN 1tockocTH. B 1. 2.1 BekTops! miockocru *A? mpe-
CTaBJICHBI APAJUICTILHBIMI [IEPEHOCAMHE ITOM IIJIOCKOCTH, UX (hOPMYJIBI U MATPHILLL ecTh (17).
DTO YaCcTHBIE CJIyUaW TaJIMJIEeBBIX JBUXKEHHUi. [ajueeBo JBUYKEHHE ILJIOCKOCTH W COOTBET-
CTBYIOIIAs €My MATPHUIA UMEIOT CJIEIYIOIINA BUL;:

¥ =x+ec,
v =vr+y+d;

o O O

1 0
M = c 1
d v

TaxuM 06pasoM, BEKTOPbI aIbTePHATHBHOIO JMHeiHOro npocrpancrsa “L? i mapasuienbubie
[IEPEHOCHI AJIbTEPHATUBHON adPUHHON IIJTOCKOCTH MPE/ICTABISIIOTCS TAJINICEBLIMY JTBUXKEHU-
AMH U YHUTPEYTOJIbHbIMU MaTpuiiamu M, Jjisd KOTOPBIX ¢ = .

Marpunpt M cocrasisitor yaurpeyrosbhayto rpymmy Jlu UT5(R). Marpune M comnocras-
JisteTcst Tpoiika jeficrBuTesbHbIX dncen (¢, v,d). Tak kak

100 1 0 0 1 0 0
c 10 h 1 0 = c+h 1 01,
d v 0 g w 0 d+hv+g v+w 0O

TO Ha Rg OIIpeJIeJIdAeTCeA I'PYIIIIOBasd Oollepalinsd
(c,v,d) + (h,w,g) = (c+ h,v+w,d + g + hv).

I'pynma JIn (R3, +) ¢ ykasannoit oneparueii siBjisieTcss HUILIOTeRTHON cTymenn 2. B [2, 7] ma
570l rpymite JIu BBejeHa BHEIIHsS OI€PAIUs

t(t—1
t(c,v,d) = <ct,dt, cv%) ,
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TeM CAMBIM IOJTyUeH HIIBIOTEeHTHBIA o/1yiIb JIu, 0603HauaeMblil ¥° I Ha3bIBAEMBIl CHOCOHOM.
B cxeme I'. Beiins B [2, 7] mocrpoena ranmieeBa reoMeTpusi ¢ CHOCOHOM — HEKOMMYTATHB-
Has u HesimHelinast. CoolIeHne 0 HEKOMMYTATUBHBIX U HEJUHEHHBIX T€OMETPHUSIX CJIEJIAHO Ha
MeK IyHapOo/HO# 1mKosie-cemuHape numern H. B. Edumosa B JIumanuuke B 2006 1. [8].

['pymna HapajelbHbIX IEPHOCOB aJbrepHaTuBHON addumnoil miockoctu L2 uzomopd-
Ha noarpyune marpul] Bujga P, cm. (17), u3 rpynust Jlu UT3(R) yHUTPEYrOIbHBIX MATPUIIL,
cM. 1. 2.4, u sTa noarpymnna abdenesa. I[lpu v = ¢ marpuna M npespariaercsa B marpuity P.

MHOKeCTBO APAJIIEIBHBIX IIEPEHOCOB ATLTEPHATUBHOI adbduHHOl mockocT *A? sBis-
eTCst JIMHERHBIM POCTPAHCTBOM, n3oMopdHbIM HpocTparcTBy L2 i comeprkamemest B cubcome
¥3. st cpasrenus cm. 1. 1.1 B [1].

2.5. Oxno 06o6Gienue JmHeliHoro mpocrpancrsa “L%. B [1, m. 2.4] mpemioxeno
M3MEHHTH BHYTpeHHIon oneparmio (1) ma mMmoxkecTse map R? ¢ 1eabio MOJTydenns cHMMeT-
PUYHBIX CBOWCTB B OIlEpallysaX AJHLTEPHATHUBHOIO JIMHEHHONO IPOCTPAHCTBA. 1aM BBIIHCAHA
onepanms

(z,y) + (u,v) = (x +u+yv,y + v+ zu).

BO3MOXKHBI JIpyrie H3MEHEHHs Ollepaliii. AJIbTepHATHBHOE JHHElHOe mpocrpancrtso “L2
MOXKHO 00OOIIUTE, B3sIB BMECTO (1) OIeparuo CaIokKeHnsT BEKTOPOB

(z,y) + (u,v) = (x +u,y + v+ mau), meR.

IIpu m = 0 mmeeM 06bIIHOE JHEHOE mpocTpancTBo L2, mpu m = 1 — asibTepHATHBHOE -
neitnoe npocrpancrso “L?, nsyuaemoe B [1] u ucnosnbzyemoe Hacrosieii pabore, npu m # 0
u m # 1 nomy4uaem obobmienne mpocrpancTsa L2, BHEIHIO OIepaIiio ompeIenM paBeH-
CTBOM

t(t—1)

t(z,y) = (zt,yt + meT

Muoroo6pasue R? ¢ yKa3aHHBIMU 3/16Ch OIEPALMSIMI SIBJISIETCS JIHEHHBIM [TPOCTPAHCTBOM
L2 man nonem R. IIpoTuBomonoxKabii BeKTOp Mt (, ) paBen

), teR.

—(z,y) = (—z,mz* —y).

