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Ob OTHOM IIOAXOJE K PEHITEHINIO 3AJTAYN /12K. B. DUKE O
I[NEPECEKAIOMINXCA KOHTPYSHTHBIX MHOTOYTI'OJIbHUKAX!

FO. I'. Hukonopos, FO. B. Hukonoposa

B pabore B jierasisix onmchbIBaeTCsT HEKOTOPBIN OOIIUIA TOAX0/ K perreruio 3aga4un /Ix. B. @uke o najera-
JOIMMX KOHIPYIHTHBIX BBITYKJIBIX MHOTOYTOJBHUKAX HA €BKJNIOBOM IJIOCKOCTH.

Kuro4deBbie cijioBa: €BKJIMIOBA IIJIOCKOCTD, BBITYKJIbIE MHOTOYIOJbHUKHY, 3a1ada /. B. @uke, mianap-
Hble rpadbl, JPOOHO-JIMHENRHbIE (DYHKIUN.

1. O6mas 3agada /I>xk. B. Puke Ha eBKJINIOBOI IIJIOCKOCTH

Hnst muoxecrBa A Ha eBkimoBoil miaockoctu Oygem depes O(A) u int(A) obosnavars
COOTBETCTBEHHO €r0 I'PAHUILy ¥ BHYTPEHHOCTH, a JJisl IIPOU3BOJIBHOM CHPSAMIISEMON KPUBOM 7y
gepes length(v) Gymem o6o3HaUATE JJIMHY ITON KPUBOI.

B crarpe [5] (cm. Taxxke [4, c. 25]) dIx. B. @uke (J. W. Fickett) nocrasui cieyontyio
sagiaay: IIpaBia Jjin, 9TO BBIIOJIHEHO HEPABEHCTBO

/
1 o length(0(K) N K') <

3 length(9(K') NK) ~

JIJIA IIDOU3BOJIBHBIX ITE€PECeKarOIITNXCA KOHprsHTHI)IX HpHMOyFOJII)HI/IKOB K u K/ Ha eBKJINJO-
BoO# miIockocTH?
Dro HepaseHCcTBO 6bLI0 Jlokazano FO. B. Hukonoposoii B pabore 2], rje 66110 ycTaHOBIIEHO
JlazKe HECKOJILKO 0oJjiee CUILHOE HEPABEHCTBO
1 length(9(K) Nint(K"))

3 < longth(9(K') N imt(K)) ~

OTMernM, 9TO MOCJIEHEEe HEPABEHCTBO HEYIYUITAEMO JJIs MPOU3BOJBHBIX MPAMOYTOJbHIU-
KOB, OTJIMYHBIX OT KBaJpaToB. B KadecTBe NpuMepa, IJie HUXKHsISI U BEPXHsSAS OIEHKA II0-
YTU JIOCTUTAETCsl, MOKHO PaccMOTpeTh mpsimoyronbiukn K u K’ ¢ Bepmunavu (+a, £b) u
(£b,£a) — (0,a — b+ ¢) coorBercTBeHHO JyIst @ > b > 0 1 jocrarodno Masoro € > 0 (orHoCH-
TEJIbHO HEKOTOPOIi IIPSIMOYTOJIBHOIN CHCTEMBI KOODJIMHAT Ha IJIOCKOCTH). B cirydae ke, Korja
K u K’ aBis10Tcst KOHTPYSHTHBIME KBaJIpaTaMi, IPUBEJICHHOE HEPABEHCTBO MOYKHO YCHJIATh:

/
L length(0(K) N K') <32

V2 length(9(K') N K)
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DKeTpeMabHoe 3HaueHue /2 coOTBETCTBYeT (B 4aCTHOCTH) TAKOMY DPACIOIOMKEHHIO KBaJ[Pa-
TOB, KOIJla BEpIIMHA OJHOIO KBaJpaTa paclojoykeHa B HEHTPe JPYroro, a CTOPOHBI, MHIH-
JIEHTHBIE 9TOH BepIInHe, IPOXOIAT Uepe3 JIBe CMEKHbIE BEPIINHBI BTOPOrO KBaJIpaTa.

Bajaua k. B. @uke ecrecTBEHHO NMEPEHOCUTCS Ha CJIydail MPOU3BOJIBHBIX BBIITYKJIBIX
KOHI'DYSHTHBIX IlepeceKaroIuxcst puryp Ha miockoctu [4].

BAIAYA (obmas 3amada k. B. Quke Ha eBKIMI0BOI 1t0cKocTn). [ljisi 3a/jaHHOI BbI-
nykJoi ¢gpurypsl K Ha €BKJIMJIOBOM IIOCKOCTH ONPEJICUTh HAMMEHbBIIIEE YUCI0 (¢ TAKOE, UTO
11 o6oit purypbl K/, KourpysuTHOit K, BBIIOJIHSIETCS HEPABEHCTBO

length(0(K) NK') < a - length(9(K’) N K).

