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?�B»º»¼�½�¾K½#zeye½2BTZe¿�ÀRÁ�¿�Â�Ã�Ä�Ã�Å	Æ	Ç�È�É2Ä'Ê	Æ2Ë�¿WÅ	Æ	Â�¿�Ç�Ê�Á�É2Ì�Æ2Ë�¿!È�Ê�Á�Í�Æ2¿�Æ	Å2¿sÎÏÃ�Ð�Å�Ð�È�Ð Ñ<Ò2¿�Ê	Í�Ë�Ç�Ë<Ê2Ë�Ó�Á
ÎÏÃ�Ô1ÐÖÕ	Æ�Á�Ò	Ê	Å2Ô,¿�Ê�Õw×ÖØ�Õ�Ù�ÚÏÑ

Kx ≡ 1

π

1∫

−1

√
1 + τ

1− τ

x(τ)

(τ − t)
dτ +

1

π

1∫

−1

√
1 + τ

1− τ
h(t, τ)x(τ) dτ = f(t), |t| < 1, (1)

Ç�Ó�¿
h(t, τ)

Õ
f(t) Û Å	Ü�Í�¿�Ã�Â�Æ	Ýi¿»Æ2¿�Ò	Ê2¿�Ê	Ý1Í�Æ	Ýi¿RÞ`È�Æ	ß	à	Å	Å�Õ

x(τ) Û Å2Ã�ß�Ë�ÔKÁ�ÄáÞ`È�Æ	ß	à	Å	ÄCÕ@ÁâÃ�Å	Æ	Ç�È#ã
É2Ä'Ê	Æ	Ý1äåÅ	Æ	Â�¿�Ç�Ê�Á�É�Ò2Ë�Æ	Å2ÔKÁ�¿�Â�Ã�ÄæÍ<Ã�Ô4ÝiÃ�É�¿`Ç�É�Á�Í�Æ2Ë�Ç�ËâÜ�Æ�Á�ç2¿�Æ	Å	ÄåÒ2ËRl`Ë�À!Å�Ð

XTÐ�Å�Ð�È�ÐoÍ�Å'Ó�ÁèÎ�Ø�ÑWç�Á�Ã�Â�Ë�Í�Ã�Â�Ê2¿�ç�Á�éTÂ�Ã�ÄêÍáÒ	Ê	Å'É�Ë�ë!¿�Æ	Å	Ä�ìCÐíh�Í�Å'Ó2ÈoÆ2¿�Í�Ë�Ü�Ô,Ë�ëRÆ2Ë�Ã�Â�ÅîÍ�ï�Ë�É2Ì�ã
À!Å	Æ2Ã�Â�Í�¿âÃ�É2È�ç�Á�¿�ÍæÒ2Ë�É2È�ç2¿�Æ	Å	ÄoÂ�Ë�ç	Æ2Ë�Ç�ËæÊ2¿�À»¿�Æ	Å	ÄoÃ�Ð�Å�Ð�È�Ð�Î�Ø�ÑWÁ�ß	Â�È#Á�É2Ì�Æ�ÁåÜ�Á�Ó�Á�ç�Á�Æ�Á�ì#Ë�ë»Ó�¿�Æ	Å	Ä
Ò	Ê	Å2ï�É2Å	ë!¿�Æ	Æ2Ë�Ç�ËdÊ2¿�À»¿�Æ	Å	ÄWÅWÒ2Ë�É2È�ç2¿�Æ	Å	ÄQË�à2¿�Æ2Ë�ß!Ò2Ë�Ç�Ê2¿�À!Æ2Ë�Ã�Â�Å�Ð4OdÊ	ÅWð�Â�Ë�Ôåß'Á�ßQÓ	É2Ä`Â�¿�Ë�Ê	Å	Å�Õ�Â�Á�ß
Å»Ó	É2Ä!Ò	Ê�Á�ß	Â�Å	ß	Å<Æ�Á�Å2ï�Ë�É�¿�¿1Å	Æ	Â�¿�Ê2¿�Ã�Æ	ÝñÊ�Á�Í�Æ2Ë�Ô,¿�Ê	Æ	Ýi¿iË�à2¿�Æ	ß	Å�Ð�LiÓ2Æ�Á�ß�Ë`ÍdÒ	Ê2Ë�Ã�Â�Ê�Á�Æ2Ã�Â�Í�¿1Æ2¿�Ò	Ê2¿�ã
Ê	Ý1Í�Æ	Ý6ìòÞ`È�Æ	ß	à	Å	äòÜ�Á�Ó�Á�ç�Á!Ê2¿�À»¿�Æ	Å	ÄòÃ�Ð�Å�Ð�È�ÐCÎ�Ø�ÑKÄ'Í�É2Ä	¿�Â�Ã�ÄòÆ2¿�ß�Ë�Ê	Ê2¿�ß	Â�Æ2ËRÒ2Ë�Ã�Â�Á�Í�É�¿�Æ	Æ2Ë�äó× ô�Ú�Ð,_`Ã�ã
Ò2Ë�É2Ì�Ü�È�ÄâÒ2Ë�Ó	ì#Ë�Óo× õ�Ú�Õ�Ë�Ã�Æ2Ë�Í#Á�Æ	Æ	Ý1äòÆ�Á`Í�Ë�Ü�Ô,Ë�ëRÆ2Ë�Ã�Â�Å�ß�Ë�Ê	Ê2¿�ß	Â�Æ2Ë�äòÒ2Ë�Ã�Â�Á�Æ2Ë�Í�ß	ÅòÜ�Á�Ó�Á�ç	ÅòÊ2¿�À»¿�Æ	Å	Ä
Ã�Ð�Å�Ð�È�Ð�Î�Ø�Ñ�Õ�Í�Ê�Á�ï�Ë�Â�¿RÍ�Í�Ë�Ó2Å	Â�Ã�ÄóÒ�Á�Ê�ÁsÍ�¿�Ã�Ë�Í�Ý6ìoÞ`È�Æ	ß	à	Å2Ë�Æ�Á�É2Ì�Æ	Ý6ì�Ò	Ê2Ë�Ã�Â�Ê�Á�Æ2Ã�Â�Í2ÕeÄ'Í�É2Ä'éTö!Å'ì#Ã�Ä
Æ2¿�ß�Ë�Â�Ë�Ê	ÝiÔ4ÅáÃ�È�ë!¿�Æ	Å	Ä	Ô4Å�Ò	Ê2Ë�Ã�Â�Ê�Á�Æ2Ã�Â�Í#Á<Æ2¿�Ò	Ê2¿�Ê	Ý1Í�Æ	Ý6ìåÆ�Á

