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O 3HAKE ®YHKIINN 'PUHA KPAEBOU 3AJIAYN HA I'PADE
JJ1d YPABHEHU ST YETBEPTOI'O TTOPSIKA!

P. 4. Kynaes

B pab6ore paccmarpuBaercs KpaeBast 3aj1ava sl ypaBHEHMsI Y€TBEPTOrO IOPsiIKa Ha rpade, MOIeIUpYIo-
mas ynpyrue 1edOopMaIiny MI0CKOH CTEPXKHEBOM CUCTEMBI C YCJIOBUSMHU YKECTKOTO COEIUHEHUS B y3J/IaX.
Wccnenyroresa cpoiictBa dhyuknmnu I'puna kpaeBoit 3aga4un. /{oKa3blBaloTCs ee CymnecTBOBAHNE, HEITPEPHIB-
HOCTB, CHMMETPUYHOCTb U HEOTPUIATEIbHOCTD.

KurouesBsle cioBa: rpad, muddepennuanbHoe ypaBHenue Ha rpade, dyuakmus ['puna 3agauu Ha rpade.

B nacrosimeii pabore paceMmarpubaercsa auddepeHnuaabHoe YpaBHEeHHe YeTBEPTOrO II0-
psizika Ha ceru (reoMerpudeckoM Trpade), SBJSIONIeECs MOJENbI0 CTEPXKHEBONH KOHCTPYK-
nun. Ilepsoie paborel o guddepeHImaIbHbIM YPABHEHUSIM Ha CETSX MOSBUJINCH B HAYAJIE
80-x romos XX BeKa U CBsI3aHbLI OLLIM TJIABHBIM 00Opa3oM ¢ ucciemoBanueM 3agadu LITyp-
ma — JlnyBusuisa (cm. [1, 2]). YpaBHeHHsI 4eTBEPTOrO HOPSIKA HA CETSIX CTATH PACCMaTpH-
BaTbCsd TOJILKO B 90-x rojax [3-9|. B Hux uccienoBainch, Kak MpaBujio, pa3indHble CHCTEMbI
CTepKHel, ONMMChIBAEMbBIX YPABHEHUSIMHI Ha pedpax U PasJIMIHBIMU YCIOBUSIME IIIAPHUPHOTO U
VIPYTO-IIapHUPHOro 3aKkperienns. HecMoTpsI Ha KaxXKyIILyIocs IIPOCTOTY (POPMYJIAPOBOK, Ja-
JKe Mogiesin (PU3MIECKOTO IPOUCKOXKIEHHsI OKA3BIBAIOTC OYeHb TPYAHBIME JJIs aHaau3a [6,9].
Ha cerompsamuuil geHb M3y4eHbl HEKOTOPLIE BOIPOCHI CBI3aHHLIE C METOIAME I'DAHUYIHOIO 1
BHYTDPEHHero yupasienus [3-5, 7|. D1Tu pesysnbrarsl nosyueHbl MeTogamu (byHKIMOHAIBLHOTO
aHaJIM3a JJisd KOTOPBIX 6e3pasiudia cTpyKTypa rpada. Takske moaydeH psij OOLINX Pe3yilb-
TATOB, KACAIOIIUXCS] YPABHEHHU IIPOU3BOJILHOIO IOPSIKA, )i KOTOPLIX BAJ KPAEBLIX YCIOBUI
1 YCJIOBUH CBSI3U B y3JIaX He UIPAET KJIFOUYEBOl pOIH. 37eCh MOXKHO OTMETUTH TaKHe BOIPOCH
u3 Teopun pyHKIuu ['prHA KaK CYIIECTBOBAHKE, MOCTPOEHKE, HEIPEPLIBHOCTH |1, 2].

Yto kacaeTcsd KadeCTBEHHBIX CBOMCTB audpepeHnuaibHbIX YPABHEHUH Ye€TBEPTOrO II0-
psanKa Ha rpadax, TO 31eCh, TAKYXKE, OCHOBHLIE PE3YJILTATHLI OTHOCATCH K MOIEISIM CTEpKHEl
C YCJIOBHUSIMH INAPHUPHOTO W YIPYTO-IIapHUPHOrO coujeHeHus. llosiyueHbl ycaoBusi paspe-
IIIMOCTH, YCTAHOBJICH IPUHIMII MAKCUMYyMa, Ha OCHOBE KOTOPOIO JOKA3aHa IOJIOXKUTEILHA
06paTUMOCTh KpaeBoil 3a/1auu U MOJIOKUTeIbHOCTE ee dhyukiuu ['puna [1, 6, 8, 9.