SAMEYAHUE 1. OtMmeruMm, 9T0 TakuM 00pa3oM chopMyIupoBaHHasi OOIIas 3ajada
Jx. B. ®@uke MoxKeT OBITH pACCMOTPEHA U IS HEKOTOPBIX HEBBIMYKJILIX puryp K, Hampumep,
JITsT HEBBITTYKJIBIX MHOTOYTOJTHLHUKOB.

Kpome usBectHOro 3matenusi @ = 3 i KOHIPYSHTHBIX IIPIMOYTOJbHUKOB, OTJIMIHBIX
OT KBaJIpaToB (v = V2 pst KOHIDYHTHBIX KBaJPATOB), OTMETUM HU3BECTHOE 3HAYEHUE (v = 2
JUIsI CJlydast IPABUJIbHBIX TPeyrosbHUKOB [3]. TloHsTHO TakKe, 4To B (CAMOM IIPOCTOM) CJlydae
KOHI'DYSHTHBIX KPYI'OB UM€EET MECTO PaBEeHCTBO « = 1.

2. O6muii moaxoxn K perreHuio 3aaaun I>x. B. @uke
JIJIsI BBIMYKJIbIX MHOIOYTOJIbHUKOB

HecmoTpst Ha nmpocroTy nocranosku 3ajaun JIx. B. @uke g npsMoyroasaukos K n K/,
HACKOJILKO M3BECTHO aBTOpaM, PeIleHrne 3ToH 3a/1a49n He ObII0 U3BECTHO BILIOTH JI0 MyOJIMKa-
muu [2]. B nurupyemoii pabore mpejyioxKeHo peleHune Toi 3a/1auu, 110 CYIIeCTBY CBOJISIIEECs
K FICCJIEJIOBAHUIO PA3IMIHBIX BOZMOXKHOCTEH 71T KOMOUHATOPHOTO CTPOEHIST MHOTOYTOJTEHIKA,
S=KnNK'

Cuiestyst B 11e710M pabote 2| 1 HeCKOJIBKO MOINMDHUIIMPOBAHHOMY U3JI0XKEHHIO COOTBETCTBY IO
miero Borpoca B [1] (rye Tak»Ke ucCIpaBiieHbl HEKOTOPbIE HETOYHOCTH PAabOTHI [2]), MbI onuiiem
HEKOTOPBIH 00IIHit MoIXo/T K perteruio 3aaadn />xk. B. @uke jij1st MpOU3BOIBHOTO BBITYKJIOTO
MHOTOYTOJTBHUKA HA TIOCKOCTH. [Ipr 9TOM MBI TOBEIeM M3I0KEHUE MO CYTH 10 KOHKPETHOTO
U TPOCTOTO aJTOPUTMA, KOTOPBIA OYEBHIHBIM 00pa30M MOpokaaeT TeopeMa 2. [lmst ciayuast
6oJ1ee OOIIIX BBIMYKJILIX (DUTYP KaKOro-1100 ITOAX0/1a K perennio obmeit 3agaqn x. B. Puke
aBTOpPAM HE M3BECTHO.

[IycTh Ha €BKJIMIOBOI TIJIOCKOCTHU JIAHBI JBA ITPOU3BOJIBHBIX BBIITYKJ/IBIX MHOI'OYTOJbHUKA
S1 m S2 B 0OOIEM TOJIOKEHUH, T. €. He CYIIEeCTBYeT CTOPOHBI MHOTOYTOJbHUKA S1, Tapas-
JICJIBHOI HEKOTOPOii cTopoHe MHOTOyTOJbHUKA So. [Tycrs Ly — jymmua gactu rparuisr 9(S)
[IEPBOIO MHOI'OYTOJIbHUKA, IIOIAJA0Iell BO BHYTPeHHOCTH int(Sy) Broporo. Touno Tak ke,
Ly — nymna gactu rpanuibl 0(S2) BTOPOro MHOIOYrOJIBHUKA, MONAAM0IIEHl BO BHY TPEHHOCTD
int(S1) nepsoro. Paccmarpusaercst ciepyrormast

3A,ZLA‘{A. Haittn MmakcnmaabHOE 3HaYEHNE BEJIMIUHBI

Ly

Q= Q(51,52) = 7 (1)

JIJIsI HEIIOJIBUYKHOI'O MHOI'OYTOJIbHUKA S1 ¥ BCEBO3MOXKHBIX NTapaJlIeJbHbIX [IEPEHOCOB MHOI'O-
YTOJTBHUKA S3.
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SAMEYAHUE 2. Hekoropast MoguduKaims HIKECIEAYIOMNX PACCYKIEHU MOXKET OBbITh
HCIIOIb30BaHA W IPHU HCCJIEJOBAHNNA HE 00s3aTe/bHO BBIIYKIBIX MHOIMOYTOJLHUKOB S1 U So.
IIpaBra, B HEBBIYKJIOM CJIydae IMPUIETCS IMIPEOJOJIeTh P/l JIOMOJHUTE/IHHBIX TEXHUIECKUX
TPYJAHOCTEMN.

