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(V1,3u)(t, x) ≡ DtD
3
xu(t, x) +

1∑

i=0

3∑

j=0
i+j<4

(
Di
tD

j
xu(t, x)

)
Ai,j(t, x) = Z1,3(t, x),

(t, x) ∈ G := (t0, t1)× (x0, x1),
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È~Ç�Ý~Ç�Ø2Î�È2É�ÏPÚ�Ë�Ø~É{Ð�Ò2Ï
(l0u)(x) ≡ u(t0, x) = Z0(x), x ∈ (x0, x1),
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(l01u)(t) ≡ u(t, x0)α1,1 + ux(t, x0)α1,2 + uxx(t, x0)α1,3 + u(t, x1)β1,1

+ux(t, x1)β1,2 + uxx(t, x1)β1,3 = ψ1(t),

(l02u)(t) ≡ u(t, x0)α2,1 + ux(t, x0)α2,2 + uxx(t, x0)α2,3 + u(t, x1)β2,1

+ux(t, x1)β2,2 + uxx(t, x1)β2,3 = ψ2(t),

(l03u)(t) ≡ u(t, x0)α3,1 + ux(t, x0)α3,2 + uxx(t, x0)α3,3 + u(t, x1)β3,1

+ux(t, x1)β3,2 + uxx(t, x1)β3,3 = ψ3(t), t ∈ (t0, t1).
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Dtu(t, x) = D2

xu(t, x).
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É�×�É�×{æ`Ï�È	Ò2Ï`Ñ4È2É{ß�Ò'î�Ñ,É�Å~Ï�Ø2Î�È	í6î�Ú�Ô~Ç�Ð�È2Ï�È	Ò	Ê�È2Ï�Ü�É{Í�É{Ô	í6îtÕ	Ô2É{Þ2Ï�Ë�Ë�É{Ð � È~Ç�Õ	Ô	Ò2Ñ,Ï�Ô�ì�É�×�É�×{æ`Ï�È	È2É{ß�É
Ú�Ô~Ç�Ð�È2Ï�È	Ò	ÛðÐ{Ø�Ç�ß�É{Õ2Ï�Ô2Ï�È2É�Ë�Ç'ì�Ú�Ô~Ç�Ð�È2Ï�È	Ò	ÛðÍ�Ï�Õ'Ø~É{Õ	Ô2É{Ð�É�Å2È2É�Ë�Í�Ò�ì@Ú�Ô~Ç�Ð�È2Ï�È	Ò	ÛðÜ�É�Ø~Ï�×�Ç�È	Ò	ÛtË�Í�Ô	Ú�È	íùÒ
Í�Ö'Å�Ö ��Ö

Y~Å~Ï�Ë�Î
u(t, x) = (u1(t, x), . . . , un(t, x))

a
n
á�Ñ,Ï�Ô	È~Ç�ÛPÒ2Ë�Ü�É�ÑkÇ�ÛPÐ�Ï�Ü	Í�É{Ô!êHÚ�È	Ü	Þ	Ò	Û��

αi,j
Ò
βi,j

a
Ó�Ç�Å�Ç�È	È	íoÏ

n × n
á�Ñ,Ï�Ô	È	íoÏôÕ2É�Ë�Í�É�Û'È	È	íoÏïÑkÇ�Í�Ô	Ò	Þ	íPì

Ai,j(t, x)
a Ò	Ó�Ñ,Ï�Ô	Ò2Ñ4íoÏ¶È~Ç

G
ÑkÇ�Í�Ô	Ò	Ý	È	íoÏ

êHÚ�È	Ü	Þ	Ò	ÒâÕ2É{Ô#Û�Å2Ü'Ç
n × n

ì6Ú�Å~É{Ð{Ø~Ï�Í�Ð�É{Ô#Û'åLæ!Ò2Ï�Ú�Ë�Ø~É{Ð�Ò	Û	Ñ
A0,j(t, x) ∈ Lp(G), j = 0, 1, 2,

Ò
Ë�Ú�æ`Ï�Ë�Í�Ð�Ú�åLÍÙêHÚ�È	Ü	Þ	Ò	Ò

A0
1,j(x) ∈ Lp(x0, x1)

Ò
A0

0,3(t) ∈ Lp(t0, t1)
Í{Ç�Ü	Ò2Ï�ì1Ý	Í�ÉäÐ�í1Õ2É�Ø2È2Ï�È	í

Ú�Ë�Ø~É{Ð�Ò	Û
‖A1,j(t, x)‖ 6 A0

1,j(x), j = 0, 1, 2,
Ò

‖A0,3(t, x)‖ 6 A0
0,3(t)

Õ2É{Ý	Í�Ò Ð�Ë�å6Å2ÚÆÈ~Ç
G
ìtß�Å~Ï ‖ · ‖ a Ï�Ð�Ü'Ø2Ò'Å~É{Ð#ÇgÈ2É{Ô2ÑkÇ>Ë�É�É{Í�Ð�Ï�Í�Ë�Í�Ð�Ú�åLæ`Ï�Ê ÑkÇ�Í�Ô	Ò	Þ	í � Ò'Ø2Ò

Ð�Ï�Ü	Í�É{Ô~Ç
���
Z0(x) ∈ W

(3)
p,n(x0, x1)

ì¦ÇSÍ{Ç�Ü	ë!Ï
ψ1(t), ψ2(t), ψ3(t) ∈ W

(1)
p,n(t0, t1)

a Ó�Ç�Å�Ç�È'á
È	íoÏ

n
á�Ñ,Ï�Ô	È	íoÏ Ð�Ï�Ü	Í�É{Ô'á�êHÚ�È	Ü	Þ	Ò	Ò�ìtß�Å~Ï

W
(m)
p,n (y0, y1)

a Õ	Ô2É�Ë�Í�Ô~Ç�È2Ë�Í�Ð�É
n
á�Ñ,Ï�Ô	È	í6îÆÐ�Ï�Ü	Í�É{Ô'á

êHÚ�È	Ü	Þ	Ò	Ê
Z(y) = (Z1(y), . . . , Zn(y))

ìiÒ2Ñ,Ï�åLæ!Ò'î ÐmË�Ñ4íoË�Ø~Ï c�É�×�É�Ø~Ï�Ð#Ç Õ	Ô2É{Ò	Ó�Ð�É�Å2È	íoÏ
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Z ′(y), . . . , Z(m)(y) ∈ Lp,n(y0,y1)
ìoÇ

Lp,n(y0, y1)
a Õ	Ô2É�Ë�Í�Ô~Ç�È2Ë�Í�Ð�ÉÙÐ�Ë�Ï�îâË�Í�Ô2É{Ý	È	í6îâÐ�Ï�Ü	Í�É{Ô2É{Ð

Z(y) = (Z1(y), . . . , Zn(y))
ËPé�Ø~Ï�Ñ,Ï�È	Í{Ç{Ñ4Ò�Ò	Ó

Zi(y) ∈ Lp(y0, y1)
ì
i = 1, . . . , n

Ö1WfÏ�ø`Ï�È	Ò2Ï!Ó�Ç�Å�Ç�á
Ý	Ò � ò�� ö � �
�6×{Ú�Å~Ï�ÑbÒ2Ë�Ü'Ç�Í�ÎôÐnÕ	Ô2É�Ë�Í�Ô~Ç�È2Ë�Í�Ð�Ïnc�É�×�É�Ø~Ï�Ð#Ç

W (1,3)
p,n (G) =

{
u ∈ Lp,n(G)\Di

tD
j
xu ∈ Lp,n(G), i = 0, 1; j = 0, 1, 2, 3

}

ËRÅ~É�Ñ4Ò	È	Ò	Ô	Ú�åLæ`Ï�Ê¬Õ	Ô2É{Ò	Ó�Ð�É�Å2È2É{Ê
DtD

3
x

Ö,FHÉ{Ô2Ñ4Ú²ÐnÈ2Ï�ÑãÉ{Õ	Ô2Ï�Å~Ï�Ø2Ò2ÑãÔ~Ç�Ð�Ï�È2Ë�Í�Ð�É�Ñ

‖u‖
W

(1,3)
p,n (G)

=
1∑

i=0

3∑

j=0

‖Di
tD

j
xu‖Lp,n(G).

JNÝ2Ï�Ð�Ò'Å2È2É	ìHÝ	Í�É¤Õ	Ô~Ç�Ð�íoÏäÝ~Ç{Ë�Í�Ò
Z0(x)

Ò
ψi(t)

ì
i = 1, 2, 3,

Ú�Ë�Ø~É{Ð�Ò	Ê � õ
�¶Ò � �
�<Å~É�Ø2ënÈ	í
Ú�Å~É{Ð{Ø~Ï�Í�Ð�É{Ô#Û'Í�Î¶Ú�Ë�Ø~É{Ð�Ò	Û	ÑãË�É{ß�Ø�Ç{Ë�É{Ð#Ç�È	Ò	Û

Z0(x0)α1,1 + Z ′
0(x0)α1,2 + Z ′′

0 (x0)α1,3 + Z0(x1)β1,1 + Z ′
0(x1)β1,2 + Z ′′

0 (x1)β1,3 = ψ1(t0);

Z0(x0)α2,1 + Z ′
0(x0)α2,2 + Z ′′

0 (x0)α2,3 + Z0(x1)β2,1 + Z ′
0(x1)β2,2 + Z ′′

0 (x1)β2,3 = ψ2(t0);

Z0(x0)α3,1 + Z ′
0(x0)α3,2 + Z ′′

0 (x0)α3,3 + Z0(x1)β3,1 + Z ′
0(x1)β3,2 + Z ′′

0 (x1)β3,3 = ψ3(t0).