[−1, 1]
Þ`È�Æ	ß	à	Å	ä�Õ	ÅòÓ�Ë�ß'Á�Ü�Ý1Í#Á�¿�Â�Ã�Ä

ß�Ë�Ê	Ê2¿�ß	Â�Æ2Ë�Ã�Â�ÌsÊ�Á�Ã�Ã�ÔKÁ�Â�Ê	Å	Í#Á�¿�Ô,Ë�ä�Ü�Á�Ó�Á�ç	Å�Ð
G@Bí÷�ø�ueue½#ùeú'zer�ûýüeø�þ�ú�r	zeø�¼�ùCrêÿ#r#¾Kr��ey�BòOdÈ�Ã�Â�Ì

Xρ Û
Ò	Ê2Ë�Ã�Â�Ê�Á�Æ2Ã�Â�Í�ËæÆ2¿�Ò	Ê2¿�Ê	Ý1Í�Æ	Ý6ì�Æ�Á

[−1, 1]
Þ`È�Æ	ß	à	Å	ä

x(t)
Õ'Ó	É2Äòß�Ë�Â�Ë�Ê	Ý6ìæÃ�Å	Æ	Ç�È�É2Ä'Ê	Æ	Ý1äæÅ	Æ	Â�¿�Ç�Ê�Á�É √

1− tI(ρx; t)
Ä'Í�É2Ä	¿�Â�Ã�Ä�Æ2¿�Ò	Ê2¿�ã

Ê	Ý1Í�Æ2Ë�äkÆ�Á
(−1, 1]

Þ`È�Æ	ß	à	Å2¿�ä�Õ6Ó�Ë�Ò	È�Ã�ß'Á�éTö»¿�ä Æ2¿�Ò	Ê2¿�Ê	Ý1Í�Æ2Ë�¿áÒ	Ê2Ë�Ó�Ë�É2ë!¿�Æ	Å2¿�ÍíÂ�Ë�ç	ß	È
t = 1

Õ
Ç�Ó�¿

Iρx = I(ρx; t) =
1

π

1∫

−1

ρ(τ)x(τ)

τ − t
dτ,

ρ ≡ ρ(τ) =
√

1+τ
1−τ

Ð

�
© �����	��
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h ß'Á�ç2¿�Ã�Â�Í�¿
Yq

Í�Ë�Ü�Ì�Ô,¿�Ô>Ò	Ê2Ë�Ã�Â�Ê�Á�Æ2Ã�Â�Í�ËêÆ2¿�Ò	Ê2¿�Ê	Ý1Í�Æ	Ý6ì Æ�Á
[−1, 1]

Þ`È�Æ	ß	à	Å	ä
f(t)

Â�Á�ß	Å'ìCÕ
ç	Â�Ë √

1 + tI(qf ; t)
Ä'Í�É2Ä	¿�Â�Ã�Ä»Æ2¿�Ò	Ê2¿�Ê	Ý1Í�Æ2Ë�äRÆ�Á

[−1, 1)
Þ`È�Æ	ß	à	Å2¿�ä�Õ�Ó�Ë�Ò	È�Ã�ß'Á�éTö»¿�äRÆ2¿�Ò	Ê2¿�Ê	Ý1Í�Æ2Ë�¿

Ò	Ê2Ë�Ó�Ë�É2ë!¿�Æ	Å2¿QÍ<Â�Ë�ç	ß	È
t = −1

Õ	Ç�Ó�¿
q ≡ q(t) = 1

ρ(t) .^`Ë�Ê2Ô4Ý Í<ð�Â�Å'ìòÒ	Ê2Ë�Ã�Â�Ê�Á�Æ2Ã�Â�Í#Á�ìæË�Ò	Ê2¿�Ó�¿�É2Å2ÔîÃ�É�¿�Ó2È�éTö!Å2ÔñË�ï�Ê�Á�Ü�Ë�Ô�


‖x‖
Xρ

= ‖
√
1 + tx‖

C
+ ‖

√
1− tI(ρx)‖

C
, x ∈ Xρ; (2)

‖f‖Yq = ‖
√
1− tf‖C + ‖

√
1 + tI(qf)‖C , f ∈ Yq. (3)

JwË�Ç�Ó�Á<Ã�Ð�Å�Ð�È�ÐwÎ�Ø�Ñ�ð�ß	Í�Å	Í#Á�É�¿�Æ	Â�Æ2ËâË�Ò2¿�Ê�Á�Â�Ë�Ê	Æ2Ë�Ô4ÈåÈ�Ê�Á�Í�Æ2¿�Æ	Å	é

Kx ≡ Sx+ V x = f (x ∈ Xρ, f ∈ Yq), (4)

Ç�Ó�¿WË�Ò2¿�Ê�Á�Â�Ë�Ê	Ý
S : Xρ → Yq

Õ
V : Xρ → Yq

Ë�Ò	Ê2¿�Ó�¿�É2Ä'éTÂ�Ã�ÄåÒ2Ë<ÞWË�Ê2Ô4È�É�Á�Ô

Sx =
1

π

1∫

−1

√
1 + τ

1− τ

x(τ)

τ − t
dτ ; V x =

1

π

1∫

−1

√
1 + τ

1− τ
h(t, τ)x(τ) dτ.

næ½���Tr ?�B 3 �	$��� �����"�$	/1� - 0@��"���� - "
S : Xρ → Yq

$@��0#"w��"�/1
�$ -�-�� "������2� �ó��0#"���
'�����	�	
�/
"���
'��$@����
��

‖S‖
Xρ→Yq

= 1, ‖S−1‖
Yq→Xρ

= 1.

C
Z4Á�Ã�Ã�Ô,Ë�Â�Ê	Å2Ô ì�Á�Ê�Á�ß	Â�¿�Ê	Å2Ã�Â�Å	ç2¿�Ã�ß�Ë�¿<È�Ê�Á�Í�Æ2¿�Æ	Å2¿

Sx = f.
Ze¿�À»¿�Æ	Å2¿»ð�Â�Ë�Ç�ËsÈ�Ê�Á�Í�Æ2¿�Æ	Å	ÄáÔ,Ë�ã

ë!¿�Ââï�Ý1Â�Ì<Ü�Á�Ò	Å2Ã�Á�Æ2ËRÍRÜ�Á�Ô4ß	Æ	È�Â�Ë�äæÞWË�Ê2Ô,¿`ÃdÒ2Ë�Ô,Ë�ö!Ì�é Â�Á�ßåÆ�Á�Ü�Ý1Í#Á�¿�Ô4Ý6ìåÞWË�Ê2Ô4È�ÉæË�ï�Ê�Á�ö»¿�Æ	Å	ÄCÐ
NWÉ2ÄoÞ`È�Æ	ß	à	Å	äoÅ	Ü<ß'É�Á�Ã�Ã�Ë�Íáb��¿�É2Ì�Ó�¿�Ê�Áåð�Â�ÅíÞWË�Ê2Ô4È�É2Ý]Ò2Ë�É2È�ç2¿�Æ	ÝfÍó×ÖØ�ÕeÃ�ÐCõ�����Ú�ÐRNWÉ2ÄoÞ`È�Æ	ß	à	Å	ä
Å	Ü`ß'É�Á�Ã�Ã�Ë�Í<Ã�È'Ô,Ô4Å	Ê	È�¿�Ô4Ý6ìåÃdÍ�¿�Ã�Ë�ÔêÞ`È�Æ	ß	à	Å	äåË�Æ	Å�Å2Ã�Ò2Ë�É2Ì�Ü�È�éTÂ�Ã�ÄCÕ	Æ�Á�Ò	Ê	Å2Ô,¿�Ê�Õ2Í�× 	'Õ	Ã�Ð2Ù���Ú�ÐKO`Ë�ã
Ã�ß�Ë�É2Ì�ß	È!Æ�Á�À!ÅRÒ	Ê2Ë�Ã�Â�Ê�Á�Æ2Ã�Â�Í#ÁdÄ'Í�É2Ä'éTÂ�Ã�ÄRÃ�È�ë!¿�Æ	Å2¿�ÔáÒ	Ê2Ë�Ã�Â�Ê�Á�Æ2Ã�Â�ÍQß	Í#Á�Ó2Ê�Á�Â�Å	ç	Æ2ËWÃ�È'Ô,Ô4Å	Ê	È�¿�Ô4Ý6ì
ÃTÃ�Ë�Ë�Â�Í�¿�Â�Ã�Â�Í�È�éTö!Å2ÔêÍ�¿�Ã�Ë�ÔèÞ`È�Æ	ß	à	Å	ä�Õ�Â�Ë»ÞWË�Ê2Ô4È�É2ÝkË�ï�Ê�Á�ö»¿�Æ	Å	ÄòÅ2Ô,¿�éTÂRÔ,¿�Ã�Â�Ë»ÅsÍ»Í�Í�¿�Ó�¿�Æ	Æ	Ý6ì
Ò	Ê2Ë�Ã�Â�Ê�Á�Æ2Ã�Â�Í#Á�ì