Haunem paccyzxiienne ¢ mpocToii JIeMMBbI, YTBEPKJICHIE KOTOPOH XOPOIIO U3BECTHO, & J10-
Ka3aTeJIbCTBO MIPUBOINTCA JIJIsI YA0DCTBa dUTaTE e,

Jlemma 1. PaccMorpuM Ha €BKJIHJIOBOH IJIOCKOCTH TPEYTOJILHHK C JIMHAMH CTOPOH @,
b uc. Ilycre ¢ — yros mexjy croponavu jimubel a u b. Torma cupabeyimBo HepaBEHCTBO
a+b<d-c naed=1/sin(p/2).

< BosBoust B KBagpaT 0be 4acTH HepaBeHCTBA U3 (DOPMYJIMPOBKU JIEMMBI U yUIHTHIBAsI
TeopeMy KOCHHYCOB, IOJIyYaeM SKBHBAJIEHTHOE YTBEDKJIEHHUE:

(6% = 1)a® — 2(1 + 6%cos(p)) ab + (6% — 1)b* > 0.

Ho nockonbky 1+ §2cos(¢) = §2 — 1, To mocie/Hee HePaBEHCTBO SKBUBATECHTHO OUEBHTHOMY
nepasenctsy (02 — 1)(a — b)%2 > 0. >

Bsejiem Ha €BKINIOBO# IJIOCKOCTH JEKAPTOBY CUCTEMY KOODIUHAT, TAK ITOOBI IEHTP MAacCC
MHOroyroJbHuKa S umen koopauaarsl (0,0). TTosoxkenne MHOrOyrosibHUKA S TIPU 9TOM T10JI-
HOCTBIO OIIpeJIeJIsieTcsl KoopuHaTamu (z,y) ero nenTpa macc. Ilycrs

Q = {(z,) |int(S1 N'S2) # 2.

OueBHUIHO, YTO ITO MHOXKECTBO OTKPBITO, a IPAHMIIA BBEJICHHOI0 MHOXKecTBa O({)) onuceiBaer
UMEeHHO Te ciydan, Korga S1 N Sy = 9(S1) N I(S2). Pacemorpum MHOXKeCTBO

H = A (51,5) (A CQ) (2)

TAKUX TIOJIOXKEHUH IEHTPa MacC BTOPOrO MHOIOYTOJIBHUKA, IIPU KOTOPBIX IPAHUIA Iepecede-
uust 0(S1NS2) cofep:kuT 1o Kpaitueit Mepe ojny u3 Bepius S uian So. HerpyHo nousTh, 4To
0(Q) C A, u A upencrapisiercs: B Bujie 00beINHEHNs] KOHETHOTO YHCJIa TPSIMOJIMHEHBIX OT-
pe3koB. Ham 1os1e3H0 mipejictaBuTh cebe MHOXKECTBO A KaK 8A0HCEHUE (€ NPAMOAUHETHBLMU
pebpamu) nexkomopozo epagda 6 e6rAudosy naockocmy. OUEBUIHO, YTO BEPITHHBI BJIOKEHHOTO
rpaca £ onmchIBaOT ciydan, Korja rpanuia rnepecedennst 0(S1 M Se) comepKuT 1o KpaiiHeii
Mepe JBe BEPIINHLI MHOIOYTOJLHUKOB S1 U So, IPUYEM BEPIINHA OJHOIO U3 MHOIOYIOJLHUKOB
JIEXKUT Ha TpaHUIle Jpyroro Muoroyrojbauka. llycrs Go,G1,Go,...,G, — TpaHu I1aHap-
uoro rpada £, rae depes Gy 0003HAUEHA eIUHCTBEHHAS HEOrPaHUUeHHas I'padb. Mbl Oyaem
paccMarpuBarh pebpa 3roro rpada Kak OTHOCHTEJBHO OTKDPBIThIE MHOXKeCTBa (B TO BpeMsi
KaK I'PaHi — OTKPBITbIE MHOYKECTBA).

Besmuuny @ (em. (1)) moxHO mHTEpupeTHpoBaTh Kak dyHKImo @ : Q — R. OveBuiHo,
4TO 9Ta (PYHKIMS HellpepbiBHA Ha ). Vcnosub3ys npeanosiozkene o0 o0IeM IMOJI0XKEHUNA MHO-
rOYTOJILHUKOB, MOYKHO 10 HEMTPEPBIBHOCTH JIOOIPEJIEINTH 3HAYCHUE BEJIMYUHBI () U BO MHOTI'MX
Toukax rpasuipl J(€2) (rpaHIYHbIE TOYKH COOTBETCTBYIOT PACIIOJIOKEHUSIM MHOTIOYTOJIbHUKOB
¢ ycaosueM S1 N Sy = 051 N 0S2). B cuity BBIIYKJIOCTH MHOIOYTOJIBHUKOB S1 1 So MCKIIIO-
YUTEJIbHBIM 3/1€Ch SIBJISIETCSI JIMIIb CIydail, Korjaa mnepecedenne Sq M Sy sIBJISIETCS OHOTOUYE -
HBIM U COCTOUT U3 OOIIEH BepIIMHLI PacCMaTPUBAEMBIX MHOIOYIOJILHUKOB. B TaKHUX TOYKax
0(§2) moonpeiesuTh BesmuuHy () 1O HEIPEPBIBHOCTH HEBO3MOXKHO, B YeM HETPY/IHO yOejnTh-
csi (B OKPECTHOCTH 3TOi TOYKHU MPUCYTCTBYIOT TOYKHU, COOTBETCTBYIOIINE PA3HBIM BapHAHTAM
KOMOMHATOPHOI'O CTpOeHUsl MHOroyroibHuKa J(S1 N Sy), cM. JoKaszarenbeTBo JeMMbl 2). Ho
B 9TOM OCODOM CJIydae MOXKHO IOJYUUTL OUEHKY CEEPIY Ha 8eAuduny () B OKPECTHOCTU KarK-
JIOH M3 TAKNX TOYCK IPAHUILI 2.
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[TycTe Temepsb 1 — pajiuaHHasi Mepa HAUMEHBINETO U3 yIJIOB MHOIOYTOJIbHUKA S| 1