��� �

FPÇ�Ø2Ò	Ý	Ò2ÏHÚ�Ë�Ø~É{Ð�Ò	Ê¬Ë�É{ß�Ø�Ç{Ë�É{Ð#Ç�È	Ò	ÛðÉ{Ó�È~Ç�Ý~Ç{Ï�Í�ì2Ý	Í�É!Ú�Ë�Ø~É{Ð�Ò	Û	Ñ4Ò � õ
�kÒ � �
��Ó�Ç�Å�Ç�È~Ç!Í{Ç�Ü	ë!ÏHÈ2Ï�Ü�É�á
Í�É{Ô~Ç�ÛïÒ	Ó�Ø2Ò	ø!È	Û'ÛïÒ	È2êPÉ{Ô2ÑkÇ�Þ	Ò	Û¬É`Ô2Ï�ø`Ï�È	Ò	Ò�Ö

ZPØ2ÛÌÕ2É�Ø2Ú�Ý2Ï�È	Ò	ÛÌÍ{Ç�Ü	Ò'îÌÚ�Ë�Ø~É{Ð�Ò	Êù×{Ú�Å~Ï�Ñ>Å2Ò2êPêPÏ�Ô2Ï�È	Þ	Ò	Ô2É{Ð#Ç�Í�ÎâÚ�Ë�Ø~É{Ð�Ò	Û � �
�ôÕ2É
t
Öi\�É{ß�Å�Ç

Õ2É�Ø2Ú�Ý	Ò2Ñ

(l1u)(t) ≡ ut(t, x0)α1,1 + utx(t, x0)α1,2 + utxx(t, x0)α1,3 + ut(t, x1)β1,1

+utx(t, x1)β1,2 + utxx(t, x1)β1,3 = Z1(t) = ψ′
1(t);

(l2u)(t) ≡ ut(t, x0)α2,1 + utx(t, x0)α2,2 + utxx(t, x0)α2,3 + ut(t, x1)β2,1

+utx(t, x1)β2,2 + utxx(t, x1)β2,3 = Z2(t) = ψ′
2(t);

(l3u)(t) ≡ ut(t, x0)α3,1 + utx(t, x0)α3,2 + utxx(t, x0)α3,3 + ut(t, x1)β3,1

+utx(t, x1)β3,2 + utxx(t, x1)β3,3 = Z3(t) = ψ′
3(t).

� ÷
�

]RÔ	Ò	Ý2Ï�Ñ Ó�Å~Ï�Ë�Îð×{Ú�Å~Ï�ÑÌÍ�Ô2Ï�×�É{Ð#Ç�Í�Î2ì�Ý	Í�É�×{íSÐ�í1Õ2É�Ø2È	Û�Ø2Ò2Ë�Î¬Ø2Ò	ø!Î¬Ú�Ë�Ø~É{Ð�Ò	Û
Zi ∈ Lp,n(t0, t1)

ì
i =

1, 2, 3.JNÝ2Ï�Ð�Ò'Å2È2É	ì�Ý	Í�É¶Ï�Ë�Ø2Ò
u ∈ W

(1,3)
p,n (G)

Ï�Ë�Í�Î²Ô2Ï�ø`Ï�È	Ò2Ï!Ó�Ç�Å�Ç�Ý	Ò � ò���ì � õ
��ì � ÷
��ì�Í�É²É{È~Ç<Û'Ð{Ø2Û	Ï�Í�Ë�Û
Í{Ç�Ü	ë!ÏPÔ2Ï�ø`Ï�È	Ò2Ï�ÑãÓ�Ç�Å�Ç�Ý	Ò � ò�� ö � �
��Õ	Ô	Ò

ψ1(t) =

t∫

t0

Z1(τ) dτ + Z0(x0)α1,1 + Z ′
0(x0)α1,2

+Z ′′
0 (x0)α1,3 + Z0(x1)β1,1 + Z ′

0(x1)β1,2 + Z ′′
0 (x1)β1,3;

ψ2(t) =

t∫

t0

Z2(τ) dτ + Z0(x0)α2,1 + Z ′
0(x0)α2,2 + Z ′′

0 (x0)α2,3

+Z0(x1)β2,1 + Z ′
0(x1)β2,2 + Z ′′

0 (x1)β2,3;

ψ3(t) =

t∫

t0

Z3(τ) dτ + Z0(x0)α3,1 + Z ′
0(x0)α3,2 + Z ′′

0 (x0)α3,3

+Z0(x1)β3,1 + Z ′
0(x1)β3,2+Z

′′
0 (x1)β3,3.

� ú
�
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JNÍ�Ñ,Ï�Í�Ò2Ñ1ì'Ý	Í�ÉjÅ	Ø2Û¶êHÚ�È	Ü	Þ	Ò	Ê � ú
�kÚ�Ë�Ø~É{Ð�Ò	Û²Ë�É{ß�Ø�Ç{Ë�É{Ð#Ç�È	Ò	Û ��� �,Ð�í1Õ2É�Ø2È	Û'åLÍ�Ë�Û²Í�Ô	Ò	Ð�Ò~Ç�Ø2Î�È	íoÑ
É�×{Ô~Ç�Ó�É�Ñ1ÖHX6Ï�Ô	È2ÉôÒtÉ�×{Ô~Ç�Í�È2É�Ï�ì�Í�Ö�Ï�ÖRÏ�Ë�Ø2Ò

u ∈ W
(1,3)
p,n (G)

Û'Ð{Ø2Û	Ï�Í�Ë�Û�Ô2Ï�ø`Ï�È	Ò2Ï�ÑèÓ�Ç�Å�Ç�Ý	Ò � ò�� ö � �
��ì
Í�É¬É{È~ÇïÛ'Ð{Ø2Û	Ï�Í�Ë�ÛäÍ{Ç�Ü	ë!ÏôÔ2Ï�ø`Ï�È	Ò2Ï�Ñ Ó�Ç�Å�Ç�Ý	Ò � ò���ì � õ
��ì � ÷
�RÕ	Ô	Ò

Z1(t) = ψ′
1(t), Z2(t) = ψ′

2(t)
Ò

Z3(t) = ψ′
3(t)

Ö<VRÈ~Ç�Ý2Ï<ß�É{Ð�É{Ô#Û�ìfÓ�Ç�Å�Ç�Ý	Ò � ò�� ö � �
�RÒ � ò���ì � õ
��ì � ÷
�Lé�Ü	Ð�Ò	Ð#Ç�Ø~Ï�È	Í�È	í>Ð
W

(1,3)
p,n

Öô]RÔ	Ò
é�Í�É�ÑäÔ2Ï�ø`Ï�È	Ò2Ï1Ó�Ç�Å�Ç�Ý	Ò � ò���ì � õ
��ì � ÷
�4Ï�Ë�Í�ÎjÔ2Ï�ø`Ï�È	Ò2ÏoÓ�Ç�Å�Ç�Ý	Ò � ò�� ö � �
�,Õ	Ô	Ò<È2Ï�Ü�É{Í�É{Ô	í6î

ψ1(t)
ì
ψ2(t)

ì
ψ3(t)

ì'Ú�Å~É{Ð{Ø~Ï�Í�Ð�É{Ô#Û'åLæ!Ò'î¬Ú�Ë�Ø~É{Ð�Ò	Û	ÑãË�É{ß�Ø�Ç{Ë�É{Ð#Ç�È	Ò	ÛtÇ�Ð�Í�É�ÑkÇ�Í�Ò	Ý2Ï�Ë�Ü	Ò2ÑèÉ�×{Ô~Ç�Ó�É�Ñ1Ö
JoÅ2È~Ç�Ü�É�Ó�Ç�Å�Ç�Ý~Ç � ò���ì � õ
��ì � ÷
�PÕ2É�Õ2É�Ë�Í{Ç�È2É{Ð�Ü�Ïð×�É�Ø~Ï�ÏïÏ�Ë�Í�Ï�Ë�Í�Ð�Ï�È	È~Ç'ì�Ý2Ï�Ñ � ò�� ö � �
��Ö¦]HÉ{é�Í�É�Ñ4Ú