Xρ
Å
Yq._dÜ�Í�¿�Ã�Â�Æ2Ëæ×ÖØ�Ú�Õ'ç	Â�Ë<Ë�Ò2¿�Ê�Á�Â�Ë�Ê

S : Xρ → Yq
Ë�ï�Ê�Á�Â�Å2Ô1Õ	Ò	Ê	Å	ç2¿�Ô

S−1(f ; t) = −I(qf ; t).
_`Ã�Ò2Ë�É2Ì�Ü�È�ÄæË�Ò	Ê2¿�Ó�¿�É�¿�Æ	Å	ÄåÆ2Ë�Ê2ÔýÎ Ù�Ñ�ÅóÎ ô�Ñ�Õ	Ò2Ë�É2È�ç	Å2Ô

‖Sx‖
Yq

= ‖I(ρx)‖
Yq

= ‖
√
1− tI(ρx)‖

C
+ ‖

√
1 + tI(q(Iρx))‖

C

= ‖
√
1− tI(ρx)‖C + ‖

√
1 + tx‖C = ‖x‖

Xρ
,

(5)

‖S−1f‖
Xρ

= ‖x‖
Xρ

= ‖
√
1 + tx‖

C
+
∥∥√1− tI(ρx)

∥∥
C

= ‖
√
1 + tI(qf)‖

C
+ ‖

√
1− tf‖

C
.

(6)

_dÜWÃ�Ë�Ë�Â�Æ2Ë�À»¿�Æ	Å	äèÎ�	�Ñ�ÅóÎ���Ñ6Ã�É�¿�Ó2È�¿�ÂâÈ�Â�Í�¿�Ê#ë»Ó�¿�Æ	Å2¿`É�¿�Ô,Ô4ÝWÐ
_dÜTÉ�¿�Ô,Ô4ÝjØTÅsÂ�¿�Ë�Ê	Å	Å�Z,Å2Ã�Ã�Á Û \fÁ�È�Ó�¿�Ê�ÁQÓ	É2ÄsÈ�Ê�Á�Í�Æ2¿�Æ	Å	ä�Õ'Ò	Ê	Å	Í�Ë�Ó2Ä'ö!Å'ì#Ã�ÄòßòÈ�Ê�Á�Í�Æ2¿�Æ	Å	Ä	Ô

Í�Â�Ë�Ê2Ë�Ç�ËRÊ2Ë�Ó�Á'Õ�Ã�É�¿�Ó2È�¿�Â
��½#ø�ue½�Trý?�B��M 2���������	" -

h(t, τ)
����� - 
 -�* ��� -å- 0@��"���� - "

V : Xρ → Yq

�0 - �	$@�!$@��0#"w��"�/��
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�$@��$	���
(1)
* �2�������»� - ����� - $� ��@��
 - �

"w���â��$	�@� * � -<- 0@��"���� - "
K : Xρ → Yq

$@��0#"w��"�/1
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� B
	 üeueye~	x,y��o½#zey�û�füeø	x,yezeø �Tr �Ty ¼]üeueø�þ�ú'uer	zeþ�ú'¼�½
Yq
BPLTï�Ë�Ü�Æ�Á�ç	Å2Ô[ç2¿�Ê2¿�Ü

ΠnË�Ò2¿�Ê�Á�Â�Ë�Ê�Ò2Ë�Ó�Ë�ï�É�Á�Ã�Â�¿�ä�Õ�Ã�Â�Á�Í�Ä'ö!Å	äáÍ�Ã�Ë�Ë�Â�Í�¿�Â�Ã�Â�Í�Å2¿!É2édï�Ë�äáÞ`È�Æ	ß	à	Å	Å
ϕ ∈ C[−1, 1]

Á�É2Ç�¿�ï�Ê�Á�Å'ã
ç2¿�Ã�ß	Å	äæÒ2Ë�É2Å	Æ2Ë�Ô

Πn(ϕ; s)
Õ�Ë�Ó2Æ2Ë�Ü�Æ�Á�ç	Æ2ËsË�Ò	Ê2¿�Ó�¿�É2Ä'éTö!Å	ä2Ã�ÄåÅ	ÜWÈ�Ã�É�Ë�Í�Å	äíÎÏÃ�Ô1ÐÖÕ	Æ�Á�Ò	Ê	Å2Ô,¿�Ê�Õw× ��ÚÏÑ

sj+1∫

sj

Πn(ϕ; s) ds =

sj+1∫

sj

ϕ(s) ds, sj = cos
2j + 1

2n+ 2
π, j = 0, . . . , n.