1
A=A(S)= ——. 3
( 1) sin ( v /2) ( )
Jlemma 2. Ilycte x € OS2 cooTBeTCTBYET CiIydaro, Korja nepecederne S Sy cocTouT u3
obIreit BeplIMHbI JIBYX MHOIOYTOJILHUKOB. Tormga juist BceX JOCTATOYHO OJIM3KHX K X TOYEK
y € int(§2) cupasemmBa oreHka

Q<A

<! Me1 6ynem paccMaTpuBaTh HACTOJBKO OJIM3KHE K & TOYKH Y, UTO mepecedenne S M Sy
[IPEJICTABJIAET JINOO TPEYTOJIbHUK, JIN0O YeThIPEXYTOJbHUK. BO3MOXKHBI JIMIIb TPH IIPUHITU-
[MUAJIBHO PA3JINIHBIX CJIyYasi.

1) B nepecevennu nosyvaercst rpeyroiabauk K LM, cropoust K L u LM siBiisitorcst dactsi-
MU TPaHUIBI MHOTOYTOJIbHUKA S1, a cropona KM sBjsieTcss 9acTbio TPAHUIIBI MHOTOYTOJIb-
unka Sy. Ilycts ¢ — yron mexay KL u LM. Tlo nemme 1 momyaaem

_IKE[+]LM] 1 1

KM sin(p/2) S sin(¢/2) =

Q

2) B nepeceuennn mosyuaercss tpeyroabauk K LM, cropoust KL u LM koroporo si-
JISTFOTCsT 9aCTsIMA TPAHUITBI MHOTOYTOJIBHUKA So, a cTopoHa K M sIBJISIeTCsT 9aCThIO IPAHUIIBI
MHOTOYTOJIbHUKA S1. TOrna 1mo HepaBeHCTBY TPEYTOJbHUKA UMEEM

LEI NN

@= KL+ |LM] S~ °

3) Hakomer, mycrb B 1epecedennn 1mosrydntcst derbipexyroabaunk K LM N, croponst KL
u LM gBASIOTCH 9acTSMU PAHUIIBI MHOTOYTOJIbHUKA S1, a cropoubl KN u M N sBisitorcs
JACTSIMU TPAHUIIBI MHOTOYTOTbHUKA So. Ilycts ¢ — yron mexny KL u LM . Tlo nepaBeHcTBy
TPEYTroJIbHUKA U 110 JieMMe 1 ToJrydaem

_ |KL|+|LM| <]KLH—\LM\ o 1
~ |KN|+|MN)| | K M| = sin(p/2) T sin(y/2)

Q A >

Hawm 6ymer Takyke 1moJie3Ha CJIeLyIONas IPOCTast

Jlemma 3. Ilycre ¢pyuKIus f siBjstercss ApOOHO-JTHHEHHOH HA OTKPBHITOM MHOXKECTBE
AC Rin NpUHAMAET B HEKOTOPOIT TOUKe 3HadYeHHe, 6obIIee 3aaHHoro yucaa §. Obo3HaInM
aepes O(A) Te ToUKH rpaHUIEI MHOXKeCTBa A, JIJIST KOTOPBIX cymiecTByer rpeJiest pyHukuun f.
Ipemonoxkum jronosHATE/IHO, 9TO st Jitoboii Toukn x € O(A) \ O(A) B HekoTopoii ee
OKpecTHOCTH 3HadeHus QyHknus f He npesocxonar wucia s. Torga (Joonpenesientas 1o
HenpepbIBHOCTH Ha MHOMKecTBO O(A)) dynxnns f npuammaer csoe HamboTbITee 3HATCHHE Ha
muoxecrse AU O(A), npudem cpeji ToYeK MaKCHMaJIbHOTO 3HAYEHHsS O0S3aTETbHO IIPHCYT-
CTBYIOT TOUKH MHOKecTBa O(A).