Ð`Å�Ç�Ø2Î�È2Ï�Ê	ø`Ï�Ñâ×{Ú�Å~Ï�ÑbÒ2Ë�Ë�Ø~Ï�Å~É{Ð#Ç�Í�ÎôÍ�É�Ø2Î�Ü�É<Ó�Ç�Å�Ç�Ý	Ú � ò���ì � õ
��ì � ÷
��Ö

� BjsïÃ �'y����fw����~Ãf|~y
	��fy{z 

��w	}��,y#ÃfÄfy

���Ã ���fÄfÄã}�	��f|�

���fw	Ã 

�'}~y
� |��~|��,y#}~w�	f|�
��fy{z 

�'}~|�x>|�	��fy{zky���������Ä��¤|�	fy��fw��'|��f|~}

	��fÄãÄ 


��,y{zk|~}~w	ÃfÄfÄâÃfy��,|���w����~Ãf|�� �#w#zkw��fÄ

W4Ç�Ó�Ø2Ò	Ý	È	íoÏoÜ'Ø�Ç{Ë�Ë�íãÈ2Ï�Ø~É{Ü'Ç�Ø2Î�È	í6î<Ó�Ç�Å�Ç�ÝôÍ�Ò	Õ~ÇRU�Ò	Þ~Ç�Å2Ó�Ï6agc6Ç{ÑkÇ�Ô2Ë�Ü�É{ß�ÉHÅ	Ø2Û!Å2Ò2êPêPÏ�Ô2Ï�È	Þ	Ò'á
Ç�Ø2Î�È	í6îïÚ�Ô~Ç�Ð�È2Ï�È	Ò	ÊðÛ'Ð{Ø2Û�Ø2Ò2Ë�ÎôÕ	Ô2Ï�Å~Ñ,Ï�Í�É�ÑãÒ2Ë�Ë�Ø~Ï�Å~É{Ð#Ç�È	Ò	ÊtÑ4È2É{ß�Ò'î¬ÑkÇ�Í�Ï�ÑkÇ�Í�Ò	Ü�É{Ðtñ®ò�õ�ö�ò�÷�ófÒïÅ2Ô�Ö
\fÇ�Ü	ë!Ï�É{Í�Ñ,Ï�Í�Ò2Ñ1ì{Ý	Í�É1Ò2Ë�Ë�Ø~Ï�Å~É{Ð#Ç�È	í¤Ô~Ç�Ó�È2É�É�×{Ô~Ç�Ó�È	íoÏ�È2Ï�Ø~É{Ü'Ç�Ø2Î�È	íoÏ�Ó�Ç�Å�Ç�Ý	Ò!Í�Ò	Õ~ÇLc6Ç{ÑkÇ�Ô2Ë�Ü�É{ß�Éoa
VHÉ{È	Ü	Ò	È~Ç¶Å	Ø2ÛtÔ~Ç�Ó�Ø2Ò	Ý	È	í6î�Ü'Ø�Ç{Ë�Ë�É{Ð¬Å2Ò2êPêPÏ�Ô2Ï�È	Þ	Ò~Ç�Ø2Î�È	í6îtÚ�Ô~Ç�Ð�È2Ï�È	Ò	Êâñ®ò�ú'ì�ò! �ó�Ö`FHÏ�Ø~É{Ü'Ç�Ø2Î�È	íoÏ
Ü	Ô~Ç{Ï�Ð�íoÏ<Ó�Ç�Å�Ç�Ý	ÒÙÍ�Ò	Õ~ÇïU�Ò	Þ~Ç�Å2Ó�Ïna c6Ç{ÑkÇ�Ô2Ë�Ü�É{ß�ÉðÒ¤c6Ç{ÑkÇ�Ô2Ë�Ü�É{ß�Éða VHÉ{È	Ü	Ò	È~ÇïÐðÑ,É�Å2Ò2êHÒ	Þ	Ò	Ô2É�á
Ð#Ç�È	È	í6îïÍ�Ô~Ç�Ü	Í�É{Ð�Ü'Ç�î¬Ô~Ç{Ë�Ë�ÑkÇ�Í�Ô	Ò	Ð#Ç�Ø2Ò2Ë�Î¶ÐnÔ~Ç{×�É{Í{Ç�î�Ç�Ð�Í�É{Ô~Çïñ®ò�û'ì�ò�ü�ó�Ö

W4Ç{Ë�Ë�Ñ,É{Í�Ô	Ò2ÑâÓ�Ç�Å�Ç�Ý	Ú � ò���ì � õ
��ì � ÷
��Ö#"�Í�Ú¶Ó�Ç�Å�Ç�Ý	Ú²Ó�Ç�Õ	Ò	ø`Ï�ÑãÐ<É{Õ2Ï�Ô~Ç�Í�É{Ô	È2É�ÑãÐ�Ò'Å~Ï

V u = Z.
�  �

Y~Å~Ï�Ë�Î

V = (V1,3, l0, l1, l2, l3), Z =
(
Z1,3(t, x), Z0(x), Z1(t), Z2(t), Z3(t)

)
∈ E(1,3)

p,n ,

E(1,3)
p,n ≡ Lp,n(G)×W (3)

p,n(x0, x1)× Lp,n(t0, t1)× Lp,n(t0, t1)× Lp,n(t0, t1).

FHÉ{Ô2Ñ4Ú¶ÐnÕ	Ô2É�Ë�Í�Ô~Ç�È2Ë�Í�Ð�Ï
E

(1,3)
p,n

×{Ú�Å~Ï�ÑbË�Ý	Ò	Í{Ç�Í�Î¶É{Õ	Ô2Ï�Å~Ï�Ø~Ï�È	È2É{Ê�Ï�Ë�Í�Ï�Ë�Í�Ð�Ï�È	È	íoÑâÉ�×{Ô~Ç�Ó�É�ÑãÕ	Ô	Ò
Õ2É�Ñ,É{æ!Ò¬Ô~Ç�Ð�Ï�È2Ë�Í�Ð#Ç

‖Z‖
E

(1,3)
p,n

= ‖Z1,3‖Lp,n(G) + ‖Z0‖W (3)
p,n(x0,x1)

+‖Z1‖Lp,n(t0,t1) + ‖Z2‖Lp,n(t0 ,t1) + ‖Z3‖Lp,n(t0 ,t1).

T�É�ënÈ2É`Å~É{Ü'Ç�Ó�Ç�Í�Î2ì~Ý	Í�ÉnÉ{Õ2Ï�Ô~Ç�Í�É{Ô
V :W

(1,3)
p,n (G) → E

(1,3)
p,n

Ø2Ò	È2Ï�Ï�ÈðÒ¬É{ß�Ô~Ç�È	Ò	Ý2Ï�È�Ö
$&%�')(�*+(�,+()-�.�(0/ GkË�Ø2ÒðÅ	Ø2Û¬Ø2åR×�É{ß�É

Z ∈ E
(1,3)
p,n

Ú�Ô~Ç�Ð�È2Ï�È	Ò2Ï �  � � Í�Ö�Ï�Ö1Ó�Ç�Å�Ç�Ý~Ç � ò���ì � õ
��ì � ÷
� �
Ò2Ñ,Ï�Ï�ÍôÏ�Å2Ò	È2Ë�Í�Ð�Ï�È	È2É�ÏjÔ2Ï�ø`Ï�È	Ò2Ï

u ∈W
(1,3)
p,n (G)

Í{Ç�Ü�É�Ï�ì2Ý	Í�É

‖u‖
W

(1,3)
p,n (G)

6M‖Z‖
E

(1,3)
p,n

,
� û
�

Í�Éð×{Ú�Å~Ï�Ñ ß�É{Ð�É{Ô	Ò	Í�Î2ì4Ý	Í�É�É{Õ2Ï�Ô~Ç�Í�É{Ô
V
Ú�Ô~Ç�Ð�È2Ï�È	Ò	Û �  �HÉ�Ë�Ú�æ`Ï�Ë�Í�Ð{Ø2Û	Ï�Í�ß�É�Ñ,Ï�É�Ñ,É{Ô2êHÒ	Ó�Ñ^Ñ,Ï�ë`Å2Ú

W
(1,3)
p,n (G)

Ò
E

(1,3)
p,n

Ò'Ø2Ò�ì�Ý	Í�ÉoÓ�Ç�Å�Ç�Ý~Ç � ò���ì � õ
��ì � ÷
��Ð�Ï�Ó�Å~ÏkÜ�É{Ô	Ô2Ï�Ü	Í�È2ÉLÔ~Ç�Ó�Ô2Ï�ø!Ò2ÑkÇ'Ö,Y~Å~Ï�Ë�Î
M > 0

a
Õ2É�Ë�Í�É�Û'È	È~Ç�Û�ì�È2Ï�Ó�Ç�Ð�Ò2Ë�Û'ænÇ�Û²É{ÍjÜ�É{é�êPêHÒ	Þ	Ò2Ï�È	Í�É{Ð!Ü	Ô~Ç{Ï�Ð�É{Ê¶Ó�Ç�Å�Ç�Ý	Ò � ò���ì � õ
��ì � ÷
��ì�É{ÍjÔ~Ç�Ó�Ñ,Ï�Ô	È2É�Ë�Í�Ò
É�×�Ø�Ç{Ë�Í�Ò

G
ì	ÒðÉ{Í

Z ∈ E
(1,3)
p,n

Ö
XbË�Ø2Ú�Ý~Ç{Ï�ì�Ü�É{ß�Å�Ç

V
Ï�Ë�Í�ÎPß�É�Ñ,Ï�É�Ñ,É{Ô2êHÒ	Ó�Ñ¦Ñ,Ï�ë`Å2Ú

W
(1,3)
p,n (G)