OdÈ�Ã�Â�Ì

Qn(t) =

√
2 sin

(
n+ 1

2

)
arccos t√

1− t
, n ∈ N,

Rn(t) =

√
2 cos

(
n+ 1

2

)
arccos t√

1 + t
, n ∈ N,

Û Ò2Ë�É2Å	Æ2Ë�Ô4Ý Ã�Â�¿�Ò2¿�Æ	Å
n
Å	ÜáÃ�Å2Ã�Â�¿�Ô4Ý Ò2Ë�É2Å	Æ2Ë�Ô,Ë�Í2ÕTË�Ê	Â�Ë�Ç�Ë�Æ�Á�É2Ì�Æ	Ý6ì ÃæÍ�¿�Ã�Ë�Ô

q(t)
Å
ρ(t)

Æ�Á
Ë�Â�Ê2¿�Ü�ß�¿

[−1, 1]
Ã�Ë�Ë�Â�Í�¿�Â�Ã�Â�Í�¿�Æ	Æ2ËáÎ Ò2Ë�É2Å	Æ2Ë�Ô4Ý��`¿�ï�Ý1À»¿�Í#Á»Â�Ê2¿�Â�Ì�¿�Ç�Ë<Å�ç2¿�Â�Í�¿�Ê	Â�Ë�Ç�Ë<Ê2Ë�Ó�Ë�Í�Ñ�Ð

næ½���TrèG@B�:R������� ��- ���1 	$	���	�	�
ϕ ∈ C[−1, 1]

��0#"���
'�����	�	
�� - �@��$	�	�

‖Πnϕ‖Yq = O
(√

n
)
‖ϕ‖

C
. (7)

C
O`Ë<Ë�Ò	Ê2¿�Ó�¿�É�¿�Æ	Å	éjÆ2Ë�Ê2Ô4Ý>Î ô�Ñ�Å2Ô,¿�¿�Ô

‖Πnϕ‖Yq = ‖
√
1− tΠnϕ‖C + ‖

√
1 + t I(qΠnϕ)‖C .

_dÜ�Í�¿�Ã�Â�Æ2Ë�ÎÏÃ�Ô1ÐÖÕ	Æ�Á�Ò	Ê	Å2Ô,¿�Ê�Õw× ��ÚÏÑ�Õ	ç	Â�Ë

‖
√
1− tΠnϕ‖C = O(lnn)‖ϕ‖

C
. (8)

Z4Á�Ã�Ã�Ô,Ë�Â�Ê	Å2ÔkÍ�Â�Ë�Ê2Ë�¿QÃ�É�Á�Ç�Á�¿�Ô,Ë�¿�ÐMZ4Á�Ü�É�Ë�ëRÅ2Ô
Πn(ϕ; t)

ÍâÊ#Ä�Ó��QÈ�Ê	Ì�¿WÒ2Ë<Ò2Ë�É2Å	Æ2Ë�ÔKÁ�Ô��`¿�ï�Ý6ã
À»¿�Í#Á»Â�Ê2¿�Â�Ì�¿�Ç�ËRÊ2Ë�Ó�Á'Ð6XîÈ�ç2¿�Â�Ë�ÔñÃ�Ë�Ë�Â�Æ2Ë�À»¿�Æ	Å	Äó× õ�Ú

1

π

1∫

−1

√
1− τ

1 + τ

Qk(τ)

τ − t
dτ = Rk(t),

Æ�Á�ì#Ë�Ó2Å2Ô

∣∣√1 + t I(qΠnϕ; t)
∣∣ =

∣∣∣∣
√
1 + t

π

1∫

−1

√
1− τ

1 + τ

Πn(ϕ; τ)

τ − t
dτ

∣∣∣∣

=

∣∣∣∣∣

√
1 + t

π

1∫

−1

√
1− τ

1 + τ

n∑
k=0

cQk (Πnϕ)Qk(τ)

τ − t
dτ

∣∣∣∣∣

=

∣∣∣∣
√
1 + t

n∑

k=0

cQk (Πnϕ)
1

π

1∫

−1

√
1− τ

1 + τ

Qk(τ)

τ − t
dτ

∣∣∣∣

=

∣∣∣∣
√
1 + t

n∑

k=0

cQk (Πnϕ)Rk(t)

∣∣∣∣ 6
(

n∑

k=0

∣∣∣cQk (Πnϕ)
∣∣∣
2
) 1

2
(

n∑

k=0

∣∣√1 + tRk(t)
∣∣2
) 1

2
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6 ‖Πnϕ‖L2q




n∑

k=0

∣∣∣∣∣
√
1 + t

√
2 cos

(
n+ 1

2

)
arccos t√

1 + t

∣∣∣∣∣

2



1
2

6
π

2
‖ϕ‖C

√
2

(
n∑

k=0

∣∣∣∣cos
(
n+

1

2

)
arccos t

∣∣∣∣
2
) 1

2

6
π√
2

√
n‖ϕ‖C .