B menrpe BHUMAHNS HACTOSIIEHR pabOThI MOJEJL CETKHA U3 CTEPXKHEN C yCIOBUIMU 2KECTKO-
ro cowieneHnusi. Ha ceromHsImHUN IeHb JIsT TAKUX 3889 UCCJIeI0BAIINCh HEKOTOPhIE BOIIPOCHI
U3 CHEKTPAJIbHON Teopuu (CTPYKTYPa U ACUMIITOTUKA CIIEKTPA, Da3UCHOCTH KOPHEBBIX (DYHK-
muit [3, 10]) u Bompockl rpaHuYHOrO M BHYTpeHHEro yupasienus [6, 9. B ciayuae yciosnii
JKECTKOT'O COUJIEHEHUsI CTEPXKHEH IPUHINII MaKCHMyMa ysKe He BBIIIOJIHSIETCS W MEeTOIBI pa-
6or |1, 6, 8, 9] e npumenumbl. Bosee Toro, coorsBercrByIonias Kpaesasl 3aja4a He siBISETCS
MTOJTOXKUTETBHO 0OpATIMOIA.
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B nmamnoit crarbe Hac OyIyT MHTEpECOBATH YCJIOBUs, MPH KOTOPBIX dyHKIUN ['puna co-
XpaHsieT 3HaK. DTOT BOIPOC yrKe uzydajics B pabore [11], rae paccmorpena kpaesasi 3aja4a,
3ajaHHasi Ha rpade—TIydke, cocrosiieM n3 Tpex pebep. bBblma 1okazaHa IMOI0KUTETHHOCTD
dyukiun ['puHa Ha JuaroHaJbHBIX KBaJparaX U cpoOpMyJIMPOBAHO HOCTATOYHOE yCJIOBHE II0-
JgokuTenpHocT QyHKInu ['puna. B macrosimieir pabore Mbl paccMaTpuBaeM 0Oojiee OOt
ciaydait. Toumee, paccMmarpuBaeTcs 3ajada Ha I'pade, KaxKIblil y3eJ KOTOPOro 0b6pa3oBaH
TpeMs pebpaMu. Bymer mokasano, uro dyHKIus ['puHa HelpepblBHA U CHMMeTpHAUHa. Tak-
’Ke OyJeT YCTAHOBJIEHO JIOCTATOYHOE YCJIOBHE HEOTPUIATEILHOCTH, a B CIydae rpada-aepeBa
YCJIOBUE CTPOIOi MOJIoKUTeIbHOCTH (hyHKInn ['puna.

1. ITocTanoBka 3aga4u

ITox reomerpudeckumM rpadoM B HACTOSIIEH paboTe IOHNMAETCsT CBSISHOE MHOXKECTBO, 000-
3HadTaeMoe depes I, mMeroree crpyKTypy cern u BiaoxkenHoe B RY . Pe6po rpada — 310 unTep-
a1 B RY, a Bepmmna rpada — ToUKa, SBIISIONASIC KOHIIOM OJHOTO WM HECKOJIBKHX pebep.
IIpu sToMm pebpa rpada 3aHyMepoBaHbl 1 00O3HAYAIOTCS Yepes3 7Y;, a BEPIIUHbI — 4depe3 a, b
Wi aj, bj (IpH 5TOM HpeJIIoIaraeTcs, YTO HyMepallis BEPIINH HE3aBHCHMa OT HyMepallin
pebep).

O6osunaunm vepe3 J(I') — mHOXKecTBO BepiiuH rpada, KOTOPbIE SIBISIOTCS KOHIEBBIMU
TOYKaAMU JBYX U Oojiee pebep. Taknme BepIIMHBI MbI HA3bIBAEM BHYTPEHHUME. BepIiwHbI rpa-
da we npunamexamnme J(I') GyjeM HasbBaTh TPDAHUYHBIME U O0OO3HAYATH X MHOYKECTBO
qepes OI'. Eciu BepminHa a siB/IsteTCs KOHIIEBOM TOYKOI pebpa 7y;, TO OyldeM rOBOPUTH, 9TO
pebpo y; IpuUMBbIKaeT K BepimuHe a. MHOXKeCTBO WHIEKCOB BCeX pebep, MPUMBIKAIOMINX K Bep-
mue a obosHauuM I(a). MHuoxkecTBO, moJjiydaemoe yiajieHuneM u3 rpada Bcex ero BepilvH,

(o]
obozmraunMm depes I'. Tloarpacdom rpada I' HazoBem mar000e cBsi3HOE TOAMHOXKeCTBO Tpada I

[Tox ¢dyukimeit Ha rpade moHUMaeTcs OTOOparXKeHUe U : f — R. Yepes u;(z) O6ymem
obozHavIaTh cykenne dyHimn u(x) Ha pebpo ;. Ecam a — rpannunas seprmna rpada I, To
oz u(a) nonnmaercs limy,s,—.q u;i (), @ € I(a). Bo BHyTpenHnx Bepumuax rpada GyHKIHO
mbl He onpenessieM. depes C[I'] Gyzem 0603HaYaTH MPOCTPAHCTBO (DYHKIWI, PABHOMEPHO
HEIPEPBIBHBIX HA Kaxk1oM pebpe rpada I'. s rakux dyukimit B kaxk1oit sepmune a € J(I')
npn i € I(a) cymecrByer mpenesn limy,s,—q ui(T), KOTOPBIH MBI Takyke 0OO3HAYAEM depe3
u;(a). Ilpm srom Besmunusl uyg(a) u u;(a) He 0bs3anbl coBuagarb upu k # i (k,i € I(a)).
Beiesum B npocrpancrse C[I'] nopmpocrpancrso dbyHKIuii, /171st KOTOPBIX Uk (a) = u;(a) upu
moboit a € J(I') m mobeix k,i € I(a). MHOkecTBO Beex Takux (yHKIIIT 0003HATMHM tepes3
C(T") u mazoBeM uX HelpepbiBHBIMEU Ha rpade. Takoe ompeesieHne BIOJIHE €CTECTBEHHO, TaK
KaK MBI MOYKEM JIOOMPEJIEUTD WX M0 HEMPEPBIBHOCTH HAa BECh rpad.