Ò
E

(1,3)
p,n

ì#É{Õ2Ï�Ô~Ç�Í�É{Ô
V
É�×�Ø�Ç�Å�Ç{Ï�Í

É{ß�Ô~Ç�È	Ò	Ý2Ï�È	È	íoÑèÉ�×{Ô~Ç�Í�È	íoÑ1ì~É{Õ	Ô2Ï�Å~Ï�Ø~Ï�È	È	íoÑãÈ~Ç
E

(1,3)
p,n

Ö
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XùË�É{Ð�Ô2Ï�Ñ,Ï�È	È2É{ÊäÍ�Ï�É{Ô	Ò	Ò�Å2Ò2êPêPÏ�Ô2Ï�È	Þ	Ò~Ç�Ø2Î�È	í6î�Ú�Ô~Ç�Ð�È2Ï�È	Ò	ÊäÉ�Ë�É�×�É�Ï!Ó�È~Ç�Ý2Ï�È	Ò2Ï`Ò2Ñ,Ï�Ï�Í²Ð�É{Õ	Ô2É�Ë
É¦Ð�í1Û'Ð{Ø~Ï�È	Ò	ÒÌÜ'Ø�Ç{Ë�Ë�É{Ð¤Ó�Ç�Å�Ç�Ý�ìLÉ{Õ2Ï�Ô~Ç�Í�É{Ô	í Ü�É{Í�É{Ô	í6îÌÉ�Ë�Ú�æ`Ï�Ë�Í�Ð{Ø2Û'åLÍÙß�É�Ñ,Ï�É�Ñ,É{Ô2êHÒ	Ó�ÑiÑ,Ï�ë`Å2Ú
É{Õ	Ô2Ï�Å~Ï�Ø~Ï�È	È	íoÑ4Ò�Õ~Ç�Ô~Ç{Ñ4Ò�×�Ç�È~Ç�î#É{Ð�í6î¬Õ	Ô2É�Ë�Í�Ô~Ç�È2Ë�Í�Ð2Ö�\fÇ�Ü	Ò2ÏPß�É�Ñ,Ï�É�Ñ,É{Ô2êHÒ	Ó�Ñ4íùÐ�í1Û'Ð{Ø~Ï�È	íùÐnÔ~Ç�á
×�É{Í{Ç�î��dÖ�TÙÖ{U6Ï�Ô2Ï�Ó�Ç�È2Ë�Ü�É{ß�ÉHÒnQ`Ö{M!Ö�WfÉ{Ê	Í�×�Ï�Ô	ß�Çnñ õ�ÿ�ó�ì�FnÖ{XRÖ��iÒ	Í{Ç�Ô~Ç�ø!Úïñ õ'ò�ó�ì#cLÖ�cLÖ�Moî'Ò2Ï�Ð#Ç!ñ õ�õ�ó�ì
VnÖ�e�Ö�TtÇ{Ñ,Ï�Å~É{Ð#Çãñ õ �'ìoõ � óLÒbÅ2Ô�ÖâÅ	Ø2ÛbÈ2Ï�Ü�É{Í�É{Ô	í6îèÜ'Ø�Ç{Ë�Ë�É{ÐäÅ2Ò2êPêPÏ�Ô2Ï�È	Þ	Ò~Ç�Ø2Î�È	í6îãÚ�Ô~Ç�Ð�È2Ï�È	Ò	Ê
ËHÝ~Ç{Ë�Í�È	íoÑ4Ò¬Õ	Ô2É{Ò	Ó�Ð�É�Å2È	íoÑ4Ò�Ö

Y�Ç�Å�Ç�Ý	Ú � ò���ì � õ
��ì � ÷
��×{Ú�Å~Ï�Ñ¦Ò2Ë�Ë�Ø~Ï�Å~É{Ð#Ç�Í�Î`Õ	Ô	Ò¶Õ2É�Ñ,É{æ!Ò²Ò	È	Í�Ï�ß�Ô~Ç�Ø2Î�È	í6î¶Õ	Ô2Ï�Å~Ë�Í{Ç�Ð{Ø~Ï�È	Ò	ÊðË�Õ2Ï�á
Þ	Ò~Ç�Ø2Î�È2É{ß�ÉïÐ�Ò'Å�Ç<Å	Ø2Û�êHÚ�È	Ü	Þ	Ò	Ê

u ∈ W
(1,3)
p,n (G)

ÖRZPØ2ÛtêHÚ�È	Ü	Þ	Ò	Ê
u ∈ W

(1,3)
p,n (G)

Ñ,É�ënÈ2ÉïÈ~Ç�Ê	Í�Ò
Ô~Ç�Ó�Ø2Ò	Ý	È	íoÏ¶Ò	È	Í�Ï�ß�Ô~Ç�Ø2Î�È	íoÏ²Õ	Ô2Ï�Å~Ë�Í{Ç�Ð{Ø~Ï�È	Ò	Û�Ö��jÚ�È	Ü	Þ	Ò	å

u ∈ W
(1,3)
p,n (G)

Ñ,É�ënÈ2É�Õ	Ô2Ï�Å~Ë�Í{Ç�Ð�Ò	Í�Î2ì
È~Ç�Õ	Ô	Ò2Ñ,Ï�Ô�ì2Ð<Ð�Ò'Å~Ï

u(t, x) = u(t0, x) +

t∫

t0

[
ut(τ, x0) + (x− x0)utx(τ, x0) +

(x− x0)
2

2!
utxx(τ, x0)

]
dτ

+

t∫

t0

x∫

x0

utxxx(τ, ξ)
(x− ξ)2

2!
dτdξ,

� ü
�

Õ2É�Ë�Ô2Ï�Å~Ë�Í�Ð�É�ÑÆË�Ø~Ï�Å~É{Ð
u(t0, x)

ì
ut(t, x0)

ì
utx(t, x0)

ì
utxx(t, x0)

ÒâÅ~É�Ñ4Ò	È	Ò	Ô	Ú�åLæ`Ï�ÊçÕ	Ô2É{Ò	Ó�Ð�É�Å	á
È2É{Ê

utxxx(t, x)
Ö�c�Ú�æ`Ï�Ë�Í�Ð�Ú�åLÍ!Í{Ç�Ü	ë!ÏLÕ	Ô2Ï�Å~Ë�Í{Ç�Ð{Ø~Ï�È	Ò	Û²Å2Ô	Ú�ß�Ò'î<Ð�Ò'Å~É{Ð2ì�Õ2É{Ó�Ð�É�Ø2Û'åLæ!Ò2ÏLÐ�í1Ô~Ç�Ó�Ò	Í�Î

êHÚ�È	Ü	Þ	Ò	å
u(t, x)

Õ2É�Ë�Ô2Ï�Å~Ë�Í�Ð�É�Ñ È2Ï�Ü�É{Í�É{Ô	í6îçË�Ø~Ï�Å~É{Ð¤ÒâÝ~Ç{Ë�Í�È	í6îèÕ	Ô2É{Ò	Ó�Ð�É�Å2È	í6î�ÖSJoÅ2È~Ç�Ü�É¤Ñ4í
×{Ú�Å~Ï�Ñ Ë�Í{Ç�Ð�Ò	Í�ÎðÍ{Ç�Ü�É{Ê¦Ð�É{Õ	Ô2É�Ë��jFHÏ�Ø2Î�Ó�ÛtØ2Ò�Å	Ø2Û�êHÚ�È	Ü	Þ	Ò	Ê

u ∈ W
(1,3)
p,n (G)

È~Ç�Ê	Í�ÒäÕ	Ô2Ï�Å~Ë�Í{Ç�Ð{Ø~Ï�á
È	Ò2Ï�ì'Ü�É{Í�É{Ô2É�ÏHÕ2É{Ó�Ð�É�Ø2Ò'Ø~Én×{íÌÉ{Õ	Ô2Ï�Å~Ï�Ø2Ò	Í�ÎôêHÚ�È	Ü	Þ	Ò	å

u(t, x)
É�Å2È2É{Ó�È~Ç�Ý	È2É<Õ2É!Ó�È~Ç�Ý2Ï�È	Ò	Û	Ñ

(Bku)
ì

k = 1, . . . ,m,
È2Ï�Ü�É{Í�É{Ô	í6îïÓ�Ç�Å�Ç�È	È	í6î¬É{Õ2Ï�Ô~Ç�Í�É{Ô2É{Ð

Bk
ì
k = 1, . . . ,m,

È~Ç!é�Í�É{Ê¬êHÚ�È	Ü	Þ	Ò	Ò
u(t, x)

Ö
GkË�Ø2Ò�ìkÈ~Ç�Õ	Ô	Ò2Ñ,Ï�Ô�ì�êHÚ�È	Ü	Þ	Ò	å

u ∈ W
(1,3)
p,n (G)

Ñ,É�ënÈ2É�×{í6Ø~É�×{í Ð�É�Ë�Ë�Í{Ç�È2É{Ð�Ò	Í�ÎÙÉ�Å2È2É{Ó�È~Ç�Ý	È2É�Õ2É
Ó�È~Ç�Ý2Ï�È	Ò	Û	Ñ

(V1,3u)(t, x)
ì
(l0u)(x)

ì
(l1u)(t)

ì
(l2u)(t)

Ò
(l3u)(t)

ì@É{Õ2Ï�Ô~Ç�Í�É{Ô2É{Ð
V1,3

ì
l0
ì
l1
ì
l2
Ò
l3È~ÇPé�Í�É{Ê²êHÚ�È	Ü	Þ	Ò	Ò�ì�Í�ÉjÈ~Ç�î#É�ë`Å~Ï�È	Ò2ÏRÔ2Ï�ø`Ï�È	Ò	Û<Ó�Ç�Å�Ç�Ý	Ò � ò���ì � õ
��ì � ÷
��ì#È2ÏNÕ	Ô2Ï�Å~Ë�Í{Ç�Ð{Ø2Û�Ø~Én×{íèË�É�×�É{å

É�Ë�É�×{Ú�ågÍ�Ô	Ú�Å2È2É�Ë�Í�Î2Ö!JoÅ2È~Ç�Ü�É²È~Ç�î#É�ë`Å~Ï�È	Ò2ÏnÕ2É�Å~É�×{È2É{ß�ÉïÕ	Ô2Ï�Å~Ë�Í{Ç�Ð{Ø~Ï�È	Ò	Û�Ô~Ç�Ð�È2É�Ë�Ò'Ø2Î�È2ÉïÕ2É�Ë�Í�Ô2É�Ï�á
È	Ò	å^É�×{Ô~Ç�Í�È2É{ß�ÉôÉ{Õ2Ï�Ô~Ç�Í�É{Ô~Ç`Å	Ø2Û¬É{Õ2Ï�Ô~Ç�Í�É{Ô~Ç