JeÁ�ß	Å2ÔîË�ï�Ê�Á�Ü�Ë�Ô1Õ
‖
√
1 + tI(qΠnϕ)‖C = O(

√
n)‖ϕ‖

C
. (9)

_dÜQË�à2¿�Æ2Ë�ßíÎ���Ñ�ÅóÎ���Ñ6Ã�É�¿�Ó2È�¿�ÂâË�à2¿�Æ	ß'ÁæÎ���Ñ�Ð
�`¿�Ê2¿�Ü

W rHα = W rHα[−1, 1]
Ë�ï�Ë�Ü�Æ�Á�ç	Å2ÔPÔ4Æ2Ë�ë!¿�Ã�Â�Í�ËñÞ`È�Æ	ß	à	Å	ä�ÕiÅ2Ô,¿�éTö!Å'ìîÆ2¿�Ò	Ê2¿�Ê	Ý1Í�ã

Æ	Ýi¿iÒ	Ê2Ë�Å	Ü�Í�Ë�Ó2Æ	Ýi¿TÓ�Ë
r
ã®Ç�ËWÒ2Ë�Ê#Ä�Ó2ß'Á'Õ'È�Ó�Ë�Í�É�¿�Â�Í�Ë�Ê#Ä'éTö!Å2¿TÈ�Ã�É�Ë�Í�Å	é b��¿�É2Ì�Ó�¿�Ê�Á»ÃiÒ2Ë�ß'Á�Ü�Á�Â�¿�É�¿�Ô

α,
0 < α 6 1, r > 0.

næ½���Tr � B � ���	�
ϕ(t) ∈W rHα[−1, 1]

* � - ��0#"���
'�����	�	
 - � -�- ��$ - �â��$	�@�

‖ϕ−Πnϕ‖Yq = O

(
1

nr+α−
1
2

)
. (10)

C
_`Ô,¿�¿�Ô

‖ϕ−Πnϕ‖Yq =
∥∥√1− t(ϕ−Πnϕ)

∥∥
C
+
∥∥√1 + tI(q(ϕ−Πnϕ))

∥∥
C
.

LMà2¿�Æ	ß'ÁRÒ2¿�Ê	Í�Ë�Ç�Ë<Ã�É�Á�Ç�Á�¿�Ô,Ë�Ç�ËâÅ	Ü�Í�¿�Ã�Â�Æ�Áå× ��Ú 


‖
√
1− t(ϕ−Πnϕ)‖C 6

√
2‖ϕ −Πnϕ‖C = O

(
lnn

nr+α

)
, 0 < α 6 1, r > 0. (11)

Z4Á�Ã�Ã�Ô,Ë�Â�Ê	Å2ÔîÍ�Â�Ë�Ê2Ë�¿WÃ�É�Á�Ç�Á�¿�Ô,Ë�¿�


∥∥√1 + tI(q(ϕ−Πnϕ))
∥∥
C
=

∣∣∣∣∣∣

√
1 + t

π

1∫

−1

√
1− τ

1 + τ

ϕ(τ)−Πn(ϕ; τ)

τ − t
dτ

∣∣∣∣∣∣
.

Z4Á�Ü�É�Ë�ëRÅ2Ô
ϕ(τ)−Πn(ϕ; τ)

ÍWÊ#Ä�Ó �QÈ�Ê	Ì�¿iÒ2ËWÒ2Ë�É2Å	Æ2Ë�ÔKÁ�Ô �`¿�ï�Ý1À»¿�Í#ÁWÂ�Ê2¿�Â�Ì�¿�Ç�ËQÊ2Ë�Ó�Á'Ð�XèÒ2Ë�ã
Ô,Ë�ö!Ì�é Ë�à2¿�Æ2Ë�ßèÎÏÃ�Ô1ÐÖÕ	Æ�Á�Ò	Ê	Å2Ô,¿�Ê�Õw× õ2Õ	Ã�Ð�Ø�Ù���Ú�Õ�× ��Õ���Ð�ô'Ø�ÚÏÑ�ÅåÂ�¿�Ë�Ê2¿�Ô4ÝkNQë!¿�ß�Ã�Ë�Æ�Á<Ò2Ë�É2È�ç	Å2Ô

∥∥√1 + tI(q(ϕ−Πnϕ))
∥∥
C
=

∥∥∥∥∥

√
1 + t

π

1∫

−1

√
1− τ

1 + τ

n∑
k=0

cQk (ϕ−Πnϕ)Qk(τ)

τ − t
dτ

∥∥∥∥∥
C

=

∥∥∥∥∥
√
1 + t

n∑

k=0

cQk (ϕ−Πnϕ)Rk(t)

∥∥∥∥∥
C

6

(
n∑

k=0

∣∣∣cQk (ϕ−Πnϕ)
∣∣∣
2
) 1

2

× max
−16t61

(
n∑

k=0

∣∣√1 + tRk(t)
∣∣2
) 1

2

= ‖ϕ−Πnϕ‖2,q
√
n

6
√
πn

(
π +

√
2

2

)
En(ϕ) = O

(
1

nr+α−
1
2

)
, 0 < α 6 1, r > 0.