Bresiem nonsiTie mpousBoHON (BYHKIMN, 3aJaHHON Ha Tpade. las 9moro BBegeM B pac-
cvorpenne byuaknuio 7(z) € C[I'], B3auMHO OIHO3HAYHO OTOOPAKAIOIIYIO KarK/0e pebpo 7y;
Ha HekoTopblil uuTepBa (0,0;) npu l; > 0. Pyuxruo 7(x) GyueM Ha3bIBATH MEMPUUECKOT,
a BequunHy l; — daunol pebpa ;. ysi cyxkenusi dyukimu 7(x) Ha pebpo 7; CyIIeCTByeT
obparHoe orobpaxkenue x(7) unrepsasa (0,[;) Ha pe6po ;. Merpuueckasi dbyHKIus onpe/ie-
JISIeT Ha KaxKJoM pebpe rpada opuenranuio. Pyukuuio u(z) HazoseM duddeperyupyemots na
epagpe T, ecm mutst Kaxkaoro pebpa -y; auddepeHnupyemMa o MEPeMeHHON T CyIepIIo3uIus
w(z(7)). Ipu sTrom nosaraem u'(x) = (D) JlonuepkHen, 4TO IPOM3BOHbIE HEYETHBIX 110~
PSIIKOB 3aBHUCAT OT HAIIPABJIEHUsT OpUeHTanun pebep rpada, T. €. OIpeIessiioTCs ¢ TOTHOCTHIO
JIO 3HaKa. JTa JBONCTBEHHOCTH HE CKA3BIBACTCSI HA MPOM3BOHBIX YETHOTO Mopsyika. O6o3Ha-
qum yepe3 C"[I'] npocrpancrso dyukimii u(x) € C[I'], npousBogHbIE KOTOPHIX 0 MOPSIKa 1
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BKJIOUATEIHHO CYIIECTBYIOT U npuHayieskar npocrpanctsy C[I'], a uepes C"(T") obosnavaem
crrynoem).

Jugdpepenyuanvroe ypasrenue na epage — 3TO COBOKYIHOCTD b depeHInaIbHbIX YPaB-
nennii na pebpax rpada. ITox unrerpamom dbynkuuu u(zr) € C[I'] mo rpady I', monuma-
eM CyMMy HHTerpajioB mo Bcem pebpam rpada. Ilpm stom muTerpas Bmoab pebpa v € T
OlIpeIe/IAeTCs ¢ MOMOIILIO MeTpudecKoil (pyHKImMHM depe3 mHTerpa Pumana — CTuiIbTbe-

ca: ecm v = (a,b) Hekoropoe pebpo rpada u T(xr) — Merpuueckas dYHKIMs], IPHIEM
limys,—q 7(x) = 0, limys,—p 7(z) = I, T0, momarast 7(a) = 0 u 7(b) = [, crponm pasbuenne
xo, T1,. .., Ty OTPE3KA [a, b] Takoe, uro 7(a) = 7(zo) < 7(x1) < ... < 7(x,) = 7(b), BEIOHpPaeM

[POU3BOJIbHBIE TOUKY &; € 7y, st KOTopbIX T(x;—1) < 7(&;) < 7(2;), 1 BBOAUM 00603HAYEHMUST
AT, = 1(xi41) — 7(x;), A = max; Ar;. Torma unrerpas onpeessiercsi 1o hopmysie

l

/u(x) dx = ;\%Zu(x(fz))An = /u(m(r)) dr.

Y 0

Hamu 6ynmer paccmarpuBaTbes aud bepeHInajibHoe ypaBHeHTe
Lu= (p(a)")' = f(@), wel, (1)

3aJaHHoe Ha reoMeTpudeckoM rpade .
B kaxkmoit rparnmunoit Bepminue a rpada [ permenne ypaBHeHHUS TOKHO YAOBIETBOPITH
YCJIOBUSAM

u(a) =0, (2)
u"(a) =0, a€dl. (3)

A B Kax0li BHyTpeHHell BepliuHe a Ha pelieHue ypasHeHus (1) HaK/IAa/bIBAIOTCS YCJIOBHSI
HEPEPLIBHOCTHU

ui(a) = uj(a), 1,5 € I(a),

YCJIOBUS IVIAJKOT'O COIVIACOBAHUS
ug, () + az(a)ug, (a) + as(a)ui (a) =0, i; € I(a), (4)

1 yCJIOBUA Ha CTapHmive IIPOU3BOJHBIC

"

az(a)pi, (a)ui, (a) — pi, (a)ui,(a) = 0, as(a)p, (a)uj, (a) — pi; (a)uiy(a) =0,

> (pia)uf(a)) =0, ac JI). (5)

i€l(a)

B ycioBusix (4), (5) mpon3BojHble CINTAIOTCA B HALPABICHNN K BeplnuHe rpada.

ITpu uccaenoBanun 3agaun (1)—(5) Mbl GyieM IpenoIaraTh, YTO BBIIOJHEHBI CJIE/IYIOIIe
YCJIOBHSL:

e p € C?[[], inf p(z) >0, f € C[TY;

zel

o JI' # o;

® K KaxkJIOi BHyTpEHHe}i BepIInHe ¢ IPUMbIKAET POBHO TPH pebpa.

Unorya, jyist anaiornu, Ham GyjeT yao6Ho cautaTsb, 4to B ycaosuu (4) mpu uj (a) crour
comHo)kuTENb (1 (a) = 1.