V
é�Í�É{ÊïÓ�Ç�Å�Ç�Ý	Ò�Ö�]HÉ{é�Í�É�Ñ4Ú²é�Í�É{Í<Ð�É{Õ	Ô2É�ËjÑ4í ×{Ú�Å~Ï�Ñ

Ë�Í{Ç�Ð�Ò	Í�ÎôÐôË�Ø~Ï�Å2Ú�åLæ`Ï�ÑbÉ�Ë�Ø�Ç{×�Ø~Ï�È	È2É�ÑâÐ�Ò'Å~Ï�ÖkFPÇ�Ê	Í�Ò¬Å	Ø2ÛïêHÚ�È	Ü	Þ	Ò	Ò
u ∈W

(1,3)
p,n (G)

Õ	Ô2Ï�Å~Ë�Í{Ç�Ð{Ø~Ï�á
È	Ò2Ï�ì{Õ2ÉLÜ�É{Í�É{Ô2É�Ñ4Ú!Ñ,É�ënÈ2ÉH×{í6Ø~ÉR×{í¤É�Å2È2É{Ó�È~Ç�Ý	È2ÉHÐ�É�Ë�Ë�Í{Ç�È2É{Ð�Ò	Í�ÎjêHÚ�È	Ü	Þ	Ò	å

u(t, x)
Õ2ÉLÓ�È~Ç�Ý2Ï�È	Ò	Û	Ñ

(l0u)(x), (l1u)(t), (l2u)(t), (l3u)(t)
Ò
DtD

3
xu(t, x)

Ö
ZPØ2ÛtÒ	Ó�Ú�Ý2Ï�È	Ò	Û�é�Í�É{ß�É²Ð�É{Õ	Ô2É�Ë�ÇïÑ4íS×{Ú�Å~Ï�ÑçÒ2Ë�Õ2É�Ø2Î�Ó�É{Ð#Ç�Í�Î�êPÉ{Ô2Ñ4Ú�Ø2Ú � ü
��Ö<c�È~Ç�Ý~Ç�Ø�Ç¬êPÉ{Ô2Ñ4Ú#á

Ø2Ú � ü
��Ó�Ç�Õ	Ò	ø`Ï�ÑbÐnÐ�Ò'Å~Ï

u(t, x) = (Qb)(t, x) ≡ ϕ(x) +

t∫

t0

[
b1,0(τ) + (x− x0)b1,1(τ) +

(x− x0)
2

2!
b1,2(τ)

]
dτ

+

t∫

t0

x∫

x0

(x− ξ)2

2!
b1,3(τ, ξ) dτdξ, (t, x) ∈ G,

� ò�ÿ
�

ß�Å~Ï
b =

(
b1,3(t, x), ϕ(x), b1,0(t), b1,1(t), b1,2(t)

) Ò

ϕ(x) = u(t0, x), b1,0(t) = ut(t, x0), b1,1(t) = utx(t, x0),

b1,2(t) = utxx(t, x0), b1,3(t) = utxxx(t, x).

� ò�ò��

VRÓ�Ð�Ï�Ë�Í�È2É	ìfÝ	Í�É²Å	Ø2ÛtØ2åR×�É{Ê¦êHÚ�È	Ü	Þ	Ò	Ò
u ∈ W

(1,3)
p,n (G)

Ë�Ú�æ`Ï�Ë�Í�Ð�Ú�Ï�ÍðÏ�Å2Ò	È2Ë�Í�Ð�Ï�È	È~Ç�Û¦Õ	Û'Í�Ï�Ô	Ü'Ç

b =
(
b1,3, ϕ, b1,0, b1,1, b1,2

)
∈ E

(1,3)
p,n ,

Õ2É�Ë�Ô2Ï�Å~Ë�Í�Ð�É�Ñ¤Ü�É{Í�É{Ô2É{Ê²é�Í�ÚôêHÚ�È	Ü	Þ	Ò	åùÑ,É�ënÈ2É!Õ	Ô2Ï�Å~Ë�Í{Ç�Ð�Ò	Í�Î
Ð<Ð�Ò'Å~Ï � ò�ÿ
��Ö
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T�É�ënÈ2ÉnÅ~É{Ü'Ç�Ó�Ç�Í�Î2ì~Ý	Í�É<Ð�Ï�Ô	È2ÉnÒðÉ�×{Ô~Ç�Í�È2É�Ï�Ö6VRÈ~Ç�Ý2Ïjß�É{Ð�É{Ô#Û�ì	Å	Ø2Û²Ø2åR×�É{ÊðÓ�Ç�Å�Ç�È	È2É{ÊðÕ	Û'Í�Ï�Ô	Ü	Ò
b = (b1,3, ϕ, b1,0, b1,1, b1,2)

Ò	Ó
E

(1,3)
p,n

êHÚ�È	Ü	Þ	Ò	Û
u(t, x)

ì{É{Õ	Ô2Ï�Å~Ï�Ø2Û	Ï�ÑkÇ�Û!Ô~Ç�Ð�Ï�È2Ë�Í�Ð�É�Ñ � ò�ÿ
��ì�Õ	Ô	Ò	È~Ç�Å	á
Ø~Ï�ënÒ	Í!Õ	Ô2É�Ë�Í�Ô~Ç�È2Ë�Í�Ð�Ú

W
(1,3)
p,n (G)

Ò¶É�×�Ø�Ç�Å�Ç{Ï�Í`Ë�Ø~Ï�Å�Ç{Ñ4Ò
u(t0, x)

ì
ut(t, x0)

ì
utx(t, x0)

ì
utxx(t, x0)

ì
Ç!Í{Ç�Ü	ë!ÏHÅ~É�Ñ4Ò	È	Ò	Ô	Ú�åLæ`Ï�ÊðÕ	Ô2É{Ò	Ó�Ð�É�Å2È2É{Ê

utxxx(t, x)
ì~É{Õ	Ô2Ï�Å~Ï�Ø2Û	Ï�Ñ,É{ÊðÔ~Ç�Ð�Ï�È2Ë�Í�Ð#Ç{Ñ4Ò � ò�ò���Ö

U6É�Ø~ÏHÍ�É{ß�É	ì	Õ	Ô	Ò¬é�Í�É�ÑãÑ,É�ënÈ2ÉnÈ~Ç�Ê	Í�ÒðÕ2É�Ø~É�ënÒ	Í�Ï�Ø2Î�È	íoÏjÕ2É�Ë�Í�É�Û'È	È	íoÏ
C1
Ò
C2
Í{Ç�Ü	Ò2Ï�ì2Ý	Í�É

C1‖b‖E(1,3)
p,n

6 ‖Qb‖
W

(1,3)
p,n (G)

6 C2‖b‖E(1,3)
p,n

(
∀ b ∈ E(1,3)

p,n

)
.

� ò�õ
�

VRÈ~Ç�Ý2Ï1ß�É{Ð�É{Ô#Û�ì�É{Õ2Ï�Ô~Ç�Í�É{Ô
Q
É�Ë�Ú�æ`Ï�Ë�Í�Ð{Ø2Û	Ï�ÍHß�É�Ñ,Ï�É�Ñ,É{Ô2êHÒ	Ó�Ñ¦Ñ,Ï�ë`Å2Ú!Õ	Ô2É�Ë�Í�Ô~Ç�È2Ë�Í�Ð#Ç{Ñ4Ò

E
(1,3)
p,nÒ

W
(1,3)
p,n (G)

Ök]HÉ{é�Í�É�Ñ4Ú
W

(1,3)
p,n (G) = E

(1,3)
p,n

ÐôË�Ñ4íoË�Ø~ÏHß�É�Ñ,Ï�É�Ñ,É{Ô2êHÒ	Ó�ÑkÇ'Ö
\�Ï�Õ2Ï�Ô	Î¬é�Ø~Ï�Ñ,Ï�È	Í

b = (b1,3, ϕ, b1,0, b1,1, b1,2) ∈ E
(1,3)
p,n

Õ2É�Ë�Í{Ç�Ô~Ç{Ï�Ñ,Ë�ÛäÐ�ío×{Ò	Ô~Ç�Í�Î¬Í{Ç�Ü	Ò2ÑÌÉ�×{Ô~Ç�á
Ó�É�Ñ1ì�Ý	Í�É�×{íçË�É�É{Í�Ð�Ï�Í�Ë�Í�Ð�Ú�åLænÇ�Û²êHÚ�È	Ü	Þ	Ò	Û � ò�ÿ
�,Ú�Å~É{Ð{Ø~Ï�Í�Ð�É{Ô#Û�Ø�Ç!Ú�Ë�Ø~É{Ð�Ò	Û	Ñ � õ
�,Ò � ÷
��Ö�ZPØ2Û<é�Í�É{ß�É
Õ2É�Å~Ë�Í{Ç�Ð�Ò2ÑèêHÚ�È	Ü	Þ	Ò	å � ò�ÿ
��Ð<Ú�Ë�Ø~É{Ð�Ò	Û � õ
��Ò � ÷
��Ö

\�É{ß�Å�ÇnÒ	Ó � õ
��Õ2É�Ø2Ú�Ý	Ò2Ñ1ì2Ý	Í�É
(l0u)(x) = ϕ(x).