(12)
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F�B�� ½#ú'ø�¾[üeø�¾Kø�~	x,r	þ�ú'½#t�B�Z4Á�Ã�Ã�Ô,Ë�Â�Ê	Å2Ô Í�Ý1ç	Å2Ã�É2Å	Â�¿�É2Ì�Æ	È�é Ã�ì#¿�Ô4ÈoÔ,¿�Â�Ë�Ó�ÁæÒ2Ë�Ó�Ë�ï�É�Á�Ã�Â�¿�ä
ÎÏÃ�Ô1ÐÖÕ	Æ�Á�Ò	Ê	Å2Ô,¿�Ê�Õw× �'Õ ��ÚÏÑ�ÐKOdÊ	Å2ï�É2Å	ë!¿�Æ	Æ2Ë�¿QÊ2¿�À»¿�Æ	Å2¿`È�Ê�Á�Í�Æ2¿�Æ	Å	ÄóÎ�Ø�Ñ6ï�È�Ó�¿�ÔèÅ2Ã�ß'Á�Â�ÌâÍ<Í�Å'Ó�¿

xn(t) =
n∑

k=1

αkRk−1(t), (13)

Ç�Ó�¿`ß�Ë�ð�ÞWÞ`Å	à	Å2¿�Æ	Â�Ý Ë�Ò	Ê2¿�Ó�¿�É2Ä	¿�ÔñÅ	Ü`È�Ã�É�Ë�Í�Å	ä

ti∫

ti−1

(Kxn)(t) dt =

ti∫

ti−1

f(t) dt, ti = cos
2i+ 1

2n+ 2
π, i = 1, . . . , n. (14)

adÃ�Æ2Ë	Õeç	Â�ËåÈ�Ã�É�Ë�Í�Å	Ä Î�Ø�õ�Ñdð�ß	Í�Å	Í#Á�É�¿�Æ	Â�Æ	Ý[Ã�Å2Ã�Â�¿�Ô,¿<É2Å	Æ2¿�ä	Æ	Ý6ìíÁ�É2Ç�¿�ï�Ê�Á�Å	ç2¿�Ã�ß	Å'ìóÈ�Ê�Á�Í�Æ2¿�Æ	Å	ä
Ë�Â�Æ2Ë�Ã�Å	Â�¿�É2Ì�Æ2Ëâß�Ë�ð�ÞWÞ`Å	à	Å2¿�Æ	Â�Ë�Í

α1, α2, . . . , αn
Ò2Ë�É2Å	Æ2Ë�ÔKÁæÎ�Ø�ô�Ñ 


n∑

k=1

aikαk = fi, i = 1, . . . , n, (15)

aik =

ti∫

ti−1

Qk−1(t) dt+
1

π

ti∫

ti−1

dt

1∫

−1

√
1 + τ

1− τ
h(t, τ)Rk−1(τ) dτ, fi =

ti∫

ti−1

f(t) dt.

N!Ë�ß'Á�ë!¿�ÔmÂ�¿�Ë�Ê2¿�Ô4È�ÕsÈ�Ã�Â�Á�Æ�Á�Í�É2Å	Í#Á�éTö!È�é Ã�ì#Ë�Ó2Å2Ô,Ë�Ã�Â�ÌfË�Ò	Å2Ã�Á�Æ	Æ2Ë�Ç�Ë Ô,¿�Â�Ë�Ó�ÁýÒ2Ë�Ó�Ë�ï�É�Á�Ã�Â�¿�ä
Í<Ò	Ê2Ë�Ã�Â�Ê�Á�Æ2Ã�Â�Í�¿

Yq,
ÅæË�à2¿�Æ	ß	ÅåÒ2Ë�Ç�Ê2¿�À!Æ2Ë�Ã�Â�Å�Ð

��½#ø�ue½�TrèG@B��M 2�����<
�/10 - �	$@��$	/  2��� - 
������
��Ñ»� 5 � 5  5

(1)
- ��$ - �$�����$ - "����"w���!�2� - 
�0#" - ����"���$@����
'�

Xρ
0#"��í��� ��- �è0#"���
 - � �#�������

f�2
Yq;� Ñ �1 	$	���	�	�

f(t) ∈ W rHα
*
h(t, τ) ∈ W rHα

Î 0 - 0@��"w������$	$ - �
t
"���
�$ - ����"�$ -�- ��$ - ���@���������

$ -
τ)
*
0 < α 6 1

*
r > 0

5
+�- ����� * $������	$�� �è�`$@��� - � - " - � -

n ∈ N
* ���@���������R #"���
�$@��$	�	�

(15)
�2�������������	$@����
'��$	$ - �d"w� �

�â��$	�@� * ��0#"�� � �	�	�<��$	$	/d�M"w���â��$	���
x∗n(t)

��� - � ����� �æ�á� - ��$ - �w 
x∗(t)

� - ��� - " - �������

‖x∗n − x∗‖
Xρ

= O

(
1

nr+α−
1
2

)
, 0 < α 6 1, r > 0.