PaccmarpuBaemast 3aada nmeer ecrecTBeHHYyI0 dbusndeckyio uHTepiperaruio [10, 12].
Ona mozesmupyer jedOpMaIi III0CKOH CTEPXKHEBOH CHCTEMBI, BCE 3JIEMEHTBI KOTOPOii Ipsi-
MOJIHEIHBI 1 JIEZKAT B OJIHOMN IIJIOCKOCTH. [Ipu 9TOM mostaraeTcsi, 9To BCst CHCTEMa 3aKPeIIeHa
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B KaXKJI0M IPAHUIHON TOUKE U BCE CTEPXKHU YKECTKO COUIEHEHBI B KasKI0M X 00IIel BepIIHe.
B arom ciyuae yemoBust (2)—(5) MOKHO TPAKTOBATH CJIEYIOMIAM OOPA3OM:

1) YenoBus (3) o3HAUAIOT yCJIOBUE MIAPHUPHOTO 3aKPEIIeHNUSL.

2) VenoBus (4) ONUCBHIBAIOT KOMILTAHAPHOCTH TPOEK KACATEJLHBIX BEKTOPOB u;j(a), ij €
I(a): ecim s — yrosm MexKJy OCEBBIMHU JIMHUSIMU (-T'O U 14-TO CTEpPKHEl, NPUMBIKAIOIINX
k Bepmmure a € J(I'), To as(a) = :ig zz;, ag(a) = :E z;, npudeM (HUKCHPOBAHHBIE HHIEKCH 19
U 13 BuIOUpaioTcd Tak, 4To0nl 0 < fog < .

3) YesoBusi Ha BTOpBIE TIPOU3BOHBIE B (5) ONpeensaioT 6amanc n3rubaionmux MOMEHTOB.

4) Hy u HakoHeI, 1ocJeHee u3 paBeHcTB (5) — ycsioBue Gajianca CUL.

2. Hesbipoxkxaennocts 3aga4an (1)—(5)

B nepByto ouepesib yCTAHOBUM JIOCTATOYHOE YCJIOBHE, IIPH KOTOPOM paccMaTpuBaeMasi 3a-
Jlada HEBBIPOXKICHA.

Kpaesyto 3aaay (1)—(5) HasbiBaeM He6vipooicdertotl, €Cn COOTBETCTBYIONIAS OTHOPOIHAS
3a/[ada NMeeT TOJBbKO TPUBHAILHOE DEIICHIE.

Ouen ao, uro 331a4a (1)—(5) oqnosHauHO paspenmma s Ja060it npasoit yactu f € C[T]
TOIJIa U TOJIBKO TOIJIA, KOTJa OHA HEBBIPOXKAeHA. CIIeJOBATEIbHO, HEBBIPOXKICHHOCTD 3a,/1a9K
rapaHTupyer cyriecrsoBanne yHkiwn ['puna [1, o 3|.

Teopema 1. Ecim as(a) > 0 n az(a) > 0 mra kaxgoii sepmmast a € J(I'), To 3a1a-
ga (1)—(5) HeBBIPOXK TEHA.

< IMyerb w — HEKOTOpOE pellieHne OJHOPOAHOrO ypasHenus Lu = 0, yIoBjieTBOpsifoliee
yesoBusiM (2)—(5). Ymuoxum dbysknuio v Ha Lu u npounrerpupyem 1o scemy rpady I'

Oz/Lu-ud:E:/(pu”)”udm.

T r

[TpounTerpupyemM B MpaBoil 4acTh MEpBOE CJaraeMoe Mo JacTsM JBa pa3a, a BTOpoe cjarae-
Moe — oauH pa3. Torja, npusiekast yciaosusi (2)—(5), umeem

/Lu cudr = — Z [(pu”)u’ — (pu”)/u]

T aedl r=a
=Y 3 [ - ]+ [pde=— 3 pla@ia)
acJ(T) icl(a) R a€dr
- > [pil(a)ué/l (a)[ = az(a)ui,(a) — az(a)ui, (a)] + pi, (a)uf, (a)ui, (a)
aeJ(T)
(6)
spifady (@ (@] + Y ul@) 3 Y (@) + [ o) do
aceJ(I) i€l(a) T
= Y (@@ (@) (@) - piufy(a)]
aeJ(T)
+ Y (@ s (@)l (@) - (@) + [ oo = [ o) ds=o
aeJ(T) T T
U3 yenosus infyerp(z) > 0 caenyer, aro v” = 0 ma I, ™. e. u — symneitnas yHKIMSA

Ha KaxkJoM pebpe rpada. M3 auHeitHOCTH QYHKINE 4 Ha KaXKJIOM pedbpe rpada Ceayer, ITo
MakcuMasbHoe 3nadenue |u(z)| gocruraerces B J(I).



O 3nake ¢yaknun I'puna KpaeBoil 3ajauu Ha rpage 23

[Iycre a € J(T') rmakasi, uro |u(a)| = maxger |u(z)|. MoxHO cuurarh, 4ro @ — TOYKA
makcumyMa dyHkimn u. Torga GyHKIMs © BO3pAcTaeT K BEPIIUHE @ [0 BCEM HPUMBIKAIOIIUAM
pebpam, uro Bieder u,(a) = 0, i € I(a). Ilo ycnosuio Teopemsr az(a) > 0 u az(a) > 0.
BelnuchbiBasi COOTBETCTBYIOIIEE YCJIOBHE KOMITAHAPHOCTH (4), MOJIydrM PaBEHCTBO

/
uil

(a) + aguj,(a) + aguj,(a) = 0,

B KOTOPOM BCe CIaraeMble Heorpumarenbuel.  Orcioma ciemyior pasencrsa uj (a) = 0,
s € I(a), m3 KOTOPBIX, B CBOIO OUepe/Ib, creayer, 4to u; (x) = 0 a1s Beex mHaekcos is € I(a).
BuaunT GYHKIMs U IPUHAMAET CBOE MAKCHMAJIbHOE 3HAYEHHE BO BCEX BEPIIMHAX CMEKHBIX
¢ a. Ecmu cpemy Hux ectb XoTs OBl OJjHA IDAHUYHAS BEPIINUHA, TO, YIUTHIBas ycaoBus (2),
HoJtyauM, 4To maxzer |u(z)| = 0. Eciu ke cpeiy BepInH CMEKHBIX € ¢ HET TPAHUYHBIX, TO
[IOBTOPSIEM TIPEJIBILYIINE PACCYKICHUS JJIsl KaXKI0H U3 HUX.