� ò �
�
VRÓ � ÷
��Õ2É�Ø2Ú�Ý	Ò2ÑãË�Ø~Ï�Å2Ú�åLæ!Ò2ÏHÚ�Ë�Ø~É{Ð�Ò	Û �

(l1u)(t) = b1,0(t)α1,1 + b1,1(t)α1,2 + b1,2(t)α1,3

+

[
b1,0(t) + ∆b1,1(t) +

∆2

2!
b1,2(t) +

x1∫

x0

(x1 − ξ)2

2!
b1,3(t, ξ) dξ

]
β1,1

+

[
b1,1(t) + ∆b1,2(t) +

x1∫

x0

(x1 − ξ)b1,3(t, ξ) dξ

]
β1,2 +

[
b1,2(t) +

x1∫

x0

b1,3(t, ξ) dξ

]
β1,3;

(l2u)(t) = b1,0(t)α2,1 + b1,1(t)α2,2 + b1,2(t)α2,3

+

[
b1,0(t) + ∆b1,1(t) +

∆2

2!
b1,2(t) +

x1∫

x0

(x1 − ξ)2

2!
b1,3(t, ξ) dξ

]
β2,1

+

[
b1,1(t) + ∆b1,2(t) +

x1∫

x0

(x1 − ξ)b1,3(t, ξ) dξ

]
β2,2 +

[
b1,2(t) +

x1∫

x0

b1,3(t, ξ) dξ

]
β2,3;

(l3u)(t) = b1,0(t)α3,1 + b1,1(t)α3,2 + b1,2(t)α3,3

+

[
b1,0(t) + ∆b1,1(t) +

∆2

2!
b1,2(t) +

x1∫

x0

(x1 − ξ)2

2!
b1,3(t, ξ) dξ

]
β3,1

+

[
b1,1(t) + ∆b1,2(t) +

x1∫

x0

(x1 − ξ)b1,3(t, ξ) dξ

]
β3,2 +

[
b1,2(t) +

x1∫

x0

b1,3(t, ξ) dξ

]
β3,3,

� ò � �

ß�Å~Ï
∆ = x1 − x0

Ö,W4Ç�Ð�Ï�È2Ë�Í�Ð#Ç � ò � ��Ó�Ç�Õ	Ò	ø`Ï�ÑbÐnÐ�Ò'Å~Ï

(l1u)(t) = b1,0(t)(α1,1 + β1,1) + b1,1(t)(α1,2 +∆β1,1 + β1,2)

+ b1,2(t)

(
α1,3 +

∆2

2!
β1,1 +∆β1,2 + β1,3

)

+

x1∫

x0

b1,3(t, ξ)

[
β1,1

(x1 − ξ)2

2!
+ β1,2(x1 − ξ) + β1,3

]
dξ;



��ú ��������� - 
�� 5��@5

(l2u)(t) = b1,0(t)(α2,1 + β2,1) + b1,1(t)(α2,2 +∆β2,1 + β2,2)

+ b1,2(t)

(
α2,3 +

∆2

2!
β2,1 +∆β2,2 + β2,3

)

+

x1∫

x0

b1,3(t, ξ)

[
β2,1

(x1 − ξ)2

2!
+ β2,2(x1 − ξ) + β2,3

]
dξ;

(l3u)(t) = b1,0(t)(α3,1 + β3,1) + b1,1(t)(α3,2 +∆β3,1 + β3,2)

+ b1,2(t)

(
α3,3 +

∆2

2!
β3,1 +∆β3,2 + β3,3

)

+

x1∫

x0

b1,3(t, ξ)

[
β3,1

(x1 − ξ)2

2!
+ β3,2(x1 − ξ) + β3,3

]
dξ.

� ò�÷
�

X�Ð�Ï�Å~Ï�ÑâË�Ø~Ï�Å2Ú�åLæ!Ò2ÏHÉ�×�É{Ó�È~Ç�Ý2Ï�È	Ò	Û

γ1,1 = α1,1 + β1,1; γ1,2 = α1,2 +∆β1,1 + β1,2;

γ1,3 = α1,3 +
∆2

2!
β1,1 +∆β1,2 + β1,3; γ2,1 = α2,1 + β2,1;

γ2,2 = α2,2 +∆β2,1 + β2,2; γ2,3 = α2,3 +
∆2

2!
β2,1 +∆β2,2 + β2,3;

γ3,1 = α3,1 + β3,1; γ3,2 = α3,2 +∆β3,1 + β3,2;

γ3,3 = α3,3 +
∆2

2!
β3,1 +∆β3,2 + β3,3

Ò

a1(x) = β1,1
(x1 − x)2

2!
+ β1,2(x1 − x) + β1,3; a2(x) = β2,1

(x1 − x)2

2!
+ β2,2(x1 − x) + β2,3;

a3(x) = β3,1
(x1 − x)2

2!
+ β3,2(x1 − x) + β3,3.

\�É{ß�Å�Ç<Ô~Ç�Ð�Ï�È2Ë�Í�Ð#Ç � ò�÷
��Õ	Ô	Ò2Ñ4Ú�Í<Ð�Ò'Å �

b1,0(t)γ1,1 + b1,1(t)γ1,2 + b1,2(t)γ1,3 = (l1u)(t)−
x1∫

x0

b1,3(t, ξ)a1(ξ) dξ;

b1,0(t)γ2,1 + b1,1(t)γ2,2 + b1,2(t)γ2,3 = (l2u)(t)−
x1∫

x0

b1,3(t, ξ)a2(ξ) dξ;

b1,0(t)γ3,1 + b1,1(t)γ3,2 + b1,2(t)γ3,3 = (l3u)(t)−
x1∫

x0

b1,3(t, ξ)a3(ξ) dξ.

� ò�ú
�

W4Ç�Ð�Ï�È2Ë�Í�Ð#Ç � ò�ú
��Ñ,É�ënÈ2ÉnÔ~Ç{Ë�Ë�ÑkÇ�Í�Ô	Ò	Ð#Ç�Í�Î¶Ü'Ç�Ü¬Ë�Ò2Ë�Í�Ï�Ñ4Ú¶Ø2Ò	È2Ï�Ê	È	í6îðÇ�Ø2ß�Ï�×{Ô~Ç�Ò	Ý2Ï�Ë�Ü	Ò'î¬Ú�Ô~Ç�Ð�È2Ï�á
È	Ò	ÊðÉ{Í�È2É�Ë�Ò	Í�Ï�Ø2Î�È2ÉôÈ2Ï�Ò	Ó�Ð�Ï�Ë�Í�È	í6î

b1,0(t)
ì
b1,1(t)

Ò
b1,2(t)

Ö
]RÔ	Ò¬Õ2É�Ñ,É{æ!Ò

3n
á�Ñ,Ï�Ô	È2É{Ê�ÑkÇ�Í�Ô	Ò	Þ	í

γ =




γ1,1 γ2,1 γ3,1
γ1,2 γ2,2 γ3,2
γ1,3 γ2,3 γ3,3



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Ë�Ò2Ë�Í�Ï�Ñ4Ú � ò�ú
��Ó�Ç�Õ	Ò	ø`Ï�ÑbÐnÐ�Ò'Å~ÏHÐ�Ï�Ü	Í�É{Ô	È2É{ß�É<Ú�Ô~Ç�Ð�È2Ï�È	Ò	Û

(
b1,0(t), b1,1(t), b1,2(t)

)
γ =

(
(l1u)(t)−

x1∫

x0

b1,3(t, ξ)a1(ξ) dξ, (l2u)(t)

−
x1∫

x0

b1,3(t, ξ)a2(ξ) dξ, (l3u)(t)−
x1∫

x0

b1,3(t, ξ)a3(ξ) dξ

)
.

(16∗)

]RÚ�Ë�Í�ÎôÑkÇ�Í�Ô	Ò	Þ~Ç
γ
É�×{Ô~Ç�Í�Ò2ÑkÇ'Ö6JL×{Ô~Ç�Í�È	Ú�åàÑkÇ�Í�Ô	Ò	Þ	Ú

γ−1 É�×�É{Ó�È~Ç�Ý	Ò2ÑãÝ2Ï�Ô2Ï�Ó

γ−1 =




K1,1 K1,2 K1,3

K2,1 K2,2 K2,3

K3,1 K3,2 K3,3


 ,

Õ	Ô	Ò	Ý2Ï�ÑäÜ'Ç�ë`Å�Ç�ÛôÒ	Ó
Ki,j

Û'Ð{Ø2Û	Ï�Í�Ë�Û<È2Ï�Ü�É{Í�É{Ô2É{Ê²Õ2É�Ë�Í�É�Û'È	È2É{Ê²Ü	Ð#Ç�Å2Ô~Ç�Í�È2É{Ê²ÑkÇ�Í�Ô	Ò	Þ2Ï�Ê¶Õ2É{Ô#Û�Å2Ü'Ç
n
Ö

\�É{ß�Å�ÇnÒ	Ó � ò�ú � ��Õ2É�Ø2Ú�Ý	Ò2Ñ

(
b1,0(t), b1,1(t), b1,2(t)

)
=

(
(l1u)(t)−

x1∫

x0

b1,3(t, ξ)a1(ξ) dξ, (l2u)(t)

−
x1∫

x0

b1,3(t, ξ)a2(ξ)dξ, (l3u)(t) −
x1∫

x0

b1,3(t, ξ)a3(ξ) dξ

)
×




K1,1 K1,2 K1,3

K2,1 K2,2 K2,3

K3,1 K3,2 K3,3


 .