[IpocTpancTBa ¢ pasjMIHBIMYE 3HAYCHUSMEU 1M TIpU M 7 0 BPsiJt JiM YeM CyIIEeCTBEHHO OTJINYa-
FOTCSI OJ[HO OT JIPYroro; Takzke u abdunnble mpocrpancrsa ™ A? ¢ IMHEHHBIMU IPOCTPAHCTBA-
vu L2, Bimmavo, MpEHIMITHAIBHO OJIHAKOBDI, HO IIPH PA3HBIX 3HAYEHHSIX 77, MOYKHO IIOJTy 9aTh
HEKOTOPBIE KOHKPETHBIE MpuokKeHus. B 1. 2.2 mojydeHa rumnepoosimdecKast rajanieeBa maoc-
KOCTb, K Hell MOMKHO IpHiiTu oT jmmeiiHoro mnpocrpancrsa "L? npu m = —1. Takxke npn
m = —1 moJiydaeTcd paccMarpuBaeMas B 1. 2.1 mHTepuperanus IPIMbIX aJbTePHATHBHON
adPUHHON JIOCKOCTU TPACKTOPHUSMEU CBOOOJIHOTO MMaJIeHUs MaTepHaJbHBIX Tes. Bojiee To4-
Has puU3nYecKasi UHTEPIPETALNUs TIOJIYyIaeTCsd Ipu M = —g, TJie § — YCKOPEHHUe CBOOOIHOTO
1a/IeHUS.

2.6. O ramuseeBoii merpuke. B cBsi3u ¢ M3JI02KEHHBIM B 1I. 2.4, HA aJbTEPHATUBHOI
adduHHOl wI0cKocTH *A? €CTECTBEHHO BBECTH TAJINICEBY METPHKY. JjIst 9TOro Ha, JIMHEHHOM
npocrpancrse “L? onpeensres raamieesa HopMa BeKTOPoB. 1 aauseesoti nopmoti ||v|| Bekropa
v = (x,y) HA3BIBAETCS

o]l = Ja, ecom @ # 0;

[vll = lyl, ecam @ = 0.

CaoiicTBa rajinjieeBoii HOPMbI BEKTOPOB HE COBIAJAIOT CO CBOWCTBAME €BKJIMIOBON HOPMBI.
TasimieeBo cKaJIsipHOE TIPOU3BEJIEHNE BEKTOPOB olipejieieHo B [2]. XoTsi ajbTrepHATHBHOE JIH-
neitnoe mpocrpancTso “L? u amprepuarusras adbuEHAS IJIOCKOCTD TATOTEIOT K IaJIH/IeeBOIl
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2 MokeT GBITH BBEJIEHA W J[Pyras HOPMa BEKTOPOB. B [9] rasmieeBa HOpMA

HOpMe, HO Ha L
Ha3bIBACTCA KBA3UHOPMOIA.
Mogens adduHHOM IJIOCKOCTH B 1I. 2.3 ¢ BBIJICJIEHHBIM HAIIPABICHUEM TAKXKe ITPUBOJIAT K

BO3MOXKHOCTH BB€JCHUA raJimjieeBoi METPpHUKHN Ha IIJIOCKOCTU aA2.

2.7. O rpyr1ie koJuIMHealuii ajbrepHaTuBHOU addunnoii mmockoctu. Corac-
HO DpJutanrenckoii nmporpamme @. Kieitna, reoMerpuio onpejiesser rpyiia ee KOJJIHHeaIni.
Konmmnearmu anbrepaaTusHoil addumnoil miockocrn “L2 pacemorpenst B 1. 1.4, oHn onu-
coiBatorest hopmystamu (14). Dtu GopMysIbl HEJTMHEHHBI, UM HE COOTBETCTBYIOT HUKAKHE MaT-
purnibl. CBoiicTBa TPYIIIBI KOJJIHHEAIINN aTbTePHATUBHON adOUHHOI TJIOCKOCTH OTJIMIHBI OT
CBOWCTB IPYIIIbI KOJUTMHEANH Kiaccuaeckoin adGUHHON I0CKOCTH. YKayKeM HEKOTOPBIE OT-
guaudg. 'pynna JIu 2 kojummHeanuit, cM. Teopemy 7, COJIEPYKUT HOJATPYIIY JUHEHHBIX KOJI-
JHeanuii (TeopeMa 8), MATPUILI STUX KOJUIMHeaNuii TpeyrosbHbie. Buy dhopmys 1 MaTpuiy
(16) mMHEHHBIX KOJUIMHeAIHIT TaKoii 2Ke, Kak ¥ 110/1001ii rajimieeBoil miockocTy, (2, ¢. 272|, Ho
oHM orimyaroTcs or nogobuit. IIpu a = 1 dbopmysier (16) sSBIAIOTCS JBUZKEHUSIMU TAJIIICEBOIT
IWIOCKOCTHU. V3 JIMHENHBIX KOJNINHeaInil BhIIeseTcsd TOATPYINa TapaslyIeJIbHBIX TePEHOCOB,
WHBapuaHTHas B rpyiie Jlu =. DTa noarpyiia npeIcTaB/isieTcsl MOArPYIIoi B TpYIIe YHUT-
PeyrobHEIX MarpuIl. llapajuiesbHble mepeHoch miockocTn *A? OTHOCATCS K rasmieeBbIM
nBuzkeHusaM. ['pynmna = 1mo cBoMM CBOHCTBaM CYIIECTBEHHO OT/IMYaeTcs OT adPUHHON rpyii-
bl KJIACCHYIecKOi addunmoil miockocrn A2, mosroMmy n reomerpun miockocreir A? n ¢A?
CYIIECTBEHHO Pa3/niHbl |1, 4].
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