JloKa3aTesbeTBO TEOPEMBI CPasy CJIeyeT U3 BBIIEU3I0KEHHOIO U TOr0, 9T0 I — KOHEeUHbIIt
rpacd ¢ HemycrToit rpanureit. >

Caencreue. 3ajgaua (1)—(5) ocraercss HEBBIPOXKIEHHOI, €CJIH B HEKOTOPBIX I'DAHHYHBIX
pepmmmnax rpaga I' ycnosue (3) samennts Ha ycaosue u'(a) = 0, a € O

< Ecnu B kaxk10ii rpanngHoil Bepuiuie a rpada BBIIOJIHEHO oHo u3 ycjosuii u'(a) = 0
wm u”(a) = 0, To B (6) cymma, oTBevaOIasg IPAHUIHBIM BEPITHHAM, BCE DABHO OCTAETCSI
pasHoii my/0. [losromy dopmysna (6) u Bce mMOCIEAYIONIE PACCYKICHUST TAKIKE OCTAIOTCS
CIIpaBeJINBbIMU. [>

3. ®yukrus I'puna 3agaun (1)—(5)

Sror maparpad nocesieH anajusy gyukiun 'puna 3amaan (1)—(5), a Tounee Bompocy
0 TOJIOXKUTEJIbHOCTHU Tocyeaueit. [lockobKy MbI paccMmarpuBaeM auddepeHInaIbHoe yPaB-
HeHnne Ha rpade kKak eamHoe 1esioe, TO u GyHKINO ['pruHa MBI MOHEMaeM Kak 000DIeHHOe
pellenne ypapHenus Ha rpade.

OIPEAEJEHUE. Qynxuyuet ['pura HEBBIPOXKIEHHON KpaeBoil 3a/1a41 Ha30BeM (DYHKIIAIO
G(z, s) Takyio, 4TO PEIleHUe 3a/Ia9l MOXKET OBbITh IPEJICTABIEHO B BUJIE

3 pesysabTaToB MoHOrpaduu |1| cirenyer, uro eciiu kpaesast 3ama4da (1)—(5) HeBLIpOXK IeHA,
" 1 ) 1)—(5 ,
to dyurmnusa ['puna cyriecTByer n 00J1a02€T CJIEIYIOIMIIMU CBONCTBAMU:
HKITUS BMECT BOUMHY IIPOU3BOIHBIMH II YETBEPTOro MOPsIAKA Hellpe-

1 G(x,s ecTe CO CBO OU3BO, O T JIO YEeTBEPTOI'O 110 a Helpe
PBIBHA II0 COBOKYIIHOCTHU IIEPEMEHHBIX BILJIOTH JI0 TPAHUIBI Ha KarKJIOM U3 IPSIMOYTOJILHUKOB
vi X7y (i # j) 1 Ha KayKJJOM U3 TPEYTOJbHUKOB, Ha KOTOPBIE [HArOHAJIBIO & = § PasOUBAETCsI
KBaJIPAT ¥; X Vi

2) npu Kazk10M (GUKCUPOBAHHOM S, SIBJISIONIEMCsI BHY TDEHHEN TOYKOIT HEKOTOPOro pebpa 7,
dyukuus G(x,$) 10 x yIOBIETBOPSIET OJHOPOIHOMY yDPABHEHUIO

()" =0
upu & € y; Y U IPH & € Y, T F S;

3) 1pu KaxkJ0M (DUKCUPOBAHHOM S, SIBJISIONIEMCsI BHYTPEHHEH TOUKOIl HEKOTOPOro pebpa
v €T, dynkuusa G(z,s) no x ygosaersopser ycaoBusM (2)—(5);
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4) dyuknus G(x, s) Ha IUATOHAJN & = § YJOBJIETBOPSIET YCIOBUSM HEIIPEPBIBHOCTH BMECTE

0G(z,5) 92G(x,s) " "
CO CBOMMMU ITPOU3BOJIHBIMN 9z oz 1 YCJIOBHUIO CKa4dKa TPEThbEru IIPOU3BOJHOU IIO T

P3G(s+0,s) B 23G(s —0,5) 1
03 03 p(s)’

rJle OpUEHTAIUs IIPEJIeILHOTO nepexona s + 0 n manpasienue aud epeHnmpoBanus onpe;ie-
JISTIOTCsT 3aJJaHHOM Ha, rpade MeTpUIecKoil hyHKITHeIt;

5 upu s = a € J(I') dbyskus G(r,a) sBIseTCs PeIIeHUsIM OJHOPOJHOIO YpaBHe-
aust (1) ma I, yjoBieTBopsieT BceM OJHOPOJIHBIM KpaeBbiM ycioBusM (2)—(4) 3a ucKiio-
YEeHUEM YCJIOBUS Ha TPETbU IPOM3BOAHBLIC, KOTOPOE 3aMEHSIeTCA Ha HEOIHOPOIHOE YCJIOBUE
>ier( (Pila)u](a) = —1;

6) dyukuusa G(z,s) ycaosusamu 1)—4) onpeesnsiercst 0HO3HATHO.