< Hutst mokazaresbCTBa JOCTATOYHO 3aMETUTh, UYTO JIPOOHO-JMHEHAsT (DYHKIMSA OT JIBYX
apryMEHTOB SABJISIETCSI MOHOTOHHOM Ha JIIOOOM MPSIMOJIMHEHHOM OTPE3Ke 00/IaCTH CBOET'O OIIpe-
JieJieHud. >

Takum obpasom, ¢pyHKIUsT () KOPPEKTHO OIpejiejieHa W HENpPepbIBHA Ha MHOXKECTBE
QU O(R) 3a UCKIIIOYEHHEM TEX TOYEK, KOTOPBIE COOTBETCTBYIOT IepecedeHusiM Sp M Sg, co-
CTOSAIIUM 13 O0IIeil BEePITUHBI IBYX MHOTOYTOJIbHUKOB. HO B OKpecTHOCTH TaKUX TOUYEK BeJIH-
quHa () OrpaHWYeHa CBEPXY YHCIOM A coTaacHo jeMme 2. DTo HabJIo/IeHne TPUBOIUT HAC K
CJIEIYIOIIEMY DE3yJIbTaTy.
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Teopema 1. Jlomycrum, uro B Hekoropoii Touke y € int($) ¢yrkmus () npuaumaer
suadenue, oospimee A = A(Sy). Torga @ gocruraer cBoero HauGOJIBIIErO 3HAYCHHSI, IPHIEM
cpean pacroioykennii Sy orHOCHTEBHO S1, Ha KOTOPHIX () MPHHEMAET CBO€ MAKCHMAJBHOE
3HAYCHUE, €CTh PACIOJIOXKEHHE CO CJEYIONIM CBOHCTBOM: rpanmiia nepecedenus: 0(S1 M Sy)
COZIEP>KHUT 110 KpaiiHeil Mepe JIBe reOMeTPHICCKH Pa3JIHMdHbIe BePIIMHBI MHOTOYTOJIBHUKOB S'1
u Sy, HpHYeM BepIIHHA OJHOIO U3 MHOTOYIOJIbHUKOB JIEXKHT Ha I'PAHHIIE JAPYIOro.

< Ouesnano, uro sta dynknusa Q :  — R KOppeKTHO onpejesieHa U HelpepbiBHA Ha
moboit rparn G; (1 < 4 < m) wianapuoro rpada £ (cm. (2)). OcHOBHBIM CBOICTBOM
9TOit (PyHKIMN ABJIAETCA ee JPOOHO-JTMHEHHOCTD 110 IEPEMEHHBIM T, i Ha Jiio0oit n3 rpaneit G;
((z,y) € Q). dysi Toro, 94rodbl yOEUTHCST B 9TOM, JIOCTATOYHO JIOKA3aTh JIMHEHHOCTD (OyHKI
Ly = Ly(z,y) u Ly = Lo(z,y) na muOXKecTBE Gj.

Hokazkem smneiinocts L. Ilyers (zg,y0) € G;. Bynem paccmarpuBarh JIOCTATOYHO Ma-
spte ipupatienus (Ax, Ay), arobsl (zo+ Az, yo+ Ay) € G;. Ham mocrarodno mokasarb, 4ro
BBLIPAsKCHUe

ALy:= Li(xg + Az,y + Ay) — Li(zo, y0)

nmeer By Az + SAY JUIs HEKOTOPBIX BEIECTBEHHBIX Yrcest « U (3 (¥ Jyist BCeX J0CTATOIHO
MaJIbIX Hpupainenuii ojguoBpemenno). JleficrBurenbho, nunelinocrs L1 Ha G Torma Gyjer
caenoBaTh u3 cBsizHocTH GY.

Iycrs 11,109,013, ... ,ls — TIPOU3BOJILHBIM 0OPA30M 3aHyMEpOBaHHDLIE PEOPA MHOIOYTOJILHU-
ka Sy = So(x,y), nepecekaronyecsi ¢ BHYTPEHHOCTHIO MHOrOyrosbHuka Si npu (z,y) € G;
(KOMOMHATOPHOE CTpPOEHHe MHOrOyrosibHuKa S1 N Sy 1npu srom Hemsmenuo!). TloHsiTHO, UTO
ALy = A1 +Ax+...+A,, rae A — npupaiienue JJIMHBI TO 9acTH CTOPOHBI [; MHOTOYTO/Ib-
HUKa S9, KOTOpasi IMOMa aeT BO BHYTPEHHOCTH MHOrOyrojibHuKa Si. I[IpocTble BhramcieHust
NOKa3bIBAOT, 9T0 Aj = a; Az + $;Ay /Ui HEKOTOPBIX BEIIECTBEHHbIX unces a; i (3 (Koopu-
HaTbl TOYEK IIePecedeHusl CTOPOHBI [; ¢ COOTBETCTBYIOMIUMU CTOPOHAMHU MHOI'OYTOJIbHHUKA S
zaBucaT JuHeitHo ot Az u Ay). Orciona U U3 UPeJblIyIIUX BbIK/IAJOK JIEMKO [OJLyIaeTCst
simHeitHoCcTh byHKImu L1 Ha MHOXKecTBe G;. JIuneitnocts MyHKIMM Lo JOKA3BIBACTCS aHAJIO-
rugHo. Takum 0b6pa3oM, MBI Oy IUIN, 9TO () SIBJISIETCS APOOHO-JIMHEHO Ha MHOXKecTBe (5.