]HÉ{é�Í�É�Ñ4Ú

b1,0(t) =

[
(l1u)(t)−

x1∫

x0

b1,3(t, ξ)a1(ξ) dξ

]
K1,1

+

[
(l2u)(t)−

x1∫

x0

b1,3(t, ξ)a2(ξ) dξ

]
K2,1 +

[
(l3u)(t)−

x1∫

x0

b1,3(t, ξ)a3(ξ) dξ

]
K3,1;

b1,1(t) =

[
(l1u)(t)−

x1∫

x0

b1,3(t, ξ)a1(ξ) dξ

]
K1,2

+

[
(l2u)(t)−

x1∫

x0

b1,3(t, ξ)a2(ξ) dξ

]
K2,2 +

[
(l3u)(t)−

x1∫

x0

b1,3(t, ξ)a3(ξ) dξ

]
K3,2;

b1,2(t) =

[
(l1u)(t)−

x1∫

x0

b1,3(t, ξ)a1(ξ) dξ

]
K1,3

+

[
(l2u)(t)−

x1∫

x0

b1,3(t, ξ)a2(ξ) dξ

]
K2,3 +

[
(l3u)(t)−

x1∫

x0

b1,3(t, ξ)a3(ξ) dξ

]
K3,3.

� ò! �
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\�Ï�Õ2Ï�Ô	ÎôÐ�í1Ô~Ç�ë!Ï�È	Ò	Û � ò! ��Ú�Ý	Í�Ï�ÑbÐnÔ~Ç�Ð�Ï�È2Ë�Í�Ð�Ï � ò�ÿ
��Ök\�É{ß�Å�Ç<Õ2É�Ø2Ú�Ý	Ò2Ñ

u(t, x) = (l0u)(x) +

t∫

t0

(l1u)(τ)

[
K1,1 +K1,2(x− x0) +K1,3

(x− x0)
2

2!

]
dτ

+

t∫

t0

(l2u)(τ)

[
K2,1 +K2,2(x− x0) +K2,3

(x− x0)
2

2!

]
dτ

+

t∫

t0

(l3u)(τ)

[
K3,1 +K3,2(x− x0) +K3,3

(x− x0)
2

2!

]
dτ

+

∫∫

G

b1,3(τ, ξ)

{
E
(x− ξ)2

2!
θ(t− τ)θ(x− ξ)

−θ(t− τ)

[
a1(ξ)K1,1 + a2(ξ)K2,1 + a3(ξ)K3,1

+
(
a1(ξ)K1,2 + a2(ξ)K2,2 + a3(ξ)K3,2

)
(x− x0)

+
(
a1(ξ)K1,3 + a2(ξ)K2,3 + a3(ξ)K3,3

)(x− x0)
2

2!

]}
dτdξ,

� ò�û
�

ß�Å~Ï
θ(z)

aùêHÚ�È	Ü	Þ	Ò	ÛjpLé�Ð�Ò2Ë�Ç�Ê'Å�ÇNÈ~ÇoÕ	Ô2É�Ë�Í�Ô~Ç�È2Ë�Í�Ð�Ï
R
Å~Ï�Ê2Ë�Í�Ð�Ò	Í�Ï�Ø2Î�È	í6î`Ý	Ò2Ë�Ï�Ø�ì#Ç

E
a
n
á�Ñ,Ï�Ô	È~Ç�Û

Ï�Å2Ò	È	Ò	Ý	È~Ç�ÛðÑkÇ�Í�Ô	Ò	Þ~Ç'Ö
]RÚ�Ë�Í�Î

β1(x) = K1,1 +K1,2(x− x0) +K1,3
(x− x0)

2

2!
= −q1(x),

β2(x) = K2,1 +K2,2(x− x0) +K2,3
(x− x0)

2

2!
= −q2(x),

β3(x) = K3,1 +K3,2(x− x0) +K3,3
(x− x0)

2

2!
= −q3(x),

R0(τ, ξ; t, x) = θ(t− τ)

×
[
(x− ξ)2

2!
θ(x− ξ)E + a1(ξ)q1(x) + a2(ξ)q2(x) + a3(ξ)q3(x)

]
.

� ò�ü
�

\�Ï�Õ2Ï�Ô	Î¶êPÉ{Ô2Ñ4Ú�Ø2Ú � ò�û
��Ó�Ç�Õ	Ò	ø`Ï�ÑbÐnÐ�Ò'Å~Ï

u(t, x) = (l0u)(x) +

t∫

t0

(l1u)(τ)β1(x) dτ +

t∫

t0

(l2u)(τ)β2(x) dτ

+

t∫

t0

(l3u)(τ)β3(x) dτ +

∫∫

G

utxxx(τ, ξ)R0(τ, ξ; t, x) dτdξ.

� õ�ÿ
�

\fÇ�Ü	Ò2ÑâÉ�×{Ô~Ç�Ó�É�Ñ1ì	Å~É{Ü'Ç�Ó�Ç�È~Ç<Ë�Ø~Ï�Å2Ú�åLænÇ�Û
��y#|��fy�xLw@B��6���	�

det γ 6= 0
* � - ���	�{�����1 	$	���	���

u ∈W
(1,3)
p,n (G)

0#"�����������
��2���`
<
��#���
(20)

5
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JNÝ2Ï�Ð�Ò'Å2È2É	ì�Ý	Í�ÉSÕ	Ô~Ç�Ð#Ç�ÛdÝ~Ç{Ë�Í�Î êPÉ{Ô2Ñ4Ú�Ø2í � õ�ÿ
�bÉ{Õ	Ô2Ï�Å~Ï�Ø2Û	Ï�Í�Ë�Û Õ2É�Ë�Ô2Ï�Å~Ë�Í�Ð�É�Ñ Ó�È~Ç�Ý2Ï�È	Ò	Ê
(l0u)(x)

ì
(l1u)(t)

ì
(l2u)(t)

ì
(l3u)(t)

Ò
utxxx(t, x)

É{Õ2Ï�Ô~Ç�Í�É{Ô2É{Ð
l0
ì
l1
ì
l2
ì
l3
Ò
DtD

3
x

È~ÇäÔ~Ç{Ë�á
Ë�ÑkÇ�Í�Ô	Ò	Ð#Ç{Ï�Ñ,É{ÊäêHÚ�È	Ü	Þ	Ò	Ò

u(t, x)
ÖH]HÉ{é�Í�É�Ñ4Ú�É{Õ2Ï�Ô~Ç�Í�É{Ô	í

l0
ì
l1
ì
l2
ì
l3
Ò
DtD

3
x

×{Ú�Å~Ï�ÑèÈ~Ç�Ó�í1Ð#Ç�Í�Î
É{Õ	Ô2Ï�Å~Ï�Ø2Û'åLæ!Ò2Ñ4Ò�É{Õ2Ï�Ô~Ç�Í�É{Ô~Ç{Ñ4Ò¬Å	Ø2ÛïÕ	Ô2Ï�Å~Ë�Í{Ç�Ð{Ø~Ï�È	Ò	Û � õ�ÿ
��Ö

� B��kw#zkw��fw²u��0� 
�w �0�,w�


�Ä �fy�

��|���|²}~Ä�zkw ��w�� �fw�

�'Ã��&� 
�� � �fw���Ãfy��,|���w����~Ãf|�� ��|�x��
�~ÄfÃfÄ��f|~}~w	ÃfÃf|�� �#w#zkw��fÄ���?
	��
� � 	�����=�	�Bj\�Ï�Õ2Ï�Ô	Î²Ô~Ç{Ë�Ë�Ñ,É{Í�Ô	Ò2ÑÌË�Ø~Ï�Å2Ú�åLæ!Ò	Ê�Ý~Ç{Ë�Í�È	í1Ê�Ë�Ø2Ú�Ý~Ç�Ê
Ó�Ç�Å�Ç�Ý	Ò � ò���ì � õ
��ì � ÷
� �

DtD
3
xu(t, x) +

1∑

i=0

3∑

j=0
i+j<4

(
Di
tD

j
xu(t, x)

)
Ai,j(t, x) = Z1,3(t, x), (t, x) ∈ G,

� õ'ò��

(l0u)(x) ≡ u(t0, x) = Z0(x),
� õ�õ
�





(l1u)(t) ≡ ut(t, x0)α1,1 + utx(t, x0)α1,2 + utxx(t, x0)α1,3 = Z1(t),

(l2u)(t) ≡ ut(t, x0)α2,1 + utx(t, x0)α2,2 + utxx(t, x0)α2,3 = Z2(t),

(l3u)(t) ≡ ut(t, x0)α3,1 + utx(t, x0)α3,2 + utxx(t, x0)α3,3 = Z3(t).

� õ �
�

]RÚ�Ë�Í�ÎnÅ~Ï�Í�Ï�Ô2Ñ4Ò	È~Ç�È	Í
3n
á�Ñ,Ï�Ô	È2É{ÊðÑkÇ�Í�Ô	Ò	Þ	í

γ =




α1,1 α2,1 α3,1

α1,2 α2,2 α3,2

α1,3 α2,3 α3,3




É{Í�Ø2Ò	Ý2Ï�È�É{ÍnÈ	Ú�Ø2Û�ì	Í�Ö2Ï�Ö
det γ 6= 0

Ök\�É{ß�Å�ÇnÚ�Ë�Ø~É{Ð�Ò	Û � õ �
�6Ñ,É�ënÈ2É<Õ	Ô	Ò	Ð�Ï�Ë�Í�ÒðÜïÐ�Ò'Å2Ú





ut(t, x0) = Z̄1(t),

utx(t, x0) = Z̄2(t),

utxx(t, x0) = Z̄3(t).