C
LTï�Ë�Ü�Æ�Á�ç	Å2Ôjç2¿�Ê2¿�Ü

Hn Û
Ô4Æ2Ë�ë!¿�Ã�Â�Í�Ë�Í�Ã�¿�ìèÁ�É2Ç�¿�ï�Ê�Á�Å	ç2¿�Ã�ß	Å'ìñÔ4Æ2Ë�Ç�Ë�ç'É�¿�Æ2Ë�ÍóÃ�Â�¿�Ò2¿�Æ	ÅèÆ2¿

Í�Ý1À»¿
n
Ð<OdÈ�Ã�Â�Ì

Xn = Hn ⊂ Xρ
Õ
Yn = Hn ⊂ Yq

ÐsX�Å2Ã�Â�¿�ÔKÁ�È�Ê�Á�Í�Æ2¿�Æ	Å	äkÎ�Ø�	�ÑTð�ß	Í�Å	Í#Á�É�¿�Æ	Â�Æ�Á
Ë�Ò2¿�Ê�Á�Â�Ë�Ê	Æ2Ë�Ô4È�È�Ê�Á�Í�Æ2¿�Æ	Å	é

Knxn = ΠnKxn = Πnf (xn ∈ Xn, Πnf ∈ Yn). (16)

_dÜWÅ	Ü�Í�¿�Ã�Â�Æ2Ë�Ç�ËâÃ�Ë�Ë�Â�Æ2Ë�À»¿�Æ	Å	Äó× õ�Ú

1

π

1∫

−1

√
1 + τ

1− τ

Rk(τ)

τ − t
dτ = Qk(t), k = 0, 1, . . . ,

Ã�É�¿�Ó2È�¿�Â�Õ2ç	Â�Ë
ΠnSϕn = Sϕn.

JwË�Ç�Ó�ÁRÈ�Ê�Á�Í�Æ2¿�Æ	Å2¿âÎ�Ø���Ñ�Ò	Ê	Å2Ô,¿�ÂâÍ�Å'Ó

Knxn ≡ Sxn +ΠnV xn = Πnf (xn ∈ Xn, Πnf ∈ Yn). (17)
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_dÜ`È�Ê�Á�Í�Æ2¿�Æ	Å	äèÎ õ�Ñ�ÅóÎ�Ø ��Ñ�Ó	É2ÄsÉ2édï�Ë�Ç�Ë
xn ∈ Xn

Æ�Á�ì#Ë�Ó2Å2Ô

‖Kxn −Knxn‖Yq = ‖V xn −ΠnV xn‖Yq

=

∥∥∥∥
1

π

1∫

−1

ρ(τ)h(t, τ)xn(τ) dτ −
1

π

1∫

−1

ρ(τ)Πn(h(t, τ))xn(τ) dτ

∥∥∥∥
Yq

6 ‖h−Πnh‖Yq,C‖xn‖C 6 ‖h−Πnh‖Yq,C‖xn‖Xρ ,
Ü�Ó�¿�Ã�ÌêË�Ò2¿�Ê�Á�Â�Ë�Ê

Πn
Ò	Ê	Å2Ô,¿�Æ2¿�Æ ßkÞ`È�Æ	ß	à	Å	Å

h(t, τ)
Ò2ËíÒ2¿�Ê2¿�Ô,¿�Æ	Æ2Ë�ä

t
Ðjh Ã�Å'É2ÈñÉ�¿�Ô,Ô4Ý ôóÅ

È�Ã�É�Ë�Í�Å	äåÂ�¿�Ë�Ê2¿�Ô4ÝýÅ2Ô,¿�¿�Ô

εn = ‖K −Kn‖Xn→Yq
= O

(
1

nr+α−
1
2

)
→ 0, n→ ∞;

δn = ‖f −Πnf‖Yq = O

(
1

nr+α−
1
2

)
→ 0, n→ ∞.

_dÜKÒ2Ë�Ã�É�¿�Ó2Æ	Å'ì`Ó2Í�È#ì`Ë�à2¿�Æ2Ë�ßQÅâ× �'Õ�Ç�É�Á�Í#Á���Õ�Â�¿�Ë�Ê2¿�ÔKÁ ��Ú�Ã�É�¿�Ó2È�¿�ÂTÃ�ì#Ë�Ó2Å2Ô,Ë�Ã�Â�ÌdÔ,¿�Â�Ë�Ó�ÁiÒ2Ë�Ó�Ë�ï�É�Á�Ã�Â�¿�ä
Å�Ê�Á�Í�Æ2Ë�Ô,¿�Ê	Æ�Á�ÄæË�à2¿�Æ	ß'ÁRÒ2Ë�Ç�Ê2¿�À!Æ2Ë�Ã�Â�ÅæÒ	Ê	Å2ï�É2Å	ë!¿�Æ	Æ	Ý6ìæÊ2¿�À»¿�Æ	Å	ä

‖x∗n − x∗‖C 6 ‖x∗n − x∗‖
Xρ

= O(εn + δn) = O

(
1

nr+α−
1
2

)
, 0 < α 6 1, r > 0. �
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