Hastee, ecsin Bce 3Havenust pyHKmun () Ha MHOKecTBe (G; He TIpeBocxosiT A, To f He MOXKeT
JIOCTUTaTh CBOErO0 MaKCHMaJjIbHOTO 3HAYeHWs] HU Ha MHOXKecTBe (7;, HU HA €ro 3aMbIKAHUU.
Ecnu ke 3madenme () B HEKOTOpOil To4uke MHOKecTBa (F; mpeBocxoauT A, To 1o Jemme 3
cytecTByeT Touka Ha rpanuie O(G;), 3HadeHne () B KOTOPOil He MeHblIIle 3HavYeHust () B J11060ii
Touke (F;.

[Tockobky MHOXKeCTB (G; KOHEIHOE YHCJIO, TO BeJIMYnHA () JOCTUTAET CBOET0 HAUDOJIBIIETO
3HAYECHUS, W OJIHOM M3 TOYEK MAKCUMAJbHOTO 3HAUCHUS SIBJISIETCS TOYKA IPAHUIBI HEKOTOPO-
To Gz

Hamomunm, 910 MHOXKECTBO £ sBJIsieTCs: 00be/[MHeHIeM IpaHull Beex MHokecTB G (1 <
i <m).

Dyuknus () Ha OTHOCUTEJILHOI BHYTPEHHOCTH KazKJI0ro pebpa (IpsMOJIMHEHOro 0TpesKa
IJIOCKOCTH ) rpada J# Tak¥Ke siBISeTCst JIPOOHO-TTMHERHOI (KaK «IIpejieIbHOoe» 3HAYeHHUe JPo0-
HO-JIMHEHHON (PYHKIMI Ha MHOXKecTBe (F;, TPAHUIE KOTOPOIO U MPUHAJIEKUT PacCMaTpUBa-
emoe pebpo). Tlosromy cpe TOUeK MaKCHMAIBHOIO 3HAYEHUs () 00s13aTeIbHO HAJIMIECTBYET
BepiuHa rpada A .

[TomaepkueMm, uTo BepiuHbl rpada, COOTBETCTBYONNE TepecedeHnsM S M Sy, Kaxkaoe u3
KOTOPBIX COCTOUT W3 OOIMeil BEpIINHBI JBYX MHOTOYTOJBHUKOB, MCKJIOYAIOTCI U3 PACCMOT-
PEHUsI, MOCKOJBKY B OKPECTHOCTSIX STHUX TOYEK (COMJIACHO JieMMe 2) BBIIOJHEHO HEepaBeH-
crBo Q < A. >
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HpI/I JOKa3aTeJILCTBE BbILHerHBeILeHHOfI TeOPEeMBbI Mbl BOCIIOJIb30BaJIMCH IIPUHIIUIIOM, aHa-
JIOTMYHBIM OCHOBHON HJI€e METOIA JIMHEHHOIO IPOrPaMMUPOBAHUS: SKCTPEMAJIbHLIE 3HAIEHHSI
dbyHKImMN 06s13aHbl JOCTUTATHCS (B TOM YHCJIE U) HA PPAHUIE UCCIIE/LyeMOIO MHOIOYTOJbHUKA.
Herpynuo mousars, uro TeopeMa 1 MozkeT ObITH 0000OLIEHA M HA CIydail MHOIOMEPHBIX 3144
MOA00HOTO KJjacca.

3AMEYAHUE 3. B pa6ore [2| B KauecTBe BCIOMOIraTeJIbHOIO CPEJICTBA UCIOJIb30BAJICS
(HeBepHBIii B I1eJIOM) BAPUAHT BBIIIEIIPUBEIECHHON TeopeMbl 1 |2, Teopema 2|, B KoTOpoM HeET
[PEJIIOJIOXKEHHsT O TOM, YTO BesnunHa () npuHuMaer 3HadeHusi 6osbimne A = A(S7) B Heko-
Topeix TOUKax y € int(). B reopeme 1 u3 [2| mokaswbiBasoch HepaBeHCTBO () < 3 Jyist
KOHI'DYSHTHBIX IIPSIMOYTOJIBLHIKOB, I IOCKOJIBKY B 9TOM ciydae A = /2 < 3, [0Ka3aTeIbCTBO
VKa3aHHOI TeopeMbl CTAHOBUTCSI KOPPEKTHBIM, €CJIU 3aMEHUTHh B HEM CCBIJIKY Ha TeopeMy 2
U3 TOii 2Ke paboThl CCBUIKOI Ha Teopemy 1 u3 paboThl HACTOSIIEH. DTOT HEJOUeT B cTaThe |2]
Ob1 panee oTMedeH B pabote [1|, B KOTOpOIl ObLI TakkKe yKa3aH U CIOCOD €ero yCTpaHeHusl.

3. Aaropurm pernenus 3agauu J>xx.B. @uke
JJIsI BBINYKJIBIX MHOTOYTOJIbHUKOB

Tenepb MBI PACCMOTPHUM HEKOTODBIil aJlrOpUTM perenus ooieil 3aaun Ouke J7is1 BbITYK-
JIOTO MHOTOyrosibHuKa K, 00/1a/1a101ero ocblo cuMMeTpun (B cjiydae OTCYTCTBHsI TAKON ocu
TpebyeTcsi HeCJIOKHAsT MOIUMDUKAIIUST aJITOPUTMA).