Ucnonb3ys copmynmupoBannbie obiue cBoiicrBa GYHKIUN ['pUHA, MBI Telepb MOXKEM
JIOKa3aTh CJIEAYIOIIee YTBEPKICHNUE.

Teopema 2. Ecin ag(a) > 0, ag(a) > 0 ars kaxgoii Bepmmnst o € J(I'), To pyarmus
I'puna sagaqun (1)—(5) cymecrByer, HenpepbiBHA 110 COBOKyIHOCTH nepeMeHHbIXx Ha I' X ' u
yzoBierBopsier cBoiicrBy cummerpuanocta G(x,s) = G(s,x).

< CymecrBoBanne dbyukun ['puna ciepyer u3 Teopembl 1. HenpepbIBHOCTH BHYTPH KazK-
JIOTO TIPAMOYTOJIbHUKA, Y; X Yj clefyeT u3 cBoiicts 1), 4). Yro e KacaeTcss HEIPEPLIBHOCTI
ma I' x (9T U J(T')), To ona cpasy caezyer u3 cBoficrsa 5).

JlokazkeM CUMMETPUIHOCTD. JIJIst 9TOro, 09eBUIHO, JOCTATOYHO MOKA3ATH CAMOCOIIPSZKEH-
HOoCThb Juddepernuaabuoro oneparopa L, mopoxjienHoro coorromenusmu (1)—(5).

[Iycts u, w — dyuknun u3 obsactu ompemesaeHus omeparopa L, T. e. (QPYyHKIUH Kacca
C4(I"), ynosnersopsromue yeaosusam (2)—(5). Ymuoxum dbyHKImo v Ha Lu 1 IPOMHTErpUpY-
em 110 Bcemy rpacdy I'. VHTerpupyst B mpaBoii 9acTu 10 9acTsIM [EepPBOE CJIaraeMoe JIBa pasa,
a BTOPOE CJIaraeMoe OJIUH pa3, NMeeM

/Lu cwdr = — Z {(pu")w' — (pu”)'w}

aedl

r
- Z Z [(piug/)wé - (piuél)/wi] —i—/pu”w” dz.
T=a
r

acJ(T)i€l(a)

Tr=a

[Tpusnekas ycaosusi (2)—(5) 1yist IpaBoil 4acTU MOCJEIHETO PABEHCTBA, HOJIY UM

= " fama — D> wla) > (pu")(a) ~|—/pu”w” dx

acdl’ aeJ(T) i€l(a) T
= Y [pal@)u (@) [az(@)l, (@) + as(@)us, (@)] = pi (@)l ()uf, (@)
aeJ(T)
—pia (a)uf, (@)l (@)] = = Y wl,(a)|az(@)pi (@), (@) = piyerf (a)]
aeJ(T)

— Z wéS(a) [ag(a)pil(a)u;/l(a) —pi3u;/3(a)] + /pu’/w" de = /pw”u’/ dx.

ac J(F) T T
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B mociiensem mnTerpasie eme pa3 MHTErPUPYEM IO 9acTIM JIBa Pas3a, a 3aTeM aHaJIOTUY-
HBIMH [IPEOOPA30BAHUSIMU, C 3aMEHOM MECTaMU U U W, [TOJIyIaeM

/Lu-wd:n:/Lw-ud:U.D

T T

Jlemma 1. Oyuknus I'puna G(x,s) crporo mookurepHa Ha JUATOHAIH T = S, XT,S €
T\ or.
< Ilycrs sg — npoussosibHasi Touka rpada I'. Tlokaxkem, uro G(sg, sg) > 0. O6o3HaunM
qepes gs, () cpesky G(z, so) dyukiun 'puna. YmuokuM o6e actn Toxkaecrsa Lgg,(x) = 0,
x € I'\ {so}, na dyskunio gs,(z) u upounrerpupyem. Torma, ucmonb3yst cBoiictBa 1)-5)
(o]

dyuknun ['puna s ciaydast sg € I') monyaaem

0= [ Lo g o

r
x=s0—0

= - [(pg;’o)géo - (pg;’o)’gso} o [(pgé’o)géo (pgs,) gso]

= 0
aedl’ sot

+ [(pigé'oi)géoi - (pigé’oi)’gsm] + / p(gl)? da
aeJ(T)icl(a) T

= 3 dl@) D [as(@pi (@)gl, (@) + pi(a)glys, (@)

acJ(T) 1€l(a)

acJ(T) i€l(a)

+/p(g§/o)2d:ﬂ = /p(gso) dx dz — ge,(s0)-

T r

Tak Kak gs,(z) # 0, HHTErpas BeJHTIHHA CTPOTO IIOJOKHUTEIbHASI, [IOITOMY CIPABEIIIBO
HepaseHcTBo ¢(so) = G(so, so) > 0.

Cuyuait sg € J(I') paccMarpuBaercsi aHAJIOTHYHO. [>

[Tepeitmem Temepb K JI0KA3aTEILCTBY MoOjokuTeabHOcTH (yukiuu ['puna. s sToro
npezcrasuM 3aga4dy (1)—(5) B BuJe cyleprosunuu JBYyX CAMOCTOSITEJIbHBIX KPAeBbIX 3aJ1a4
JUIsT YpaBHEHUIT BTOPOTO ITOPSIIKA.