� õ � �

Y~Å~Ï�Ë�Î




Z̄1(t) = Z1(t)K
0
1,1 + Z2(t)K

0
2,1 + Z3(t)K

0
3,1;

Z̄2(t) = Z1(t)K
0
1,2 + Z2(t)K

0
2,2 + Z3(t)K

0
3,2;

Z̄3(t) = Z1(t)K
0
1,3 + Z2(t)K

0
2,3 + Z3(t)K

0
3,3,

� õ�÷
�

Ç

K0 =




K0
1,1 K

0
1,2 K

0
1,3

K0
2,1 K

0
2,2 K

0
2,3

K0
3,1 K

0
3,2 K

0
3,3




aàÉ�×{Ô~Ç�Í�È~Ç�ÛôÑkÇ�Í�Ô	Ò	Þ~ÇRÅ	Ø2ÛnÑkÇ�Í�Ô	Ò	Þ	í
γ
ì�Í�Ö�Ï�Ö

K0 = γ−1 ì�Õ	Ô	Ò	Ý2Ï�Ñ K0
i,j

a^Ü	Ð#Ç�Å2Ô~Ç�Í�È	íoÏLÑkÇ�Í�Ô	Ò	Þ	í
Õ2É{Ô#Û�Å2Ü'Ç

n
Ö

W4Ç�Ð�Ï�È2Ë�Í�Ð#Ç � õ�÷
�LÕ2É{Ü'Ç�Ó�í1Ð#Ç�åLÍ�ìfÝ	Í�É¬Ï�Ë�Ø2Ò
Zi ∈ Lp,n(t0, t1)

ì
i = 1, 2, 3,

Í�É
Z̄i ∈ Lp,n(t0, t1)

ì
i = 1, 2, 3

Ö�]HÉ{é�Í�É�Ñ4Ú²Ú�Ë�Ø~É{Ð�Ò	Û � õ �
��Ò � õ � ��é�Ü	Ð�Ò	Ð#Ç�Ø~Ï�È	Í�È	íPÖ
KRÔ2É�Ñ,Ï`Í�É{ß�É	ì@Ú�Ë�Ø~É{Ð�Ò	Û � õ�õ
�oÒ � õ � �NÑ,É�ënÈ2É²Ô~Ç{Ë�Ë�ÑkÇ�Í�Ô	Ò	Ð#Ç�Í�ÎðÜ'Ç�ÜtÚ�Ë�Ø~É{Ð�Ò	Û�e�Ú�Ô2Ë�Ç¶È2Ï�Ü'Ø�Ç{Ë�Ë�Ò'á

Ý2Ï�Ë�Ü�É{ß�ÉïÐ�Ò'Å�Ç'Ö`JNÝ2Ï�Ð�Ò'Å2È2É²Í{Ç�Ü	ë!Ï�ì�Ý	Í�ÉïÏ�Ë�Ø2Ò
det γ 6= 0

ì�Í�É¶Ú�Ë�Ø~É{Ð�Ò	Û � õ�õ
�oÒ � õ �
�Né�Ü	Ð�Ò	Ð#Ç�Ø~Ï�È	Í�í
Ú�Ë�Ø~É{Ð�Ò	Û	Ñãe�Ú�Ô2Ë�Ç`È2Ï�Ü'Ø�Ç{Ë�Ë�Ò	Ý2Ï�Ë�Ü�É{ß�É¶Ð�Ò'Å�Ç � õ�õ
��Ò � õ � ��Ö

GkË�Ø2Ò^êHÚ�È	Ü	Þ	Ò	Û
u ∈ W

(1,3)
p,n (G)

Ú�Å~É{Ð{Ø~Ï�Í�Ð�É{Ô#Û	Ï�ÍçÚ�Ë�Ø~É{Ð�Ò	Û	Ñ e�Ú�Ô2Ë�ÇbÈ2Ï�Ü'Ø�Ç{Ë�Ë�Ò	Ý2Ï�Ë�Ü�É{ß�ÉçÐ�Ò'á
Å�Ç � õ�õ
�ôÒ � õ � ��ìNÍ�ÉbÉ{È~ÇÙÚ�Å~É{Ð{Ø~Ï�Í�Ð�É{Ô#Û	Ï�ÍãÍ{Ç�Ü	ë!ÏäÚ�Ë�Ø~É{Ð�Ò	Û	Ñie�Ú�Ô2Ë�ÇÙÜ'Ø�Ç{Ë�Ë�Ò	Ý2Ï�Ë�Ü�É{ß�ÉâÐ�Ò'Å�Ç � õ�õ
�
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Ò




u(t, x0) = ϕ1(t);

ux(t, x0) = ϕ2(t);

uxx(t, x0) = ϕ3(t)

� õ�ú
�

Õ	Ô	Ò




ϕ1(t) = Z0(x0) +
t∫
t0

Z̄1(τ) dτ ;

ϕ2(t) = Z ′
0(x0) +

t∫
t0

Z̄2(τ) dτ ;

ϕ3(t) = Z ′′
0 (x0) +

t∫
t0

Z̄3(τ) dτ.

� õ� �

X6Ï�Ô	È2ÉÙÒçÉ�×{Ô~Ç�Í�È2É�Ï�ìNÐÙÍ�É�Ñ>Ë�Ñ4íoË�Ø~Ï�ìNÝ	Í�ÉÙÏ�Ë�Ø2ÒÌêHÚ�È	Ü	Þ	Ò	Û
u ∈ W

(1,3)
p,n (G)

Ú�Å~É{Ð{Ø~Ï�Í�Ð�É{Ô#Û	Ï�Í
Ú�Ë�Ø~É{Ð�Ò	Û	Ñ � õ�õ
�HÒ � õ�ú
� � ß�Å~Ï

Z0 ∈ W
(3)
p,n(x0, x1)

Ò
ϕi ∈ W

(1)
p,n(t0, t1), i = 1, 2, 3

��ìkÍ�É�É{È~Ç¬Ú�Å~É�á
Ð{Ø~Ï�Í�Ð�É{Ô#Û	Ï�Í¦Í{Ç�Ü	ë!ÏïÚ�Ë�Ø~É{Ð�Ò	Û	Ñ � õ�õ
��ì � õ � �jÕ	Ô	Ò

Z̄1(t) = ϕ′
1(t)

ì
Z̄2(t) = ϕ′

2(t), Z̄3(t) = ϕ′
3(t)

Ö
\fÇ�Ü	Ò2ÑbÉ�×{Ô~Ç�Ó�É�Ñ1ì'Ð!Õ	Ô2É�Ë�Í�Ô~Ç�È2Ë�Í�Ð�Ï

W
(1,3)
p,n (G)

Ú�Ë�Ø~É{Ð�Ò	Ûïe�Ú�Ô2Ë�ÇPÈ2Ï�Ü'Ø�Ç{Ë�Ë�Ò	Ý2Ï�Ë�Ü�É{ß�É<Ð�Ò'Å�Ç � õ�õ
��ì � õ � �
é�Ü	Ð�Ò	Ð#Ç�Ø~Ï�È	Í�í Ú�Ë�Ø~É{Ð�Ò	Û	Ñ e�Ú�Ô2Ë�ÇãÜ'Ø�Ç{Ë�Ë�Ò	Ý2Ï�Ë�Ü�É{ß�ÉçÐ�Ò'Å�Ç � õ�õ
��ì � õ�ú
��Ö JoÅ2È~Ç�Ü�ÉèÐçË�Ø2Ú�Ý~Ç{Ï¦Ú�Ë�Ø~É�á
Ð�Ò	Êâe�Ú�Ô2Ë�Ç � õ�õ
��ì � õ�ú
�!Õ	Ô~Ç�Ð�íoÏïÝ~Ç{Ë�Í�ÒbÜ	Ô~Ç{Ï�Ð�í6îbÚ�Ë�Ø~É{Ð�Ò	Ê�ì�Ü	Ô2É�Ñ,ÏïÚ�Ë�Ø~É{Ð�Ò	Ê

Z0 ∈ W
(3)
p,n(x0, x1)Ò

ϕi ∈ W
(1)
p,n(t0, t1)

Å~É�Ø2ënÈ	íýÕ2É�Å2Ý	Ò	È	Û'Í�Î�Ë�ÛgÍ{Ç�Ü	ë!ÏèË�Ø~Ï�Å2Ú�åLæ!Ò2Ñ Ú�Ë�Ø~É{Ð�Ò	Û	Ñ Ë�É{ß�Ø�Ç{Ë�É{Ð#Ç�È	Ò	Û �
Z0(x0) = ϕ1(t0)

ì
Z ′
0(x0) = ϕ2(t0)

ì
Z ′′
0 (x0) = ϕ3(t0)

Ö
XçË�Ø2Ú�Ý~Ç{ÏLë!ÏHÚ�Ë�Ø~É{Ð�Ò	Ê¬e�Ú�Ô2Ë�Ç!È2Ï�Ü'Ø�Ç{Ë�Ë�Ò	Ý2Ï�Ë�Ü�É{ß�ÉôÐ�Ò'Å�Ç � õ�õ
��ì � õ � �kÅ	Ø2Û¶Õ	Ô~Ç�Ð�í6î²Ý~Ç{Ë�Í�Ï�Ê¬Ü	Ô~Ç{Ï�á

Ð�í6îôÚ�Ë�Ø~É{Ð�Ò	Ê�ì�Ü	Ô2É�Ñ,Ï
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