BakHoe 3HaueHune B TakoM uccsienopannu urpaer seandnna A = A(K) (em. (3)). Orme-
THUM, 9TO CYIIECTBYeT Takoe pacnosoxkenune K’ ornocurensuo K, qist koroporo length(9(K)N
K’) = A - length(9(K’) N K). st 9T0Oro J0CTATOYHO PACIOJIOKHUTH MHOIOYIOJBHUKU TaK,
gro K N K’ asnagerca paBHOOEIPEHHBIM TPEYTOJBLHUKOM, YIOJI KOTOPOTO, MPOTHUBOJICKAIINIL
OCHOBAHMIO, COBIAJIACT ¢ HAUMEHDBIINM yTJIOM MHOTOyrojbHuka K’ (AMerommm pajuanHyio
mepy 1). Takum 06pazom, A He TPEBOCXOJAUT UCKOMOW BEJUUUHBI (V.

Jlajiee MOXKHO JI€HCTBOBATHL CJIeyIOMUM o6pa3oM. Mbl (ukcupyeM MHOrOyroabHUK K
U JIEKAPTOBY CUCTEMY KOOD/JMHAT C IEHTPOM B HEHTPE MacC 3TO0 MHOTOYroJbHHUKa. To-
rJa T0JIOYKeHne BTOporo Muoroyrojbauka K’ (on kourpysuren K) onpeesisieTcss HeKOTOPhIM
JIBMKEHUEM eBKJIMI0BOM mtockoctn (tepesogsimum K B K'). JTio6oe Takoe JBUKEHIE MOXKHO
[PEJICTABUTH B BHJIE KOMIO3ZUIIMU HEKOTOPOr'o 3jieMeHTa 0b1meil opToronaabHoii rpymmst O(2)
1 HEKOTOPOTO HapaJlJIeJIbHOTO MepeHoca. Bojiee Toro, B Cujly HAJUYUsT y MHOTOYTOJIbHUKA K
OCEBON CUMMETPUHU MbI MOYKEM OIPAHUIUTHCS JIUIIb COOCTBEHHBIMU JIBUZKEHUSIME MJIOCKOCTH,
T. €. IS ONHMCAHMSI BO3MOXKHBIX IIOJIOYKEHUiT MHOrOyrojbHuKa K’ 10CTaTOMHO KOMIIOZHIWIL
[OBOPOTOB BOKPYT HavaJia KOODJMHAT W IAPAJIIETHHBIX TIEPEHOCOB.

Badukcupyem yrou ¢ € [0,27). Ilycts K(p) — pesysbrar 10BOpoTa MHOIOYroJbHUKA K
Ha yroJ ¢. Ecim Tenepb paccMOTpeTh B KauecTBE MHOTOYTOJILHUKOB S1 U Sy B (DOPMYJIMPOBKE
reopeMbl 1 MuOroyrosbHuku K u K (@) cOOTBETCTBEHHO, TO MbI MOYKEM OIIPEJIEIUTH MaKCU-
MaJsibHOE 3HavYeHue BemanHbl () (eM. (1)), ncronb3yst pesysbrar 91oit Teopembl. Heobxommmo
OTMETHTb, UTO JIJI NPUMEHUMOCTH T€OPEMbI 1, MbI JOJKHBI UCKJIIOYUTh PACCMOTPEHUE TeX
YIJIOB (¢, JJisi KOTOPBIX y MHOroyrosbuuka K (@) ecrb cropoHa mnapaJiiejbHasi HEKOTOPOi
cropore MHOroyrojbauka K. O603HaYMM MHOXKECTBO TAaKUX OCOOBIX 3HadeHHil ¢ uepes P
(01eBHIHO, ITO 9TO MHOXKeCTBO KonedHo). Ilycrs reneps @, = [0,27) \ ®y.

Badukcupyem HekoTopblil yros ¢ € ®,.. Paccmorpum Tenepb Takoii mapaJuiebHbI nepe-
Hoc L, juist koroporo rpannna nepecedenusi O(L(K (¢)) NK) comepKut 110 KpaiiHeil Mepe JiBe
reOMETPUYECKN Pa3/IidHble BepIuHbl MHOrOyroibHuKoB L(K () u K (cMm. dopmysmpoBky
TreopeMbl 1). OTMeTnM, 9TO TaKUX NapaJlIeJbHBIX [IEPEHOCOB CYIIECTBYET JIUIIb KOHEYHOEe
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YHUCJIO. Tenepb 10 BCEM 9TUM II€EpEHOCAM CJIEJYET BBIYNCJINTb MaKCUMYM BEJINYIUHBI

length (6(K) N int(L(K(gp)))) _ length(a(K) N L(K(gp)))
length (O(L(K(¢))) Nint(K))  length((L(K(p))) NK)’

KOTODPBIil MbI 0003HaIMM 4Yepe3 Qmax(¢) (IpUBEJEHHOE PABEHCTBO CIIPABEIJINBO, ITOCKOJIBKY
¢ € ®,, 1. e. y muoroyroibauka L(K(y)) HET CTOPOH, Hapa/lIeJbHbIX KAKOH-JIMO0 CTOpOHE
MHOroyrojabHuka K).