3ATAYA 1.

v(z

Lau=—u" =22 u € CX(I),

p(z )
ular =0, Z =0;
€l(a

\_/

3ATAYA 2.

Lav=—v"= flx), wve Cz[r]v

vlor =0, ai(a)vi(a) =vi(a), ai(a)=

(%)

i€l(a)
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Jlemma 2. Bajaua (x) siBjsiercst cONpsiKeHHOH JUIsl 3a4a4n (xx).

< Iyers u(z) — dbysKms u3 obsactu onpejesienust oneparopa L, MOPOXKIAIIEro 3a-
naay (%), a v(x) — dbyHKIM U3 006JACTU OLPEIeJIeHIs] OIepaToOPa L., TOPOXKIAOIIEro 3a-
gady (x%). YMHOXKUM BbIpaxkenue L,u Ha (DYHKIUIO v U HpouMHTErpupyem. Torja ydauTbi-
Basl yCJIOBHsI, KOTOPBIM YIOBJICTBODPsIOT GyHKImU u(x) u v(x) B Bepumuax rpada, u canTas
aq(a) =1, mua Beex a € J(I), momyamm:

/L wovdr= Y Z vilayla) + 3 v(a)u'(a)—/u'v'daz

acJ(T)icl(a acol’ T
Z Z vila) Z Z Z v'(a)u(a) —I—/u-v"daz
acJ(I")i€l(a a acJ(I")i€l(a acol’ T
= Z vi(a) Z a;(a)ul(a) — Z u(a) Z vg(a)—l—/u'L**vdw:/u-L**vdx. >
aeJ(I) i€l(a) aeJ(I) i€l(a) T r

Bagaua (*) gocraTodHo Xoporio u3ydeHa. B pabore [12] (cm. Takxke [1, §2.4]) mokazana
ee HEBBIPOKJICHHOCTh M HEOTPUIATEIbHOCTL ee¢ (pbyHkuuu ['puna. Ecam 0603HaunThL vepes
G«(x,s) bdyuknuio Ipuna 3amaun (x), To, caemyst pesyabraram |13, 14|, moxHO 3ammucarh
uepaBercTBo Gy (1, s) = 0, cupaseymsoe wa I' x T

[Tycthb Gus (7, s) — dynxums Ipuna zagaun (xx). Torma us jeMMbl 2 cieyeT COOTHOLIECHUE

Gi(x,8) = Gus(s,x) = 0. (7)

CupaBelyIiBa CJIeLyIOIast

Teopema 3. Ilycrs a(a) > 0 gist kaxoii Bepumabl a € J(T). Torma dbyaknus I'puna
G(z, s) zamaun (1)—(5) meorpunaresbna va I' X I' u jomyckaer npescrapienne

d§

G(z,s) = /G*(w,f)G*(s,ﬁ) eIk
r

< U3 onpenenenust dbyuknun ['puna cieayer, aro pernerne g(x) 3aga4qu (xx) MOXKHO 1Ipe/I-
CTABUTDb B BHUJE

_ / Gon(, 5) f(5) ds, (8)
T

a perenne u(z) 3a1adu (%) — B BHJE

I PNG)
u(z) = / .l €) 2 de (9)

U3 stux pasencts u (7) mosmydaem

x):/G*(%g)%df:/ /G** £, 5) ds%
T r

:F/G*(m,ﬁ)F/G*( Of(s)ds < =F/F/G*<x, 165,65 ds—/Gm s
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ITokazkeM, 9TO HOJIYYEHHOE IpecTaBieHne MyHKIWN U () JEHCTBUTEIBHO JaeT PelleHne
sajgaan (1)—(5).
Beimosinenne pasencrsa (1) caenyer u3 (8), (9) u paBeHcTs

Lu = Ly.pLyu= Lyv=Ff.

Beiosinenue ycsosuii (2), (4) u ycsioBuii HellpepbIBHOCTH BO BHYTPEHHUX BepIIiHaX rpada
ciepyer u3 (9) u onpenenennst pyukuuu ['puna G (x,s) 3agaun (x). A BbIIOJHEHHE YCIIO-
Buii (3), (5) cieayer us paBeHCTB

"= d—2 T S S Sﬁ = — Zz,S s)as
pla)u(e)" = p(e) 7 F/ Gala,8) F/ Gl ) (5)ds s = F/ G5/ (5) ds,

u onpegienenns pyukuuu I'puna G (z, s) 3agaun (xx*). >

B ciyuae, korma rpad I' He nmeer mukioB, dyHKIMs ['prHa OKa3bIBAETCsI CTPOTO IIOJIO-
JKATEJbHOM.

Teopema 4. Ilycrs aj(a) > 0 gis kaxpoii Bepumner a € J(I') u rpad T' sapisercs
aepesoMm. Torna ¢yukmus ['puna G(x, s) 3amaqun (1)—(5) crporo nosoxkurenpaa sayTpu I' x T,

< Tpeamonozkum nporusaoe. Torya, ¢ yderoMm TeopeMbl 3, Haiifercs Touka (g, Sg),
xo, 80 € I'\ II', Takas, aro G(xg, sg) = 0, mpudem, Kak caeyeT U3 JeMMbI 1, g # So.

Pacemorpum cpesky g(z) = G(z,s0), € I'. 13 reopembr 3 ciemayer, uro yHKIus ¢
UMEET B TOYKE X() MUHUMYM.

Pacemorpum cHavasia ciydail Korja rg — BHyTpeHHsis Bepuiuna rpada. 13 ycmosus (3)
B Bepinne 2o € J(I') n mepasencrs «;(a) > 0 ceayror pasencrsa g(zo) = gi(zo) = 0 qys Beex
i € I(xg). Ynamum uz rpada I’ sepmuny zg. OH pacnagercs Ha TPU KOMIIOHEHTBI CBSI3HOCTH
Ti(xo), i € I(xg). O6o3HauMM Uepes ig MHEKC oHOro u3 Tpex noarpados I';(zg), KoTopbiil
COTIEPKUT TOUKY So. depes gr(s,) obosHaunmm cyzenns dynxmun g ma ['i(zo), i € I(zo).
Torna npu i # ip kaxaas u3 GyHKuui gr,(g,) asasserca na I'i(zg) perrennem oJHOPOIHOO
ypasHerus (1) u y0BIeTBOPAET TPAHIIHBIM YCTOBIAM g, (z0)(Z0) = 0, g’Fi (xo)(ajo) =0 B BEp-
mune zo € OI'i(z9) u ogHOpOIHBIM ycaoBusM (2)—(5) BO BceX OCTANbHBIX BepIIMHAxX rpada
[i(zo). B cumy crencrsust Teopembl 1 gr,(z0)(z) = 0 mpm @ # dg, T. e. dynknua g papna
TOKJIECTBEHHO HYJIIO Ha JIBYX U3 Tpex pebep, IPUMBIKAIOIIUX K BEpIINHE ().

IIpe/nosoKumM, 4To TOoYKa S) HPUHAJJIEXKUT 3aMbIKAaHUIO pebpa v;,. Torma dbyskims g
SIBJISIETCsI pellieHneM OfiHopoHoro ypasuenus (1) na (sg,z¢). B cuiy toxnecrs g; = 0 npu
i # 9, © € I(xg), n ycaosuii (3)—(5) B Bepuune xg € J(I'), dyukuus g yaosiaerBopsier
B TOYKE X( YCJIOBUSIM gik (x9) =0 g k=0,1,2,3 u Bcex i € I(xp). Orcioga cpasy ciemyer
g(x) = 0upu x € (x9, s0) u g(s0) = G(sg,80) = 0, 9TO IPOTUBOPEUUT YTBEPIKJICHUIO JIEMMBI 1.

CreoBaTenbHO, TOYKA S) HE MOXKET IIPHHAJIEXKATh 3aMBIKAHUIO pebpa ;. Torma us
Tex ke coobpaxkenuii caenyer, uro g(z) = 0 Ha Bcem pebpe 7;,. OGO3HAUNM Yepe3 a KOHeIl
pebpa j,, OTTIMYHBII OT z¢. Ynamum u3 rpada I Bepmmny a. O pacnajercs Ha TPH KOM-
nonenTsl ceaznoctn I'j(a), j € I(a). Kax n Bpime, BBomuM 0603HAMEHUS gr; (q) [VIs CYZKeHHi
dbynkimn g va I'j(a), j € I(a), n obo3HaTaeM depes jo UHIEKC TOro u3 Tpex noxarpados I'j(a),
KOTODBIII COIEPXKUT TOUKY Sg. Lak kKak g = 0 Ha pebpe v, = (z0,a), To Ipu j # jo Kaykuas
n3 byHKumit gr(,) apngerca na I'j(a) permennenm omopoznoro ypasmenns (1) u, Kax ciesty-
er U3 yCJIOBHUi HenpepblBHOCTH U (5), Y/IOBJIETBOPsieT TPAHUYHBIM yCJIOBUSIM gr;(a)(@) = 0,
g{ij (a)(a) = 0 B Bepmmue a € OI'j(a) u onHOpOAHBIM ycnoBusM (2)—(5) BO BCeX OCTAIbHBIX
sepumnax rpacga I'j(a). s reopembr 1 cienyer, 4ro gr(q)(z) = 0 npu j # jo. [amee
HOBTOPSIIOTCS PACCYZKJIEHNsI, TPOBEJIEHHBIE JJIs1 BEPIITUHBI X ().
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Tenepb yTBepKIeHUE TeopeMbl 1isi ciaydas xg € J(I') caemyer uz roro, uro rpad T

COCTOMUT U3 KOHEYHOI'O Yncjia pebep.

Paccmorpum Teneps cirydail, Korja oo — BHYTPEHHSAA TOUKa HEKOTOPOro pebpa v;, rpada.
U3 semmnt 1 coiepyer, uro g nuddepeniupyema B Touke xo u g(xg) = ¢'(z¢) = 0. Ynamum us
rpada [ Touky x¢. OH pacajgercst Ha qBe KOMIIOHEHTHI cBstsnocTu 'y u I's. Eciu sg € I'y, To,
Kak ToKasbiBaer ciejcrsue teopeMbl 1, g(z) = 0 upu x € 'y u, cienoarensho, g(z) = 0 Ha
BCeM pebpe 7;,. asnbreiimue paccykaeHus He OTIMYAIOTC OT IPOBEJEHHBIX Bhime. Teopema

IIOJTHOCTBIO JJOKa3aHa. >
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ON THE SING OF THE GREEN’S FUNCTION OF THE BOUNDARY VALUE
PROBLEM FOR THE FOURTH-ORDER EQUATION ON A GRAPH

Kulaev R. Ch.

In this paper we consider a boundary value problem for a fourth-order equation on a graph modeling
the elastic deformation of the flat system of beams with the rigid connection conditions at the nodes.
Some properties of the Green’s function are investigated and a sufficient condition for its positivity is
established.

Key words: differential equation on the graph, boundary value problem for a fourth-order equation on
a graph, Green’s function.