[Tycrb g — BepxHsist TpaHb BeeX 3HAYCHUN Qmax(p), Tie ¢ € ®,. Tenepb Mbl MOXKeM
chOPMYJIMPOBATH OCHOBHOW PE3YJIbTAT PAOOTHI.

Teopema 2. Yuciao o/ = max{ag, A} saBasercs pemennem 3agaun k. B. @uke st
HCC/IeTyeMOro BBIIIYKJIOTO MHOTOyroJibauka K.

< Ilycrb uncno a — pemenne 3agaun Jxx. B. @uke st muoroyrosibanka K. Cradana
[POJIEMOHCTPUPYEM CHPABEJIMBOCTL HepaBeHCTBa v > o = max{ag, A}. [elicTrBuresnsHo,
HEpaBEHCTBO @ > A 060CHOBAHO BBIIIE, 8 HEPABEHCTBO (¥ 2> vy OYEBUJIHO.

Ocranoch j10ka3ath, uto o < . domycrum nporusnoe. Torma cyImecTByIoT HEKOTOPBIi
yrout ¢g € [0,27) 1 mapajuiebHbli epeHoc L, /I KOTOPBIX CIPABEJINBO HEPABEHCTBO

length (O(K) NL(K(po))) > o' - length (O(L(K(go))) N K).

Paccmorpum mnociieioaresbHOCTE yITIoB {¢y, }, tie ¢, € Oy u limy, o0 0 = @o. [lycrs
A, = length(a(K) N L(K(gon))), B, = length(a(L(K(gon))) N K)
Herpynmao mousaTs, 9410

length (9(K) NL(K(go))) = lim A, + G, length(d(L(K(po))) NK) = lim B, + G,

rae G = length (9(K) N A(L(K(¢o)))).
13 upuBejleHHBIX BBIKJIAJIOK M OYEBHJHOIO HepaseHcTBa o > A > 1 culefyer, uro st
JIOCTATOYHO OOJIBIIMX 7 BBIIOJHEHO HEPABEHCTBO

A, =length(9(K) NL(K(pn))) > o - length(O(L(K(¢n))) NK) =o' - By,.

[Tockosbky o > A, T0 110 Teopeme 1 MbI TTOTy9aeM HEPABEHCTBO Qmax(pn) > o/, u, coorset-
CTBEHHO, (g > o/ , 9TO HEBO3MOXKHO. >

TolbKO YTO JIOKa3aHHAs TeopeMa JaeT JOCTATOYHO IPOCTOil aJrOpUTM JId HAXOKICHHUS
pemenus 3agaun >k, B. @uke 151 NpOU3BOILHOIO BBLIIYKJIOIO MHOTOYTOJIbHHKA. Vcmouin-
30BaHKEe TOrO AJArOPUTMa OyJeT MOJIEe3HO IPH aHATUTUYECKOM PeHICHHH 3TOH 3aJaqu JjIsd
MHOT'OYT'OJIbHUKOB € HeGOJIBLIIMM YUCI0M CTOPOH, a TaKzKe JIJIsl IIPUOIMZKEHHOIO PelIeHus ¢ I10-
MOIIBIO KOMIIBIOTEPHBIX BBIYUCJICHHUIA.

EC.HI/I IVIHOFOyFOJ_H:)HI/IK K HE MMeeT OCHu CUMMEeTpuu, TO JOIIOJHUTEJIBHO K IIOBOpPOTaM Ha
yTOJI ¢ Tpebyercs Jo6aBUTH elle CUMMETPHIO S OTHOCHTEIHHO HEKOTOPOii MPAMOii, MOCKOIBKY
I\JHOFOyFOﬂbHI/IK K/ MO2KET IIEepeBOJUTHCA B MHOFOyFOHbHI/IK K C IIOMOIIBIO HeCO6CTBeHHOFO
JIBUKCHHSA €BKJIMIOBOI IJI0CKOCTH. TakuMm 00pa3oM, KpoMe UCC/IeI0BAHUs MHOIOYTOJILHUKOB
K (p) Hayo TeM ke CrocoboM MCCIIeI0BATh ¥ MHOIOYTOJBHUKH, nosydatommuecst u3 S(K) no-
BOPOTOM Ha, pa3/IM4YHbIe YLl 1Ipu Takoil HeGOILIION MOJIEPHAZAIMN AJITOPUTM MOYKET OBbITh
UCIOJIb30BaTh U /Il UCCJIeI0BAHUSI MHOIMOYTOJIbHUKOB 0€3 0CeBOil CUMMETPUH.

ABTOpPBI BBIPaXKAIOT MPU3HATEIHLHOCTD 1podeccopy duape Makan v, (Endre Makai Jr.) 3a mo-
Jie3HbIe 00CYXKJIEHUS IIPEICTABJIEHHON TeMATHKY.
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